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Preface 


Multibody  dynamics  analysis  was  originally  developed  as  a  tool  for  modeling  rigid 
multibody  systems  with  simple  tree-like  topologies,  but  has  considerably  evolved 
to  the  point  where  it  can  handle  linearly  and  nonlinearly  elastic  multibody  systems 
with  arbitrary  topologies.  It  is  now  used  widely  as  a  fundamental  design  tool  in  many 
areas  of  engineering. 

This  textbook  has  emerged  over  the  past  two  decades  from  efforts  to  teach  grad- 
uate courses  in  advanced  dynamics  and  flexible  multibody  dynamics  to  engineering 
students.  Although  this  book  reviews  the  basic  principles  of  dynamics,  it  is  assumed 
that  students  enrolling  in  these  graduate  courses  have  completed  a  comprehensive  set 
of  undergraduate  courses  in  statics,  dynamics,  deformable  bodies,  energy  methods, 
and  numerical  analysis.  The  advanced  dynamics  course  is,  of  course,  a  prerequisite 
for  the  flexible  multibody  dynamics  course. 

The  book  is  divided  into  six  parts.  The  first  part  presents  the  basic  tools  and 
concepts  that  form  the  foundation  for  the  other  parts.  It  begins  with  a  review  of  basic 
operations  on  vectors  and  tensors.  The  second  chapter  deals  with  coordinate  systems. 
The  differential  geometry  of  both  curves  and  surfaces  is  presented  and  leads  to  path 
and  surface  coordinates.  Chapter  3  reviews  the  basic  principles  of  dynamics,  start- 
ing with  Newton's  laws.  The  important  concept  of  conservative  forces  is  discussed. 
Systems  of  particles  are  then  treated,  leading  to  Euler's  first  and  second  laws. 

Chapter  4  concludes  the  first  part  of  the  book  with  a  detailed  description  of  three- 
dimensional  rotation.  For  most  graduate  students,  this  chapter  is  not  really  a  review. 
Indeed,  many  undergraduate  dynamics  courses  focus  primarily  on  two-dimensional 
systems.  Problems  involving  three-dimensional  rotation,  if  treated  at  all,  are  often 
rushed  in  the  last  few  weeks  of  the  semester,  leaving  most  students  with  insufficient 
time  to  absorb  this  difficult  material. 

Part  2  develops  rigid  body  dynamics,  the  foundation  of  multibody  dynamics.  The 
analysis  of  the  kinematics  of  rigid  bodies  is  the  focus  of  chapter  5.  It  starts  with  the 
analysis  of  the  general  displacement  and  velocity  fields  of  a  rigid  body.  The  classical 
topics  of  relative  velocities  and  accelerations  are  also  addressed.  The  motion  tensor 
and  its  properties  are  given  an  in-depth  treatment. 
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Kinetics  of  rigid  bodies  is  tlie  focus  of  cliapter  6.  The  various  forms  of  Euler's  law 
governing  the  rotational  motion  of  rigid  bodies  are  presented.  While  the  emphasis  of 
the  chapter  is  on  three-dimensional  problems,  planar  motion  is  also  treated  in  details. 

Part  3  presents  the  fundamental  concepts  of  analytical  dynamics.  Chapter  7  in- 
troduces the  concepts  of  virtual  displacement,  virtual  rotation,  and  virtual  work.  The 
principle  of  virtual  work  for  static  problems  is  given  extensive  coverage  as  this  is  an 
indispensable  topic  for  the  study  of  the  variational  and  energy  principles  of  dynamics 
presented  in  chapter  8.  D' Alembert's  principle,  Hamilton's  principle,  and  Lagrange's 
formulation  are  derived  and  their  use  illustrated  with  numerous  examples. 

Multibody  systems  are  characterized  by  two  distinguishing  features:  system  com- 
ponents undergo  finite  relative  rotations  and  these  components  are  connected  by  me- 
chanical joints  that  impose  restrictions  on  their  relative  motion.  The  first  distinguish- 
ing feature  is  of  a  purely  kinematic  nature:  in  multibody  systems,  overall  and  relative 
motions  are  finite,  leading  to  inherently  nonlinear  problems.  The  second  distinguish- 
ing feature  is  the  main  culprit  for  the  complexity  of  many  multibody  formulations. 
Each  component  of  a  flexible  multibody  system  is  a  constrained  dynamical  system 
because  of  the  restrictions  imposed  on  it  by  the  mechanical  joints  connecting  it  to 
others. 

The  first  three  parts  of  the  book  present  background  material  on  unconstrained 
dynamical  systems,  i.e.,  systems  for  which  the  number  of  generalized  coordinated 
used  to  describe  the  system  equals  the  number  of  degrees  of  freedom.  In  contrast, 
part  4  focuses  on  constrained  dynamical  systems.  Chapter  9  presents  Lagrange's 
multiplier  technique  and  the  distinction  between  holonomic  and  nonholonomic  con- 
straints. The  combination  of  the  principle  of  virtual  work  with  Lagrange's  multiplier 
technique  is  shown  to  provide  a  powerful  tool  for  the  analysis  of  constrained  static 
problems. 

Chapter  10  reviews  the  classical  formulations  for  constrained  dynamical  sys- 
tems. D'Alembert's  principle,  Hamilton's  principle,  and  Lagrange's  formulation  are 
updated  to  accommodate  the  presence  of  both  holonomic  and  nonholonomic  con- 
straints. The  kinematic  constraints  associated  with  the  lower  pair  joints  are  described 
in  details. 

The  advanced  formulations  presented  in  chapter  1 1  form  the  theoretical  basis  for 
the  practical  approaches  to  numerical  solutions  of  multibody  systems.  Maggi's,  the 
index-1,  the  null  space,  and  Udwadia  and  Kalaba's  formulations  are  presented  and 
the  chapter  concludes  with  the  geometric  interpretation  of  constraints  and  Gauss' 
principle. 

Finally,  chapter  12  describes  in  a  cursory  manner  the  many  numerical  approaches 
used  to  treat  constrained  dynamical  systems,  most  of  which  are  rooted  in  the  formu- 
lations presented  in  chapter  11.  Chapter  12  is  in  fact  a  comprehensive  review  of 
the  literature  on  methods  of  constrained  dynamics  applied  to  the  solution  of  multi- 
body  systems.  It  is  clearly  impossible  to  treat  each  approach  in  detail.  Rather,  the 
salient  features  of  each  approach  are  given,  and  the  relationships  between  them  are 
underlined.  The  chapter  concludes  with  a  detailed  description  of  scaling  methods  for 
Lagrange's  equations  of  the  first  kind. 
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Part  5  presents  a  comprehensive  overview  of  the  many  approaches  used  to  param- 
eterize rotation  and  motion.  The  vectorial  parameterizations  of  rotation  and  motion 
are  given  special  emphasis  as  they  provide  a  unified  approach  to  this  complex  topic. 
Specific  parameterizations  widely  used  in  multibody  formulations  are  reviewed  in 
details,  whereas  other  are  presented  in  a  more  cursory  manner. 

The  last  part  of  the  book  focuses  on  flexible  multibody  dynamics  problems, 
which  are  categorized  into  three  groups:  rigid  multibody  systems,  linearly  elastic 
multibody  systems,  and  nonlinearly  elastic  multibody  systems.  The  last  three  chap- 
ters of  the  book  focus  on  the  latter  category,  nonlinearly  elastic  multibody  systems. 
Chapter  1 5  presents  background  material.  The  basic  equations  of  linear  elastodynam- 
ics  are  presented  first.  Next,  finite  displacement  kinematics  are  studied,  with  special 
emphasis  on  small  strain  problems. 

Chapter  16  develops  the  governing  equations  of  flexible  joints,  cables,  beams, 
and  plates  and  shells.  All  formulations  are  geometrically  exact,  i.e.,  all  structural 
components  are  allowed  to  undergo  arbitrarily  large  displacements  and  rotations,  al- 
though strains  are  assumed  to  remain  small.  Finally,  chapter  17  presents  details  of  the 
implementation  of  these  elements  within  the  framework  of  finite  element  formula- 
tions. For  instance,  interpolation  of  the  rotation  fields  is  an  issue  that  requires  special 
attention. 

The  topics  covered  in  the  first  three  parts  of  the  book  form  the  basis  for  a  three- 
credit  hour,  graduate  level  course  in  advanced  dynamics,  typically  taken  by  first  year 
graduate  students.  Topics  selected  from  the  last  three  parts  provide  an  ample  ma- 
terial for  a  follow-on,  three-credit  hour,  graduate  level  course  in  flexible  multibody 
dynamics.  The  advanced  dynamics  course  is,  of  course,  a  prerequisite  for  the  flexible 
multibody  dynamics  course. 

Typically,  engineering  students  generally  grasp  concepts  more  quickly  when  pre- 
sented first  with  practical  examples,  which  then  lead  to  broader  generalizations.  Con- 
sequently, most  concepts  are  first  introduced  by  means  of  simple  examples;  more  for- 
mal and  abstract  statements  are  presented  later,  when  the  student  has  a  better  grasp 
of  the  significance  of  the  concepts. 

Numerous  homework  problems  are  included  throughout  the  book.  Some  are 
straightforward  applications  of  basic  concepts,  others  are  small  projects  that  require 
the  use  of  computers  and  mathematical  software,  and  others  involve  conceptual  ques- 
tions that  are  more  appropriate  for  quizzes  and  exams.  The  text  also  provides  many 
examples  that  treat  practical  problems  in  great  details.  Some  of  the  examples  are 
re-examined  in  successive  chapters  to  illustrate  alternative  or  more  versatile  solution 
methods. 

Notation  is  a  challenging  issue  in  dynamics.  Given  the  limitations  of  the  Latin 
and  Greek  alphabets,  the  same  symbol  is  sometimes  used  to  indicate  different  quan- 
tities, but  mostly  in  different  contexts.  Consequently,  no  attempt  has  been  made  to 
provide  a  comprehensive  nomenclature,  which  would  lead  to  even  more  confusion. 

It  is  traditional  to  use  a  bold  typeface  to  represent  vectors  and  tensors,  but  this  is 
very  difficult  to  reproduce  in  handwriting,  whether  on  a  board  or  in  personal  notes.  A 
notation  that  is  more  suitable  for  hand-written  notes  has  been  adopted  here.  Vectors 
and  arrays  are  denoted  using  an  underline,  such  as  u  or  £.  Unit  vectors  are  used 
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frequently  and  are  assigned  a  special  notation  using  a  single  overbar,  such  as  ?i, 
which  denotes  the  first  Cartesian  coordinate  axis.  The  overbar  notation  also  indicates 
non-dimensional  scalar  quantities,  i.e..  A;  is  a  non-dimensional  stiffness  coefficient. 
This  is  inconsistent,  but  the  two  uses  are  in  such  different  contexts  that  it  should  not 
lead  to  confusion.  Second-order  tensors  and  matrices  are  indicated  using  a  double- 
underline,  i.e.,  R  indicates  a  3  x  3  rotation  tensor  or  M  a  n  x  n  mass  matrix. 

Notations  a^b,  ab,  and  ab  indicate  the  scalar,  vector,  and  tensor  products,  re- 
spectively, of  two  vectors,  a  and  b.  While  many  students  voice  their  displeasure  with 
this  mnemonic  convention  that  departs  from  the  classical  "dot"  and  "cross  product" 
notations,  they  very  rapidly  recognize  and  appreciate  its  power  and  conciseness. 

Finally,  I  am  indebted  to  the  many  students  at  Georgia  Tech  who  have  given  me 
helpful  and  constructive  feedback  over  the  past  decade  as  I  developed  the  course 
notes  that  are  the  precursors  of  this  book.  The  constructive  use  of  their  many  ques- 
tions and  confusion  has  helped  shape  this  book,  and  the  treatment  of  many  topics 
was  modified  numerous  times  before  finding  their  final  form. 


Atlanta,  Georgia,  July  2010  Olivier  Bauchau 
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Parti 


Basic  tools  and  concepts 


Vectors  and  tensors 


Vectors  and  tensors  are  basic  tools  for  the  formulation  of  kinematics  and  dynam- 
ics problems.  This  chapter  introduces  notations  and  the  fundamental  operations  on 
vectors  and  tensors  that  will  be  used  throughout  this  book. 


1.1  Free  vectors 

Consider  two  points,  denoted  A  and  B,  in  three-dimensional  space,  as  shown  in 
fig.  1.1.  The  line  that  connects  point  A  to  point  B  is  called  an  oriented  line  seg- 
ment, and  denoted  AB.  In  the  following,  the  word  "segment"  will  often  be  used  to 
indicate  an  oriented  line  segment.  Next,  consider  two  points.  A'  and  B',  such  that 
ABB'A'  forms  a  parallelogram.  Segments  AB  and  A'B'  are  then  of  identical  length 
and  are  parallel  to  each  other.  Similarly,  if  two  other  points.  A"  and  B",  are  such 
that  ABB"A"  also  forms  a  parallelogram,  segments  AB  and  A"B"  are  then  of  iden- 
tical length  and  parallel  to  each  other.  Segments  AB,  A'B',  and  A"B"  are  said  to  be 
equivalent.  The  ensemble  of  all  equivalent  segments  define  the  free  vector  a:  a  given 
oriented  line  segment  defines  a  free  vector. 


A" 
rig.  1.1.  A  free  vector. 


rig.  1.2.  Sum  of  two  vectors  c  —  a  +  b. 
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1   Vectors  and  tensors 


1.1.1  Vector  sum 

The  addition  of  two  free  vectors,  a  and  b,  is  described  in  fig.  1.2.  Let  segments  AB 
and  BC  define  vectors  a  and  b,  respectively,  and  point  B  is  both  the  end  of  segment 
AB  and  the  origin  of  segment  BC.  The  vector  sum  of  free  vectors,  a  and  b,  is  then 
free  vector  c  defined  by  all  segments  equivalent  to  AC. 

As  fig.  1.2  indicates,  the  vector  sum  is  commutative,  i.e., 

c  =  a  +  b  =  b  +  a.  (1.1) 


1.1.2  Scalar  multiplication 

Figure  1.3  shows  segment  AB  that  defines 
vector  a;  the  length  of  vector  a  is  defined 
as  the  distance,  £,  between  points  A  and  B. 
The  multiplication  of  a  free  vector,  a,  by  a 
scalar,  a,  is  depicted  in  fig.  1.3  and  is  de- 
noted as 

b  =  aa.  (1.2) 

If  a  is  positive,  vector  b  is  defined  by 
segment  A'B'  parallel  to  AB,  oriented  in 

Fig.  1.3.  Multiplying  a  vector  by  a  scalar:      *e  same  direction,  and  of  length  t  =  at 
jj  —  Q,£j  If  a  is  negative,  vector  b  is  defined  by  seg- 

ment A"B"  parallel  to  AB,  oriented  in  the  opposite  direction,  and  of  length  £'  =  \a\£. 


1.1.3  Norm  of  a  free  vector 

Segment  AB  shown  in  fig.  1.3  defines  a  free  vector,  a.  The  norm  of  free  vector,  a,  is 
defined  as  the  length,  £,  of  any  segment  defining  it.  Notation  ||a||  is  used  to  express 
the  norm  of  a  vector, 

\\a\\=a  =  t  (1.3) 

A  null  vector  is  a  vector  of  vanishing  length,  i.e.,  a  =  0  implies  ||a||  =  a  =  £  =  0. 
From  these  definitions,  it  follows  that 


IIHI  =  I«IM, 

and  the  triangular  inequality  implies 

ll«  +  ^ll<ll«ll  +  ll^ 


(1-4) 


(1-5) 


A  unit  vector  is  a  vector  of  unit  norm  and  is  indicated  by  an  overbar,  (•).  A  unit 
vector  can  be  constructed  from  any  vector,  a,  by  dividing  it  by  its  norm, 


iair 


(1-6) 


By  construction,  ||a||  =  1. 


1.1   Free  vectors  5 

1.1.4  Angle  between  two  vectors 

Figure  1.4  defines  the  angle,  (p,  between  two  free  vectors,  a  and  h.  Let  segments 
AB  and  AC  define  the  free  vectors  a  and  b,  respectively.  Angle  ^  is  that  between 
segments  AB  and  AC  when  these  two  segments  share  a  common  point  A.  The  angle 
between  two  free  vectors  is  denoted  as 


^={a,b). 


(1.7) 


Note  that  (a,  5)  =  (5,  a)  =  ^.  The  angle  between  two  vectors  is  such  that  0  <  ^  <  tt, 
i.e.,  sin^  >  0. 


Fig.  1.4.  Angle  between  two  vectors. 


|b||cos(a,b)       ||c||cos(a,c) 
||b  +  c||cos(a,b  +  c) 

rig.  1.5.  The  scalar  product  is  distributive. 


1.1.5  The  scalar  product 

The  scalar  product,  a,  of  two  vectors,  often  called  the  dot  product,  is  defined  as 

a  =  Jh=  ||a||||6||  cos(a,6).  (1.8) 

Because  cos(a,  6)  =  cos(5,  a),  the  scalar  product  is  a  commutative  operation 

a  =  Jh  =  ^a.  (1.9) 

Furthermore,  it  is  a  distributive  operation 


r-f^  rtt  rri  rri  rr-i  'Ti 

cr  =  a    {b  +  c)=a   b  +  a   c,      cr  =  [a  +  b)    c  =  a   c  +  b   c. 


(1.10) 


This  property  follows  from  the  fact  that  ||6  +  c\\  cos(a,  6  +  c)  =   ||6||  cos(a,  6)  + 
||c||  cos(a,  c),  as  illustrated  in  fig.  1.5. 

The  scalar  product  of  a  vector  by  itself  yields  the  square  of  its  norm,  a^a  = 
II a|p  =  a^.  Statement  a^b  =  0  implies  that  either  a  =  0  or  6  =  0,  or  a  is  orthogonal 
to  b.  The  condition  for  the  orthogonality  of  two  vectors  is 


a^b  =  0, 


(1.11) 


provided  that  neither  vector  is  null. 

The  projection  p  of  a  vector  a  along  a  unit  direction  n  is  readily  expressed  in 
terms  of  the  scalar  product  as 

p  =  a   n  =  ||a||  cos(a,  n).  (1-12) 


6  1   Vectors  and  tensors 

1.1.6  Orthonormal  bases 

Figure  1.6  depicts  an  orthonormal  basis,  X,  defined  by  a  set  of  three  mutually  or- 
thogonal free  unit  vectors,  ii,  i2,  and  13.  Orthonormal  bases,  also  called  Cartesian 
bases,  will  be  indicated  with  the  following  notation,  I  =  (ii,  12, 13).  In  view  of  this 
definition,  it  is  clear  that  v[ii  =  1^12  =  i^id.  =  1  and  t^i2  =  i^iz  =  i^ii  =  0. 

These  relationships  can  be  summarized  as 


i 

V 

'h 

> 

/ 

x. 

/ 

/ 

_a. 

'^fc 

/ 

'1 

/ 

/a, 

-T- 


Oij , 


(1.13) 


where  bij  is  the  Kronecker's  symbol  defined  as 


'5y  =  <;J  .  /.  (1-14) 

Fig.   1.6.   An   orthonormal 

basis  T. 

As  shown  in  fig.  1.6,  an  arbitrary  vector,  a,  can  be 

decomposed  in  the  following  manner 


(a^ii)«i  +  (a^i2)«2  +  (a'^«3)«3  =  ain  +  02*2  +  a3«3, 


(1.15) 


where  ai,  02,  and  03  are  the  projections,  eq.  (1.12),  of  vector  a  along  unit  vectors  ii, 
Z2,  and  13,  respectively. 

The  components  of  vector  a  resolved  in  orthonormal  basis  X  are  the  projection  of 
the  vector  along  the  unit  vectors  of  the  basis,  Cj  =  (^li,  i  =  1,2,3.  The  following 
notation  is  used 

'  ai 

(1.16) 


Notation  a  is  used  to  indicate  a  free  vector,  and  notation  aP-^  indicates  the  compo- 
nents of  vector  a  resolved  in  basis  X.  The  components  of  a  vector  consist  of  a  set  of 
three  number,  which  are  aiTanged  in  a  column  array,  as  shown  in  eq.  (1.16).  Braces 
are  used  to  indicate  a  column  array. 

The  transpose  of  the  column  array  is  a  row  array  and  is  denoted  with  a  super- 
script, (•)^.  The  following  notation  will  be  used 

qMT"  =  [ai  02  03}  ,      or     a'-^l  =  [ai  02  03}     .  (1.17) 

The  components  of  the  unit  vectors  ii,i2,  and  13  resolved  in  basis  X  are 


^P] 


^Pl 


(1.18) 


Using  the  properties  of  an  orthonormal  basis,  eq.  ( 1 . 1 3),  the  scalar  product  of  two 
vectors  becomes 


a'^b 


1.1   Free  vectors 


'61' 


aibi  +  0262  +  0363 


{01,02,03}  <  62 


(1-19) 


where  hi,  i  =  1,2, 3,  are  the  components  of  b  resolved  in  basis  I.  For  eq.  (1.19)  to 
hold,  the  components  of  vectors  a  and  b  must  be  evaluated  in  the  same  orthonormal 
basis. 

The  notation  for  the  scalar  product,  a^&,  is  a  mnemonic  notion  for  the  result 
expressed  by  eq.  (1.19):  the  scalar  product  is  obtained  by  multiplying  the  row 
array  of  the  components  of  vector  a  resolved  in  basis  I  by  the  column  array  of  the 
components  of  vector  6  resolved  in  the  same  basis.  The  operation  of  computing  the 
components  of  a  vector  in  a  given  basis  is  a  fundamental  operation.  The  following 
expressions  are  used  interchangeably:  "computing  the  components  of  vector  a  in 
basis  I,"  or  "expressing  vector  a  in  basis  I," or  "resolving  vector  a  in  basis  I."  For 
sake  of  brevity,  expressions  such  as  "the  components  of  a  in  I,"  or  "expressing  a  in 
X"  will  also  be  used. 


1.1.7  The  vector  product 

The  vector  product,  c,  of  two  vectors,  a  and 
b,  often  called  the  cross  product,  is  defined 
as 

c  =  56=  ||a||||6||  sin(a,6)n,       (1.20) 

where  n  is  a  unit  vector  normal  to  both  a 
and  b,  and  oriented  according  to  the  right- 
hand  rule,  as  depicted  in  fig.  1.7.  Note  that 
-4  =  l|fl||||^ll  sin(a,6)  represents  the  area 
of  the  parallelogram  spanned  by  vectors  a 
and  6;  hence,  the  norm  of  the  vector  product  equals  this  area 
The  vector  product  is  anti-commutative. 


Fig.  1.7.  The  vector  product  of  vectors  a 
and  b. 


ab 


-ba. 


(1.21) 


Indeed,  the  norms  of  the  two  vectors  are  equal,  ||a6||  =  ||6a||  =  A,  but  according  to 
the  right-hand  rule,  unit  vector  n  will  point  in  opposite  directions  when  the  order  of 
vectors  a  and  b  is  reversed. 

Furthermore,  the  vector  product  is  a  distributive  operation 


(a  +  b)c 


be, 


;  +  c)  =  ab  +  ac. 


(1.22) 


This  property  follows  from  geometric  considerations  detailed  in  fig.  1.8.  Note  that 
vectors  ac,  be,  and  (a  -I-  b)c  are  all  in  the  plane  normal  to  c.  Furthermore,  triangles 
OAB  and  OA'B'  are  similar. 
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a  +  b||siii(a+b,  c) 
B 
b||sin(b,c) 

^A_||a||sin(a,  c) 


Fig.  1.8.  The  vector  product  is  distributive. 


Statement  ab  =  0  implies  that  either  a  =  0  or  6  =  0,  or  a  is  parallel  to  b.  The 
condition  for  the  parallelism  of  two  vectors  is 


ab  =  0, 


(1.23) 


provided  that  neither  vector  is  null. 

The  vector  products  of  the  unit  vectors  defining  an  orthonormal  basis  are  readily 
obtained  from  the  definition  of  the  vector  product,  eq.  (1.20),  to  find  Ti«2  =  *3, 
*3*i  =  *2,  ^2*3  =  *!,  ^2*1  =  —  *3i  *i*3  =  —^2,  and  T3i2  =  —ii-  Of  coursc,  the 
cross  product  of  a  vector  by  itself  vanishes.  These  relationships  can  be  summarized 
as  follows 

hij  =  eijkik,  (1-24) 

where  summation  is  implied  over  the  repeated  indices,  and  Cijk  is  the  Levi-Civita 
symbol  or  permutation  symbol 


tijk 


+1,     for  a  cyclic  permutation  of  the  indices, 
—  1,     for  an  acyclic  permutation  of  the  indices, 
0,     for  all  other  cases. 


(1.25) 


The  above  relationships  implicitly  assume  that  vector  ii,i2,  and  13  have  been  ordered 
in  such  a  manner  that  eqs.  (1.24)  hold.  Such  bases  are  call  right-hand  bases  and  will 
be  used  exclusively  in  this  book. 

If  flj ,  6j ,  and  Ci,i  =  1,2,3,  are  the  components  of  vectors  a,  6,  and  c,  respectively, 
resolved  in  a  common  basis  I,  the  following  relationship  holds 

c  =  Ciii+C2i2  +  C3«3  =  ab=  (02^3 -a362)«i  + (03^1 -ai^3)«2  +  (ai&2-a2&i)«3, 

where  eqs.  (1.22)  and  (1.24)  are  used.  Taking  the  scalar  product  of  this  expression 

by  «i,  «2,  and  13  then  yields 
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cA 

(a2b3  - 

-  03^2 

cA- 

=  I  asbi  - 

-  aibs 

cs 

1  ai&2  - 

-  0261 

0 

-aj 

02 

03 

0 

-fli 

-02 

ai 

0  _ 

SMfel^l, 


(1.26) 


It  is  now  clear  that  a  is  a  second-order,  skew-symmetric  tensor  whose  components 
in  basis  X  are 

0     -03     02 

as     0     -ai     .  (1.27) 

-a2      Oi     0 

The  notation  for  the  vector  product,  ab,  is  a  mnemonic  notion  for  the  result  expressed 
by  eq.  (1.26):  the  vector  product  is  obtained  by  multiplying  the  components  of  the 
skew-symmetric  tensor  a  resolved  in  basis  X  by  the  column  array  of  the  components 
of  vector  b  resolved  in  the  same  basis. 


1.1.8  The  tensor  product 

The  tensor  product  T  of  two  vectors  is  a  second-order  tensor  defined  as 

The  fundamental  property  of  tensor  T  is 

21q=  {b   c)a, 
for  any  arbitrary  vector  c.  By  letting  a  =  ii  and  b  =  ij,  eq.  (1.29)  then  implies 


(1.28) 


(1.29) 


h   '1 


,[IUI]T 


Xr-UAT 


1  00 
000 
000 

0  1  0' 
000 
000 

0  0  0' 

1  00 
000 


i^^AT 


m\x\T 


m\i]T 


000 
0  1  0 
000 

0  0  1" 

000 
000 

0  0  0' 
000 

1  00 


AiUi]T 


J^U^T 


AT-UAT 


000 
000 
00  1 

0  0  0' 
00  1 
000 

0  0  0' 
000 
0  1  0 


Letting  T'' represent  the  components  of  tensor  r'     =  ?'    «'      ,  these  relationships 
can  be  summarized  as 

til  =  SkiStj.  (1.30) 

If  ai  and  bi,i  =  1,2,3,  are  the  components  of  vectors  a  and  b,  respectively,  in  a 
common  basis  X,  the  following  relationship  holds 


aibi  0162  CLibs 
0261  a2&2  a2''3 
a^bi  0362  03^3 


al^l^I^l^, 


(1-31) 
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where  eq.  (1.30)  was  used.  The  notation  for  the  tensor  product,  ab  ,  is  a  mnemonic 
notion  for  the  result  expressed  by  eq.  (1.31):  the  tensor  product  is  obtained  by  multi- 
plying the  column  array  of  components  of  vector  a  in  basis  X  by  the  row  array  of  the 
components  of  vector  b  in  the  same  basis. 


1.1.9  The  mixed  product 

Let  a,  b,  and  c  be  three  arbitrary  vectors.  The 
scalar  cFab  is  called  the  mixed  product  of  these 
vectors.  The  geometric  interpretation  of  this  op- 
eration is  illustrated  in  fig.  1.9.  The  vector  prod- 
uct ab  =  An  is  defined  by  eq.  (1.20),  where  A 
represents  the  area  spanned  by  vectors  a  and  b 
and  the  orientation  of  unit  vector  n  is  selected 
according  to  the  right-hand  rule.  The  mixed 
product  then  becomes  c^ab  =  ||c||^cos(n,  c), 
where  ||c||  cos(n,c)  =  h  is  the  projection  of 
Fig.  1.9.  The  mixed  product  of  vec-  vector  c  along  the  unit  vector  n.  It  then  follows 
tors  a,  b,  and  c.  that  c^ab  =  Ah,  where  A  is  the  area  of  the  par- 

allelogram spanned  by  vectors  a  and  b  and  h  the  height  of  the  parallelepiped  defined 
by  vectors  a,  b,  and  c.  Clearly,  the  mixed  product  represents  the  volume  of  this  par- 
allelepiped. 

The  above  interpretation  assumes  that  vectors  a,  b,  and  c  are  ordered  according  to 
the  right-hand  rule.  If  this  is  not  the  case,  it  is  easily  verified  that  the  mixed  product 
yields  the  negative  of  the  volume  spanned  by  the  three  vectors. 

If  ai ,  bi ,  and  c;  are  the  components  of  vectors  a,  b,  and  c,  respectively,  resolved 
in  basis  X,  the  mixed  product  can  be  written  as 


c   ab  : 


det 


»!  0.2  as 

hi 

b2 

63 

C\ 

C2 

^^. 

(1.32) 


where  eqs.  (1.19)  and  (1.26)  were  used.  It  is  now  clear  that  c^ab  =  b  ca  =  a^bc, 
since  these  operations  correspond  to  permutations  of  lines  of  the  determinant.  Of 
course,  due  to  the  anti-commutativity  property  of  the  vector  product,  eq.  (1.21), 


'"ha 


"a. 


1.1.10  Tensor  identities 


Important  tensor  identities  will  be  used  throughout  this  book.  If  a,  6,  and  c  are  three 
arbitrary  vectors,  the  following  identities  can  be  readily  verified  by  painstakingly 
expanding  the  various  products. 


1.1 

Free  vectors            1 1 

(ab)  =  ab  —  ba, 

(1.33a) 

ah  =  bJ  -{^b% 

(1.33b) 

ab—ba  =  ba    —  ab   , 

(1.33c) 

ab  -  af  =  (ib)  -  {a^b)l, 

(1.33d) 

o.bc=  {a^c)b  —  {b^c)a., 

(1.33e) 

abc=  {a^c)b  —  {a^b)c, 

(1.33f) 

ab^c  =  (b^cja, 

(1.33g) 

a   bc  =  b   ca  =  c   ab. 

(1.33h) 

If  n  is  a  unit  vector  and  a  an  arbitrary  vector,  the  following 

identities  also  hold 

{(^n)n  =  a  +  nna, 

(1.34a) 

nnn  =  —n, 

(1.34b) 

nnn  =  0, 

(1.34c) 

where  notation  (•)  indicates  a  derivative  with  respect  to  time. 

1.1.11  Solution  of  the  vector  product  equation 

Let  a,  b,  and  x  be  three  vectors  such  that  ax  =  b. 
If  a  and  b  are  known  vectors,  is  it  possible  to  solve 
for  xl  Equation  ax  =  b  can  be  viewed  as  a  set  of 
three  linear  equations  for  the  components  of  x.  Un- 
fortunately, the  matrix  of  the  system  of  equations  is 
singular  because  det(a)  =  0;  in  fact,  the  null  space 
of  a  is  a  since  aa  =  0.  Hence,  a  solution  only  exists 
if  the  right-hand  side  of  the  system  of  equations  is 
orthogonal  to  the  the  null  space  of  a, ;.  e. ,  if  a-'" 6  =  0 . 

Figure  1.10  gives  a  graphical  illustration  of  the 
problem.  The  cross  product  equation,  ax  =  b,  implies  that  b  is  orthogonal  to  both 
a  and  x.  Let  plane  V  be  normal  to  vector  b.  Because  b  is  orthogonal  to  a,  plane  V 
contains  vector  a.  Any  vector  in  plane  V  will  be  normal  to  vector  b. 

The  solution  of  the  problem  must  be  in  plane  V  and  hence,  can  be  written  as 
X  =  fia  +  a  ab,  where  /i  and  a  are  arbitrary  scalars.  Introducing  this  solution  into 
the  equation  yields  ax  =  a{^a  +  a  ab)   =  b,  or  a  aab  =  b.  With  the  help  of 


Fig.  1.10.  The  solution  of  the 
vector  product  equation. 


identity  (1.33b),  this  becomes  a{aa 


^L)b 


then  reduces  to 


b  =  b,  and  finally,  a 


=  b.  Because  a^b 


0,  the  equation 


The  solution  of  the  vector  product  equation  is 


x_  =  fxa- 


ab 


(1.35) 
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where  coefficient  /i  remains  undetermined.  Clearly,  the  vector  product  equation  pos- 
sesses an  infinite  number  of  solutions,  because  fi  is  arbitrary.  Graphically,  this  corre- 
sponds to  the  various  solution  labeled  as  a;'  or  a;"  in  fig.  1.10. 

To  obtain  a  unique  solution,  an  additional  constraint  must  be  enforced.  For 
instance,  the  solution  with  the  smallest  norm  is  found  by  imposing  the  solution  to  be 
normal  to  vector  a,  leading  to  /i  =  0  and  finally  x_  =  —  a6/||ap. 

1.1.12  Problems 

Problem  1.1.  Lagrange's  identity 

Prove  Lagrange's  identity:  ||a6|p  +  (a^b)^  =  WOlW^WIiW^- 

Problem  1.2.  Geometric  interpretation  of  identity 

Prove  identity  (1.34a)  and  provide  a  geometric  interpretation. 

Problem  1.3.  Geometric  interpretation  of  identity 

Prove  the  following  identity  c^ab  —  a^bc  —  b^ca,  based  on  (1)  geometric  arguments,  and 
(2)  algebraic  developments. 

Problem  1.4.  Jacobi's  identity 

With  the  help  of  the  identities  of  section  1. 1.10,  prove  Jacobi's  identity  o6c-|-feca+ca6  —  0. 

Problem  1.5.  Prove  identity 

Prove  the  following  identity  a  &fea  —  baa^b. 

Problem  1.6.  Prove  identity 

If  fi  is  a  unit  vector  and  rn  an  arbitrary  vector  such  that  \  —  •n'^rn,  prove  the  following  identity 

nnm +  nfhn  +  fhnn  — —iri  —  2\n.  (1.36) 

Problem  1.7.  Criterion  for  linear  independence 

Show  that  three  vectors  o,  b,  and  c  are  linearly  independent  if  and  only  if  their  mixed  product 
does  not  vanish. 

Problem  1.8.  Criterion  for  parallelism 

Find  the  vector  equation  that  expresses  the  fact  that  vectors  a  and  b  are  parallel. 

Problem  1.9.  Criterion  for  orthogonality 

Find  the  vector  equation  that  expresses  the  fact  that  vectors  a  and  b  are  orthogonal. 

Problem  1.10.  Criterion  for  coplanarity 

Find  the  vector  equation  that  expresses  the  fact  that  vectors  a,  b,  and  c  are  coplanar. 

Problem  1.11.  The  projection  tensor 

Consider  a  plane,  V,  defined  by  its  unit  normal,  n,  and  a  free  vector  a,  as  depicted  in  fig.  1.11. 
Vector  a  is  decomposed  as  a  =  a'  -I-  a",  where  a'  is  in  plane  V  and  a"  normal  to  V.  (1)  Find 
the  expression  for  the  projection  tensor,  P_,  such  that  a'  —  P_a.  (2)  Find  tensor  Q  such  that 
a"  =  Qa.  ~ 


1.2  Bound  vectors  13 

A 


Fig.  1.11.  Projection  of  vector  a  onto  plane  Fig.  1.12.  Reflection  of  vector  a  onto  plane 
n.  fi. 

Problem  1.12.  The  reflection  tensor 

Figure  1.12  depicts  plane  V  defined  by  its  unit  normal  n  and  a  free  vector,  a.  Find  the  expres- 
sion for  the  reflection  tensor  R  such  that  a  =  Ra,  where  a'  is  the  reflection  of  a  with  respect 
the  plane  V.  Note  that  point  A'  is  the  mirror  image  of  point  A  with  respect  the  plane  V. 

Problem  1.13.  The  covariant  and  contravariant  components  of  a  vector 


Consider  three  non-coplanar  vectors  a^. 


such  that  V  =  a^^  a,2a-^   7^  0.  Define  the 


following  three  vectors,  Vg}  —  22^3,  Vg^  =  asg^,  and  Vg^  =  aig^2'  called  the  reciprocal 
vectors.  Prove  that  (1)  g^ gp  =  5^ ,  (2)  g^'^a^g^  =  l/V,  and  (3)  Vc?^  =  a^,  V'cC'g}  =  g^ 
and  Vo^g?  —  0.3.  Two  arbitrary  vectors,  u  and  v_,  are  now  resolved  in  the  following  manner 


1,2.3 


123 
u\a    +  U2g    +  ui,a  ; 


123  123 

u  =  i;  a  J  +  u  a2  +  u  ttg  =  v\a    +  v-2g    +  v^a  . 

The  components  it'  and  v^  are  called  the  contravariant  components  of  vectors  u  and  v_,  re- 
spectively, whereas  the  components  Ui  and  Vi  are  called  the  covariant  components  of  vectors 


U\V^  +  U2V^  -\-  U^V^ 


U^Vl  +  V?V2  +  U^V3. 


u  and  v^,  respectively.  Prove  that  (4)  u   v 

(5)  uv/V   =    {u^v^  -  u^v'^)g^  +  {u^v'^  -  u^v'-^)g^  +  {u^v^  -  u^v^)g^.  (6)  V  uv    ^ 

{U2V3  —  U3V2)g^  +  (lt3«l  —  UlV3)g2  +  {uiV2  —  U2Vl)g.y 


1.2  Bound  vectors 

In  section  1.1,  free  vectors  were  introduced  as  the  ensemble  of  all  segments  equiva- 
lent to  a  given  segment.  In  many  practical  applications,  vectors  are  associated  with  a 
specific  point  in  space;  in  that  case  they  are  called  bound  vectors.  For  instance,  the 
description  of  a  force  applied  to  a  rigid  body  requires  knowledge  of  the /orce  vector, 
/,  (magnitude  and  orientation  of  the  applied  force),  and  the  point  of  application  of 
the  force,  3;^. 

Figure  1.13  depicts  a  force  vector,  /,  applied  to  a  rigid  body  at  point  A;  the  force 
vector  is  a  bound  vector.  On  the  other  hand,  a  moment,  m,  applied  to  a  rigid  body  is 
not  attached  to  a  specific  point  of  the  body;  it  is  a  free  vector.  Similarly,  the  angular 
velocity  vector,  £2,  is  a  property  of  the  rigid  body.  It  is  not  associated  with  a  specific 
point  of  the  body,  it  is  a  free  vector.  The  velocity  vector,  v_,  describes  the  velocity  at 
a  specific  point  of  the  body;  it  is  a  bound  vector. 
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Rigid 


Initial 
configuration  i, 


\,    ^  '2    Present 
configuration 


Fig.  1.13.  A  bound  vector  /,  a  free  vec-       Fig.  1.14.  A  reference  frame  defining  the  config- 
tor  m,  and  the  position  vector  x^.  uration  of  a  rigid  body. 


1.2.1  The  position  vector 

The  position  vector,  a;^,  specifies  the  position  of  point  A  in  three-dimensional  space 
with  respect  to  a  reference  point  O,  as  depicted  in  fig.  1.13.  The  components  of  vector 
Xj^  resolved  in  basis  I  and  denoted  x^  ,  are  the  coordinates  of  point  A  in  Cartesian 
basis  X. 


1.2.2  Reference  frames 

Orthonormal  or  Cartesian  bases  were  introduced  in  section  1.1.6  as  a  set  of  three 
mutually  orthogonal  unit  vectors,  I  =  (21,12,  is)-  The  origin  of  this  orthonormal 
basis,  however,  is  not  defined  because  it  consists  of  three  free  vectors.  Let  point  O  be 
the  common  origin  of  the  three  unit  vectors  of  the  basis.  It  is  now  possible  to  define 
a  reference  frame,  denoted  J-"  =  [0,I],  consisting  of  an  orthonormal  basis,  I,  with 
its  origin  at  point  O,  see  fig.  1.14. 

In  dynamic  problems,  an  inertial  reference  frame  is  always  defined;  the  origin 
and  orientation  of  such  frame  are  invariant  in  time.  Reference  frames  are  conve- 
niently used  to  define  position  vectors.  The  position  of  an  arbitrary  point  A  is  given 
by  its  position  vector,  a;^,  with  respect  to  the  origin  of  reference  frame  T,  and  the 
components  of  this  vector,  x^  ,  are  resolved  in  basis  I. 

Reference  frames  are  closely  related  to  the  configuration  of  rigid  bodies:  let  point 
P  be  a  material  point  of  the  rigid  body,  and  orthonormal  basis  £0  =  (eqi,  eo2,  eps) 
a  body  attached  basis  defining  its  orientation.  Clearly,  the  initial  configuration  of  the 
rigid  body  is  then  completely  defined  by  reference  frame  Jq  =  [P,  £'0],  see  fig.  1.14. 

If  the  rigid  body  tumbles  in  space,  it  will  move  to  its  present  configuration;  the 
position  vector  of  its  reference  point  P  is  now  X_p,  and  its  orientation  is  given  by 
a  new  basis  £  =  (ei,  62,  63).  Reference  frame  J^  =  [P,  £]  now  defines  the  present 
configuration  of  the  rigid  body.  The  displacement  vector,  Up,  of  point  P  is  such  that 
2Lp  =  Xp  +  Up.  Clearly,  a  one  to  one  correspondence  exists  between  a  reference 
frame  and  the  configuration  of  a  rigid  body. 
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1.3  Geometric  entities 

Geometric  problems  can  be  conveniently  formulated  using  a  vector  formalism. 
Lines,  planes,  circles,  and  spheres  are  briefly  described  in  the  following  sections. 

1.3.1  Lines 

Figure  1.15  depicts  a  straight  line  is  defined  by  the  position  vector,  x_p ,  of  an  arbitrary 
point  P  on  the  line,  and  the  unit  vector,  l,  along  the  direction  of  the  line.  A  straight 
line,  C,  is  denoted  C  =  {xp ,  i) .  An  arbitrary  point  Q  on  the  line  has  a  position  vector, 

£q,  given  by 

XQ=Xp  +  X£,  (1.37) 

where  A  is  an  arbitrary  scalar. 

An  alternative  definition  of  the  line  is  in  terms  of  its  Plucker  coordinates  [1] 
defined  as  follows 


^"1    ^    / 


(1.38) 


The  first  part  of  the  Plucker  coordinates,  fc,  defines  a  point  of  the  line,  and  the  second 
part,  i,  its  orientation.'  Indeed,  it  is  readily  shown  that  Xp  =  £k.  The  two  vectors 
forming  the  Plucker  coordinates  must  be  orthogonal,  i.e.. 


k^i  =  0. 


(1.39) 


Clearly,  aQ,  where  a  is  an  arbitrary  scalar  such  that  a  7^  0,  defines  the  same  line, 
Q. 


Fig.  1.15.  The  definition  of  a  straight  line. 


Fig.  1.16.  The  definition  of  a  plane. 


^  Some  authors  define  the  Pliicker  coordinates  as  Q^  —  {P^ ,k^}. 
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1.3.2  Planes 

Similarly,  a  plane  is  defined  by  the  position  vector,  Xp,  of  an  arbitrary  point  P  of  the 
plane,  and  the  unit  vector,  n,  normal  to  the  plane,  see  fig.  1.16.  Plane  V  is  denoted 
V  =  (xp,n).  An  arbitrary  point  Q  of  the  plane  has  a  position  vector,  Xq,  satisfying 
the  following  relationship 

n'^ixQ-Xp)  =0.  (1.40) 

This  equation  expresses  the  condition  that  vector  Xg  —  Xp  must  lie  in  plane  V,  and 
is  therefore  normal  to  n.  The  distance  between  point  O  and  the  plane  is  d  =  n^Xp, 
and  hence,  the  equation  of  a  plane  becomes 


n'xn=d.  (1.41) 


1.3.3  Circles 


A  circle  is  defined  by  the  position  vector,  x_(j,  of  its  center,  the  unit  vector,  n,  normal 
to  the  plane  of  the  circle,  and  its  radius,  p.  Circle  C  is  denoted  C  =  {xq,  n,  p).  An 
arbitrary  point  Q  of  the  circle  has  a  position  vector,  Xq,  satisfying  the  following 
relationships 

n^{xQ-Xc)  =  0,      \\x^  -  X(j\\  =  p,  (1.42) 

where  the  first  equation  expresses  the  fact  that  point  Q  is  in  plane  (x(j ,  n)  and  the 
second  that  is  it  at  a  distance  p  from  the  center  of  the  circle. 

1.3.4  Spheres 

A  sphere  is  defined  by  the  position  vector,  Xq,  of  its  center,  and  its  radius,  p.  Sphere 
S  is  denoted  S  =  {x^,  p).  An  arbitrary  point  Q  of  the  sphere  has  a  position  vector, 
Xq,  satisfying  the  following  relationship 

\\3iQ-Xc\\=p.  (1.43) 

Example  1.1.  Intersection  between  two  lines 

Find  the  point  at  the  intersection  of  two  lines,  Ci  =  {x^,li)  and  C2  =  (2:2, ^2)- 
What  is  the  condition  for  this  intersection  to  exist?  Figure  1.17  shows  the  two  lines 
and  their  intersection  at  point  I,  assuming,  of  course,  that  this  intersection  exists. 

Arbitrary  points  on  lines  Ci  and  C2,  denoted  y  and  y  ,  respectively,  are  given 
by  eq.  (1.37)  as  y  =  x_i  +  Ai£i  and  y„=x_2  +  A2£2,  respectively.  If  an  intersection 
point  exists,  it  must  be  on  both  lines,  which  implies  the  existence  of  scalars  Ai  and 
A2  such  that 

£/ =£1 +Ai4  =X2+A2i?2,  (1-44) 

where  Xj  is  the  position  vector  of  the  intersection  point. 

Let  X21  =  x_2  —  x_i  be  the  position  vector  of  the  reference  point  of  line  C2  with 
respect  to  that  of  line  Ci.  Multiplying  eq.  (1.44)  by  x^-^^ti  and  a;^]^£2  yields  the  two 
following  conditions  that  must  be  satisfied  for  the  intersection  to  exist. 
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Fig.  1.17.  Intersection  between  two  lines. 


Ai(£^52i4)  =  0,     A2(£^52i4)  =  0. 

The  first  solution  of  these  equations  is  Ai  =  A2  =  0,  which  implies  £/  =  £1  = 
X2 :  the  reference  points  of  the  two  fines  are  identical  and  this  common  point  is  the 
intersection  of  the  two  lines.  Tfie  second  solution  is  1^X21^2  =  0,  the  vanishing  of 
the  mixed  product  of  vectors  ^1 ,  £21 '  ^^'^  ^2  ■  Because  the  mixed  product  represent  the 
volume  spanned  by  these  three  vectors,  the  vanishing  of  the  mixed  product  implies 
the  coplanarity  of  the  three  vectors.  As  illustrated  by  fig.  1.17,  the  existence  of  an 
intersection  point  of  the  two  lines  does  indeed  require  the  coplanarity  of  vectors  £1 , 
0:21,  and  £2- 

To  determine  the  location  of  the  intersection  point,  scalars  Ai  and  A2  must  be  de- 
termined. Multiplying  eq.  ( 1 .44)  by  xj^i  and  x^£2  yields  A2  =  (£1^^1X2 )  /  (^2:1^2 ) 
and  Ai  =  {x2  £2X1)  /  {?2^2-^i) '  respectively.  Point  I  is  now  found  as 


xj£2Xi 
Ex2h  ' 


Xo  + 


£2 


Because  the  mixed  product,  1^X21^2,  must  vanish  for  the  intersection  to  exist,  it 
follows  that  I^xi£2  =  I^X2i2-  liifxi£2  =  1^X2^2  =  0,  the  denominators  in  the 
above  expressions  vanish  and  the  intersection  does  not  exist  because  the  two  lines 
are  parallel,  £1^2  =  0. 

In  summary,  an  intersection  exists  if  ^^^21^2  =  0,  implying  the  coplanarity  of 
vectors  £1,  3:21,  and  £2,  and  i?il2  7^  0,  implying  that  the  two  lines  are  not  parallel.  A 
special  case  occurs  ^i  =  £2  =  ^  and  £x]^2  =  0:  the  two  lines  are  coincident  and  all 
points  on  the  line  are  intersection  points. 

Example  1.2.  Intersection  between  two  lines 

Find  the  point  at  the  intersection  of  two  lines  defined  by  their  Pliicker  coordinates, 
^i  =  [hiiii)  and  £2  =  {ka  i  ^2 )  ■  What  is  the  condition  for  this  intersection  to  exist? 
Figure  1.17  shows  the  two  lines  and  their  intersection  at  point  I,  assuming,  of  course, 
that  this  intersection  exists. 

The  intersection  point  must  be  a  point  of  both  lines,  and  hence,  by  definition  of 
the  Pliicker  coordinates,  k^  =  xi£i  and  k^  =  a;/f  2-  Multiplying  the  first  equation  by 


I2  and  the  second  by  I]",  yields  I^hi 
these  two  expressions  then  leads  to 


£'2Xi£i  and  i^fc2  =  £^xi£2.  Subtracting 
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fcf  £2  +  k^h  =  0. 

This  is  the  condition  that  must  be  satisfied  if  an  intersection  exists.  It  is  left  to  the 
reader  to  verify  that  the  above  condition  is  equivalent  to  that  developed  in  exam- 
ple 1.1. 

Next,  the  location  of  the  intersection  point  must  be  evaluated.  By  definition  of  the 
Pliicker  coordinates,  ki  =  xjli,  which  can  be  recast  as  liXj  =  —k^.  This  implies 
that  the  position  vector  of  the  intersection  point  is  the  solution  of  a  vector  product 
equation,  see  section  1.1.11.  Because  the  solvability  condition  is  satisfied,  Ifk^  =  0, 
the  solution  can  be  written  as  Xj  =  ali  +  tik^,  where  a  is  an  arbitrary  scalar. 
Multiplying  this  equation  by  fcg  leads  to  fcj  3ii  =  &  ^i)q^  +  ^2  ^1^1  =  0,  because 
fc2  must  be  orthogonal  to  Xj.  Coefficient  a  now  becomes  a  =  — (fc2  ^i^i)/fe  ^i)- 


The  intersection  point  is  now 


i7 


■hh 


=    kHi 


hh 


"i  k^ 


where  identity  (1.33b)  was  used  to  evaluate  the  bracketed  term.  Using  this  same 
identity  once  more  leads  to 


ij 


k2iL-ii?f)k^  _  fcafci  _  fci^a 


"1  212 


<-l  £12 


"2  ^1 


where  the  second  equality  follows  from  the  orthogonality  of  the  Pliicker  coordinates, 
ijki  =  0.  Of  course,  the  existence  of  the  intersection  point  requires  ifk2  7^  0  or 
equivalently,  l^k^  7^  0,  which  imply  that  the  two  lines  are  not  parallel. 

It  is  left  to  the  reader  to  verify  that  the  solution  found  here  is  identical  to  that 
found  in  example  1 . 1 .  Comparing  the  solution  obtained  here  with  that  found  in  ex- 
ample 1 . 1 ,  it  is  clear  that  the  use  of  the  Pliicker  coordinates  provides  an  elegant  and 
compact  solution  of  the  problem. 

Example  1.3.  Intersection  between  two  planes 

Find  the  equation  of  the  line  at  the  intersection  of  two  planes,  Vi  =  {x_i,  fii)  and 
^2  =  {x2  5  "-2)-  Does  this  line  always  exist?  Under  what  conditions  do  the  two  planes 
coincide?  Figure  1.18  shows  the  two  planes  and  their  intersection  line,  C  =  {xp,  £), 
assuming,  of  course,  that  this  intersection  exists. 

Line  C  must  be  entirely  in  both  planes  Vi  and  1^2,  and  hence,  must  be  normal  to 
both  fii  and  n2,  which  implies 


nin2 
||nin2|r 


(1.45) 


To  fully  define  the  intersection  line,  it  is  also  necessary  to  find  one  of  its  point, 
say  point  P,  as  illustrated  in  fig.  1.18.  This  point  must  belong  to  both  planes,  i.e., 
^iHp  =  Pi  and  fi2Xp  =  p2,  where  pi  and  p2  are  the  distances  from  point  O 
to  planes  Vi  and  1^2,  respectively.  These  two  scalar  equations  are  not  sufficient  to 
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n,         /_ 

IP 


Fig.  1.18.  Intersection  between  two  planes. 

determine  the  position  of  point  P  unequivocally.  A  third  condition  can  be  added,  for 
instance,  imposing  that  point  P  be  at  the  shortest  distance  from  point  O,  implying 
Fxp  =  0. 

The  position  vector  of  point  P  will  be  written  as  Xp  =  an\  +  /3n2  +  7^,  where 
a,  /?,  and  7  are  three  unknown  scalars.  Multiplying  this  equation  by  W  and  us- 
ing the  shortest  distance  condition  leads  to  7  =  0  and  hence,  x^p  =  afii  +  /3n2. 
Imposing  the  remaining  two  conditions  leads  to  a  set  of  two  algebraic  equations 
for  coefficients  a  and  (3,  which  are  found  as  a  =  [pi  —  (nf  ^2)^2]  /||^i?T-2p  and 
/3  =  [p2  —  {ji^ri2)pi\  /||nin2|p.  The  position  vector  of  point  P  now  becomes 

_Pi-  inj'n2)p2  _     ,   P2  -  {nin2)pi  _ 
-^"        ||nin2|P       "'+        ||nin2P       "'^ 

If  the  two  planes  are  parallel,  ni?T,2  =  0,  and  the  intersection  line  does  not  exist. 
Of  course,  if  the  two  planes  are  coincident,  i.e.,  nin2  =  0  andpi  =  p2,  all  lines  in 
the  plane  are  intersection  lines. 

Example  1.4.  Intersection  between  two  planes 

Find  the  Plucker  coordinates  of  the  line  at  the  intersection  of  two  planes.  Does  this 
line  always  exist?  Under  what  conditions  do  the  two  planes  coincide?  Figure  1. 1 8 
shows  the  two  planes  and  their  intersection,  C  =  {k,  £),  assuming,  of  course,  that 
this  intersection  exists. 

As  discussed  in  example  1.3,  the  orientation  of  the  intersection  line  is  given  by 
eq.  (1.45).  By  definition  of  the  Plucker  coordinates,  k  =  xpl,  where  x_p  is  any  point 
on  the  line.  It  follows  that  k  must  be  normal  to  I,  and  hence,  contained  in  the  plane 
defined  by  unit  vectors  ni  and  n2,  i-e.,  k  =  aifii  +  a2^2  =  xp£. 

This  equation  can  be  recast  as  £xp  =  —{aifii  +  a2«-2)-  This  implies  that  the 
position  vector  of  the  intersection  point  is  the  solution  of  a  vector  product  equation, 
see  section  I.I.I  1.  Because  the  solvability  condition  is  satisfied,  i'^{aini  +  a2'n2)  = 
0,  the  solution  can  be  written  as  Xp  =  fi£  +  £{aini  +  02x12),  where  /i  is  an  arbitrary 
scalar. 

Multiplying  this  equation  by  nf  yields 

^i2Lp  =  Pi  =  nj'£{aini  +02^2)  =  a2nf£n2  =  —a2?^nin2  =  —a2\\nin2\\. 
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It  then  follows  that  a2  =  —pi/\\nifi2\\-  Multiplying  the  equation  by  n^  and  pro- 
ceeding similarly  yields  ai  =  p2/||'^i'^2||,  and  finally  fc  =  {p2ni  —  Pin2)/\\nin2\\- 
If  the  two  planes  are  parallel,  nifi2  =  0,  and  the  intersection  line  does  not  exist.  Of 
course,  if  the  two  planes  are  coincident,  i.e.,  nin2  =  0  and  pi  =  P2,  all  lines  in  the 
plane  are  intersection  lines. 

Because  the  Plucker  coordinates,  Q,  of  a  line  are  defined  within  a  constant,  the 
Pliicker  coordinates  of  the  intersection  line  can  be  written  as 

—      \       nin2       J  ■ 

Comparing  the  solution  obtained  here  with  that  found  in  example  1.3,  it  is  clear  that 
the  use  of  the  Plucker  coordinates  provides  an  elegant  and  compact  solution  of  the 
problem. 

1.3.5  Problems 

Problem  1.14.  Position  vector  of  a  point  on  a  line 

A  line  is  defined  by  its  Pliicker  coordinates,  £  —  {k,  I) .  Find  the  position  vector  of  an  arbitrary 
point  on  line  C. 

Problem  1.15.  Line  defined  by  two  points 

Find  the  equation  of  a  line  passing  through  two  points  Pi  and  P2.  Does  a  solution  always 
exist?  Under  what  conditions  do  multiple  solutions  arise? 

Problem  1.16.  Distance  from  a  point  to  a  line 

Find  the  distance  between  an  arbitrary  point  Q  (of  position  vector  x_q  )  and  a  line  C  —  (xp  ,i). 
Find  the  location  of  point  R  on  line  jC  that  is  at  the  shortest  distance  of  point  Q. 

Problem  1.17.  Distance  from  a  point  to  a  line 

Find  the  distance  between  an  arbitrary  point  Q  (of  position  vector  Xq)  and  a  line  £■  —  {k,  £). 
Find  the  location  of  point  R  on  line  £■  that  is  at  the  shortest  distance  of  point  Q. 

Problem  1.18.  Distance  from  a  point  to  a  plane 

Find  the  distance  between  an  arbitrary  point  Q  (of  position  vector  Xq)  and  a  plane  V  — 
{xp  ,n).  Find  the  location  of  point  R  on  plane  V  that  is  at  the  shortest  distance  of  point  Q. 

Problem  1.19.  Intersection  of  a  line  and  a  plane 

Find  the  point  at  the  intersection  of  a  line  /I  —  {xq  ,  £)  and  a  plane  V  =  (xp  ,n).  Does  this 
point  always  exist?  Under  what  conditions  does  the  line  lie  in  the  plane? 

Problem  1.20.  Intersection  of  a  line  and  a  pane 

Find  the  point  at  the  intersection  of  a  line,  C  —  {k,  £),  expressed  in  terms  of  Plucker  coordi- 
nates, and  a  plane,  V  —  {xp,  n).  Does  this  point  always  exist?  Under  what  conditions  does 
the  line  lie  in  the  plane? 

Problem  1.21.  Distance  between  two  lines 

Find  the  distance  between  two  lines  jCi  —  {x-^,£i)  and  £2  =  (212 1^2).  Find  the  locations  of 
points  Ri  and  R2,  on  lines  Li  and  £-2,  respectively  that  are  at  the  shortest  distance  from  each 
other. 


1.3  Geometric  entities 


21 


Problem  1.22.  Distance  between  two  lines 

Find  the  distance  between  two  lines  L\  =  (fci,  ^i)  and  £2  =  &i  ^2),  expressed  in  terms  of 
Pliicker  coordinates.  Find  the  locations  of  points  Ri  and  R2,  on  lines  L\  and  Li,  respectively 
that  are  at  the  shortest  distance  from  each  other. 

Problem  1.23.  Plane  defined  by  three  points 

Find  the  equation  of  a  plane  passing  through  three  points  Pi ,  P2 ,  and  P3  with  position  vectors 
x_^,  X2,  and  K3,  respectively.  Does  a  solution  always  exist?  Under  what  conditions  do  multiple 
solutions  arise? 

Problem  1.24.  Plane  defined  by  the  intersection  of  two  planes 

Let  point  P  with  position  vector  Xp  be  on  the  intersection  of  two  given  planes  Vi  —  {xp ,ni) 
and  P2  ~  {xp,  fii).  Find  the  equation  of  plane  Vz  —  {xp,  713)  passing  through  a  given  point 
Q  with  position  vectors  Xq  and  the  intersection  of  planes  Vi  and  Vi- 

Problem  1.25.  Circle  defined  by  three  points 

Find  circle  C  —  {x_f-,,n,  p)  defined  by  three  points  Pi,  P2,  and  P3  with  position  vectors  Sj^, 
Xj2,  and  ^3>  respectively.  Does  a  solution  always  exist? 

Problem  1.26.  Tangent  to  a  circle 

Find  the  position  vector  Xp  of  point  P  such  that  the  tangent  to  circle  C  —  {Xfj,n,  p)  at  P 
passes  through  a  given  point  Q  with  position  vector  Xq  .  Find  the  conditions  for  a  solution  to 
exist.  Is  the  solution  unique? 

Problem  1.27.  Distance  between  two  circles 

Find  the  shortest  distance  d  between  two  arbitrary  circles  Ci  =  {X(ji,ni,pi)  and  C2  ~ 
(xp2, 712,  P2).  Hint:  let  Xq^  and  Xq2  be  the  position  vectors  of  points  Qi  and  Q2  belonging 
to  circles  Ci  and  C2,  respectively.  If  Qi  and  Q2  are  at  the  shortest  distance,  vector  Xq2  —  Xq-^ 
is  then  normal  to  the  tangent  to  Ci  at  point  Qi  and  to  the  tangent  to  C2  at  point  Q2. 

Problem  1.28.  Intersection  of  a  line  and  a  sphere 

Find  the  intersections  between  line  jC  =  (x,  i)  and  sphere  S  —  {xq,  p)- 

Problem  1.29.  Distance  from  a  disk  to  a  plane 

Consider  plane  V  —  {x_p,n)  and  circle  C  —  {xf-,,k,p),  as  depicted  in  fig.  1.19.  Find  the 
shortest  algebraic  distance  d  between  the  disk  and  the  plane.  (A  positive  distance  is  defined 
when  the  disk  is  in  the  direction  of  n). 


Fig.  1.19.  The  distance  between  a  disk  and  a       Fig.  1.20.  Constructing  an  orthonormal  basis 
plane.  from  two  vectors. 
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Problem  1.30.  Orthonormal  basis  constructed  from  two  vectors 

Figure  1.20  shows  two  arbitrary  vectors,  v-^  and  V2-  Construct  a  set  of  three  mutually  orthog- 
onal unit  vectors,  ei,  62,  es,  such  that  ei,  62,  v^,  and  V2  ''rs  four  coplanar  vectors,  and  angle 
/3  between  ei  and  Vj  is  identical  to  that  between  62  and  ^2-  Find  an  expression  for  angle  /3. 


1.4  Second-order  tensors 

Second-order  tensors  were  encountered  in  previous  sections:  the  tensor  product  of 
two  vectors,  eq.  (1.28),  yields  a  second-order  tensor,  and  the  vector  product  of  two 
vector  is  conveniently  expressed  in  terms  of  the  second-order,  skew-symmetric  tensor 
defined  by  eq.  (1.27). 

In  general,  the  components  of  a  second-order  tensor.  A,  are  denoted  ajj,  where 
the  indices  i  =  1,2,3  and  j  =  1 , 2 , 3 .  A  second-order  tensor  is  said  to  be  a  symmetric 
tensor  if  Oy  =  Uji.  For  instance,  it  is  readily  verified  that  the  tensor  product  of  a 
vector  by  itself,  T  =  a,a^,  forms  a  symmetric  tensor. 

A  second-order  tensor  is  said  to  be  a  skew-symmetric  tensor  if  Oy  =  —Uji. 
This  implies  that  the  diagonal  terms  vanish,  an  =  0,  i  =  1,2,3.  Skew-symmetric 
tensors  were  encountered  when  dealing  with  the  vector  product,  see  eq.  (1.27).  The 
superscript  (j^  is  used  to  denote  the  transposition  operation.  If  the  components  of 
A  are  aij ,  the  components  of  A    are  aji . 

1.4.1  Basic  operations 

The  trace  of  a  second-order  tensor  is  a  scalar  defined  as 

trU)  =  an  +  032  +  033-  (1.46) 

The  determinant  of  a  second-order  tensor  is  also  a  scalar  quantity  defined  as 

det{A)  =    011022033  +  ai2a23a3i  +  013021032 

(1.47) 
—  031022013  —  012021033  —  011023032- 

An  arbitrary  tensor  can  always  be  decomposed  into  its  symmetric  part  and  skew- 
symmetric  part 

A  +  A^      A  —  A^ 
^  =  = — ^-  +  = — ^-  =  symm(^)  +  skew(^).  (1-48) 

In  this  equation,  symm(^)  denoted  the  symmetric  part  of  the  tensor 

symni(A) 


A  +  ^      1 


2  2 

and  skew(A)  its  skew-symmetric  part 


2oii       012  +  021  013  +  031 

O12  +  O21         2022         O23  +  O32 

013  +  031  023  +  032     2033 


(1-49) 
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A- A        1 

skew(j4)  =  = — =^  =  — 


0  (ai2  -  a2i)    (ai3  -  031) 

-(012-021)  0  (a23  -  032) 

-(ai3  -  031)  -(023  -  032)  0 


(1.50) 


The  axial  vector,  a,  associated  with  a  second-order  tensor,  A,  is  denoted  a  = 
axial(^).  It  is  defined  as  follows 

A-A^ 

a  =  axial(A)  <^=^  a  =  = — ^^.  (1-51) 

It  is  readily  verified  that 


a  =  axial(J.)  =  <  02  >  =  -  <  013  -  031  >  .  (1-52) 


A  second-order  tensor,  T,  is  positive-definite  if  and  only  if 

u^Zu  >  0,  (1.53) 

for  any  arbitrary  vector  u  7^  0.  It  is  semi  positive-definite  if  u^Tu  >  0  for  any 
vector  Uy^O.  For  instance,  consider  the  tensor  corresponding  to  the  tensor  product 
of  a  vector  by  itself,  T  =  aa^,  a  7^  0.  This  tensor  is  semi  positive-definite  because 
u-^Tu  =  (a^u)^  >  0  for  any  choice  of  m  7^  0;  the  equality  hold  when  a  is  normal 
to  u. 

1.4.2  Eigenvalue  analysis 

More  often  than  not,  the  complete  analysis  of  a  second-order  tensor  will  require  the 
evaluation  of  its  eigenvalues  and  eigenvectors.  The  following  relationship 

^u  =  Au,  (1.54) 

is  satisfied  by  eigenvector  u  corresponding  to  eigenvalue  A.  This  relationship  can  be 
recast  as  {A  —  XPju  =  0,  where  J  is  the  identity  tensor,  i.e.,  lij  =  Sij.  This  means 
that  the  eigenvector  is  the  solution  of  a  homogeneous  system  of  algebraic  equations. 
In  general,  this  solution  is  the  trivial  solution,  u  =  0.  For  a  non-trivial  solution  to 
exist,  the  determinant  of  the  set  of  linear  equations  must  vanish,  det(j4  —  A/)  =  0. 
This  equation  is  called  the  characteristic  equation  satisfied  by  the  eigenvalue  of  A; 
with  the  help  of  eq.  (1 .47),  it  expands  to 

-A3  +  /iA2-/2A  +  J3=0.  (1.55) 

Ii,  I2,  and  /3  are  the  invariants  of  the  tensor 

h  =  tr(4),  (1.56a) 

12  =  022033  +  033011  +  011022  -  023032  -  013031  -  012021,  (1.56b) 

13  =  det{A)-  (l-56c) 
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Equation  (1.55)  will  yield  three  solutions  Ai,  A2,  and  A3,  called  the  eigenval- 
ues of  A.  One  eigenvalue  is  always  real,  the  other  two  could  be  real,  or  a  complex 
conjugate  pair.  To  each  eigenvalue  corresponds  an  eigenvector,  u;  the  eigenpairs  are 
denoted  (Ai ,  u^),  (A2,  U2)>  and  (A3,  Ug).  Because  the  eigenvectors  are  the  solution  of 
a  homogeneous,  linear  system,  they  are  defined  within  a  multiplicative  constant.  If  an 
eigenvalue  is  real,  the  corresponding  eigenvector  is  also  real.  A  complex  conjugate 
pair  of  eigenvectors  is  associated  with  complex  conjugate  eigenvalues. 

Symmetric,  positive-definite  tensors 

In  general,  a  real  second-order  tensor  will  have  one  real  eigenvalue  and  the  remaining 
two  could  be  real,  or  form  a  complex  conjugate  pair.  If  the  tensor  is  symmetric  and 
positive-definite,  however,  all  three  eigenvalues  must  be  real  and  positive. 

Indeed,  assume  A  is  a  complex  eigenvalue  and  u  =  w  +  iw  the  corresponding 
eigenvector,  where  i  =  y/^^.  The  eigenproblem,  eq.  (1.54),  now  becomes  A{y_  + 
iw)  =  \{v_  +  iw).  Pre-multiplying  by  vector  {v  —  iw)'^  leads  to 

{v^Av  +  w^Am)  +  i{v^Aw  -  w^Av.)  =  Mv^v  +  w^w).  (1.57) 

If  tensor  A  is  symmetric,  v^Am  =  w^Au^  and  the  term  in  the  second  parenthesis 
vanishes.  It  then  follows  that 

v'^Av  +  w'^  Aw 
A  =  ~  =~  ,  ~T=~-  (1-58) 

v^  v  +  w^  w 

Because  A,  v,  and  w  are  real  quantities,  A  is  also  a  real  quantity.  It  follows  that  the 

eigenvalues  of  a  real,  symmetric  tensor  are  all  real. 

The  original  eigenproblem,  A{v.  +  iw)   =  \{v_  +  iw),  splits  into  its  real  and 

imaginary  parts,  Aw  =  Aw  and  iAw.  =  i^w,  respectively.  Clearly  the  two  problems 

are  identical  and  the  imaginary  part  is  redundant;  nothing  is  lost  by  setting  w  =  0. 

The  eigenvalue  now  becomes 

v"^  Av 
A=^^.  (1.59) 

V     V 

If  A  is  a  positive-definite  tensor,  the  numerator  is  a  positive  number,  see  eq.  (1.53). 
On  the  other  hand,  the  denominator  is  always  a  positive  number.  This  proves  that  the 
eigenvalues  of  a  real,  symmetric,  positive-definite  tensor  are  all  real  and  positive.  If 
the  tensor  is  symmetric  and  semi  positive-definite,  its  eigenvalues  are  null  or  positive. 

Similarity  transformations 

Consider  now  a  linear  transformation  of  the  form  u  =  Qu,  where  Q  is  an  orthogonal 
tensor,  i.e.,Q  Q  =  /.  This  transformation  is  applied  to  the  eigenproblem  A  u  =  \u 
to  yield  AQu  =  XQu.  Pre-multiplying  by  Q  then  leads  to  Q  AQu  =  \Q  Q u. 
Because  Q  is  an  orthogonal  transformation,  this  becomes 
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Xu, 


(1.60) 


where 


A  =  Q^AQ, 


(1.61) 


is  a  similarity  transformation  of  the  original  tensor.  The  transformed  eigenproblem 
has  the  same  form  as  the  original  problem,  and  the  relationships  between  the  eigen- 
values of  the  two  problems  is  sought. 

The  eigenvalues  of  the  original  and  transformed  problems  are  the  solutions  of 
the  characteristic  equations  det(A  —  A/)  =  0  and  det(^  —  A/)  =  0,  respec- 
tively. Because  Q  is  an  orthogonal  tensor,  the  latter  equation  can  be  stated  as 

det  \Q  {A  —  \I)Q\  =  0.  Since  the  determinant  of  a  product  equals  the  product 
of  the  determinant,  this  becomes  det{Q  )  det(j4  —  A/)  det{Q)  =  0.  The  orthogo- 
nality of  Q  implies  det(Q)  =  1;  indeed  det{Q  Q)  =  det  (Q)  =  1.  Finally,  the 
characteristic  equation  of  the  transformed  problem  becomes  det(^  —  A/)  =  0,  the 
same  as  that  of  the  original  problem.  Consequently,  the  eigenvalues  of  the  two  prob- 
lems are  identical;  similarity  transformations  preserve  the  spectrum  of  eigenvalues 
and  the  corresponding  eigenvectors  are  related  as  u^  =  Qu^. 


Orthogonality  of  the  eigenvectors 

Consider  a  symmetric  tensor.  A,  and  two  of  its  eigenpairs,  ( Aj ,  u^ )  and  ( Aj ,  u  ) ,  satis- 


AjUj,  and  Au,: 


XjUj,  respectively.  Pre-multiplying  the 


fying  relationships  Au^ 

first  statement  by  u  ■  and  the  second  by  u  ■  leads  to  ujAui  =  Xiuju^  and  ufAuj  = 
Xjufuj,  respectively.  Subtracting  these  two  equations  results  in  (Aj  —  Xj)ujui  =  0, 
where  the  symmetry  of  tensor  A  was  invoked.  If  Aj  7^  Xj,  uju^  =  0:  the  eigen- 
vectors of  a  symmetric  tensor  associated  with  distinct  eigenvalues  are  orthogonal  to 
each  other  The  orthogonality  of  the  eigenvectors  also  implies  their  orthogonality  in 
the  space  of  tensor  A,  u^  Au^  =  0. 

If  the  symmetric  tensor  possesses  three  distinct  eigenvalues,  the  corresponding 
eigenvectors  form  an  orthogonal  triad:  P  =  [ui,U.2t1L3]-  Because  the  eigenvectors 
are  defined  within  a  multiplicative  constant,  it  is  possible  to  normalize  this  orthogonal 
triad  and  impose  P  P  =  L  This  does  not  completely  remove  the  indeterminacy  of 
the  eigenvectors  that  could  still  be  multiplied  by  ±1.  It  is  customary  to  order  the 
eigenvectors  in  such  a  way  that  they  form  a  right-hand  basis.  With  this  normalization 
of  the  eigenvector,  it  follows  that 


E^AE  =  E^  [MUlA2U2,hu3] 


"Ai 

0 

0" 

0 

A2 

0 

0 

0 

A3 

(1.62) 


The  orthogonality  of  the  eigenvectors  is  a  very  important  property  that  has  been 
proved,  thus  far,  for  distinct  eigenvalues  only.  What  happens  if  a  tensor  features  re- 
peated eigenvalues,  a  common  occurrence?  To  be  precise,  let  eigenvalue  Ai  have  a 
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multiplicity  of  2.  First,  an  eigenvector,  u^,  associated  with  this  eigenvalue  is  evalu- 
ated; next,  the  following  linear  transformation  is  constructed  Q  =  [ui,q],  where  Q 

is  an  orthogonal  matrix;  this  implies  ujq  =  0.  Since  Ui  is  an  eigenvector,  it  is  also 

true  that  q   Ui  =  q   Aui  =  0. 

A  similarity  transformation,  see  eq.  (1.61),  of  the  original  problem  is  performed 
to  find 


q 


A\ui  q 


ui  Ani  iLi  Aq 
q^Aiki  q^ Aq 


Ai      0 

0  fAq 


(1.63) 


By  construction,  the  eigenvalues  of  A  are  identical  to  those  of  A-  Hence,  Ai  is  an 
eigenvalue  of -A  with  a  multiplicity  of  2.  The  first  eigenpair  is  (Ai,u^  =  {l,0,0}) 
and  the  second  is  (Ai,  m^  =  I*^'  M?'})'  where  Ug  is  the  eigenvector  of  the  reduced 
tensor  q  Aq  associated  with  its  single  eigenvalue  Ai ;  note  that  u^U2  =  0.  Two 
eigenvectors  of  the  original  problem  are  now  Ui  =  Qu.i  =  Mi;  by  construction,  and 
U2  —  Q  yL2  —  qyk-  Finally,  the  orthogonality  of  the  eigenvectors  of  the  transformed 
problem  implies  that  of  their  counterparts  for  the  original  problem:  0  =  uf^U2  = 

In  summary,  in  the  presence  of  repeated  eigenvalues,  orthogonal  eigenvectors 
can  be  always  extracted.  For  eigenvalues  of  multiplicity  3,  the  above  development 
could  be  recursively  applied  to  extract  three  orthogonal  eigenvectors  of  the  symmet- 
ric tensor.  The  orthogonal  tensor,  P  =  [miiM2iM3]>  always  exists  and  presents  the 
important  property  of  diagonalizing  tensor  A 


P^AP  =  diag(Ai) 


(1-64) 


Example  1.5.  Eigen  analysis  of  the  projection  tensor 

Figure  1.11  depicts  an  arbitrary  vector  a  and  a  plane  V  defined  by  its  unit  normal  n. 
The  projection  tensor  _P  is  such  that  a/  =  P_a,  where  a'  is  the  projection  of  vector  a 
onto  plane  V.  Find  the  three  eigenvalues  of  _P  and  the  corresponding  eigenvectors. 
Inspection  of  fig.  1.11  reveals  that  a  =  {n^a)n  +  a'.  It  then  follows  that  a'  = 


a  —  nn   a  =  (/  - 


)a,  and  hence,  the  projection  tensor  is 


P 


--T 

nn 


1 


-nin2 
ni 


-nin2  1 
-niris  -n2n3  1 


-riins 
-n2n3 
ni 


(1.65) 


The  projection  tensor  is  symmetric  and  semi  positive-definite.  Indeed,  a^{I 


nn   )a 


T 

a   a 


(n^ay 


'  cos   a,  where  a  is  the  angle  between 


vectors  n  and  a.  It  follows  that  a^ P_a  =  ||a|p  sin^  a  >  0  for  any  arbitrary  vector 
a  7^  0.  Note  that  a^P_a  =  0  when  a  =  0,  i.e.,  when  vector  a  is  parallel  to  n.  It 
follows  that  the  eigenvalues  of  _P  must  be  real  and  greater  or  equal  to  zero. 

Oneeigenvectorof  P  can  be  found  by  inspection:  Pn  =  {I_—nn^)n  =  n  —  n  = 
0.  This  implies  that  vector  n  is  an  eigenvector  of  the  projection  tensor  corresponding 
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to  an  eigenvalue  A  =  0.  The  invariants  of  P_  are  readily  found  as  Ji  =  2,  /2  =  1 
and  /a  =  0.  The  eigenvalues  then  are  the  solutions  of  the  characteristic  equation 
-A^  +  2A^  -  A  =  0  or  A(A  -  1)^  =  0.  The  eigenvalues  are  Ai  =  0,  A2  =  +1  and 
A3  =  +1;  note  the  multiplicity  of  two  of  the  unit  eigenvalue. 

As  discussed  above,  the  eigenvector  corresponding  to  the  null  eigenvalue  Ai  =  0 
is  the  unit  vector  u^  =  n.  The  eigenvectors  corresponding  to  the  double  unit  eigen- 
value are  the  solution  of  the  homogeneous  linear  problem  (/  —  nn^  —  fjx  =  0  or 
nn^x  =  0.  Clearly,  any  vector  orthogonal  to  n  will  satisfy  this  equation.  In  other 
words,  any  vector  U2  in  plane  V,  i.e.,  such  that  n^U2  =  0,  is  an  eigenvector.  This 
implies  £m2  =  IL2'  ^  result  that  is  readily  verified:  (J  —  nn^)u2  =  U2  if  n^U.2  =  0- 
In  geometric  terms,  this  result  is  obvious:  if  vector  U2  lie  in  plane  V,  the  projection 
of  that  vector  onto  the  plane  is  the  vector  itself. 

In  view  of  the  multiplicity  of  two  of  the  unit  eigenvalue,  the  eigenvector  corre- 
sponding to  A3  is  identical  to  that  corresponding  to  A2 :  an  arbitrary  vector  in  plane  P. 
It  is,  however,  always  possible  to  find  an  orthogonal  vector  by  selecting  Ug  =  nu2- 

In  summary,  the  three  eigenvectors  of  the  projection  tensor  are  Ui  =  n,  the  nor- 
mal to  plane  P,U2  ^^  arbitrary  vector  in  V,  and  Ug  =  Hug-  Clearly,  the  eigenvectors 
capture  the  essence  of  the  projection  tensor:  ui  is  the  direction  normal  to  the  plane, 
and  U2  ^nd  Ug  are  two  orthogonal  directions  within  this  plane.  The  multiplicity  of 
two  of  the  unit  eigenvector  results  in  the  fact  that  U2  can  be  chosen  arbitrarily  within 
plane  V.  Geometrically,  this  is  related  to  the  isotropy  of  the  projection  tensor:  it  be- 
haves in  the  same  manner  in  all  direction  within  plane  P .  Finally,  note  that  P  =  P  P: 
once  a  vector  has  been  projected  onto  the  plane,  any  subsequent  application  of  the 
projection  tensor  will  leave  the  vector  unchanged. 

1.4.3  Problems 

Problem  1.31.  Solve  linear  system 

Solve  the  following  equation  for  x,xa  =  b—x. 

Problem  1.32.  Compute  inverse 

Showthat  (X  +  a)"^  =  {1  + aa^  -a)/{l  +  a^) 

Problem  1.33.  Eigenvalues  of  the  reflection  tensor 

Figure  1.12  depicts  an  arbitrary  vector  a  and  plane  V,  defined  by  its  unit  normal  n.  (1)  Find 
the  expression  for  the  reflection  tensor,  R,  such  that  a'  =  Ra,  where  vector  a'  is  the  reflection 
of  vector  a  with  respect  the  plane  V.  Note  that  point  A'  is  the  mirror  image  of  point  A  with 
respect  the  plane  V.  (2)  Is  the  reflection  tensor  positive-definite?  (3)  By  inspection  of  R  find 
one  of  its  eigenvectors  and  the  corresponding  eigenvalue.  (4)  Compute  the  three  invariants  of 
R.  (5)  Find  the  three  eigenvalues  of  _R  and  the  corresponding  eigenvectors. 
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The  derivative  of  a  scalar  function  s{t)  of  a  single  variable,  t,  say  time,  is  defined  in 
calculus  textbooks  (see,  for  instance,  [2]),  as 
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^  =  i  =    litn   ^(^  +  ^l)-<^).  (1.66) 

dt  At^o  At 

The  notation  (•)  will  be  used  throughout  this  book  to  represent  a  derivative  with 
respect  to  time.  The  derivative  of  a  vector  u{t)  is  defined  in  a  similar  manner  as 

du       .        ,.       u{t  +  At)-u{t)  ^,  ^^^ 

-^=u=   hm   =^ -^ — =^.  (1.67) 

dt       ~      At^o  At 

The  following  results  stem  from  elementary  rules  for  derivatives. 

Derivative  of  a  sum 

If  u(t)  and  v{t)  are  two  arbitrary  vectors 

—  {u  +  v)=u  +  v.  (1.68) 

Derivative  of  a  product 

If  s{t)  is  a  scalar  function  of  time, 

—  (su)  =  SU  +  su.  (1-69) 
dt 


The  derivative  of  the  scalar  product  becomes 

d_ 
di 


{u^v)=v^u  +  ifv,  (1.70) 


and  that  of  the  vector  product 

—  (uv)  =  uv  +  uv  =  uv  —  vu.  (1-71) 

dt 

Chain  rule  for  differentiation 

If  vector  u  is  a  function  of  a  scalar  function  s{t),  the  time  derivative  of  this  vector 

becomes 

d  ,    ,   ,  , , ,        dw  ds         du 

dt^^^'^'^^^  =  tsd-t='ts-  '''^^ 

As  an  application  of  the  above  rules,  consider  the  derivative  of  a  unit  vector,  i.e., 
vector  u  such  that  u^u  =  1 .  Equation  ( 1 .70)  then  implies 

—  {iFu)  =  2'iFu  =  0.  (1.73) 

In  other  words:  the  derivative  of  a  unit  vector  is  orthogonal  to  the  vector  itself.  Next, 
consider  two  mutually  orthogonal  vector  u  and  y_,  yFv  =  0.  A  derivative  of  this 
expression  then  yields 

u^v  =  -v^u.  (1-74) 
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1.6  Notational  conventions 

Several  notational  conventions  are  used  in  the  literature  to  denote  vectors  and  ten- 
sors. Three  widely  used  notations,  the  geometric  notation,  the  matrix  notation,  and 
the  index  notation  [3]  are  presented  in  table  1.1.  The  geometric  notation  is  widely 
used  in  the  literature,  sometimes  the  boldface  notation  for  vectors  is  replaced  by  a 
specific  "vector"  superscript:  a .  The  index  notation  is  frequently  used,  specially 
when  higher-order  tensors  must  be  manipulated  such  as  in  the  theory  of  elasticity.  It 
is,  however,  less  often  used  in  kinematics  and  dynamics. 

The  matrix  notation  is  a  convenient  mnemonic  notation  and  will  be  used  exclu- 
sively in  this  book.  Vectors  are  denoted  with  an  underline,  u,  but  unit  vectors  are 
simply  denoted  fi,  rather  than  the  more  cumbersome  n.  Tensors  are  denoted  by  a 
double  underline.  A,  but  skew-symmetric  tensors  are  denoted  a,  rather  than  the  more 
cumbersome  a.  Note  that  the  tensor  product,  u  v^ ,  also  yields  a  tensor. 


Table  1.1.  The  geometric,  matrix,  and  index  notations  for  vectors  and  tensors. 


Geometric 
notation 

Matrix 
notation 

Index 
notation 

vector 

a 

a 

at 

tensor 

A 

A 

M, 

scalar  product 

U  •  V 

U     V 

UiVi 

vector  product 

U  X  V 

uv 

UiVje^jk 

tensor  product 

U®  V 

u-tr^ 

UiVj 

In  practical  situations,  such  computer  implementations,  it  will  be  necessary  to 
work  with  the  components  of  specific  tensors  resolved  in  various  bases.  In  such  cases, 
the  following  notation  will  be  used 


where  ai ,  02,  and  03  are  the  components  of  vector  a  resolved  in  basis  I.  Because  the 
notation  a^-^l  is  rather  cumbersome,  it  will  be  used  only  when  necessary;  for  instance, 
when  the  components  of  a  vector  in  two  different  bases  are  used  in  the  same  context. 
When  there  is  no  possible  confusion,  the  notation  gP-^  will  be  simplified  as  a,  thereby 
blurring  the  distinction  between  a  vector  and  its  components  in  a  given  basis. 


Coordinate  systems 


The  practical  description  of  dynamical  systems  involves  a  variety  of  coordinates  sys- 
tems. While  the  Cartesian  coordinates  discussed  in  section  2.1  are  probably  the  most 
commonly  used,  many  problems  are  more  easily  treated  with  special  coordinate  sys- 
tems. The  differential  geometry  of  curves  is  studied  in  section  2.2  and  leads  to  the 
concept  of  path  coordinates,  treated  in  section  2.3.  Similarly,  the  differential  geome- 
try of  surfaces  is  investigated  in  section  2.4  and  leads  to  the  concept  of  surface  coor- 
dinates, treated  in  section  2.5.  Finally,  the  differential  geometry  of  three-dimensional 
maps  is  studied  in  section  2.6  and  leads  to  orthogonal  curvilinear  coordinates  devel- 
oped in  section  2.7. 


2.1  Cartesian  coordinates 


The  simplest  way  to  represent  the  location  of  a 
point  in  three-dimensional  space  is  to  make  use 
of  a  reference  frame,  J^  =  [0,I=  («i,«2,*3)], 
consisting  of  an  orthonormal  basis  X  with 
its  origin  and  point  O,  as  described  in  sec- 
tion 1.2.2.  The  time-dependent  position  vector 
of  point  P  is  represented  by  its  Cartesian  coor- 
dinates, x\(t),  X2{t),  and  0:3 (t),  resolved  along 
unit  vectors,  ti,i2,  and  13,  respectively, 

r(t)  =  xi{t)ii  +X2{t)i2  +  2:3(^)13,      (2.1) 

Fig.  2.1.  Cartesian  coordinate  system. 

where  t  denotes  time.  Figure  2. 1  depicts  the  sit- 
uation: Cartesian  coordinate  xi  =  ifr  is  the  projection  of  the  position  vector  of  point 
P  along  unit  vector  ii.  Similarly,  Cartesian  coordinates  xi  and  X2  are  the  projections 
of  the  same  position  vector  along  unit  vectors  12  and  13,  respectively. 

The  components  of  the  velocity  vector  are  readily  obtained  by  differentiating  the 
expression  for  the  position  vector,  eq.  (2.1),  to  find 
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V{t)  =  Xi{t)li  +  X2{t)l2  +  i3(*)«3  =  Vi{t)%i  +  V2{t)l2  +  Vs,{t)lz. 


(2.2) 


The  Cartesian  components  of  the  velocity  vector  are  simply  the  time  derivatives 
of  the  corresponding  Cartesian  components  of  the  position  vector:  i'i(i)  =  xi{t), 
V2{t)  =  X2{t),  andw3(i)  =  X'i{t). 

Finally,  the  acceleration  vector  is  obtained  by  taking  a  time  derivative  of  the 
velocity  vector  to  find 


a{t)  =  xi{t)ii  +  X2{t)i2  +  xz{t)iz  =  ai{t)ii  +  02(^)12  +  a3(*)«3- 


(2.3) 


Here  again,  the  Cartesian  components  of  the  acceleration  vector  are  simply  the 
derivatives  of  the  corresponding  Cartesian  components  of  the  velocity  vector,  or  the 
second  derivatives  of  the  position  components:  ai(t)  =  vi{t)  =  xiit),  a2{t)  = 
V2{t)  =X2{t),andai{t)  =  v-iit)  =  X3{t). 

Cartesian  coordinates  are  simple  to  manipulate  and  are  the  most  commonly  used 
coordinate  system  in  computational  applications  that  deal  with  problems  presenting 
arbitrary  topologies.  On  the  other  hand,  several  other  coordinate  systems,  such  as 
those  discussed  in  the  rest  of  this  chapter,  are  often  used  because  they  can  ease  the 
solution  process  for  specific  problems.  In  such  cases,  a  specific  coordinate  system  is 
used  solve  a  specific  problem.  For  instance,  polar  coordinates  are  very  efficient  to 
describe  the  behavior  of  a  particle  constrained  to  move  along  a  circular  path. 

2.2  Differential  geometry  of  a  curve 

This  section  investigates  the  differential  geometry  of  a  curve,  leading  to  the  concept 
of  path  coordinates.  Both  intrinsic  and  arbitrary  parameterizations  will  be  consid- 
ered. Frenet's  triad  is  defined  and  its  derivatives  evaluated. 


2.2.1  Intrinsic  parameterization 


Fig.    2.2.    Configuration    of    a 
curve  in  space. 


Figure  2.2  depicts  a  curve,  denoted  C,  in  three- 
dimensional  space.  A  curve  is  the  locus  of  the  points 
generated  by  a  single  parameter,  such  that  the  posi- 
tion vector,  p  ,  of  such  points  can  be  written  as 

Po=Po(s),  (2.4) 

where  s  is  the  parameter  that  generates  the  curve. 
If  parameter  s  is  the  curvilinear  coordinate  that 
measures  length  along  the  curve,  it  is  said  to 
define  the  intrinsic  parameterization  or  natural 
parameterization  of  the  curve. 


Frenet's  triad 


dPo^Eo' 


A  differential  element  of  length,  ds,  along  the  curve  is  written  as  As^ 

and  in  follows  that  (dp  /ds)^  (dp  /ds)  =  1.  The  unit  tangent  vector  to  the  curve  is 

defined  as 
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-       '^Pn 

t=^-  (2.5) 

as 

By  construction,  this  is  a  unit  vector  because  P"i  =  1. 

Taking  a  derivative  of  this  relationship  with  respect  to  the  curvilinear  coordinate 
leads  to  t^di/ds  =  0.  Vector  di/ds  is  normal  to  the  tangent  vector.  The  unit  normal 
vector  to  the  curve  is  defined  as 

n  =  p—,  (2.6) 

where  p  is  the  radius  of  curvature  of  the  curve,  such  that 

The  quantity  1/p  is  the  curvature  of  the  curve,  and  p  its  radius  of  curvature.  The  two 
unit  vector,  i  and  fi,  are  said  to  form  the  osculating  plane  of  the  curve. 

An  orthonormal  triad  is  now  constructed  by  defining  the  binormal  vector,  b,  as 
the  cross  product  of  the  tangent  by  the  normal  vectors, 

b  =  tn.  (2.8) 

The  unit  tangent,  normal,  and  binormal  vectors  form  an  orthonormal  triad,  called 
Frenet's  triad,  depicted  in  fig.  2.2. 

Derivatives  of  Frenet's  triad 

First,  the  derivative  of  the  normal  vector  is  resolved  in  Frenet's  triad  as  dn/ds  = 
ai+  (in  +  76,  where  a,  (3,  and  7  are  unknown  coefficients.  Pre-multiplying  this  rela- 
tionship by  n^  yields  (3  =  n^dn/ds  =  0,  because  n  is  a  unit  vector.  Pre-multiplying 
by  P"  yields  a  =  P^dn/ds  =  —n^ di/ds  =  —1/p,  where  eq.  (2.6)  was  used.  Fi- 
nally, pre-multiplying  by  6^  yields  7  =  Wdn/ds  =  l/r.  Combining  all  these  results 
yields 

f  =  --t^-b,  (2.9) 

ds  p         T 

where  r  is  the  radius  of  twist  of  the  curve,  defined  as 

1  =  6-^.  (2.10) 

T  ds 

Next,  the  derivative  of  the  binormal  vector  is  resolved  in  Frenet's  triad  as 
db/ds  =  ai+  (3n  +  jb,  where  a,  /?,  and  7  are  unknown  coefficients.  Pre-multiplying 
this  relationship  by  W  yields  7  =  JFdb/ds  =  0,  because  6  is  a  unit  vector.  Pre- 
multiplying  by  P  yields  a  =  P db/ds  =  —W di/ds  =  —Wn/p  =  0.  Finally,  pre- 
multiplying  by  n^  yields  /3  =  n^ db/ds  =  —Wdfi/ds  =  —  1/t,  where  eq.  (2.10) 
was  used.  Combining  all  these  results  yields 

f  =  -'-n.  (2.11) 

ds  r 
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It  follows  that  the  twist  of  the  curve  can  also  be  written  as 


l-l 
'ds' 


(2.12) 


If  the  binormal  vector  has  a  constant  direction  at  all  points  along  the  curve, 
db/ds  =  0,  and  the  curve  entirely  lies  in  the  plane  defined  by  vectors  t  and  n,  i.e., 
the  osculating  plane  is  the  same  at  all  points  of  the  curve.  The  curve  is  then  a  planar 
curve,  and  eq.  (2.12)  implies  that  l/r  =  0,  i.e.,  the  twist  of  the  curve  vanishes. 

The  derivatives  of  Frenet's  triad  can  be  expressed  in  a  compact  manner  by  com- 
bining eqs.  (2.6),  (2.9),  and  (2.11), 


(2.13) 


0 

1/p 

0  ■ 

1/p 

0 

l/r 

0 

-l/r 

0 

2.2.2  Arbitrary  parameterization 

The  previous  section  has  developed  a  representation  of  a  curve  based  on  its  natural 
or  intrinsic  parameterization.  In  many  instances,  however,  this  parameterization  is 
difficult  to  obtain;  instead,  the  curve  is  defined  in  terms  of  a  single  parameter,  r],  that 
does  not  measure  length  along  the  curve,  see  fig.  2.2.  The  position  vector  of  a  point 
on  the  curve  is  now  p  =  p  (77).  The  derivatives  of  the  position  vector  with  respect 
to  parameter  rj  will  be  denoted  as 


Pi 


d^o 


Po 


d\ 


P-, 


d\ 


P. 


d\ 


drj  '      -2        drj"^  '      -3        drj^  '      -*        d?7^ 
A  similar  notation  will  be  used  for  the  tangent  and  normal  vectors, 


ti 


dH 
dry' 


d*n 
dr]^ 


The  differential  element  of  length  along  the  curve  can  be  written  as  ds^ 
-)  /dri)'^{dp  /drj)  drj"^ .  The  ratio  of  the  incre 
to  the  increment  in  parameter  value,  dr],  is  then 


{dp  /dri)'^{dp^/drj)  drj"^ .  The  ratio  of  the  increment  in  length  along  the  curve,  ds. 


ds 
dr] 


EiEi 


Pi- 


(2.14) 


Notation  (•)'  will  be  used  to  indicate  a  derivative  with  respect  to  rj,  and  hence, 

d/ds  =   {■)' /pi.  The  unit  tangent  vector  to  the  curve  is  evaluated  with  the  help 

of  eq.  (2.5)  as 

n 

(2.15) 


t 


pi 


Next,  the  derivative  of  the  tangent  vector  is  found  as 
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pf  pi  —^       p\  L-^  -^    J 

From  eq.  (2.7),  the  radius  of  curvature  now  becomes 

-  =  ll^ll  =  -||ii||. 
P         As         pi 

It  follows  that  1 1  till  =  ti  =  p\l  p.  For  a  straight  line,  the  tangent  vector  has  a  fixed 
direction  in  space,  t\  =  0.  It  follows  that  for  a  straight  line  1/p  =  0,  i.e.,  its  radius 
of  curvature  is  infinite.  The  curve's  curvature  is  found  to  be 


1     JpIpI  -  {pIp^? 

-  =  ^ T^^^^  (2.17) 

P  PI 

Higher-order  derivatives  of  the  tangent  vector  are  found  in  a  similar  manner 


^"2  =  -  [Es  -  (*^£3  +  ^12)^-  2(*^P2)^"l 


Pi 

and 

^"3  =  -  [£4  -  i^ti  +  2^Te3  +  ^P2^^-  3(*^P3  +  *T£2)^"l  -  Ki^P^)^^ 

Next,  the  normal  vector  defined  in  eq.  (2.6)  becomes 

For  a  straight  line,  f  1  =  0,  and  hence,  the  normal  vector  is  not  defined.  In  fact,  any 
vector  normal  to  a  straight  line  is  a  normal  vector.  The  derivative  of  the  normal  vector 
with  respect  to  77  then  follows  as 

ni  =  ^[t2-{n^t2)n].  (2.19) 

The  second-order  derivative  is  then 

n2  =  -  [ts  -  {n^h  +  fi{t2)n  -  2{n^t2)ni]  .  (2.20) 

The  binormal  vector  is  readily  expressed  as 


1~-         p 
—tti  —  -^^ 
h  Pi 


b  =  tn  =  —tti  =  —pip.  (2.21) 


Because  the  normal  vector  is  not  defined  for  a  straight  line,  the  binormal  vector  is  not 
defined  in  that  case.  In  fact,  any  vector  normal  to  a  straight  line  is  a  binormal  vector. 
The  derivative  of  the  binormal  vector  becomes 
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bi  =  {  —  YpiPy  +  — PiPo-  (2.22) 

Pi  Pi 

Using  eq.  (2.10),  the  twist  of  the  curve  is  found  to  be 

Finally,  introducing  eq.  (2.22)  leads  to 

-=-— P^PiPo-  (2-23) 

T  p°   —^        —5 

The  twist  of  the  curve  is  closely  related  to  the  volume  defined  by  vectors  P,,P„,  and 
p  .  Note  that  a  straight  line  has  a  vanishing  twist,  1/t  =  0. 

Derivativesof  the  binormal  vector  are  more  easily  expressed  as  6i  =  tin+tfii  = 
tfii,  and  62  =  tifii  +  tn2  =  ni2  +  tn2,  where  eqs.  (2.18)  and  (2.19)  were  used. 

Example  2.1.  The  helix 

Figure  2.3  depicts  a  helix,  which  is  a  three-dimensional  curve  defined  by  the  follow- 
ing position  vector 

p  {ff)  =  acosry  ii  +  asinr;  12  +  krji^,  (2.24) 

where  a  and  k  are  two  parameters  defining  the  shape  of  the  curve.  The  derivatives 
of  the  position  vector  are  p  =  —asmrj  ii  +  acosrj  12  -\-  k  13,  p  =  —acosr]  ii  — 
a  sin  ?7 12,  and  p„=  a  sin  rjii  —  a  cos  77 12-  The  curvature  and  twist  of  the  helix  are 
found  with  the  help  of  eqs.  (2.17)  and  (2.23),  respectively,  as 

1  _        a  1  _        k 

p       a^  +  k^'      T       a?  +  k"^ 

Note  that  both  curvature  and  twist  are  constant  along  the  helix.  The  unit  tangent 
vector  is  evaluated  with  the  help  of  eq.  (2.15)  as 

*=     /  n       ,n-Pi  =  —j===={-as\nrfii+acosrYi2  +  ki-i).  (2.25) 

The  ratio  between  an  increment  in  length  along  the  curve  and  the  increment  in 
the  parameter  value  is  then  ds  =  vt^+A?  d?7,  see  eq.  (2.14).  Next,  the  derivative 
of  the  tangent  vector  is  computed  with  the  help  of  eq.  (2.16)  as  ti  =  p  jpi  and  the 
normal  vector  then  follows  as 

n  =  —  cos  rill  —  sin  r\  12  ■ 

Finally,  the  binormal  vector  found  from  eq.  (2.21) 

b  =  —  [k  sin  rjii  —  k  cos  ?y  «2  +  a  ^3]  • 

\/a?  +  k"^ 

The  derivatives  of  Frenet's  triad  are  found  with  the  help  of  eq.  (2.13)  as 
di  a  dn  a       -  k       -       db  k 


ds       a^  +  k'^    '       ds  a^  +  k^         a^  +  k"^    '      ds  a^  +  fc^ 
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Fig.  2.3.  Configuration  of  a  lielix  in  tfiree-       Fig.  2.4.  Configuration  of  a  planar  linear  spi- 
dimensional  space.  ral. 


Example  2.2.  The  linear  spiral 

Figure  2.4  depicts  a  linear  spiral,  which  is  a  planar  curve  defined  by  the  following 
position  vector 


Pn 


aO  cos  9  ii  -\-  aO  sin  6  i2 , 


(2.26) 


where  a  is  a  parameter  defining  the  shape  of  the  curve.  The  derivatives  of 
the  position  vector  are  p  =  a[{cos9  —  9sm9)ii  +  {sind  +  9cos9)i2],  P„  = 
a  [— (2sin6' +  0cos6')ii  +  (2cos0  —  6'sin6')i2]-  It  is  readily  verified  that  pf  = 
a?{\  +  9"^),  P2  =  a?{A  +  9"^)  and  p'^p„  =  a^9.  The  curvature  of  the  linear  spiral 
is  found  with  the  help  of  eq.  (2.17) 

a  2  +  6*2 


(1  +6*2)3/2  • 


Note  that  the  curvature  varies  along  the  spiral.  Of  course,  the  twist  is  zero  since 
the  curve  is  planar.  The  unit  tangent  vector  is  evaluated  with  the  help  of  eq.  (2. 15)  as 

(cos  9—9  sin  9)ii  +  (sin  9  +  9  cos  9)i2 


yiT^ 


Finally,  the  normal  vector  becomes 


[2  sin  0  +  6*  cos  0(2  +  6*2)]  i^  +  [2  cos  61  -  61  sin  6^(2  + 


^2 


V4  + 02(2  +  ^2)2 

Example  2.3.  Using  polar  coordinates  to  represent  curves 

Cams  play  an  important  role  in  numerous  mechanical  systems:  cam-follower  pairs 
typically  transform  the  rotary  motion  of  the  cam  into  a  desirable  motion  of  the  fol- 
lower. Figure  2.5  depicts  a  typical  cam  whose  outer  shape  is  defined  by  a  curve. 
It  is  convenient  to  define  this  curve  using  the  polar  coordinate  system  indicated  on 
the  figure:  for  each  angle  a,  the  distance  from  point  O  to  point  P  is  denoted  r.  The 
complete  curve  is  then  defined  by  function  r  =  r(a);  angle  a  provides  an  arbitrary 
parameterization  of  the  curve.  lir{a)  is  a  periodic  function  of  angle  a,  the  curve  will 
be  a  closed  curve,  as  expected  for  a  cam. 
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Fig.  2.5.  Configuration  of  a  cam. 


Fig.  2.6.  Curvature  distribution  for  the  cam. 


Vectors  P„,  P, ,  and  p   now  become 


Pp  =  rCa  ei  +rSa  62, 


£12 


(r'Ca  -  rSa)  ei  +  {r'Sa  +  rCa)  £2, 

(r"C„  -  2r'5„  -  rC„)  ei  +  (r"5„  +  2r'C„  -  r5a)  62, 


(2.27a) 
(2.27b) 
(2.27c) 


where  the  notation  (•)'  indicates  a  derivative  with  respect  to  a,  Sa  =  sin  a,  and 


Ca  =  COS  a.  It  then  follows  that  pf 


andp2  =  (r"  —  r)^  +  4r'^.  The  various 


properties  of  the  curve  can  then  be  evaluated;  for  instance,  eqs.  (2.15)  and  (2.17)  yield 
the  tangent  vector  and  curvature  along  the  curve,  respectively. 

The  curve  depicted  in  fig.  2.5  is  defined  by  the  following  equation,  r{a)  =  1.0  + 
0.5  cos  a  +  0.15  cos  2a  and  fig.  2.6  shows  the  curvature  distribution  as  a  function  of 
angle  a. 

Figure  2.5  shows  the  unit  tangent  vector,  i,  at  point  P  of  the  curve  and  defines 
angles  (3  =  (ei ,  f)  and  7  =  (er,  f);  note  that  7  =  /3  —  a.  The  unit  tangent  vector  can 
now  be  written  asi  =  Cpei-\-Spe2  =  p^  /pi,  where  the  second  equality  follows  from 
eq.  (2.15).  Pre-multiplying  this  relationship  by  ef  ande^^  yields  piC^  =  r'Ca—rSa 
and  piSp  =  r' Sa  +  rCa,  respectively.  Solving  these  two  equations  for  r  and  r'  and 
using  elementary  trigonometric  identities  then  leads  to 


r  =  pi  sin(/3  —  a)  =  piS^, 
r'  =  pi  cos(/3  —  a)  =  piC^, 


(2.28a) 
(2.28b) 


where  S^  =  sin  7,  and  Cy  =  cos  7.  The  quotient  of  these  two  equations  then  yields 
the  following  relationship 


da  =  tan7- 


dr 


(2.29) 


The  derivative  of  the  unit  tangent  vector  with  respect  to  the  curvilinear  coordinate 
along  the  curve  is  di/ds  =  (— S'-^ei  +  C^e2)d/3/ds,  and  the  curvature  is  then  1/p  = 
|d/3/ds|.  If  the  curve  is  convex,  which  is  generally  the  case  for  cams,  angle  /3  is  a 
monotonically  increasing  function  of  s,  and  hence,  1/p  =  d/3/ds.  The  chain  rule 
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for  derivatives  implies  d/3  =  (l/p)(d,s/dQ!)(da/dr)dr  and  introducing  eqs.  (2.14), 
(2.28a),  and  (2.29)  then  yields 

dr 
d/3  =  ^^.  (2.30) 

It  is  left  to  the  reader  to  verify  that  eq.  (2.30)  yields  an  alternative,  simplified 
expression  for  the  curvature  of  the  cam 

1        2r'2  -  rr"  +  r^ 

-  = 3 .  (2.31) 

P  Pi 

Finally,  an  increment  in  angle  7  can  be  expressed  as  d7  =  d/3  —  da  and  introducing 
eqs.  (2.30)  and  (2.29)  yields 


2.3  Path  coordinates 

Consider  a  particle  moving  along  a  curve  such  that  its  position,  s{t),  is  a  given  func- 
tion of  time.  The  velocity  vector,  y_,  of  the  particle  is  then 

dp„        dp    ds 

where  v  =  As/dt  is  the  speed  of  the  particle.  Clearly,  the  velocity  vector  of  the 
particle  is  along  the  tangent  to  the  curve. 

Next,  the  particle  acceleration  vector,  a,  becomes 

dv       Av  -        dt  ds         _      v"^ 

a  =  37  =  37^ +  ":r:^  =  **  +  —"•  (^.34) 

at        at  as  at  p 

The  acceleration  vector  is  contained  in  the  osculating  plane,  and  can  be  written  as 
a  =  ati  +  anU,  where  at  and  a„  are  the  tangential  and  normal  components  of 
acceleration,  respectively.  The  tangential  component  of  acceleration,  at  =  v,  simply 
measures  the  change  in  particle  speed.  The  normal  component,  a„  =  v"^ /p,  is  always 
directed  towards  the  center  of  curvature  since  v'^/p  is  a  positive  number.  This  normal 
acceleration  is  clearly  related  to  the  curvature  of  the  path;  in  fact,  when  the  path  is  a 
straight  line,  1/p  =  0,  and  the  normal  acceleration  vanishes. 

2.3.1  Problems 

Problem  2.1.  Prove  identity 

Prove  that  1/p  —  P2/P1  \  sin  a\,  where  p2  —  \\p  \\  and  a  is  the  angle  between  vectors  p   and 
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Problem  2.2.  Study  of  a  curve 

Consider  the  following  spatial  curve:  p  —  aiji  +  sin  r;)ii  +  a(l  +  cos  77)12  +  a(l  —  cos  r;)i3, 
where  a  >  0  is  a  given  parameter.  (1)  Find  the  tangent,  normal,  and  binormal  vectors  for  this 
curve.  (2)  Determine  the  curvature,  radius  of  curvature,  and  twist  of  the  curve.  Is  this  a  planar 
curve?  Is  the  tangent  vector  defined  at  all  points  of  the  curve? 

Problem  2.3.  Study  of  a  curve 

Consider  the  following  spatial  curve:  p  —  p{cosari){cosrj)ii  +  p{cosari)(sinri)i2  + 
p(sinar;)i3,  where  p  >  0  and  a  are  given  parameters.  (1)  Find  the  tangent,  normal,  and 
binormal  vectors  for  this  curve.  (2)  Determine  the  curvature,  radius  of  curvature,  and  twist  of 
the  curve. 

Problem  2.4.  Short  questions 

(1)  A  particle  of  mass  m  is  sliding  along  a  planar  curve.  Find  the  component  of  the  particle's 
acceleration  vector  along  the  binormal  vector  of  Frenet's  triad.  (2)  A  particle  of  mass  m  is 
sliding  along  a  three-dimensional  curve.  Find  the  component  of  the  particle's  acceleration 
vector  along  the  binormal  vector  of  Frenet's  triad.  (3)  State  the  criterion  used  to  ascertain 
whether  a  curve  is  planar  or  three-dimensional. 

Problem  2.5.  Study  of  a  curve  defined  in  polar  coordinates 

The  outer  surface  of  a  cam  is  specified  by  the  following  curve  defined  in  polar  coordinates, 
r{a)  =  1.0  —  0.5  cos  a  -I-  0.18  cos  2a.  (1)  Plot  the  curve.  (2)  Plot  the  curvature  distribution 
forae  [0,27r]. 


2.4  Differential  geometry  of  a  surface 

This  section  investigates  the  differential  geometry  of  surfaces,  leading  to  the  concept 
of  surface  coordinates.  The  differential  geometry  of  surfaces  is  more  complex  than 
that  of  curves.  The  first  and  second  metric  tensors  of  surfaces  are  introduced  first,  and 
the  analysis  of  the  curvature  of  surfaces  leads  to  the  concept  of  lines  of  curvatures  and 
associated  principal  radii  of  curvature.  Finally,  the  base  vectors  and  their  derivatives 
are  evaluated,  leading  to  Gauss'  and  Weingarten's  formulae. 

2.4.1  The  first  metric  tensor  of  a  surface 

Figure  2.7  depicts  a  surface,  denoted  §,  in  three-dimensional  space.  A  surface  is  the 
locus  of  the  points  generated  by  two  parameters,  771  and  772,  such  that  the  position 
vector,  p  ,  of  such  points  can  be  written  as 

£0  =2o*^''i'^2)-  (2.35) 

If  ?72  is  kept  constant,  ri2  =  C2,  p  =  pAvi:  ^2)  defines  a  curve  embedded  into  the 
surface;  such  curve  is  called  an  "ryi  curve."  Figure  2.7  shows  a  grid  of  such  curves 
for  various  values  of  C2.  Similarly,  "772  curves"  can  be  defined,  corresponding  to 
p  =  p  (ci ,  ?72 ) ;  a  grid  of  772  curves  obtained  for  different  constant  ci  is  also  shown 
on  the  figure.  In  general,  parameters  771  and  772  do  not  measure  length  along  these 
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embedded  curves,  and  hence,  they  do  not  define  intrinsic  parameterizations  of  the 
curves. 

The  surface  base  vectors  are  defined  as  follows 


81^2'' 


(2.36) 


Tangent 
plane 


and  are  shown  in  fig.  2.7.  Clearly,  vectors  a^  and  Cj  are  tangent  to  the  771  and  772 
curves  that  intersect  at  point  P,  respectively. 

Consequently,  they  lie  in  the  plane  tan- 
gent to  the  surface  at  this  point.  Since  771 
and  772  do  not  form  an  intrinsic  parameter- 
ization, vectors  ai  and  a^  ^re  not  unit  tan- 
gent vectors.  Furthermore,  these  two  vec- 
tors are  not,  in  general,  orthogonal  to  each 
other. 

The^r^r  metric  tensor  of  the  surface,  A, 
is  defined  as 


■    T  T      ' 

fil  fil  Oil  Ql2 


an  ai2 
ai2  ^22 


(2.37)         Fig.  2.7.  The  base  vectors  of  a  surface. 


and  its  determinant  is  denoted  a  =  det  {A) .  A  differential  element  of  length  on  the 
surface  is  found  as 


ds    =  dpp  d£g 


(af  d77i  +  a^d7;2)  (aid77i  +  a2d772)  =  Aif  AArj.         (2.38) 


where  d77^  =  {  d77i ,  d772  } .  Clearly,  the  first  metric  tensor  is  closely  related  to  length 
measurements  on  the  surface. 

Because  the  base  vectors  define  the  plane  tangent  to  the  surface,  the  unit  vector, 
n,  normal  to  the  surface  is  readily  found  as 


n  : 


'^IQl2 


fllS2 


llaiajll         Va  ' 
The  area  of  a  differential  element  of  the  surface  then  becomes 

da  =  llaiOj  drjidrj2\\  =  ||aia2ll  d77id772  =  Vad77id772. 


(2.39) 


(2.40) 


2.4.2  Curve  on  a  surface 


Figure  2.8  depicts  a  curve,  C,  entirely  contained  within  surface  §.  Let  the  curve 
be  defined  by  its  intrinsic  parameter,  s,  the  curvilinear  variable  along  curve  C  The 
tangent  vector,  i,  to  curve  C  is  defined  by  eq.  (2.5).  This  unit  tangent  vector  clearly 
lies  in  the  plane  tangent  to  §,  and  hence,  it  can  be  resolved  along  the  base  vectors, 
t  =  Aifl]^  +  A2a2. 

Because  t  is  a  unit  vector,  it  follows  that 
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t^i 


X^  AX 


where  A    =  {Ai,  A2}.  On  the  other  hand,  eq.  (2.38)  can  be  recast  as 


Fig.  2.8.  A  curve,  C,  entirely 
contained  witliin  surface,  S 


dry        d?7 
ds  =ds 


(2.41) 


(2.42) 


Because  eqs.  (2.41)  and  (2.42)  must  be  identical 
for  all  curves  on  the  surface, 


dri 


(2.43) 


This  result  is  expected  since  ds  is  an  increment 
of  length  along  C,  and  t  is  tangent  to  C.  Angles 
61  =  {i,ai)  and  62  =  (f,  02)  can  be  obtained  by 
expanding  the  dot  products  t^ai  and  f  02,  respec- 
tively, to  find 


/flu  008  6*1 

/a22  cos  6*2 


AX. 


(2.44) 


2.4.3  The  second  metric  tensor  of  a  surface 

Consider  once  again  a  curve,  C,  entirely  contained  within  surface  S,  as  depicted  in 
fig.  2.8.  The  unit  tangent  vector  clearly  lies  in  the  plane  tangent  to  the  surface,  but 
the  curvature  vector  di/ds  will  have  components  in  and  out  of  this  tangent  plane. 


dt 

—  =  K„n  +  Kgp, 

ds 


(2.45) 


where  k„  is  the  normal  curvature.  Kg  the  geodesic  curvature,  and  p  a  unit  vector 
belonging  to  the  plane  tangent  to  §.  The  normal  curvature  can  be  evaluated  as 


.dt 


-F 


dn 


dpjdn 


(2.46) 


ds  ds  ds2 

where  the  normality  condition,  iFn  =  0,  was  used.  The  numerator  can  be  written  as 


-dp  dn 


dr 


dn 


Q.I  d77i  +  fe  dr?2)      7^d77i  +  -— dr/2 


drii 


dm 


rp  dn      2        T  9n      2      f  T  (^''^         T  ^"-  A   1 
3li  t. — dr^i  +  0,2  - — dr72  +     fii  t. 1-  fe  t, —     dr^i 


dr] 


dr]2 

.da. 

dr]2 


n^pldri!  +  n^^drji  +{n^^+n^^)  drj^dr^ 


dr]2 
dtti 
dm 


dm) 

.da. 
dm 


idm 


where  the  orthogonality  conditions,  n^a^  =  0  and  n^a^  —  0'  were  used  to  obtain 
the  last  equality. 
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The  second  metric  tensor  of  the  surface  is  defined  as 
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&qi        ar}2 

":2 

dri2 


rp  Qflo     rp  da. 


d'qi 


_^d^p^     _T    9^E 


n 


T   d\ 

n 


■0       -T 

-     n 


■0 


drjidri2 


dr]idr]2 
n 


d-q. 


311  &12 

312  ^22 


(2.47) 


and  its  determinant  is  denoted  b  =  det(_B).  The  second  equality  shows  that  the 
second  metric  tensor  is  a  symmetric  tensor.  It  follows  that  —dp^dn  =  drf'  Bd-q,  and 


the  normal  curvature,  eq.  (2.46),  becomes 

drf"  B_drj 


ds2 


drj^     dry 
ds  ^ds 


X^BX. 


(2.48) 


2.4.4  Analysis  of  curvatures 

Figure  2.9  shows  a  plane,  V,  containing  the  normal, 
n,  to  surface  §.  Let  curve  C„  be  at  the  intersection 
of  plane  V  and  surface  S.  Because  curve  C„  is  a 
planar  curve,  its  curvature  vector  is  in  plane  V. 

Next,  let  plane  V  rotate  about  n.  For  each  new 
orientation  of  the  plane,  a  new  curve,  C„,  is  gener- 
ated with  its  own  normal  curvature  k„  .  The  follow- 
ing problem  will  be  investigated:  what  is  the  orien- 
tation of  plane  V  that  maximizes  the  normal  cur- 
vature K„?  In  mathematical  terms,  the  maximum 
value  of  K„  =  A  B_\  is  sought,  under  the  normal- 
ity constraint,  A   A\  =  l. 

This  constrained  maximization  problem  will  be 
solved  with  the  help  of  Lagrange's  multiplier  tech- 
nique 

^(A^A  A 


Fig.  2.9.  Intersection  of  surface, 
S,  with  plane,  V,  that  contains  the 
normal  to  the  surface. 


max  I A   B  X 

X,fj. 


where  fi  is  the  Lagrange  multiplier  used  to  enforce  the  constraint.  The  solution  of 
this  problem  implies  {B_  —  iiA)X  =  0,  and  the  normality  condition  A  A  A  =  L 
Pre-multiplying  this  equation  by  A  yields  the  physical  interpretation  of  the  La- 
grange multiplier:  A  SA  —  /iA  AA  =  Oor,  in  view  of  the  normality  constraint, 
fj,  =  X  BX  =  Kn,  Hence,  Lagrange's  multiplier  can  be  interpreted  as  the  normal 
curvature  itself. 

The  condition  for  maximum  normal  curvature  can  now  be  written  as  {B  — 
Kn-A)A  =  0.  This  set  of  homogeneous  algebraic  equations  admits  the  trivial  solu- 
tion A  =  0,  but  this  solution  violates  the  normality  constraint.  Non-trivial  solutions 
correspond  to  the  eigenpairs  of  the  generalized  eigenproblem  B_X  =  KnAX.  Be- 
cause A  and  _B  are  symmetric  and  A  is  positive-definite,  the  eigenvalues  are  always 
real,  and  mutually  orthogonal  eigenvectors  can  be  constructed. 
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The  eigenvalues  are  the  solution  of  the  quadratic  equation  det{B_  —  k„j4)  =  0, 
or 

kI  -  2k™k„  +  -  =  0,  (2.49) 

a 

where  /«,„  =  (011622  +  022^11  —  2ai26i2)/2a.  The  solutions  of  this  quadratic  equa- 
tion are  called  the  principal  curvatures 


K^j,  K^/  =  Krn±  a/k^  -  b/tt.  (2.50) 

The  mean  curvature  is  defined  as 

K^  +  k"  011622  +  022^11  -  2012612 


2  2a 

and  the  Gaussian  curvature  as 


(2.51) 


ninl^  =  -.  (2.52) 

a 

When  6/a  >  0,  the  principal  curvatures  have  the  same  sign,  corresponding  to 
a  convex  shape;  when  6/a  <  0,  the  principal  curvatures  are  of  opposite  sign, 
corresponding  to  a  saddle  shape;  finally,  when  6/a  =  0,  one  of  the  principal 
curvatures  is  zero,  the  surface  S  has  zero  curvature  in  one  of  the  principal  curvature 
directions. 

2.4.5  Lines  of  curvature 

A  line  of  curvature  of  a  surface  is  defined  as  a  curve  whose  tangent  vector  always 
points  along  the  principal  curvature  directions  of  the  surface.  Consider  now  a  set 
of  coordinates,  771  and  772,  such  that  ai2  =  612  =  0.  It  follows  that  a  =  011022, 
6  =  611622  and  k^,  =  (611/aii  +  622/o22)/2.  The  principal  curvatures  then  simply 
become 

K„  =         ,      K„   =         .  (2.53) 

Oil  022 

On  the  other  hand,  in  view  of  eq.  (2.41),  ryi  or  772  curves  are  characterized  by 
A  =  {l/yoiT, 0}  or  A  =  {0, 1/^022},  respectively.  Their  normal  curvature 
then  follows  from  eq.  (2.48)  as  k„  =  611/aii  and  k„  =  622/022,  respectively.  It  is 
now  clear  that  when  012  =  612  =  0,  the  771  and  772  curves  are  indeed  the  lines  of 
curvatures.  It  is  customary  to  introduce  tht  principal  radii  of  curvature,  Ri  and  i?2, 
defined  as 

Oil  J^i  O22  ^2 

2.4.6  Derivatives  of  the  base  vectors 

At  this  point,  the  discussion  will  focus  exclusively  on  surface  parameterizations 
defining  lines  of  curvatures.  In  this  case,  vectors  Oi,  0,3  and  n  form  a  set  of  mu- 
tually orthogonal  vectors,  although  the  first  two  are  not  necessarily  unit  vectors.  An 
orthonormal  triad  can  be  constructed  as  follows 
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ei  =  T| — II ,      62  =  ii — II ,      63  =  n.  (2.55) 

llflill  I|a2ll 

To  interpret  the  meaning  of  these  unit  vectors,  the  chain  rule  for  derivatives  is 
used  to  write 

dPr.       dp   dsi        dsi  _ 

^1  =  TT^  =  «     :5~  =  :5~^i' 
orii        OS  I  drji        dryi 

where  si  is  the  arc  length  measured  along  the  rji  curve.  Because  dp  Jdsi  =  ei  is 
the  unit  tangent  vector  to  the  rji  curve,  see  eq.  (2.5),  it  follows  that 

Notation  hi  =  \\ai\\  was  introduced  to  simplify  the  writing.  Clearly,  hi  is  a  scale 
factor,  the  ratio  of  the  infinitesimal  increment  in  length,  dsi,  to  the  infinitesimal 
increment  in  parameter  ryi,  drji,  along  the  curve. 

It  is  interesting  to  compute  the  derivatives  of  the  base  vectors.  To  that  effect,  the 
following  expression  is  considered 

d  P^     _  dai  _  da^  _  d{hiei)  _  9(/i2e2) 


driidrj2       drj2       drji  dri2  dr/i 

Expanding  the  derivatives  leads  to 

dhi_  dei       dh2_  de2 

-^—ei  +  hi-—  =  -—e2  +  h2-—.  (2.57) 

OT]2  OT]2  Or]i  01JI 

Pre-multiplying  this  relationship  by  ef  yields  the  following  identity 

_-jn9e2         1  dhi 
^  dr]i       /i2  dr]2 

To  obtain  this  result,  the  orthogonality  of  the  base  vectors,  6^62  =  0,  was  used; 
furthermore,  e[dei/dri2  =  0,  since  ei  is  a  unit  vector.  In  terms  of  intrinsic  parame- 
terization, this  expression  becomes 

(2.58) 


_T'9e2 

_j,dei 

1  dhi 

1 

""'  dsi  ~ 

"-'dsi 

hi  ds2 

"T\ 

^rdei 

_T^e2 

1  dh2 

1 

ds2 

^'  ds2    ~ 

/l2  dsi 

~  n' 

where  Ti  is  the  first  radius  of  twist  of  the  surface. 
Next,  eq.  (2.57)  is  pre-multiplied  ef^  to  yield 

(2.59) 

where  T2  is  the  second  radius  of  twist  of  the  surface.  Since  the  parameterization 
defines  lines  of  curvatures,  612  =  0,  and  eq.  (2.47)  then  implies 

_rp  dn       _rpde2  _rp  dn       _rpdei 

asi  asi  0S2  ds2 
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The  definitions  of  the  diagonal  terms,  bn  and  &22,  of  the  second  metric  tensor, 
eq.  (2.47),  lead  to 


,  dn 
dsi 


_rpdei 
osi 


1 


^T 


dn 
ds2 


.de2 
ds2 


1 


where  the  principal  radii  of  curvature,  Ri  and  R2,  were  defined  in  eq.  (2.54). 

The  derivatives  of  the  surface  base  vector  ei  can  be  resolved  in  the  following 
manner 

-—  =  ciSi  +  ^262  +  Can,  (2.60) 

asi 

where  the  unknown  coefficients  ci,  C2,  and  C3  are  readily  found  by  pre-multiplying 
the  above  relationship  by  e^,  e^,  and  n^  to  find 


dei 
dsi 


1  _ 

62 


1 


A  similar  development  leads  to 


dei 
ds2 


Ts 


■62. 


The  derivatives  of  the  surface  base  vector  62  are  found  in  a  similar  manner 


962 

dsx 


1    _ 


962 

ds2 


1 


1 


(2.61) 


(2.62) 


(2.63) 


These  results  are  known  as  Gauss'  formulce. 

Proceeding  in  a  similar  fashion,  the  derivatives  of  the  normal  vector  are  resolved 
in  the  following  manner 


dn 
dsi 


1 


ei, 


dn 
ds2 


1 


-62- 


(2.64) 


These  results  are  known  as  Weingarten  's  formulce. 

Gauss'  and  Weingarten's  formulas  can  be  combined  to  yield  the  derivatives  of  the 
base  vectors  in  a  compact  manner  as 


0       -1/Ti  l/Ri 
1/Ti       0  0 

-l/Ri       0  0 

0         I/T2       0 
-l/r2       0       l/i?2 

0         -l/i?2       0 


(2.65b) 
These  equations  should  be  compared  to  the  derivatives  of  Frenet's  triad,  eq.  (2.13). 


(2.65a) 
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Example  2.4.  The  spherical  surface 

The  spherical  surface  in  three-dimensional  space  depicted  in  fig.  2.10  is  defined 
by  following  position  vector  p  =  R  (sin  771  cos  772  «i  +  sin  771  sin  7/2  «2  +  cos  ryi  13), 
where  R  is  the  radius  of  the  sphere.  The  surface  base  vectors  are  readily  eval- 
uated as  ai  =  dp  /drji  =  R  (cos  771  cos  772  ii  +  cost^i  sin 7^2  *2  —  sin 771  ¥3),  and 
-2  ~  (^Pq/9''12  =  -R  (—  sin  771  sin  7/2  h  +  sin  7/1  cos  7/2  12)- 
The  first  metric  tensor  of  the  sphere  now  becomes 


A- 


R^         0 
0    R^sin^rii 


Clearly,  hi  =  R,  h2  =  Rsinrji,  and  ^/a  =  R'^sinrji.  The  normal  vector  is  then 
evaluated  with  the  help  of  eq.  (2.39),  to  find 


aia2 

110102! 


sin  7/1  cos  772*1  +  sin  7/1  sin  7/2*2  +  cos  771*3. 


1,  Tl2 

Fig.  2.10.  Spherical  surface  configuration.  Fig.  2.11.  Parabolic  surface  of  revolution. 


The  second  metric  tensor  of  the  spherical  surface  now  follows  from  eq.  (2.47) 

-R  0 


B 


0    — i?sin   7/1 


Note  that  since  012  =  0  and  612  =  0,  the  coordinates  used  here  are  lines  of  curvature 
for  the  spherical  surface.  The  orthonormal  triad  to  the  surface  is 

ei  =  cos  771  cos  772  ti  +  cos  771  sin  772  *2  —  sin  771 13, 
62  =  -  sin?72  H  +  cos 772  12, 
n  =  sin 771  cos 772  *i  +  sin 771  sin 772  I2  +  cos 771  13. 

These  expressions  are  readily  inverted  to  find 

ii  =  cos  771  cos  772  ei  —  sin  772  £2  +  sin  771  cos  772  n, 
i2  =  cos  771  sin  772  ei  -|-  cos  772  62  -|-  sin 771  sin  772  n, 
13  =  —  sin  7/1  ei  -I-  cos  7/1  n. 
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The  mean  curvature,  eq.  (2.51),  and  Gaussian  curvature,  eq.  (2.52),  are 


R         R  sin   rji 


1 


R^  sin   rji 
i?4  sin^  rji 


1 
R^' 


i?2       i?2  sin2  ^^ 
Finally,  the  principal  curvatures,  eq.  (2.53),  become 

"""      i?'      ""   "      R 
As  expected,  the  principal  radii  of  curvature  Ri  =  R2  =  —R  are  equal  to  the  radius 
of  sphere.  The  twists  of  the  surface  now  follow  from  eqs.  (2.58)  and  (2.59) 

1  1     dhi  1  1     9/12         cosryi 

Ti       /ii/i2  dr]2 


T2       /11/12  drji       Rsinrii 


(2.66) 


2.4.7  Problems 

Problem  2.6.  The  parabola  of  revolution 

Figure  2. 11  depicts  a  parabolic  surface  of  revolution.  It  is  defined  by  the  following  position 
vector  p  —  r  cos  (jjii  +  r  sin  (j}i2+  ar^iz,  where  r  >  0  and  0  <  4>  <  2-k.  The  following 
notation  was  used  rji  —  r  and  772  —  4>.  (1)  Find  the  first  and  second  metric  tensors  of  the 
surface.  (2)  Find  the  orthonormal  triad  ei,  £2,  and  n.  (3)  Find  the  mean  curvature,  the  Gaussian 
curvature,  and  the  principal  radii  of  curvature  of  the  surface.  (4)  Find  the  twists  of  the  surface. 

Problem  2.7.  Jacobian  of  the  transformation 

Consider  two  parameterizations  of  a  surface  defined  by  coordinates  (771 ,  772)  and  (771 ,  772).  Show 
that  the  base  vectors  in  the  two  parameterizations  are  related  as  follows  Sj  —  Jua^  +  Ji2a2 
and  O2  ~  J2ia^  +  ^2202'  where  J  is  the  Jacobian  of  the  coordinate  transformation 


J  = 


Jii  J12 
J21  J22 


dr]i    dr]2 


dfji 
drjx 


9772 


9772    df]2 


If  A  and  B_  are  the  first  and  second  metric  tensors  in  coordinate  system  (771, 772)  and  A  and 
B_  the  corresponding  quantities  in  coordinate  system  (771,772),  show  that  A  —  J_AjJ  and 

Problem  2.8.  Finding  the  line  of  curvature  system 

Using  the  notations  defined  in  problem  2.7,  let  (771,772)  be  a  known  coordinate  system  and 
{fli,  fl2)  the  unknown  line  of  curvature  system.  Find  the  Jacobian  of  the  coordinate  transfor- 
mation that  will  bring  (771, 772)  to  the  desired  line  of  curvature  system  (771, 772).  Show  that  the 
principal  radii  of  curvature  are 


1    _   fell  +7(2bi2  +  7^22) 
-Ri       011+7(2012  +  7022)' 
Hint:  write  the  Jacobian  as 


_l_ 

17 
a  1 


fell  +  Q(2fel2  +  ah22) 

ail  +  a(2ai2  +  0022) 


and  compute  the  coefficients  a  and  7  so  as  to  enforce  012  =  foi2  =  0.  The  solution  of  the 
problem  is  a  —  Ca/[A/{l+a'^)\  and  7  —  —  C-y/[Z\/(l+a7)]  where  C„  —  a22fei2  — b22ai2, 
C-Y  =aiifoi2-feiiai2,/\  =  aiife22 -611022,  and  Z\/(l+a7)  =  A/2±y' {A/l)'^  +  C^C-y. 
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2.5  Surface  coordinates 

A  particle  is  moving  on  a  surface  and  its  position  is  given  by  the  lines  of  curvature 
coordinates,  ?]i(t)  and  ri2(t).  The  velocity  vector  is  computed  with  the  help  of  the 
chain  rule  for  derivatives 

dp         dp  dp 

V  =  -^  =  -Tf^m  +  -TT^m  =  siei  +  S2e2-  (2.67) 

at        arji  orj2 

Note  the  close  similarity  between  this  expression  and  that  obtained  for  path  coordi- 
nates, eq.  (2.33).  The  velocity  vector  is  in  the  plane  tangent  to  the  surface,  and  the 
speed  of  the  particle  is  w  =  yjs\  +  s^. 

Next,  the  acceleration  vector  is  computed  as 

a  =  Siei  +  SiCi  -I-  5262  +  8262 

..  _  f  dei  .        dei  .  \       .    ( dei  de2 

=  SiCi  +  5262  -I-  Si       t;— Si  -I-  7^— S2       +  ^2       ^—Sl  +  ^^—82 
\03i  dS2       J  \OSi  OS2 

Introducing  Gauss'  formulae,  eq.  (2.61)  to  (2.63),  then  yields 

..     ^  SiS2  sl\_  ( ..  SiS2  sl\    _  (  sl  sl\    _ 

Note  here  again  the  similarity  between  this  expression  and  that  obtained  for  path 
coordinates,  eq.  (2.34).  The  acceleration  component  along  the  normal  to  the  surface 
is  related  to  the  principal  radii  of  curvatures,  i?i  and  i?2.  For  a  curve,  the  radius  of 
curvature  is  always  positive,  see  eq.  (2.7),  whereas  for  a  surface,  the  radii  of  curva- 
tures could  be  positive  or  negative,  see  eq.  (2.54).  Hence,  the  normal  component  of 
acceleration  is  not  necessarily  oriented  along  the  normal  to  the  surface. 

The  components  of  acceleration  in  the  plane  tangent  to  the  surface  are  related 
to  the  second  time  derivative  of  the  intrinsic  parameters,  as  expected.  Additional 
terms,  however,  associated  with  the  surface  radii  of  twist  also  appear.  Clearly,  the 
acceleration  of  a  particle  moving  on  the  surface  is  affected  by  the  surface  radii  of 
curvature  and  twist;  the  particle  "feels"  the  curvatures  and  twists  of  the  surface  as  it 
moves. 

2.6  Differential  geometry  of  a  three-dimensional  mapping 

This  section  investigates  the  differential  geometry  of  mappings  of  the  three- 
dimensional  space  onto  itself.  The  differential  geometry  of  such  mappings  is  more 
complex  than  that  of  curves  or  surfaces.  For  simplicity,  the  analysis  focuses  on  or- 
thogonal mappings,  leading  to  the  definition  of  the  curvatures  of  the  coordinate  sys- 
tem and  orthogonal  curvilinear  coordinates.  Two  orthogonal  curvilinear  coordinate 
systems  of  great  practical  importance,  the  cylindrical  and  spherical  coordinate  sys- 
tems are  reviewed. 


50  2  Coordinate  systems 

2.6.1  Arbitrary  parameterization 

Consider  the  following  mapping  of  the  three-dimensional  space  onto  itself  in  terms 
of  three  parameters,  ??i,  ?y2,  and  773, 

Pq{Vi,V2,V3)  =xi{r]i,V2,V3%  +  X2{m,V2,il3%  +  X3{T]i,rj2,m)'i3-       (2.69) 

This  relationship  defines  a  mapping  between  the  parameters  and  the  Cartesian  coor- 
dinates 


Xi=xi{r]i,'q2,V3},      X2=X2{r]i,'q2,V3),      Xz  =  xz{r]i,r]2,m)- 


(2.70) 


Let  ?72  and  773  be  constants  whereas  rji  only  is  allowed  to  vary:  a  general  curve  in 
three-dimensional  space  is  generated.  The  analysis  of  section  2.2  would  readily  apply 
to  this  curve,  called  an  "ryi  curve."  Similarly,  rj2  and  773  curves  could  be  defined. 

Next,  let  rji  be  a  constant,  whereas  772  and  773  are  allowed  to  vary:  a  general 
surface  in  three-dimensional  space  is  generated.  The  analysis  of  section  2.4  would 
readily  apply  to  this  surface,  called  an  "771  surface."  Here  again,  772  and  773  surfaces 
could  be  similarly  defined. 

A  point  in  space  with  parameters  (771 ,  r/2 ,  r/3 )  is  at  the  intersection  of  three  r/i ,  772 , 
and  773  curves,  or  at  the  intersection  of  three  r/i ,  r/2 ,  and  773  surfaces.  Furthermore,  an 
771  curve  forms  the  intersection  of  772  and  r/3  surfaces. 

The  inverse  mapping  defines  the  parameters  as  functions  of  the  Cartesian  coor- 
dinates 

'yii=Vi{xi,X2,X'i),      r]2  =  r]2{xi,X2,X3),      773  =  773(2:1,  a;2,  a;3).  (2.71) 

It  is  assumed  here  that  eqs.  (2.70)  and  (2.71)  define  a  one  to  one  mapping,  which 
implies  that  the  Jacobian  of  the  transformation. 


J 


dxi  dxi  dxi 

dr]i  dri2  d-q^ 

dx2  dx2  dx2 

dr]i  dr]2  dijs 

8x3  8x3  8x3 

drji  drj2  drj^. 


(2.72) 


has  a  non  vanishing  determinant  at  all  points  in  space.  Next,  the  base  vectors  associ- 
ated with  the  parameters  are  defined  as 


ii 


I2 


5772' 


i3 


8m 


(2.73) 


For  an  arbitrary  parameterization,  the  base  vectors  will  not  be  unit  vectors,  nor  will 
they  be  mutually  orthogonal. 

Consider  the  example  of  the  cylindrical  coordinate  system  defined  by  the  follow- 
ing parameterization 
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Xi 


X2 


X3 


where  r  >  0  and  0  <  9  <  2tt.  The  following  notation  was  used:  rji 
r]3  =  z.  The  inverse  mapping  is  readily  found  as 


r,  m 


6*  and 


''2-1 


6  =  tan' 


-1  £2 
Xl 


2^3  ■ 


Figure  2. 12  depicts  this  mapping;  clearly,  the  fa- 
miliar polar  coordinates  are  used  in  the  [ii ,  12)  plane 
and  z  is  the  distance  point  P  is  above  this  plane.  The 
Jacobian  of  the  transformation  becomes 


J 


cos 9  —ram9  0 

sin  9     r  cos  9  0 

0  0        1 


Note  that  det  J  =  r,  and  hence,  vanishes  at  r  =  0.      ^^^  2.12.  The  cylindrical  coor- 
Indeed,  cylindrical  coordinates  are  not  defined  at  the     dinate  system 
origin  since  when  r  =  0,  any  angle  9  maps  to  the 
same  point,  the  origin. 

The  base  vectors  of  this  coordinate  system  are  g    =  cos 9  ti  +  sm9  12,  g„  = 
—rsm9  ii  +  rcos9  12,  and  g    =  13.  Note  that  g    is  a  unit  vector,  since  \\g  \\  =  1, 

5o" 


r.  Also  note  that  for  cylindrical  coordinates,  gj^  g 


but  q    is  not, 

g^g„  =  0,  the  base  vectors  are  mutually  orthogonal,  as  shown  in  fig.  2.12 


T 


1.6.1  Orthogonal  parameterization 

When  the  base  vectors  associated  with  the  parameterization  are  mutually  orthogo- 
nal, the  parameters  define  an  orthogonal  parameterization  of  the  three-dimensional 
space.  The  rest  of  this  section  will  be  restricted  to  such  parameterization.  In  this  case, 
it  is  advantageous  to  define  a  set  of  orthonormal  vectors 


1 


1 


1 


ei 


9_V 


62 


II5JI    -2' 


63 


5. 


II5JI  -^ 


(2.74) 


To  interpret  the  meaning  of  these  unit  vectors,  the  chain  rule  for  derivatives  is  used 
to  write 

Si  =  TT"^  =  TT^  -;—  =  ei  -;— ,  (2.75) 


-0 

drji 


dsi   d'qi         ^  drji 

where  si  is  the  arc  length  measured  along  the  r]i  curve.  Because  dp  /dsi 
the  unit  tangent  to  the  ?yi  curve,  see  eq.  (2.5),  it  follows  that 

dsi  ds2 

-T—,      \\gj=n2  =  -7—; 
dr/i         -^  d?72 


\\9,\\=hi 


\\9J=hs 


d£3 

dm' 


ei  IS 


(2.76) 


Notation  hi  =  \\g  \\  is  introduced  to  simplify  the  notation.  Clearly,  hi  is  a  scale 
factor,  the  ratio  of  the  infinitesimal  increment  in  length,  dsi,  to  the  infinitesimal 
increment  in  parameter  rji,  drji,  along  the  curve. 
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2.6.3  Derivatives  of  the  base  vectors 

Here  again,  the  derivatives  of  the  base  vectors  will  be  evaluated.  To  that  effect,  the 
following  expression  is  considered 


d\    _  dg^  _  %  _  djhiei)  _  9(^262) 


d-qim        dri2        d-qi  drj2  d-qi 

Expanding  the  derivatives  leads  to 


(2.77) 


dhi_  dei       dh2_  de2 

^— ei +/ii^— =  ^— 62 +/i2^— •  (2.78) 


Pre-multiplying  this  relationship  by  ef  yields  the  following  identity 

_rp  de2         1  dhi 
df]!       /i2  dr]2 


(2.79) 


To  obtain  this  result,  the  orthogonality  of  the  base  vectors,  e[e2  =  0,  was  used;  fur- 
thermore, ejdei/drj2  =  0,  since  ei  is  a  unit  vector.  Next,  eq.  (2.78)  is  pre-multiplied 
e2  to  yield 

dei  _T  de2         1  dh2 

^275— = -ei  7j— =  T-Tj— •  (2.80) 

d?72  ori2       hi  drji 

Finally,  pre-multiplication  by  e^  leads  to 

fti  63 -— = /i2e3-— .  (2.81) 

arj2  orji 

Since  ejde2/drii  =  —e^de^/drji,  this  result  can  be  manipulated  as  follows 

hie^T^  =-h2e2T— =  -—r — 63^—,  (2.82) 

where  identity  (2.81)  was  used  with  a  permutation  of  the  indices.  Using  the  same 
identities  once  again  leads  to 

-hi  63  ^— . 
dr]2 


(2.83) 


«!  63             - 

dr]2 

hih2 
hs 

Tde2 

hiei          - 
dm 

This  result  clearly  implies 

^dei 
''dm 

=  0. 

The  derivatives  of  the  base  vector  can  be  resolved  as 

dei 
drji 

=  ciei  + 

6262  +  £363, 

where  the  unknown  coefficients  ci,  C2,  and  C3  are  found  by  pre-multiplying  this  ex- 
pression by  ei,  62,  and  63,  respectively,  and  using  identities  (2.79),  (2.80)  and  (2.83) 
to  find 
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dei 

dm 


1  dhi_ 
/i2  dri2 


1  dhi_ 


Proceeding  in  a  similar  manner,  the  derivatives  of  base  vector  ei  with  respect  to  772 
and  ?73  are  found  as 


dei 
dr]2 


1  dh2 
hi  drji 


dei 
dv3 


—  ^e 
hi  drji 


Similar  expression  are  readily  found  for  the  derivatives  of  the  unit  base  vectors  62 
and  63  through  index  permutations  and  are  summarized  as 


0 

-l/i?13 

l/i?i2 
0 

-l/i?23 

0 


l/i?13 

0 
0 


l/i?23 
0 

1/^21 

0  0  -l/i?32 

0  0  l/i?31 

1/^32  —1/^31 


where  the  curvatures  of  the  system  were  defined  as 


1 

R12 
1 

R21 
1 

^31 


1  dhi 
hi  dss  ' 
1  dh2 

/l2  dS3  ' 
]_dh3 

hs  ds2  ' 


1 

-R13 
1 

-R23 
1 

-R32 


1  dhi 
hi  ds2 

1  dh2 
/12  dsi  '' 
^dhs 
hs.  dsi  ' 


(2.84a) 


(2.84b) 


(2.84c) 


(2.85a) 
(2.85b) 
(2.85c) 


2.7  Orthogonal  curvilinear  coordinates 


Consider  a  particle  moving  in  three-dimension  space.  The  position  of  this  particle 
can  be  defined  by  eq.  (2.69)  in  terms  of  an  orthogonal  parameterization  of  space. 
These  parameter  define  a  set  of  orthogonal  curvilinear  coordinates  for  the  particle. 
The  velocity  vector  is  computed  with  the  help  of  the  chain  rule  for  derivatives 


dt 


dp  dp 

dsi  ds2 


ds3 


h  =  Siei  +5262  +  3363. 


(2.86) 


The  expression  for  the  acceleration  vector  will  involve  term  in  siCi  and  siei, 
and  similar  terms  for  the  other  two  indices.  The  latter  term  is  further  expanded  using 
the  chain  rule  for  derivatives,  and  expressing  the  derivatives  of  the  base  vectors  using 
eqs.  (2.84)  then  yields 
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[si  -  sl/R23  +  SI/R32  -  S1S2/R13  +  3153/^12]  ei 

+  [S2  +  sf/Ru  -  sl/R-ii  +  S1S2/R23  -  S2S3/R21]  62 
+  [S3  -  sl/Ri2  +  3I/R2I  -  S1S3/R32  +  S2S3/R31]  63. 


(2.87) 


Note  here  again  the  similarity  between  this  expression  and  that  obtained  for  path  or 
surface  coordinates,  eqs.  (2.34)  or  (2.68),  respectively.  The  acceleration  components 
in  each  direction  involve  the  second  time  derivative  of  the  intrinsic  parameters,  as 
expected.  Additional  terms,  however,  associated  with  the  radii  of  curvature  of  the 
curvilinear  coordinate  system  also  appear. 

2.7.1  Cylindrical  coordinates 

The  cylindrical  coordinate  system,  depicted  in  fig.  2.13,  is  an  orthogonal  curvilinear 
coordinate  system  defined  as  follows 


Eo 


r  cosO  «i  +  rsinO  12  +  z  13, 


(2.88) 


where  r  >  0  and  Q  <  6  <  2tt.  The  following  notation  was  used:  771  =  r,  772  =  6,  and 
773  =  z.  Note  that  if  2;  =  0,  the  cylindrical  coordinate  system  reduces  to  coordinates 
r  and  9  in  plane  {ii ,  12)  and  are  then  often  called  polar  coordinates. 


h^ 

k 

Ci 

63 

< 
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u 

Fig.  2.13.  The  cylindrical  coordinate  system.        Fig.  2.14.  The  spherical  coordinate  system. 


The  following  summarizes  important  formulae  in  cylindrical  coordinates.  The 
scale  factors  are  hi  =  1,  /i2  =  "r,  and  /i3  =  1.  The  curvatures  of  the  cylindrical 
coordinate  system  all  vanish,  except  that  i?23  =  r.  The  base  vectors  expressed  in 
terms  of  the  Cartesian  system  are 


ei  =      COS0  ii  +  sin0  i2,  (2.89a) 

62  =  -  sin  6*  «i  +  cos  6  12 ,  (2.89b) 

63  =  13-  (2.89c) 
The  time  derivatives  of  the  based  vectors  resolved  along  this  triad  are 


61  =       0  62, 

62  =  -6  ei, 

63=       0. 


(2.90a) 
(2.90b) 
(2.90c) 
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Finally,  the  position,  velocity,  and  acceleration  vectors,  resolved  along  the  base  vec- 
tors of  the  cylindrical  coordinate  system  are 

p^  =  r  ei  +  z  63,  (2.91a) 

v  =  rei+r9e2  +  ze3,  (2.91b) 

a  =  (f-  re^)  ei  +  (rO  +  2fe)  €2  +  z  63.  (2.91c) 

respectively. 

2.7.2  Spherical  coordinates 

The  spherical  coordinate  system,  depicted  in  fig.  2.14,  is  an  orthogonal  curvilinear 
coordinate  system  defined  as  follows 

p„  =  r  sin  (j)  cos  9  ii  +  r  sin  4>  sin  6  12  +  f  cos  (j)  ig, ,  (2.92) 

where  r  >  0,  0  <  0  <  tt,  and  0  <  0  <  2tt.  The  following  notation  was  used:  rji  =  r, 
ri2  =  (f>,  and  773  =  9. 

The  following  summarizes  important  formulse  in  spherical  coordinates.  The  scale 
factors  are  hi  =  1,  /12  =  r,  and  h^  =  r  sin  cp.  The  curvatures  of  the  spherical 
coordinate  system  all  vanish,  except  that  R23  =  r,  R31  =  r  tan  0  and  R32  =  —f. 

The  base  vectors  expressed  in  terms  of  the  Cartesian  system  are 

ei  =      sin  (f)  cos  9ii+  sin  (f)  sin  9i2+  cos  0  13,  (2.93a) 

€-2  =      cos  (f)  cos  9  ii  +  cos  (f)  sin  9  12  —  sin  (pis,  (2.93b) 

63  =  —  sm9ii+  cos9i2-  (2.93c) 

The  time  derivatives  of  the  based  vectors  resolved  along  this  triad  are 

ei  =     <j>  e2  +  9sm(f>  es,  (2.94a) 

g2  = -0ei +^cos0e3,  (2.94b) 

63  = —9(sm4i  ei  +  coscj)  62).  (2.94c) 

Finally,  the  position,  velocity,  and  acceleration  vectors,  resolved  along  the  base  vec- 
tors of  the  spherical  coordinate  system  are 

Pg=rei,  (2.95a) 

V  =  r  ei  +  rcj)  €2  +  r9  sin  (f)  63 ,  (2.95b) 

a  =  {f  —  r(f)    —  rO   sin   (f))  ei  +  (r0  +  2r(j)  —  r9  sin  0  cos  (j))  62 

+  (r6' sin  0  +  2r^  sin  (/)  +  2r0^  cos  0)  63.  (2.95c) 


Basic  principles 


This  chapter  reviews  the  basic  principles  of  dynamics.  Newton's  laws  are  the  foun- 
dation of  mechanics  and  dynamics  and  deal  with  the  behavior  of  particles  subjected 
to  forces.  Section  3.1  presents  Newton's  three  laws  and  the  principle  of  work  and 
energy.  Section  3.2  introduces  the  concept  of  conservative  forces  that  play  a  fun- 
damental role  in  dynamics.  The  principle  of  conservation  of  energy  is  discussed  in 
section  3.2.1. 

The  potentials  of  common  conservative  forces  are  given  in  section  3.2.2,  which 
also  introduces  the  concept  of  strain  energy  for  rectilinear  and  torsional  springs. 
The  principle  of  impulse  and  momentum  is  discussed  in  section  3.2.4.  Section  3.3 
presents  basic  facts  about  contact  forces  because  they  play  an  important  role  in  dy- 
namics. 

Newton's  law  only  apply  to  a  single  particle;  section  3.4  introduces  Euler's  first 
and  second  laws,  which  are  applicable  to  very  general  systems  of  particles. 


3.1  Newtonian  mechanics  for  a  particle 

Newton's  laws  deal  with  the  motion  of  n  particle,  i.e.,  a  body  of  mass  m  that  presents 
no  physical  dimension.  This  abstraction  can  be  visualized  by  considering  a  body 
of  mass  m  and  finite  dimensions.  Next,  the  dimensions  of  the  body  are  allowed  to 
shrink,  while  the  mass  remains  constant;  at  the  limit,  a  particle  of  mass  m  is  obtained 
that  occupies  a  single  point  in  space.  As  the  particle  moves,  the  locus  of  all  positions 
it  occupies  in  time  describes  a  curve  in  three-dimensional  space  called  the  path  of 
the  particle. 

3.1.1  Kinematics  of  a  particle 

The  position  vector  of  particle  P  with  respect  to  an  inertial  frame  will  be  denoted 
as  XpiQ,  meaning  "position  vector  of  particle  P  with  respect  to  point  O,"  which  is 
the  origin  of  the  inertial  frame.  Newton's  laws  assume  the  existence  of  an  inertial 
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frame,  that  is,  a  frame  that  is  stationary  with  respect  to  the  distant  stars.  In  many 
practical  applications,  a  frame  attached  to  the  earth  may  be  used  as  an  inertial  frame. 
For  instance,  when  studying  the  dynamics  of  a  jet  engine  on  a  test  bench,  a  frame 
of  reference  attached  to  the  test  bench  is  appropriate.  If  the  same  engine  is  mounted 
on  an  aircraft  wing,  a  frame  attached  to  the  wing  would  not  be  inertial,  because 
the  aircraft  is  itself  moving;  for  such  a  problem,  a  frame  attached  to  the  surface  of 
the  earth  could  be  considered  to  be  inertial.  Finally,  when  studying  the  motion  of 
satellites,  it  becomes  necessary  to  select  an  inertial  frame  attached  to  the  sun. 

The  inertial  velocity  vector  or  absolute  velocity  vector  of  the  particle  is  the  time 
derivative  of  its  position  vector  with  respect  to  the  origin  of  the  inertial  frame 


dx 


At 


^-PjO^ 


(3.1) 


where  t  indicates  time.  More  often  than  not,  the  term  "velocity  vector"  will  be  used 
instead  of  "inertial  velocity  vector."  The  norm  of  the  velocity  vector  is  called  the 
speed,  V,  of  the  particle 

v  =  M-  (3-2) 

Finally,  the  particle  inertial  acceleration  vector  or  absolute  acceleration  vector 
is  defined  as  the  derivative  of  the  absolute  velocity  vector 


Av_       d  XpjQ 
di  "      dt2     ■ 


(3.3) 


3.1.2  Newton's  laws 

This  section  presents  Newton's  three  laws  and  Newton's  law  of  gravitation.  These 
laws  provide  the  foundation  of  dynamics  and  mechanics. 

Newton's  first  law 

Newton's  first  law  of  motion  states  that  every  object  in  a  state  of  uniform  motion 
tends  to  remain  in  that  state  of  motion  unless  an  external  force  is  applied  to  it.  The 
expression  "state  of  uniform  motion"  means  that  the  object  moves  at  a  constant  ve- 
locity. If  several  forces  are  applied  to  the  object,  the  "external  force"  is,  in  fact,  the 
resultant,  i.e.,  the  vector  sum,  of  all  externally  applied  forces.  Finally,  the  "object" 
mentioned  in  the  law  is  to  be  understood  as  a  particle,  as  defined  in  the  previous 
section. 

With  all  these  clarifications,  Newton's  first  law  can  be  restated:  a  particle  moves 
at  a  constant  velocity  unless  the  sum  of  the  externally  applied  forces  does  not  vanish. 
This  also  implies  that  if  the  sum  of  the  externally  applied  forces  does  not  vanish,  the 
particle  no  longer  moves  at  a  constant  velocity.  A  more  mathematical  statement  of 
Newton's  first  law  is 

Law  1  (Newton's  first  law)  A  particle  moves  at  a  constant  velocity  if  and  only  if  the 
sum  of  the  externally  applied  forces  vanishes. 
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The  expression  "if  and  only  if"  is  included  in  the  statement  because  the  vanishing 
of  the  externally  applied  forces  is  both  a  necessary  and  sufficient  condition  for  the 
particle  to  move  at  a  constant  velocity. 

For  statics  problems,  is  is  customary  to  focus  on  particles  at  rest  rather  than 
moving  at  a  constant  velocity.  Within  this  framework,  Newton's  first  law  becomes: 
a  particle  is  at  rest  if  and  only  if  the  sum  of  the  externally  applied  forces  vanishes. 
This  statement  provides  the  definition  of  static  equilibrium  and  is  the  foundation  of 
statics  and  structural  mechanics. 

Newton's  second  law 

Newton's  second  law  states  that  if  a  force  is  acting  on  a  particle,  its  acceleration 
is  proportional  to  this  force;  the  constant  of  proportionality  is  the  mass  of  the  par- 
ticle. Here  again,  the  force  acting  on  the  particle  is  the  vector  sum  of  all  externally 
applied  forces.  Both  externally  applied  force  and  resulting  acceleration  must  be  un- 
derstood as  vector  quantities,  and  furthermore,  the  acceleration  vector  is  the  inertial 
acceleration  vector  as  defined  by  eq.  (3.3).  Newton's  second  law  then  states 

Law  2  (Newton's  second  law)  The  inertial  acceleration  vector  of  a  particle  is  pro- 
portional to  the  vector  sum  of  the  externally  applied  forces;  the  constant  of  propor- 
tionality is  the  mass  of  the  particle. 

In  mathematical  terms,  Newton's  second  law  becomes 

F  =  ma,  (3.4) 

where  F_  is  the  sum  of  the  externally  applied  forces  acting  on  the  particle,  a  its  inertial 
acceleration  vector,  and  m  its  mass. 

Clearly,  the  Newton's  first  law  is  implied  by  the  second.  Newton's  second  law 
provides  the  equations  of  motion  for  a  particle;  it  relates  the  motion  of  the  particle  to 
the  externally  applied  forces. 

Newton's  third  law 

Newton's  third  law  is  also  of  fundamental  importance  to  dynamics.  It  states:  if  par- 
ticle A  exerts  a  force  on  particle  B,  particle  B  simultaneously  exerts  on  particle  A 
a  force  of  identical  magnitude  and  opposite  direction.  It  is  also  postulated  that  these 
two  forces  share  a  common  line  of  action.  In  a  more  compact  manner,  Newton's  third 
law  states  that 

Law  3  (Newton's  third  law)  Two  interacting  particles  exert  on  each  other  forces  of 
equal  magnitude,  opposite  directions,  and  sharing  a  common  line  of  action. 

Newton's  third  law  is  most  useful  when  dealing  with  systems  of  particles:  it  en- 
ables the  appropriate  modeling  of  the  interaction  forces  among  the  particles.  It  also 
allows  "isolating"  or  "disconnecting"  a  particle  from  its  surroundings  and  replac- 
ing the  connection  by  a  set  of  forces  of  equal  magnitudes,  opposite  directions,  and 
sharing  a  common  line  of  action.  This  technique  is  the  basis  for  drawing  free  body 
diagrams  of  a  particle  or  system  of  particles. 
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Newton's  law  of  gravitation 

Newton's  law  of  gravitation  also  plays  an  important  role  in  dynamics.  It  states  that 

Law  4  (Newton's  law  of  gravitation)  Two  particles  attract  each  other  in  propor- 
tion to  their  masses  and  in  inverse  proportion  to  the  square  of  their  relative  distance. 
The  line  of  action  of  this  attractive  force  joins  the  two  particles. 


This  implies 


F  =  G 


?ni?Ti2 


(3.5) 


where  F  is  the  magnitude  of  the  attractive  force,  mi  and  m2  the  masses  of  the  two 
particles,  r  their  relative  distance,  and  G  the  constant  of  proportionality  know  as  the 
universal  constant  of  gravitation. 

Figure  3.1  shows  the  force,  F_i2,  that  the 
second  particle  exerts  on  the  first,  and  the  force, 
F_2i,  that  the  first  exerts  on  the  second.  Forces 
F_i2  and  £21  have  the  same  magnitude  F  = 
\\E.i2\\  =  11:^21  II'  opposite  directions  F_i2  + 
0,  and  share  a  common  line  of  action 


.21 


Fig.  3.1.  Gravitation  force  acting  be- 
tween two  particles. 


F 

that  joins  the  two  particles.  Clearly,  these  two 
forces  present  an  important  example  of  New- 
ton's third  law. 


3.1.3  Systems  of  units 

The  quantities  involved  in  Newton's  three  laws  are  length,  mass,  time,  and  force, 
denoted  L,  M,  T,  and  F,  respectively.  In  view  of  Newton's  second  law,  eq.  (3.4), 
these  three  quantities  are  not  independent,  rather  F  =  ML/T"^. 

This  text  uses  the  SI  system  of  units  exclusively.  In  this  system  of  units,  the  three 
basic  units  are  length,  mass,  and  time,  measured  in  meters,  denoted  "m,"  kilograms, 
denoted  "kg,"  and  seconds,  denoted  "s,"  respectively.  Force  is  then  a  derived  unit 
measured  in  Newtons,  denoted  "N."  A  force  of  1  N  imparts  an  acceleration  of  1  m/s^ 
to  a  mass  of  1  kg.  Systems  of  units  where  mass  is  a  basic  unit  are  said  to  be  absolute; 
the  SI  system  is  an  absolute  system  of  units. 

In  this  set  of  units,  the  universal  constant  of  gravitation  is 


G  =  6.6732  10-''m7(kg-s^) 


(3.6) 


In  view  of  the  small  value  of  this  constant,  the  attractive  force  acting  between  objects 
of  small  masses  is  very  small.  The  attractive  force  between  particles,  however,  is 
large  if  one  of  the  particles  has  a  large  mass. 

The  weight,  w,  of  a  particle  at  the  surface  of  the  earth  is  defined  as  the  gravita- 
tional force  applied  by  the  earth  to  the  particle, 


GM 


m, 


(3.7) 
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where  M  =  5.976  10^''  kg  is  the  mass  of  the  earth,  rg  =  6,  378  km  its  radius,  and 
m  the  mass  of  a  particle  located  at  the  surface  of  the  earth.  Using  these  constants,  it 
follows  that  the  weight  of  a  particle  is  w  =  9.803  m  =  gra,  where  g  =  9.803  m/s^ 
is  the  gravitational  constant  at  the  surface  of  the  earth. 

Because  the  earth  is  not  a  perfect  sphere  and  its  mass  distribution  is  not  uniform, 
small  variations  of  the  gravitational  constant  should  be  expected  from  point  to  point. 
For  most  dynamics  problems,  g  =  9.81  m/s^  will  be  a  sufficiently  accurate  value  of 
the  gravitational  constant.  At  the  surface  of  the  earth,  the  weight  of  an  80  kg  person 
is  w  =  9.81  X  80  =  785  N. 

In  the  US  customary  system  of  units,  the  three  basic  unit  are  length,  time,  and 
force,  measured  in  feet,  denoted  "ft,"  seconds,  denoted  "s,"  and  pounds,  denoted 
"lbs,"  respectively.  In  this  system,  mass  is  then  a  derived  unit  measured  in  slugs, 
denoted  "slug."  A  mass  of  1  slug  weighs  1  lb  when  subjected  to  a  gravitational  ac- 
celeration of  1  ft/s^.  Systems  of  units  where  force  is  a  basic  unit  are  said  to  be  grav- 
itational: the  US  customary  system  is  a  gravitational  system.  In  the  US  customary 
system,  g  =  32.17  ft/s^,  and  the  mass  of  a  particle  at  the  surface  of  the  earth  is  then 
found  as  771  =  w/g.  It  should  be  noted  that  in  the  US  customary  system,  length  is 
sometimes  measured  in  inches  rather  than  feet;  in  this  case,  g  =  386  in/s^. 

3.1.4  The  principle  of  work  and  energy 


Fig.  3.2.  Force  acting  on  a  particle. 


Figure  3.2  depicts  a  particle  of  mass  m  whose 
position  is  described  by  position  vector  r(i) 
with  respect  to  an  inertial  frame,  T^  = 
[0,I  =  (ii,i2,«3)].  While  moving  along  its 
path,  the  particle  is  acted  upon  by  forces,  the  re- 
sultant of  which  is  F{t).  These  forces  are  called 
externally  applied  forces,  or  impressed  forces. 

The  differential  work,  dW,  the  resultant 
force  performs  on  the  particle  as  it  moves  by  an 
differential  distance,  dr,  is  defined  as  the  scalar 
product  of  the  force  vector  by  the  differential  displacement  vector  of  its  point  of 
application 

dW  =  F^dr.  (3.8) 

In  view  of  the  definition  of  the  scalar  product,  this  differential  work  can  be  writ- 
ten as  dW  =  ||£||||dr||  cos  9,  where  6  is  the  angle  between  the  force  and  the  dif- 
ferential displacement  vectors,  see  fig.  3.2.  If  the  force  is  normal  to  the  differential 
displacement,  the  differential  work  vanishes,  although  the  force  is  of  finite  magni- 
tude. The  notation  dW  is  used  to  indicate  the  differential  work,  but  it  does  not  imply 
the  existence  of  a  work  function,  W,  such  that  d(l^)  is  the  differential  work. 

Introducing  Newton's  second  law,  eq.  (3.4),  into  the  definition  of  the  differential 
work  leads  to 


dW  =  F   dr  =  ma   dr 


dv'^  dr 

m— ; —  dt  ■■ 

dt   dt 


dv^      , 

772—; V  dt  ■■ 

dt  - 


m  V   dv. 


(3.9) 
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The  kinetic  energy,  K,  of  the  particle  is  defined  as 

1        ^ 

K=-m-tFv.  (3.10) 

The  differential  change  in  kinetic  energy  is  d{K)  =  m  w^dw,  and  it  follows  that 

AW  =  A{K).  (3.11) 

Consider  now  two  arbitrary  instants  during  the  motion  of  the  particle,  say  times 
ti  and  tf,  as  illustrated  in  fig.  3.2.  The  work  done  by  the  force  over  this  period  is 
denoted  Wt^^tf  and  can  be  evaluated  as  follows 

Wu^tf  =  j  '  E^Ar_  =  I  '  d{K)  =  K{tj)  -  K{ti)  =  Kf-Ki  =  AK.  (3.12) 

This  result  is  known  as  the  principle  of  work  and  energy. 

Principle  1  (Principle  of  work  and  energy  for  a  particle)  The  work  done  by  the 
external  forces  acting  on  a  particle  equals  the  change  in  the  particle 's  kinetic  en- 
ergy. 


3.2  Conservative  forces 

Figure  3.2  depicts  a  particle  of  mass  m  whose  position  is  described  by  position  vector 
r(t)  with  respect  to  an  inertial  frame,  J^^  =  [0,I=  (zi,j2,«^3)]- Conservative  forces 
are  a  class  of  forces  that  depend  only  upon  the  position  of  the  particles  on  which  they 
act,  F_  =  F_{r).  Although  these  forces  may  vary  with  time  as  the  particle  moves,  they 
do  not  depend  explicitly  on  time  or  velocity.  Figure  3.3  shows  two  arbitrary  paths, 
denoted  ACB  and  ADB,  along  which  the  particle  moves  in  space  from  point  A  to 
point  B. 

Definition 

By  definition,  force  £  is  conservative  if  and  only  if  the  work  it  performs  along  any 
path  joining  the  same  initial  and  final  points  is  identical.  This  is  expressed  by  the 
following  equation 

Wa^b=   f  F^dr=f  F^dr.  (3.13) 

JPath  ACB  JPath  ADB 

Since  reversing  the  limits  of  integration  simply  changes  the  sign  of  the  integral, 
the  work  done  by  the  force  along  path  ADB  is  equal  in  magnitude  and  opposite  in 
sign  to  that  along  path  BDA.  Equation  (3.13)  then  implies  the  vanishing  of  the  work 
done  by  the  force  over  the  closed  path  ACBDA.  Because  path  ACB  and  ADB  are 
arbitrary  paths  joining  points  A  and  B,  it  follows  that  a  force  is  conservative  if  and 
only  if  the  work  it  performs  vanishes  over  any  arbitrary  closed  path, 

W  =  (t  F^dr=(fF^dr  =  0,  (3.14) 


■/Any  path 

where  C  is  an  arbitrary  closed  curve. 
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Fig.  3.3.  Paths  ACB  and  ADB  join  the  same  two       Fig.  3.4.  Path  enclosing  a  surface  of 
points,  A  and  B.  area  S  with  a  normal  n. 


Potential  of  a  conservative  force 

Based  on  the  definition  of  conservative  forces,  eq.  (3.14),  Stokes'  theorem  [2]  then 
implies  that 

£^dr=   [  n^VFd§  =  0,  (3.15) 


where  §  is  a  surface  bounded  by  curve  C,  n  the  outward  normal  to  surface  §,  as 
shown  in  fig.  3.4,  and  V£  =  curl(_F).  If  the  force  is  conservative,  the  surface  integral 
must  vanish  for  any  surface,  §,  and  this  can  only  occur  if  the  integrand  vanishes, 
leading  to  \7F_  =  0  for  any  curve,  C,  and  surface,  §.  Textbooks  on  vector  algebra  [2], 
prove  the  following  identity:  VVy  =  0,  where  V  is  an  arbitrary  scalar  function  and 
Vy  =  grad(T^).  It  can  then  be  shown  that  the  solution  of  equation  \7F_  =  0  is 
simply 

F  =  -VV,  (3.16) 

where  V  is  the  gradient  operator. 

If  a  vector  field,  F,  can  be  derived  from  a  scalar  function,  V,  this  function  is 
called  a  potential,  and  the  vector  function  is  said  to  "be  derived  from  a  potential." 
Because  the  potential  is  an  arbitrary  scalar  function,  the  minus  sign  is  redundant,  but 
is,  however,  a  convention  that  will  be  justified  later. 

It  has  now  been  established  that  if  a  force  is  conservative,  it  can  be  "derived  from 
a  potential."  In  more  mathematical  terms,  a  conservative  force  must  be  the  gradient  a 
scalar  function,  called  the  potential  of  the  force.  liX  =  («i,  i2,  ^a)  is  an  orthonormal 
basis,  conservative  forces  can  be  expressed  as 

dV  dV  dV 

F  =  -yV  =  -^—-H- J— 12-^^13.  (3.17) 

OXi  0x2  0x3 

The  work  done  by  a  conservative  force  over  an  arbitrary  path  joining  point  1  to 
point  2,  with  position  vectors  ri  and  r2,  respectively,  is  then 


Wi^2  =  I     F^dr  =  -        y^Vdr 


dV  ,  dV  ,  dV       ' 

- — dxi  +  - — da;2  +  - — dx^ 
oxi  0x2  0x3 


dv  =  y(ri)  -  V{r^. 
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Thus  the  work  done  by  a  conservative  force  along  any  path  joining  point  1  to  point  2 
depends  only  on  the  positions  of  these  points  and  can  be  evaluated  as  the  difference 
between  the  values  of  the  potential  function  expressed  at  these  two  points, 

Wi^2  =  V{zi)-V{r^)  =  -AV.  (3.18) 

If  point  1  and  2  are  an  infinitesimal  distance  apart, 

AW  =  V{r^)  -  V{r^  +  dr)  =  -A{V).  (3.19) 

The  differential  work  is  now  the  true  derivative  of  the  potential  function. 

Summary 

Conservative  forces  enjoy  a  number  of  remarkable  properties.  Initially,  conservative 
forces  are  defined  as  forces  that  perform  the  same  work  along  any  path  joining  the 
same  initial  and  final  points,  as  expressed  by  eq.  (3.13).  Simple  calculus  reasoning 
is  then  used  to  prove  that  a  force  is  conservative  if  and  only  if  the  work  it  performs 
vanishes  over  any  arbitrary  closed  path,  see  eq.  (3.14).  Finally,  conservative  forces 
are  shown  to  be  derivable  from  a  potential,  as  expressed  by  eq.  (3.16).  Consequently, 
the  work  done  by  a  conservative  force  along  any  path  joining  two  points  can  be 
evaluated  as  the  difference  between  the  potential  function  evaluated  at  these  two 
points,  see  eq.  (3.18). 

Examples  of  conservative  forces 

To  illustrate  these  concepts,  consider  the  gravity  force  acting  on  a  particle  of  mass  m 
located  at  the  surface  of  the  earth.  It  can  easily  be  shown  that  this  force  is  conserva- 
tive. Therefore,  the  scalar  potential,  V ,  of  the  gravity  forces  is  y  =  mg  r_-i^  =  mgxz, 
where  r  =  xiii+  X2I2  +  x^H  is  the  position  vector  of  the  particle.  The  gravity  force, 
£„,  acting  on  the  particle  can  be  obtained  from  this  potential  using  eq.  (3.17)  to  find 
F  =  —W  =  —dV/dxs  13  =  —ingi3,  and  the  gravity  forces  is  said  to  be  "derived 
from  a  potential." 

The  work  done  by  the  gravity  force  as  the  particle  moves  from  elevation  xsa  to 
X3b  then  becomes  W  =  X,"^;  Fg-dr  =  -  £;;;  dV/dx^  dxg  =  Vix^a)  -  Vix^b). 
Clearly,  this  work  depends  on  the  initial  and  final  elevations  only,  but  not  on  the  par- 
ticular path  followed  by  the  particle  as  it  moved  from  the  initial  to  the  final  elevation. 
If  the  particle  moves  along  a  closed  path  starting  and  ending  at  the  same  elevation, 
the  work  done  by  the  gravity  force  vanishes. 

As  another  example,  consider  the  restoring  force  of  an  elastic  spring  of  stiffness 
constant  k.  If  the  spring  is  stretched  by  an  amount  u,  the  restoring  force  is  —ku, 
and  can  be  derived  from  a  potential  of  the  form  V{u)  =  1/2  ku^.  Indeed,  using 
eq.  (3.17),  the  elastic  force  in  the  spring  becomes  Fg  =  —dV/du  =  —ku.  This 
relationship  is  the  constitutive  law  for  the  spring  because  it  relates  the  force  in  the 
spring  to  its  elongation. 


3.2  Conservative  forces  65 

Quantity  V{u)  is  called  the  strain  energy  and  it  can  be  viewed  as  a  "potential 
of  the  elastic  forces"  in  the  spring.  Hence,  the  strain  energy  function  implicitly 
defines  the  constitutive  behavior  of  the  component.  Finally,  the  work  done  by  the 
elastic  restoring  force  as  the  spring  stretches  from  Ua  to  ui,  is  W  =  J  ''  Fg  du  = 
—  J  ''  dV/du  du  =  V{ua)  —  V{ui,).  Here  again,  the  work  depends  only  on  the 
initial  and  final  positions. 

At  first  glance,  the  potential  of  a  gravity  force  and  the  strain  energy  of  an  elas- 
tic spring  seem  to  be  distinct,  unrelated  concepts.  Both  quantities,  however,  share  a 
common  property:  forces  can  be  derived  from  these  scalar  potentials.  Consider  a  par- 
ticle of  mass  m  connected  to  an  elastic  spring  of  stiffness  constant  k  and  subjected 
to  a  gravity  force  acting  in  the  direction  of  the  spring.  The  downward  displacement, 
u,  of  the  mass  measures  both  the  spring  stretch  and  the  elevation  of  the  particle.  The 
externally  applied  gravity  force  can  be  derived  from  the  potential,  V  =  mgu,  as 
Fg  =  —dV/du  =  —mg;  the  restoring  force  in  the  spring  can  be  derived  from  the 
strain  energy,  V  =  1/2  ku^,  which  can  also  be  viewed  as  the  potential  of  the  internal 
forces,  as  Fg  =  —dV/du  =  —ku.  The  two  forces  acting  on  the  particle  can  therefore 
be  derived  from  a  potential. 

3.2.1  Principle  of  conservation  of  energy 

The  forces  applied  to  a  particle  can  be  divided  into  two  categories:  the  conservative 
forces,  which  can  be  derived  from  a  potential,  and  the  non-conservative  forces,  for 
which  no  potential  function  exists.  The  principle  of  work  and  energy,  eq.  (3.11),  now 
becomes 

dW  =  dWc  +  dWnc  =  -d{V)  +  dr^£„^  =  d{K),  (3.20) 

where  dWc  and  dWnc  indicate  the  differential  work  done  by  the  conservative  and 
non-conservatives  forces,  respectively,  and  £„^  denotes  the  non-conservative  forces. 
The  work  done  by  these  forces  over  the  period  from  time  tj  to  tf  now  becomes 

'  -d{V)+  f  Fl^dr  =  Kf-K,.  (3.21) 

ti  Jti 

The  first  term  of  this  expression  readily  integrates  to  yield 

'  Fl,dr_={Kf  +  Vf)-{K,  +  Vi),  (3.22) 

where  Vi  =  V{ti)  and  Vf  =  V{tf)  are  the  values  of  the  potential  function  at  the 
initial  and  final  times,  respectively. 

The  total  mechanical  energy,  E,  is  defined  as  the  sum  of  the  kinetic  energy  and 
potential  function, 

E  =  K  +  V.  (3.23) 

The  principle  of  work  an  energy  principle  now  becomes 
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I 


Fl^dr  =  Ef-E,.  (3.24) 


If  the  particle  is  acted  upon  by  conservative  forces  only,  the  principle  of  work 
and  energy  reduces  to 

Ej=Ei.  (3.25) 

This  statement  is  known  as  the  principle  of  conservation  of  energy. 

Principle  2  (Principle  of  conservation  of  energy  for  a  particle)  If  a  particle  is 
subjected  to  conservative  forces  only,  the  total  mechanical  energy  is  preserved. 

Clearly,  the  term  "conservative  forces"  stems  from  the  fact  that  in  the  sole  presence 
of  such  forces,  the  total  mechanical  energy  of  the  particle  is  conserved. 

In  view  of  the  principle  of  work  and  energy,  work,  kinetic  energy,  potential  en- 
ergy, and  total  mechanical  energy  all  share  the  same  units,  force  times  distance,  Nm. 
A  Joule  is  defined  as  I  J  =  I  Nm.  Although  the  moment  of  a  force  has  the  same  units, 
Nm,  Joules  are  used  only  when  dealing  with  energy;  in  other  words,  a  10  Nm  mo- 
ment should  not  be  referred  to  as  a  10  J  moment. 

The  work  done  by  force  over  a  period  of  time  from  ti  to  i/,  see  eq.  (3.12),  can 
be  written  as 

Wu^tj=j      F^dr=  F^-i^dt=  F^vdt.  (3.26) 

The  last  integrand,  F_  v,  is  the  power  of  the  externally  applied  forces;  it  is  a  measure 
of  the  work  done  by  the  forces  per  unit  time.  Power  has  units  of  work  divided  by 
time,  J/s.  A  Watt  is  defined  as  1  W  =  IJ/s  =  I  N-m/s. 


3.2.2  Potential  of  common  conservative  forces 

In  the  previous  section,  it  was  shown  that  conservative  forces  are  associated  with 
special  functions  called  potential  functions,  from  which  they  can  be  derived.  A  few 
commonly  used  potential  functions  will  be  derived  in  this  section. 

Work  done  by  a  central  force 

First,  the  work  done  by  a  central  force  will  be  evalu- 
ated. A  central  force  is  such  that  its  line  of  action  passes 
through  a  fixed  inertial  point  in  space  and  its  magni- 
tude depends  on  the  sole  distance  r  between  the  particle 
and  the  fixed  point.  Figure  3.5  shows  a  particle  of  mass 
m  subjected  to  a  central  force  F_  whose  line  of  action 
passes  through  point  O,  the  origin  of  an  inertial  frame. 
Fig.  3.5.  A  central  force.  Because  distance  r  between  the  origin  and  the  parti- 

cle is  inherent  to  the  definition  of  the  central  force,  it  seems  natural  to  use  the  spher- 
ical coordinate  system  defined  in  section  2.7.2  to  express  the  position  of  the  particle. 


3.2  Conservative  forces  67 

The  velocity  of  the  particle  expressed  in  spherical  coordinates,  see  eq.  (2.95b),  is 
V  =  r  ei  +  r4>  62  +  r9  sin  0  63.  Multiplying  this  relationship  by  di  reveals  the  rela- 
tionship between  an  increment  in  particle  position,  dr,  and  increments  in  coordinates 
dr,  dd,  and  d(f>,  as  dr  =  dr  ei+  rd0  62  +  rd9  sin  (p  63.  On  the  other  hand,  the  central 
force  is  expressed  as  F  =  — /(r)ei,  where  /(r)  is  its  magnitude  that  depends  on  r 
only,  and  ei  its  line  of  action,  always  passing  through  point  O. 

The  differential  work  done  by  the  central  force  now  becomes  dW  =  F^dr  = 
— f  {r)ef  (dr  ei+rdcl)  e2+rd6  sin(f>  63)  =  — /(r)dr.  The  potential,  V,  of  the  central 

force  is  defined  as 

dV" 
fir)  =  ^.  (3.27) 

With  this  definition,  the  differential  work  done  by  the  central  force  becomes 

dV 

dW  = dr  =  -d{V). 

dr 

Because  the  differential  work  can  be  expressed  as  an  exact  differential,  the  central 
force  is  a  conservative  force,  and  its  potential  is  the  integral  of  the  magnitude  of  the 
central  force.  The  potential  is  defined  within  a  constant:  adding  a  constant  to  the 
potential  does  not  alter  the  magnitude  of  the  central  force. 

The  potential  of  gravity  forces 

An  important  example  of  central  forces  are  gravitational  forces,  as  described  by  New- 
ton's gravitation  law.  The  magnitude  of  the  gravitational  force  is  given  by  eq.  (3.5) 
as  /(r)  =  GMm/r"^.  The  gravitational  force  acts  on  an  particle  of  mass  m  due  to 
the  presence  of  another  particle  of  mass  M  assumed  to  be  fixed  with  respect  to  an 
inertial  frame;  fig.  3.1  shows  that  such  force  is  a  central  force.  The  potential  function 
for  the  gravity  forces  then  follows  from  eq.  (3.27)  as 

Mm 
V{r)  =  -G-^.  (3.28) 

r 

This  potential  is  called  the  potential  of  gravity  forces. 

Consider  now  a  particle  located  at  a  height  h  above  the  surface  of  the  earth;  this 
implies  r  =  r^  +  h,  where  r^  is  the  radius  of  the  earth.  If  the  particle  is  close  to 
the  surface  of  the  earth,  h  <^  r^  and  1/r  =  l/[re  (1  +  h/re)]  «  (1  —  h/rc)/re- 
The  potential  function  now  becomes:  V{r)  =  —GMm/re  +  GMmh/rl.  Because 
the  first  term  of  this  expression  is  a  constant,  it  can  be  omitted  to  yield  the  potential 

function  as 

Mmh 
V{r)  =  G^^  =  mgh.  (3.29) 

'e 

This  potential  function  is  the  potential  of  gravity  forces  for  particles  located  near 
the  surface  of  the  earth.  The  height,  h,  of  the  particle  is  measured  from  a  reference 
elevation,  called  the  datum,  which  is  selected  in  an  arbitrary  manner  Indeed,  chang- 
ing the  datum  is  equivalent  to  adding  a  constant  to  the  potential  function,  leaving  the 
gravitation  forces  unchanged. 
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The  strain  energy  function  of  an  elastic  spring 


Consider  now  a  particle  of  mass  m  connected  to  a  rectilinear  spring;  the  other  end 
of  the  spring  is  attached  to  inertial  point  O,  as  depicted  in  fig.  3.6.  The  spring  can 
stretch  elastically,  but  is  massless;  it  practice,  this  means  that  the  mass  of  the  spring 
is  negligible  with  respect  to  that  of  the  particle. 

Clearly,  the  situation  is  similar  to  that  shown 
in  fig.  3.5:  the  particle  is  subjected  to  a  central 
force  F_{r)  =  — /(r)ei.  The  magnitude  of  the  cen- 
tral force  is  related  to  the  stretch  of  the  spring, 
A  =  r  —  ro,  where  rg  is  the  un-stretched  length 
of  the  spring.  For  a  linearly  elastic  spring,  the  force 
in  the  spring  is  proportional  to  its  stretch,  /(r)  = 
k{r  —  rQ)  =  kA,  where  k  is  the  spring  stiffness  con- 
stant. The  units  of  the  spring  stiffness  constant  are 
N/m. 

The  potential  function  of  the  elastic  forces  in  the  spring  then  follows  from 
eq.  (3.27)  as 


Fig.  3.6.  Particle  connected  to  an 
elastic  spring. 


V{r) 


-kA' 


(3.30) 


This  work  function  is  often  called  the  strain  energy  function  for  the  elastic  spring. 

The  present  formulation  is  not  limited  to  linearly  elastic  springs:  the  magnitude 
of  the  elastic  force  in  the  spring  could  be  a  nonlinear  function  of  the  stretch,  such 
as  f{r)  =  kiA  +  k^A'^.  In  this  case,  the  strain  energy  function  of  the  nonlinearly 
elastic  spring  is  F  =  1/2  kiA'^  +  1/4  ksA'^. 

The  principle  of  work  and  energy  affords  a  description  of  the  kinetics  of  a  particle 
in  terms  of  energies  rather  than  displacements  and  accelerations.  Consider  the  system 
depicted  in  fig.  3.6,  at  time  to,  the  particle  is  at  rest  and  the  spring  is  un-stretched: 
the  velocity  of  the  particle  vanishes,  implying  Kq  =  0,  and  Vq  =  0,  because  the 
spring  is  un-stretched.  External  forces  are  applied  to  the  particle  that  bring  it  to  a 
new  rest  configuration  at  time  ti,  hence  Ki  =  0.  Because  the  system  is  conservative, 
the  work  done  by  the  external  forces  is  Wq^i  =  Ei  —  Eq  =  Vi.  For  this  simple 
case,  the  principle  of  work  and  energy  implies  that  the  work  done  by  the  externally 
applied  force  equals  the  strain  energy  in  spring.  This  work  is  stored  in  the  system  in 
the  form  of  strain  energy:  no  energy  has  been  lost,  but  its  nature  has  changed  from 
potential  to  strain  energy. 

In  this  description,  the  trajectory  of  the  particle  from  time  to  to  time  ti  is  irrel- 
evant; the  only  important  quantity  is  the  stretch,  Ai,  of  the  spring  at  time  ti,  which 
determines  the  strain  energy,  Vi .  This  is  a  characteristic  of  conservative  forces:  the 
work  they  perform  does  not  depend  on  the  particular  path  followed  from  time  to  to 
ti,  but  only  on  the  initial  and  final  configurations  of  the  system  that  determine  the 
initial  and  final  stretch  of  the  spring. 

Next,  the  set  of  external  forces  that  maintained  the  steady  deformation  zli  of 
the  spring  is  released;  the  particle  evolves  along  a  certain  trajectory  and  at  time  t2, 
the  stretch  of  the  spring  vanishes,  A2  =  0.  Because  no  external  forces  are  applied 
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between  time  ti  and  t2,  the  principle  of  work  and  energy  implies  Wf^2  =  0  = 
E2  —  El  =  K2  —  Vi ,  where  K2  is  the  kinetic  energy  of  the  particle  at  time  ^2  ■  No 
energy  has  been  lost:  the  energy  transformed  from  strain  to  kinetic  energy,  K2  =  V\  ■ 
The  speed  V2  of  the  particle  at  time  t2  is  V2  =  y/k/m  A\.  Here  again,  the  specific 
trajectory  followed  by  the  particle  is  not  relevant. 

Both  kinetic  and  strain  energy  functions  are  positive-definite  functions,  i.e.,  K  = 
1/2  mw^  >  0  for  any  arbitrary  speed  of  the  particle  w  /  0  and  V  =  1/2  kA^  >  0 
for  any  stretch  of  the  elastic  spring  A  y^  0.  Consider  a  strain  energy  function  of  the 
form  V  =  1/2  koA^  +  1/3  kiA'^;  this  strain  energy  function  vanishes  for  A^  = 
—3/2  kci/ki.  For  stretches  A  <  A^,  the  strain  energy  becomes  negative,  hence  this 
strain  energy  function  is  invalid  because  it  is  not  positive-definite.  For  A  <  A^,  the 
spring  will  add  energy  to  the  system;  energy  is  being  created,  a  physical  impossibility 
for  a  passive  device. 

The  strain  energy  function  of  a  torsional  spring 

Consider  the  planar  problem  depicted  in  fig.  3.7: 
a  particle  of  mass  m  is  connected  to  a  rigid  rod 
of  length  i.  The  rod  pivots  about  inertial  point  O, 
where  a  torsional  spring  of  stiffness  constant  k  is  lo- 
cated. The  torsional  spring  applies  a  moment  to  the 
rigid  rod  about  point  O,  which  is  then  transmitted  to 
the  particle  in  the  form  of  a  force  F_,  acting  in  the 

direction  normal  to  the  rod;  this  force  is  clearly  not     ^'8-  ^•'^-  P^''"'^'''  subjected  to  a 
^    ,  „  _,,  .  .  „  ,  .  ,        ...  ,  force  generated  by  a  torsional 

a  central  force.  The  position  of  the  particle  will  be  . 

sorins- 
represented  by  polar  coordinates,  r  and  9,  see  sec- 
tion 2.7.1.  The  velocity  of  the  particle  is  v  =  r  ei  +  rO  62,  see  eq.  (2.91b).  Be- 
cause the  rod  is  rigid,  r  =  0,  and  multiplying  the  velocity  relationship  by  dt  implies 
dr  =  M6  62.  The  force  vector,  F,  has  a  line  of  action  along  62  and  its  magnitude  is  a 
function  of  the  sole  angle  9:  F  =  —f{9)e2.  The  differential  work  done  by  this  force 
now  becomes 

dW  =  F^dr  =  -f{9)e^£dee2  =  -£f{9)d9.  (3.31) 

Clearly,  M{9)  =  £f{6)  is  the  moment  the  torsional  spring  applies  to  the  rigid  rod  and 
hence,  dW  =  —M{d)dd.  For  a  linearly  elastic  torsional  spring,  M{9)  =  k{9  —  9q), 
where  9q  is  the  angular  position  of  the  rigid  rod  for  which  the  torsional  spring  is  un- 
stretched.  The  units  for  the  stiffness  constant  k  are  N-m/rad.  The  potential  function 
for  the  torsional  spring  now  becomes 

V{e)  =  ]^k{9-9^f.  (3.32) 

This  potential  function  is  called  the  strain  energy  function  of  the  torsional 
spring.  It  is  also  possible  to  define  nonlinearly  elastic  torsional  springs,  for 
which  the   elastic   moment  is   a  nonlinear  function  of  angle  9;   for  instance, 

if  M{9)     =    ki{9  —  9o)  +  k3{9  —  9o)'^,  the  strain  energy  function  is  then 
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v{e)  =  ki{e-  0o)V2  +  h{e  -  eo)V4. 


Fig.  3.8.  Particle  connected  to  a 
dashpot. 


3.2.3  Non-conservative  forces 

Consider  now  a  particle  of  mass  m  connected  to 
a  rectilinear  dashpot;  the  other  end  of  the  dashpot 
is  attached  to  an  inertial  point  O,  as  depicted  in 
fig.  3.8.  The  dashpot  can  slide  axially  and  it  is  mass- 
less;  in  practice,  this  means  that  its  mass  is  negligi- 
ble compared  to  that  of  the  particle. 

For  a  linear  dashpot,  the  magnitude  of  viscous 
force  it  generates  is  proportional  to  the  time  rate  of 
change  of  its  length,  i.e.,  f{r)  =  cr.  The  coefficient 
c  is  called  the  dashpot  constant  and  it  units  are  Ns/m.  Although  the  line  of  action 
of  the  force  generated  by  the  dashpot  passes  through  an  inertial  point,  it  is  not  a 
central  force  because  its  magnitude  does  not  depend  on  the  sole  distance  between 
the  particle  and  the  inertial  point. 

If  the  position  of  the  particle  is  expressed  in  terms  of  spherical  coordinates,  dif- 
ferential displacements  are  then  dr  =  dr  ei+  rd(f>  62  +  rd6  sin  (p  63.  The  differential 
work  done  by  the  dashpot  force  now  becomes  dW  =  £  dr  =  — /(r)ef  (dr  ei  + 
rd4>  62  +  rd^  sin  0  63)  =  —cr  dr.  Because  of  the  r  dependency  of  the  viscous  force, 
the  differential  work  cannot  be  cast  in  the  form  of  an  exact  differential;  there  exist 
no  potential  function,  V{r),  such  that  dV/dr  =  —crdr.  The  force  in  the  dashpot  is 
a  non-conservative  force. 

The  work  done  by  the  viscous  forces  in  the  dashpot  is 


Wt. 


cr  dr 


■f      dr   , 
cr—-  dt 


dt 


cf^  dt  <  0. 


(3.33) 


The  presence  of  the  r^  term  implies  that  the  work  done  by  the  viscous  forces  is 
always  negative,  i.e.,  they  are  dissipative  forces.  For  the  system  depicted  in  fig.  3.8, 
the  principle  of  work  and  energy  implies  that  Wt^^tj  =  Ef  —  Ei,  or  Ef  =  Ei  + 
Wti^tf  ■  Because  the  work  is  a  negative  quantity,  the  total  mechanical  energy  of  the 
system  monotonically  decreases  in  time;  furthermore,  the  change  in  total  mechanical 
energy  exactly  equals  the  work  done  by  the  viscous  forces  in  the  dashpot.  This  result 
explains  the  term  "dissipative  forces"  or  "non-conservative  forces"  used  to  qualify 
the  viscous  forces  in  the  dashpot. 

Of  course,  dashpots  are  not  always  linear;  the  magnitude  of  the  viscous  force 
could  be  a  nonlinear  function  of  velocity,  such  as  /(r)  =  cir  +  C3r'^,  for  instance. 
Function  f{r)r,  however,  must  be  a  positive-definite  function  of  f  to  guarantee  the 
dissipative  nature  of  the  resulting  viscous  force. 

Finally,  it  is  also  possible  to  encounter  torsional  dashpots;  in  fig.  3.7,  the 
torsional  spring  would  be  replaced  by  a  dashpot  that  applies  to  the  rigid  bar 
a  moment  whose  magnitude  is  a  function  of  the  time  rate  of  change  of  angle 
6.  The  differential  work  done  by  the  viscous  forces  in  the  torsional  is  then 
dW  =  -if  i0)de  =  -M{e)d0;  for  a  Hnear  torsional  dashpot,  M{0)  =  cO,  where 
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the  dashpot  constant  now  has  units  of  Nms. 

The  energy  closure  equation 

Consider  the  work  and  energy  principle  given  by  eq.  (3.24),  written  as  J^'  Knc'^L  — 
Ef  —  Ei.  In  this  expression,  the  initial  and  final  time  instants  can  be  selected  arbitrar- 
ily; in  particular,  let  the  final  time  be  an  arbitrary  time,  tj  =  t,  during  the  evolution 
of  the  system.  The  principle  of  work  and  energy  now  becomes 

E{t)-  I  Fl^Ar  =  Ei.  (3.34) 

In  the  absence  of  non-conservative  forces,  this  equation  reduces  to  E{t)  =  Ei,  the 
statement  of  conservation  of  the  total  mechanical  energy  of  the  system.  Even  in  the 
presence  of  non-conservative  forces,  however,  equation  (3.34)  implies  the  conser- 
vation a  scalar  quantity,  the  difference  between  the  total  mechanical  energy  and  the 
cumulative  work  done  by  the  non-conservative  forces,  must  remain  constant.  This 
relationship  is  known  as  the  energy  closure  equation. 

Example  3.1.  bungee  jumping 

A  man  of  mass  in  is  jumping  off  a  bridge  while  attached  to  a  bungee  cord  of  un- 
stretched  length  dg.  An  inertial  frame,  J^  =  [0,X  =  (11,12)],  is  attached  to  the 
bridge.  The  man  is  jumping  from  point  O  with  an  initial  velocity,  vq,  oriented  along 
horizontal  axis  12,  and  the  acceleration  of  gravity  is  acting  along  vertical  axis  ti. 

During  the  first  part  of  his  fall,  the  man  is  in  free  flight  under  the  effect  of  gravity, 
and  at  some  instant  in  time,  the  bungee  becomes  taut.  During  the  second  portion 
of  his  fall,  the  man  is  subjected  to  the  combined  effects  of  gravity  and  the  elastic 
force  of  the  bungee.  The  potential  of  the  bungee  is  of  the  following  form:  Vt  = 
1/2  fco^o  In  (1  +  A),  where  A  =  (d  —  do)/do  =  A/da  is  the  non-dimensional 
stretch  of  the  bungee,  and  d  the  distance  from  point  O  to  the  man.  The  magnitude  of 
the  force  the  bungee  applied  to  the  man  is  Fb  =  dy/dZ\  =  k^dQ  ln(l  +  A) /{I  +  A). 
Determine  the  trajectory  of  the  fall. 

Free  fall 

Let  the  man's  trajectory  be  denoted  r(i)  =  xi{t)ii  +  X2{t)i2-  During  free  fall, 
Newton's  second  law  writes  rar_  =  mgii,  where  g  is  the  acceleration  of  gravity. 
Integration  yields 

V  =  gTll+l2,      f=  -gThi+TT2.  (3.35) 

The  following  non-dimensional  quantities  were  introduced:  f  =  r/rfo,  H  =  tho, 
T  =  vot/da,  and  g  =  gdo/v^. 

The  bungee  cord  becomes  taut  when  ||r||  =  do,  or  ||2:(Tt)|p  =  1,  where  Tt 
denotes  the  instant  at  which  the  bungee  becomes  taut.  Introducing  this  condition  in 
eq.  (3.35)  and  solving  for  Tt  yields 
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Trajectory  when  the  bungee  cord  is  taut 

Once  the  bungee  is  taut,  Newton's  second  law  implies  mf_  =  mgii  +  FbU,  were  Fh 
is  the  magnitude  of  the  elastic  force  the  bungee  applies  on  the  man  and  u  the  unit 
vector  pointing  from  the  man  to  point  O.  The  distance  from  the  man  to  point  O  is 
d  =  do  +  A=  \/x\  +  X2,  and  u  =  {xi  zi  +  X2  i2)/d.  In  non-dimensional  form,  the 
equation  of  motion  becomes 


J   ln(l  +  ^),      _        _       , 
9H  -  fco  Q   I  ^N2  v^i^i  +2^2*2) 


(3.37) 


where  (•)'  indicates  a  derivative  with  respect  to  the  non-dimensional  time  t,  A  = 
\/x\  +  x\  —  1,  fco  =  fco'^o/('™^o)'  ^1  =  xi/dij,  and  X2  =  X2/dQ. 

Because  the  equations  of  motion  are  nonlinear,  their  solution  can  only  be  ob- 
tained by  means  of  numerical  methods,  which  often  require  recasting  the  governing 
equations  in  first-order  form.  In  the  present  case,  the  first-order  form  of  the  equations 
is 
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where  vi  =  vi/vq  and  V2  =  V2/vq  are  the  non-dimensional  components  of  vertical 
and  horizontal  velocity,  respectively.  The  first  two  equations,  x'^  =  vi  and  Xg  =  ^2, 
simply  define  the  velocity  components,  vi  and  V2,  and  the  last  two  equations  are  the 
actual  equations  of  motion.  In  this  form,  many  standard  time  integration  methods 
such  as  Runge-Kutta  integrators,  among  many  others,  can  be  used.  Extensive  discus- 
sion of  these  integrators  can  be  found  in  many  textbook  on  numerical  analysis,  see 
refs.  [4,  5],  for  instance. 

The  following  non-dimensional  parameters  are  used  for  the  simulation:  g  =  12, 
and  fco  =  50.  The  end  of  the  free  fall  phase  occurs  at  time  Tt  =  0.4254.  Figure  3.9 
show  the  man's  trajectory  during  free  fall  and  when  the  bungee  cord  is  taut.  For  all 
times  T  <  Tt  the  bungee  cord  is  slack  and  its  stretch  vanishes;  fig.  3.10  shows  the 
bungee's  non-dimensional  stretch,  A,  for  t  >  Tf. 

At  time  r  =  1.5018,  the  bungee  becomes  slack  again,  and  equation  of  motion, 
eq.  (3.37),  is  no  longer  valid  because  it  include  the  force  stemming  from  the  bungee 
cord.  To  continue  the  simulation  past  that  time,  the  equation  of  motion  for  free  fall 
under  gravity,  mr  =  mgii,  would  be  used  again,  with  initial  conditions  correspond- 
ing to  the  man's  position  and  and  velocity  at  the  end  of  the  previous  phase,  i.e.,  at 
timer  =  1.5018. 

Figure  3.11  depicts  the  bungee  non-dimensional  force,  Fh  =  Fb/{kodo),  versus 
its  non-dimensional  stretch,  A.  The  apparent  stiffness,  fc,  of  the  bungee  cord  is  the 
tangent  to  the  force-stretch  curve. 
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x/d. 


Fig.  3.9.  Man's  trajectory.  The  symbols  o  in-       Fig.  3.10.  Non-dimensional  stretcii  of  tiie 
dicate  the  free  fall  portion  of  the  trajectory.  bungee,  A,  versus  time  r. 
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(3.38) 


As  the  stretch  of  the  cord  increases,  its  stiffness  decreases  and  vanishes  when  ln(l  + 
A)  =  1,  OT  A  Ki  1.718.  Clearly,  the  parameters  selected  for  the  present  simulation 
result  in  a  very  large  stretching  of  the  bungee  cord,  which  would  threaten  the  safety 
of  the  jumper. 


Fig.  3.11.  Magnitude  of  the  non-dimensional 
force,  -Fi,,  in  the  bungee  versus  stretch,  A. 


Fig.  3.12.  System  energies:  kinetic  energy, 
solid  line;  potential  energy,  dashed  line;  to- 
tal mechanical  energy,  dashed-dotted  line. 


The  kinetic  energy  of  the  system  ifi  K  =  1/2  mf^.  The  potential  of  the  grav- 
ity forces  is  Vg  =  —mgx\,  and  the  potential  of  the  elastic  bungee  cord  Vf,  = 
1/2  fcorfp  In  (1  +  Z\).  In  non-dimensional  form,  the  total  mechanical  energy  of  the 
system  becomes 
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Figure  3.12  depicts  the  evolution  of  the  system's  energies  versus  time  t.  Because 
the  forces  acting  on  the  system  are  conservative  forces,  the  total  mechanical  energy 
remains  constant  during  the  simulation.  This  observation  provides  a  validation  of  the 
derivation  of  the  equation  of  motion  and  of  its  numerical  solution. 

Effect  of  drag  forces. 

The  developments  presented  in  the  previous  paragraphs  have  ignored  the  effect  of 
air  friction  on  the  man's  trajectory.  These  forces  can  be  taken  into  account  in  an 
approximate  manner  applying  to  the  man  a  drag  force,  F^^  =  —1/2  CdpA  \\v\\v, 
where  Cd  is  the  non-dimensional  drag  coefficient,  p  the  air  density,  and  A  the  man's 
cross-sectional  area.  This  drag  force  is  at  all  times  proportional  to  the  square  of  the 
speed,  aligned  with  the  velocity  vector,  and  oriented  in  the  direction  opposite  to  this 
vector.  During  free  fall,  the  equation  of  motion  is  mr  =  ragii  —  1/2  CdpA  \\v\\]r,a& 
before,  the  bungee  cord  will  become  taut  when  ||r(rt)||  =  1.  Because  the  governing 
differential  equation  is  now  a  nonlinear  differential  equation,  a  numerical  process 
must  be  used  for  its  solution  and  time  Tt  must  be  determined  numerically.  A  closed 
form  analytical  solution  such  as  that  given  by  eq.  (3.36)  no  longer  exists. 

When  the  bungee  cord  is  taut,  the  differential  equation  governing  the  problem 
becomes 

-II     --     T  in(i  +  ^),    _     _  _,     i_^    n,    ~: ,    _     _  _, 

r    =  gii-  ka— T7:r[Xiii  +X2I2)  -  -p.Cd\  v{  +  w|  [viii  +V2i2), 

[1  +  iiy  I       ^ 

where  /2  =  pAdo/m.  Here  again,  the  equation  of  motion  is  nonlinear,  and  its  solution 
can  be  obtained  only  by  means  of  numerical  methods 

3.2.4  The  principle  of  impulse  and  momentum 

The  principle  of  impulse  and  momentum  involves  two  sets  of  new  quantities.  First, 
the  linear  and  angular  momentum  vectors  of  a  particle  are  introduced;  the  angular 
momentum  is  the  moment  of  the  linear  momentum  vector.  Next,  the  linear  and  an- 
gular impulse  vectors  of  the  externally  applied  forces  are  introduced. 

Principle  of  linear  impulse  and  momentum 

Figure  3.13  shows  a  particle  of  mass  m  in  motion  with  respect  to  an  inertial  frame 
T^  =  [0,1  =  («i,  i2, 43)].  The  inertial  velocity  vector  of  the  particle  is  denoted  y_. 
The  linear  momentum  vector  of  a  particle  is  defined  as  the  product  of  its  mass  by  its 
inertial  velocity  vector 

p  =  mv.  (3.39) 

Taking  a  time  derivative  of  the  linear  momentum  vector  yields  p  =  ma.  Comparing 
this  result  with  Newton's  second  law,  eq.  (3.4),  leads  to 

F=p.  (3.40) 
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This  result  implies  that  the  time  derivative  of  the  linear  momentum  vector  of  a  par- 
ticle equals  the  sum  of  the  externally  applied  forces.  Clearly,  this  result  is  a  direct 
corollary  of  Newton's  second  law. 

It  is  interesting  to  integrate  the  above  equation  in 
mv    time,  between  an  initial  and  a  final  time,  denoted  ti  and 
i/,  respectively.  These  two  instants  are  chosen  arbitrar- 
ily, but  ti  <  tf. 


F{t)  dt 


pdt=p{tj)-p{U).      (3.41) 


Fig.  3.13.  Linear  and  an- 
gular momenta  vectors  of  a 
particle. 


The  term  on  the  left-hand  side  is  called  the  linear  im- 
pulse of  the  externally  applied  forces,  and  has  units  of 
mass  times  velocity,  or  Ns.  Equation  (3.41)  expresses 
the  principle  of  linear  impulse  and  momentum  for  a  par- 
ticle. 


Principle  3  (Principle  of  linear  impulse  and  momentum  for  a  particle)  The  lin- 
ear impulse  of  the  externally  applied  forces  equals  the  change  in  linear  momentum. 

In  the  absence  of  external  forces,  this  principle  implies  p{tf)  =  p{ti),  i.e.,  the 
linear  momentum  remains  constant  at  all  times,  since  ti  and  tf  are  instants  chosen  ar- 
bitrarily. In  other  words,  the  linear  momentum  vector  of  a  particle  remains  a  constant 
when  the  externally  applied  forces  vanish. 

Principle  of  angular  impulse  and  momentum 


Next,  the  moment  of  the  particle's  linear  momentum  vector  is  computed  with  respect 
to  point  O.  This  quantity  if  more  often  called  the  angular  momentum  vector  of  the 
particle,  Iiq,  where  the  subscript,  (•)o  indicates  that  the  angular  momentum  is  com- 
puted with  respect  to  point  O.  As  illustrated  in  fig.  3.13,  the  moment  of  the  linear 
momentum  vector  is  expressed  as  the  cross  product  of  the  particle's  inertial  position 
vector,  r,  by  its  linear  momentum  vector,  mv_,  to  find 


ho 


(3.42) 


Taking  a  time  derivative  of  the  angular  momentum  vector  yields  Kq  =  rmv  -\- 
rma.  The  time  derivative  of  the  inertial  position  vector,  r,  equals  the  inertial  velocity 


vector,  V,  eq.  (3.1);  it  then  follows  that  h(^ 


Finally,  since  vmv  =  0, 


the  time  derivative  of  the  angular  momentum  vector  reduces  to  Iiq  =  rma 

The  moment  of  Newton's  second  law  computed  with  respect  to  the  origin  of  the 
inertial  frame  implies  rF_  =  rma.  Comparing  these  two  results  then  leads  to  rF  = 
Iiq,  where  the  left-hand  side  term  can  be  interpreted  as  the  moment  of  the  externally 
applied  forces  evaluated  with  respect  to  point  O,  denoted  M_q.  In  summary. 
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This  result  implies  that  the  time  derivative  of  the  angular  momentum  vector  of  a 
particle  computed  with  respect  to  an  inertial  point  equals  the  sum  of  the  externally 
applied  moments  computed  with  respect  to  the  same  point.  Here  again,  this  result  is 
a  direct  corollary  of  Newton's  second  law. 

As  in  the  case  of  the  linear  momentum,  the  above  equation  can  be  integrated  in 
time  between  two  arbitrary  instants  to  yield 
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(3.44) 


The  term  on  the  left-hand  side  is  called  the  angular  impulse  of  the  externally  applied 
forces,  and  has  units  of  N-m-s.  Equation  (3.44)  expresses  the  principle  of  angular 
impulse  and  momentum  for  a  particle. 

Principle  4  (Principle  of  angular  impulse  and  momentum  for  a  particle)  The 

angular  impulse  of  the  externally  applied  forces  equals  the  change  in  angular 
momentum  when  both  angular  impulse  and  momentum  are  computed  with  respect  to 
the  same  inertial  point. 

In  the  absence  of  external  moments,  this  principle  implies  hpitf)  =  tkoi^i)'  '•^•' 
the  angular  momentum  remains  constant  at  all  times.  In  other  words,  the  angular 
momentum  vector  of  a  particle  remains  a  constant  when  the  externally  applied  mo- 
ments vanish. 

Example  3.2.  Particle  in  a  pinned  tube 

Figure  3.14  depicts  a  particle  of  mass  m  connected  to  inertial  point  A  by  means  of 
a  spring  of  stiffness  k  and  dashpot  of  constant  c.  At  the  initial  time,  the  particle  is 
located  at  6*  =  0,  0  =  7r/2,  and  r  =  tq,  which  corresponds  to  the  un-stretched 
configuration  of  the  spring;  r,  (p,  and  6  form  a  spherical  coordinate  system,  see  sec- 
tion 2.7.2.  The  initial  velocity  vector  of  the  particle  is  Vq.  Derive  the  equations  of 
motion  of  the  system. 


Fig.  3.14.  Particle  subjected  to  a  central  force  due  to  a  spring  and  dashpot. 


First,  Newton's  second  law  is  used  to  obtain  the  desired  equations  of  motion  as 
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[r  —  rep    —  rO   sin   (p)ei  +  (rcf)  +  2'f(i>  —  r6   sin0cos0)e2 

+  {r9  sin  cp  +  ^rO  sin  0  +  2r(/)^  cos  i/ijes    =  —  [A;(r  —  tq)  +  cr]  ei , 

where  the  components  of  the  acceleration  vector  in  the  spherical  coordinate  system 
are  given  by  eq.  (2.95c).  Projecting  this  equation  along  the  unit  vectors  ei,  62,  and  63, 
then  yields  m(f—r(/)^  —  r^^  sin  cp)  =  —k(r  —  ro)  —  cr,r(f>+2r(p  —  r6'^sm(f>cos(j)  = 
0,  and  rO  sin  (p  +  2r^  sin  cp  +  2r<p9  cos  4>  =  0,  respectively.  These  three  nonlinear  dif- 
ferential equations  can  be  solved  for  the  coordinates  of  the  particle,  r,  cp,  and  9. 
Although  this  approach  will  indeed  yield  the  solution  of  the  problem,  much  informa- 
tion about  the  nature  of  the  particle's  motion  can  be  obtained  from  the  application 
the  principle  of  angular  impulse  and  momentum. 

Because  the  line  of  action  of  the  forces  applied  to  the  particle  passes  through 
point  A,  the  moment  of  these  forces  with  respect  to  point  A  vanishes.  The  principle  of 
angular  impulse  and  momentum,  eq.  (3.44),  then  implies  that  the  angular  momentum 
must  remain  constant,  7J^  =  H^j^q  =  roll  mvQ. 

It  follows  that  rei  mv  =  //.^g ■  This  vector  product  equation,  see  section  1.1.11, 
affords  a  solution  if  and  only  if  the  particle's  position  vector,  rei ,  and  velocity  vector, 
V,  are  both  contained  in  the  plane  normal  to  the  initial  angular  momentum  vector, 
i£^o-  Because  the  particle's  position  and  velocity  vectors  are  contained  in  the  same 
plane,  the  particle's  motion  is  contained  entirely  in  the  plane  normal  to  the  angular 
momentum  vector. 

This  result  is  quite  general:  if  a  particle  is  subjected  to  forces  with  a  line  of  action 
passing  through  a  fixed  inertial  point,  its  trajectory  is  contained  in  the  plane  normal 
to  the  initial  angular  momentum  vector.  In  particular,  if  a  particle  is  subjected  to  a 
central  force,  its  trajectory  lies  in  the  plane  normal  to  the  initial  angular  momentum 
vector  In  the  present  example,  the  force  associated  with  the  elastic  spring  is  a  central 
force,  whereas  that  associated  with  the  dashpot  is  not. 

The  solution  of  the  problem  is  now  considerably  simplified.  Without  loss  gen- 
erality, axis  i^  is  selected  to  be  along  -ff^g  ^^'^  hence,  <p  =  7r/2,  4>  =  G,  Vq  = 
roll  +  roOoi2,  and  iJ^g  ~  "^^n^o*3-  The  constancy  of  the  angular  momentum  then 
implies  iJ^  =  mr'^Oi^  =  mrg^o^s,  or  r^O  =  rf^Oo-  The  first  equation  of  motion  now 
becomes  m{f  —  rO'^)  =  —k{r—ro)  —  cf,  whereas  the  last  two  are  identically  satisfied. 
It  is  convenient  to  introduce  the  following  parameters:  Q  =  \Jk/m,  the  frequency 
of  the  spring  mass  system,  Q  =  cm/(2J7),  the  damping  ratio  of  the  dashpot  and 
T  =  Qt,  the  non-dimensional  time. 

The  equations  of  motion  then  reduce  to  r"  —  rO'^  =  — (r  —  tq)  —  2C,r' ,  and 
r'^0'  =  Tq^q,  where  notation  (•)'  indicates  a  derivative  with  respect  to  r.  Finally,  the 
non-dimensional  position  of  the  particle  is  introduced,  f  =  r/ro,  and  the  equations  of 
motion  simply  become  f"  =  ff^  jr^  —  (f  —  1)  —  2C_f'  and  Q'  =  O'^/f'^,  respectively; 
the  initial  conditions  are  f{t  =  0)  =  1,  f'{t  =  0)  =  {}iVQ)/{^ro),  and  9'o  = 
{ilvo)/{Qro). 

Example  3.3.  Particle  sliding  on  a  helix 

Consider  the  motion  of  a  particle  sliding  without  friction  along  the  helix  depicted  in 
fig.  2.3.  Gravity  acts  down,  in  the  opposite  direction  of  axis  13.  Since  the  particle  is 
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constrained  to  move  along  the  helix,  a  constraint  force  is  applied  to  the  particle.  This 
force  acts  in  the  plane  normal  to  the  curve,  i.e.,  it  has  components  along  the  normal 
and  binormal  vectors,  but  not  along  the  tangent  vector. 
Newton's  second  law  then  implies 

—mgi3  +  FnU  +  Fi,b  =  mist  H n), 

P 

where  f  „  and  Fb  are  the  components  of  the  reaction  force  in  the  normal  and  binor- 
mal directions,  respectively,  and  the  components  of  the  acceleration  vector  are  ex- 
pressed in  terms  of  path  coordinates,  eq.  (2.34).  The  application  of  Newton's  second 
law  requires  the  consideration  of  all  externally  applied  forces  acting  on  the  particle, 
including  the  reaction  forces. 

Projecting  this  equation  along  the  tangent  direction  and  using  eq.  (2.25)  yields 

-T-  ^9 

s  =  —at   «3  = , 

Va2  +  B 

The  particle  slides  down  the  helix  acted  upon  by  an  "apparent  gravity," 
kgl\/(i?  +  W'.  The  equation  of  motion  is  expressed  in  terms  of  the  curvilinear  coor- 
dinate s;  it  can  be  readily  modified  to  be  expressed  in  terms  of  parameter  r\  defined 
in  fig.  2.3.  Indeed,  using  the  results  established  in  example  2.1,  s  =  rjVoF+k^  and 
s  =  r]\/a?  +  h?-.  It  follows  that  r]  =  —kg/{a^  +  fc^). 

Projecting  Newton's  law  along  the  normal  and  binormal  vectors  yields 

mga 


Ft, 


respectively.  The  normal  component  of  the  constraint  force  stems  from  the  normal 
component  of  acceleration.  Because  the  component  of  acceleration  in  the  binormal 
direction  vanishes,  the  corresponding  component  of  the  constraint  force  is  solely  due 
to  the  gravity  component  in  that  direction. 

Example  3.4.  Particle  sliding  on  a  spherical  surface 

Consider  the  motion  of  a  particle  sliding  on  the  spherical  surface  depicted  in  fig.  2.10. 
Gravity  acts  down,  in  the  opposite  direction  of  axis  i^.  Since  the  particle  is  con- 
strained to  move  on  the  spherical  surface,  a  constraint  force  is  applied  to  the  particle. 
This  force  acts  in  the  direction  normal  to  the  surface,  i.e.,  it  has  a  single  component 
along  the  surface  normal. 

Using  the  surface  coordinates  introduced  in  section  2.5  for  a  sphere,  see  exam- 
ple 2.4,  Newton's  second  law  states  that 


-mgi^i  +  F„n  : 


(si  -  ;^)ei  +  (S2  +  -^)e2  -  ^-fT^n 

J-2  -L2  -K 


(3.45) 


where  F„  is  the  magnitude  of  the  reaction  force  in  the  normal  direction.  For  a  sphere, 
the  following  results  were  derived  in  example  2.4,  1/Ri  =  I/R2  =  —l/R  and 
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l/Ti  =  0.  Projecting  this  equation  along  unit  vectors  ei  and  62  yields  s'l  —  s\/T2  = 
gsmrji  and  S2  +  S1S2/T2  =  0,  respectively. 

The  equations  of  motion  are  expressed  in  terms  of  the  curvilinear  coordinates,  si 
and  S2 ,  but  can  be  readily  modified  to  be  expressed  in  terms  of  the  surface  coordinates 
?7i  and  772-  Indeed,  si  =  Rfji  and  S2  =  Rfj2  sin  771.  Introducing  the  expression  for 
the  twist  of  the  spherical  surface,  eq.  (2.66),  then  yields 

■■2  9 

f/i  —  ?72  sin 7]i  cos  771  =  —  sin  ?7i ,      7/2  sinT^i  +  2?)i?72  cos7]i  =  0.  (3.46) 

it 

Projecting  Newton's  law  along  the  normal  vector  yields 

F„  =  m  (  5  cos  r/i  -  ^-^  j  .  (3.47) 

The  magnitude  of  the  constraint  force  stems  from  the  normal  component  of  acceler- 
ation and  from  the  component  of  the  gravity  force  in  that  direction. 

For  small  motions  of  the  particle  near  the  lowest  point  on  the  sphere,  i.e  for 
?7i  =  TT  +  fyi ,  7)1  <^  1.  The  equations  of  motion  can  be  linearized  as  fji  +gfii/R  =  0, 
the  well  known  equation  governing  the  small  amplitude  motion  of  a  pendulum  under 
gravity. 

The  same  results  could  have  been  obtained  using  spherical  coordinates,  see  sec- 
tion 2.7.2,  instead  of  surface  coordinates;  the  fact  that  the  particle  is  moving  on  the 
surface  of  a  sphere  then  implies  r  =  0. 


3.2.5  Problems 

Problem  3.1.  Simple  spring  mass  system 

Consider  a  simple  spring  mass  system:  a  particle  of  mass  m  is  connected  to  a  spring  of  stiffness 
k  and  a  gravity  field  with  an  acceleration  g  is  acting  on  the  system.  At  time  to,  the  system 
is  at  rest  and  the  spring  is  un-stretched.  Consider  the  following  two  scenarios.  Scenario  1: 
the  mass  is  released  from  rest  and  oscillates  freely  thereafter.  Scenario  2:  the  mass  is  slowly 
brought  to  its  static  equilibrium  position.  (1)  Find  the  maximum  displacement  of  the  particle 
for  scenario  1.  (2)  Find  the  maximum  displacement  of  the  particle  for  scenario  2.  (3)  If  there 
exist  any  difference  in  the  maximum  displacements  for  scenarios  1  and  2,  give  work  and 
energy  arguments  to  justify  the  discrepancy. 

Problem  3.2.  Work  done  by  conservative  forces 

Prove  that  the  work  done  by  a  conservative  force  applied  to  a  particle  between  times  ti  and  tf 
is  independent  of  the  path  of  the  particle  during  that  time. 

Problem  3.3.  Is  a  constant  force  a  conservative  force? 

Is  a  constant  force  a  conservative  force?  If  yes,  find  the  potential  of  this  force. 

Problem  3.4.  Particle  subjected  to  friction  forces 

Consider  a  particle  of  mass  jti  =  1  kg  subjected  to  a  friction  force  F_f  ~  —kvv,  where  k  is 
the  friction  coefficient  and  v  —  \\v\\.  The  particle  is  also  subjected  to  gravity  forces  (g  =  9.81 
m/s^),  see  fig.  3.15.  At  time  t  —  0,  the  particle  is  launched  with  an  initial  speed  vq  =  100  m/s 
with  an  angle  6  =  30  deg  with  respect  to  the  horizontal.  (1)  Write  the  equations  of  motion  for 
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the  particle.  (2)  Solve  these  equations  for  k  =  0,  0.001,  and  0.002  kg/m.  (3)  Plot  the  trajectory 
of  the  particle  for  the  three  cases  on  the  same  graph.  (4)  Determine  the  distance  d  and  the 
maximum  height  h  from  the  computed  trajectory.  (5)  Plot  d  and  hus  a  function  of  the  friction 
coefficient  k  G  [0,  0.003]  kg/m. 


Fig.  3.15.  Particle  subjected  to  friction. 


Fig.  3.16.  Particle  in  a  slot  on  a  rotating  disk. 


Problem  3.5.  Particle  in  a  slot  on  a  rotating  disk 

Figure  3.16  depicts  a  disk  rotating  in  a  vertical  plane  at  a  constant  angular  speed,  (j)  —  O, 
around  inertial  point  O.  Mass  m  is  free  to  slide  in  a  radial  slot  on  the  disk  and  is  connected  to 
the  center  of  the  disk  by  means  of  a  spring  of  stiffness  constant  k  and  a  dashpot  of  constant 
c.  The  system  is  subjected  to  gravity  and  a  torque,  Q,  is  applied  to  the  disk.  The  spring's  un- 
stretched  length  is  denoted  xq.  (1)  Derive  the  equation  of  motion  of  the  system  in  terms  of 
distance  x  from  point  O  to  the  particle.  (2)  Find  the  horizontal  and  vertical  components  of  the 
reaction  force  at  point  O.  (3)  Find  the  applied  torque,  Q,  required  to  maintain  this  constant 
angular  speed. 

Problem  3.6.  Free  falling  parachute 

Figure  3.17  shows  a  payload  of  mass  m  —  120  kg  attached  to  a  parachute.  The  payload  is 
dropped  from  an  altitude  h  =  1000  m  with  a  horizontal  velocity  of  magnitude  vq  —  100 
m/s.  The  payload  is  subjected  to  a  drag  force  F_^  =  —1/2  C'dpA  vv,  where  Cd  ~  1-42 
is  the  drag  coefficient,  p  =  1.23  kg/m^  the  air  density,  A  =  ttD'^  /4  the  cross-sectional 
area  of  the  parachute,  and  D  its  diameter.  The  velocity  vector  is  denoted  i;  and  the  speed  is 
"  —  lllill-  The  payload  is  also  subjected  to  gravity  forces  (g  =  9.81  m/s^),  see  fig.  3.17. 
(1)  Write  the  equations  of  motion  for  the  payload.  (2)  Solve  these  equations  numerically  for 
parachutes  of  diameter  D  =  3,  4,  and  6  m.  (3)  Plot  the  horizontal  position  of  the  payload  for 
the  three  cases  on  the  same  graph.  (4)  Plot  the  vertical  position  of  the  payload  for  the  three 
cases  on  the  same  graph.  (5)  Plot  the  horizontal  velocity  of  the  payload  for  the  three  cases  on 
the  same  graph.  (6)  Plot  the  vertical  velocity  of  the  payload  for  the  three  cases  on  the  same 
graph.  (7)  Find  an  analytical  expression  for  the  constant  horizontal  velocity  that  is  eventually 
reached  by  the  payload.  (8)  Find  an  analytical  expression  for  the  constant  vertical  velocity 
that  is  eventually  reached  by  the  payload.  (9)  Based  on  this  constant  vertical  velocity,  find  an 
analytical  expression  for  the  time  it  takes  for  the  payload  to  reach  the  ground.  (10)  Compute 
the  time  to  reach  the  ground  as  a  function  of  parachute  diameter  D  (z  [3,  6]  m.  On  the  same 
graph,  plot  the  numerical  and  analytical  solutions.  (11)  Compute  the  final  vertical  velocity  as 
a  function  of  parachute  diameter  D  (z  [3,  6]  m.  On  the  same  graph,  plot  the  numerical  and 
analytical  solutions 

Problem  3.7.  Pendulum  under  gravity  forces 

Consider  a  pendulum  with  a  bob  of  mass  m  —  1.5  kg,  length  £  —  0.75  m  and  subjected  to 
gravity  forces  (g  —  9.81  m/s^).  The  pendulum  is  released  from  rest  with  6  =  0,  see  fig.  3.18. 
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Fig.  3.17.  Parachute  subject  to  drag  force. 


Fig.  3.18.  Pendulum  under  gravity  forces. 


(1)  Write  the  equations  of  motion  for  the  pendulum.  (2)  Solve  these  equations  numerically. 
fijPlot  the  angular  motion  6  and  angular  velocity  6  as  functions  of  time  on  two  separate 
graphs.  (4)  Compute  and  plot  the  tension  in  the  cord  as  a  function  of  time.  (5)  On  one  graph, 
plot  the  kinetic  energy,  potential  energy,  and  total  mechanical  energy  of  the  system  versus 
time.  (6)  Plot  the  total  mechanical  energy  of  the  system  versus  time.  Does  it  remain  constant? 
Comment  on  your  results 

Problem  3.8.  Inverted  pendulum 

Consider  an  inverted  pendulum  with  a  bob  of  mass  m  —  1  kg.  A  massless,  rigid  bar  of  length 
(.  —  Im  supports  the  bob.  Gravity,  g  —  9.81  m/s^,  acts  in  the  direction  indicated  on  fig.  3.19. 
A  torsional  spring  of  stiffness  A:  =  10  N-m/rad  is  located  at  point  O  and  applies  a  moment 
M  =  —kO  on  the  rigid  bar.  The  pendulum  is  released  from  ^  =  0,  with  an  initial  speed  iiq  =  2 
m/s  to  the  right,  see  fig.  3.19.  (1)  Write  the  equations  of  motion  for  the  system.  (2)  Solve  these 
equations  numerically.  (3)  Plot  the  angular  motion  0  as  a  function  of  time.  (4)  Plot  the  angular 
velocity  6  as  a  function  of  time.  (5)  Plot  the  load  in  the  rigid  bar  as  a  function  of  time.  (6)  On 
one  graph,  plot  the  kinetic  energy,  potential  energy,  strain  energy,  and  total  mechanical  energy 
of  the  system  versus  time.  (7)  On  one  graph,  plot  the  total  mechanical  energy  of  the  system 
versus  time.  Does  it  remain  constant?  Comment  on  your  results.  (8)  Consider  two  states  ot 
the  system:  the  initial  configuration,  (6*  —  0),  and  a  final  configuration,  (6  =  Of),  where  the 
angle  Of  is  maximum.  Find  the  maximum  angular  deflection,  6f.  Check  your  answer  against 
the  numerical  simulation. 


Present 
configuration 


Initial 
configuration 


Fig.  3.19.  Inverted  pendulum  under  gravity       Fig.  3.20.  Particle  connected  to  the  ground  by 
forces.  a  spring  and  damper. 
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Problem  3.9.  Particle  connected  to  the  ground  with  spring  and  damper 

A  particle  of  mass  m  is  connected  to  the  ground  by  a  spring  of  stiffness  k  and  a  damper  of 
constant  c.  The  initial  configuration  of  the  system  is  indicated  on  fig.  3.20,  and  the  initial 
velocity  vector  is  v^.  The  following  quantities  are  defined:  i?^  —  k/m  and  c  —  2mfiC,.  For 
this  problem,  it  is  convenient  to  use  the  polar  coordinate  system  indicated  on  the  figure.  (1) 
Set  up  the  equations  of  motion  of  the  system.  (2)  Plot  f  =  r/ro  as  a  function  of  the  non- 
dimensional  time  r  =  QtfovT  G  [0,  207r].  fi^  Plot  S(r).  (4j  Plot  the  trajectory  of  the  particle 
in  space.  (5)  Plot  the  history  of  the  non-dimensional  angular  velocity  0(t)  =  6/ Q.  (6)  Plot 
the  history  of  the  components  of  the  velocity  vector  in  the  inertial  frame,  Vx  ~  Vx/(Oro) 
and  Vy  —  Vy/[firo).  (7)  Plot  the  history  of  the  non-dimensional  total  mechanical  energy  of 
the  system  E{t)  —  E /(mQ'^rQ);  comment  your  result.  (8)  Compute  the  non-dimensiontil 
cumulative  energy  dissipated  in  the  damper  W{t)  —  W/{mfi'^ro).  (9)  Plot  the  history  of 
the  quantity  E(t)  +  W{t);  comment  your  result.  Use  the  following  data:  (  —  0.05;  at  time 
T  =  0,  Vg/{nro)  =  1.2  ii  +  0.8  i2,  00  =  0  and  r{t  =  0)/ro  =  1;  the  un-stretched  length  of 
the  spring  is  ro- 

Problem  3.10.  Particle  sliding  along  a  curve 

A  particle  of  mass  m  freely  slides  along  a  given  curve  C  in  three-dimensional  space.  A  point 
on  the  curve  has  a  position  vector  p  (s).  Find  the  equation  of  motion  for  the  particle  if  it  is 
subjected  to  externally  applied  forces  Fit).  What  are  the  components  of  the  constraint  force 
acting  on  the  particle. 

Problem  3.11.  Particle  sliding  along  a  helix 

A  particle  slides  along  a  helix  and  is  subjected  to  a  gravity  force  acting  along  the  ii  direction, 
see  fig.  2.3.  Find  the  equation  of  motion  for  the  particle  in  terms  of  the  parameter  rj.  If  the 
initial  condition  at  t  =  0  are  77  =  0  and  rj  —  vo/y/a^  +  fc^,  find  the  minimum  value  of  vq 
such  that  the  particle  proceeds  along  the  helix  with  77  >  0  at  all  time. 

Problem  3.12.  Particle  sliding  along  a  circular  ring 

Figure  3.21  depicts  a  particle  of  mass  m  sliding  along  a  circular  ring  under  the  effect  of  gravity. 
The  ring  rotates  on  two  bearing  about  an  axis  parallel  to  13;  a  torque  Q{t),  acting  about  axis  13, 
is  applied  to  the  ring.  (1)  Find  the  equations  of  motion  for  the  particle.  (2)  Write  the  expression 
for  the  potential  of  the  gravity  forces.  (3)  Write  the  expression  for  the  kinetic  energy  of  the 
particle.  (4)  Write  the  expression  for  the  work  done  by  the  applied  torque  Q{t). 

Problem  3.13.  Particle  sliding  along  a  circular  ring 

Figure  3.21  depicts  a  particle  of  mass  m  sliding  along  a  circular  ring  under  the  effect  of  gravity. 
The  ring  rotates  on  two  bearing  about  an  axis  parallel  to  13;  a  torque  Q{t),  acting  about  axis  13, 
is  applied  to  the  ring.  (1)  Find  the  equations  of  motion  for  the  particle  based  on  the  principle 
of  impulse  and  momentum. 

Problem  3.14.  Particle  in  a  massless  tube 

Figure  3.22  shows  a  particle  of  mass  m  sliding  in  a  massless  tube  is  connected  to  a  spring 
of  stiffness  kr  and  a  damper  of  constant  Cr-  The  un-stretched  length  of  the  spring  is  ro.  A 
spherical  coordinate  system  r,  (j)  and  6  with  corresponding  unit  vectors  ei,  62  and  63  will 
be  convenient  to  use.  The  spring/damper  assembly  is  attached  to  the  ground  at  point  A  by 
means  of  a  joint  that  allows  rotation  about  axis  £3.  This  joint  features  a  torsional  spring  of 
stiffness  k^  and  a  torsional  damper  of  constant  c^.  The  torsional  spring  is  un-stretched  when 
<f>  =  7r/2.  The  angle  6  has  a  prescribed  schedule  9{t)  =  cut.  The  following  quantities  are 
defined:  the  non-dimensional  time  r  —  cut,  the  axial  spring  frequency  Or  —  y^kr/m,  and 
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Fig.  3.22.  Particle  connected  to  the  ground  by 
Fig.  3.21.  Particle  sliding  on  a  circular  ring.        a  spring,  damper  and  revolute  joint. 
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its  critical  damping  ratio  (^,.  —  Cr/{2mQr),  the  torsional  spring  frequency  Q,f,  =  ^j  k^|rar^ 
and  its  critical  damping  ratio  C,^  —  c^ji^rar^Q^).  (1)  Set  up  the  equations  of  motion  of 
the  system.  (2)  Plot  f  —  r/ro  as  a  function  of  the  non-dimensional  time  r  e  [0,  207r]. 
(3)  Plot  (^(r).  (4)  Plot  the  trajectory  of  the  particle  in  three-dimensional  space.  (5)  Plot  the 
history  of  the  non-dimensional  force  F3  =  F3 / {mrou)^)  that  the  massless  tube  applies  on 
the  particle.  (6)  Plot  the  history  of  the  non-dimensional  total  mechanical  energy  of  the  sys- 
tem E{t)  —  E / (mrQU!^);  comment  your  result.  (7)  Plot  the  history  of  the  cumulative  non- 
dimensional  energy  dissipated  in  the  dampers  W^''(r)  —  W^ /{mrQUj^).  (8)  Plot  the  history 
of  cumulative  non-dimensional  work  W^'  —  W^' /(mrQUj^)  done  by  the  torque  required  to 
prescribe  9{t)  =  ut.  (9)  Plot  the  history  of  the  quantity  E{r)  +  W'^{r)  -  W'^' (t);  comment 
your  result.  Use  the  following  data:  i7r  ~  Or/i^J  =  5,  (r  ~  0.05;  O,/,  —  il^/uj  =  1.5, 
C(/>  —  0.05;  at  time  t  —  0,  Vg/iioro)  —  0.6  ti  +  li2  +  0.75  13,  (jio  ~  7i"/2  and  r/ro  ~  1- 

Problem  3.15.  Particle  moving  on  a  track 

Figure  3.23  shows  particle  of  mass  m  moving  on  a  track  defined  by  a  curve  C  while  con- 
strained to  remain  within  a  slot  inside  a  massless  arm.  The  massless  arm  is  prescribed  to 
move  at  a  constant  angular  speed,  6  —  O.  (1)  Plot  the  radial  location,  r/R,  of  the  particle 
as  a  function  of  6.  (2)  Plot  the  moment  ffi  —  M / {mE? O^)  necessary  to  drive  the  system 
at  a  constant  angular  speed.  (3)  Plot  the  non-dimensional  normal  force  F„  =  F„/(m_Ri7^) 
the  curved  track  applies  on  the  particle.  (4)  Determine  the  minimum  stiffness  of  the  spring, 
i.e.,  the  minimum  non-dimensional  frequency  fi,  for  which  the  particle  remains  on  the  track 
at  all  times.  The  curve  is  defined  in  the  polar  coordinate  system  as  po{9)  =  r{6)e\,  where 
r{9)  =  R  —  b  cos  N6.  It  will  be  convenient  to  define  the  normal  to  the  curve  as  n  =  Tgf, 
where  i  is  the  tangent  to  the  curve.  Use  the  following  data:  b  =  b/R  —  0.25;  A^  =  6; 
cj^  —  k/m;  Q  —  ujQ  —  3.  The  spring  is  un-stretched  when  r  =  0.  At  time  t  =  0,6  =  0. 

Problem  3.16.  Particle  moving  on  a  track 

Figure  3.23  shows  particle  of  mass  m  moving  on  a  track  defined  by  a  curve  C  while  con- 
strained to  remain  within  a  slot  inside  a  massless  arm.  A  moment,  A/,  is  applied  to  the  arm 
at  point  O.  (1)  Plot  the  time  history  of  the  angle  6.  (2)  Plot  the  angular  speed  6/ijj.  (3)  Plot 
the  normal  force  _F„  —  Fn/{mRLo'^)  the  curved  track  applies  on  the  particle.  (4)  Plot  the 
total  mechanical  energy  of  the  system,  E  —  E/{mR^u)^).  Discuss  your  results.  (5)  Com- 
pare the  responses  of  the  system  at  Mo  =  0.75  and  0.80.  Explain  your  results.  The  curve 


84 


3  Basic  principles 


is  defined  in  the  polar  coordinate  system  as  po{d)  —  r{6)ei,  where  r{6)  —  R  —  bcosNO. 
It  will  be  convenient  to  define  the  normal  to  the  curve  as  fi  =  Tat,  where  i  is  the  tangent  to 
the  curve.  Use  the  following  data:  b  =  b/R  =  0.25;  N  =  6;  cv^  —  k/m.  The  spring  is 
un-stretched  when  r  =  0.  At  time  t  =  0,  6  —  0  and  9  =  0.  The  applied  moment  is  given  as 
M  =  M/{mR^u]^)  =  Afo(l  —  cos  r)  for  t  <  2tt  and  m  =  0  for  r  >  2%,  where  t  =  a;t  is 
the  non-dimensional  time  and  Mq  =  0.75.  Simulate  the  system  for  r  e  [0,  Gtt]. 


Fig.  3.23.  Particle  moving  on  a  track. 


Fig.  3.24.  Particle  connected  to  a  spring  with 
unilateral  contact  to  a  horizontal  plane. 


Problem  3.17.  Particle  with  unilateral  contact 

The  particle  of  mass  m  depicted  in  fig.  3.24  is  subjected  to  a  gravity  field  of  acceleration  g 
and  is  connected  to  a  spring  of  stiffness  k  and  un-stretched  length  h.  The  spring  is  attached  to 
inertial  point  A,  located  a  distance  h  above  point  O.  A  unilateral  contact  condition  is  imposed 
on  the  particle  by  the  horizontal  plane  V  =  (0,i2);  this  means  that  the  particle  can  only 
move  in  the  half-space  above  this  plane.  At  the  initial  time,  the  particle  is  at  point  O  and  has  a 
velocity  t;(t  =  0)  =  iiqii.  fij  Write  the  equation  of  motionfor  the  particle  while  it  is  in  contact 
with  the  plane.  (2)  Plot  the  non-dimensional  position  of  the  particle  as  a  function  of  non- 
dimensional  time.  (3)  Plot  the  non-dimensional  velocity  of  the  particle  as  a  function  of  non- 
dimensional  time.  (4)  Find  the  time  at  which  the  particle  leaves  the  plane  and  its  corresponding 
position  and  velocity.  (5)  Under  what  condition  will  the  particle  always  remain  on  the  plane 
for  any  magnitude  of  the  initial  velocity  uq?  (6)  Find  the  time  at  which  the  particle  will  first 
hit  the  plane  after  leaving  it.  (7)  Plot  the  trajectory  of  the  particle  during  its  free  flight.  Use  the 
following  data:  ^;o  =  vo/{ujh)  =  l\g  =  mg/{kh)  =  0.25;  u)^  =  k/m.  Use  the  following 
non-dimensional  time  r  =  cot.  All  lengths  are  non-dimensionalized  by  h,  velocities  by  ujh. 

Problem  3.18.  Particle  moving  on  a  parabolic  surface  of  revolution 

Figure  2.11  shows  a  particle  sliding  on  a  parabolic  surface  of  revolution  and  subjected  to 
a  gravity  force  acting  along  the  negative  is  direction.  This  surface  is  defined  by  the  position 
vector  of  one  of  its  points,  p  =  r  cos  (j)ii+r  sin  (f>i2  +  ar^i3,  where  r  >  0  and  0  <  <^  <  27r. 
The  following  notation  was  used  r]i  =  r  and  772  =  <!>■  (1)  Find  the  equation  of  motion  for  the 
particle  in  terms  of  the  surface  coordinates  r  and  (j).  (2)  Find  the  constraint  force  acting  on  the 
particle. 


Problem  3.19.  Particle  sliding  on  a  linear  spiral 

A  particle  of  mass  m  is  sliding  along  a  linear  spiral,  as  defined  in  example  2.2,  under  the 
effect  of  gravity  acting  down  along  the  12  axis,  see  fig.  2.4.  (1)  Derive  the  governing  equation 
of  motion  using  Newton's  law.  (2)  Plot  the  angle  S  as  a  function  of  time.  (3)  Plot  the  S  as  a 
function  of  time.  (4)  Plot  the  time  history  of  the  magnitude  of  the  normal  reaction  force  that 
the  spiral  applies  to  the  particle.  (5)  On  one  graph,  plot  the  time  history  of  the  kinetic  energy 
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of  the  particle,  its  potential  energy,  and  its  total  mechanical  energy.  (6)  Derive  the  governing 
equation  of  motion  of  the  particle  from  the  principle  of  work  and  energy.  Use  the  following 
data:  m  =  2.5  kg;  a  =  0.2  m;  p  =  9.81  m/s^.  At  time  i  =  0,  S  =  0  and  ^  =  50  rad/s.  Present 
all  your  results  for  t  e  [0, 15]  s. 

Problem  3.20.  Bungee  jumping 

A  man  of  mass  m  is  jumping  off  a  bridge  while  attached  to  a  bungee  cord  of  un-stretched 
length  do,  as  described  in  example  3.1.  An  inertial  frame,  J^  —  [0,X  =  (ii,  12)],  is  attached 
to  the  bridge.  The  man  is  jumping  from  point  O  with  an  initial  velocity,  vq,  oriented  along 
horizontal  axis  12,  and  the  acceleration  of  gravity  is  acting  along  vertical  axis  ii.  In  the  devel- 
opments presented  in  example  3.1,  the  effect  of  air  friction  on  the  man  was  ignored.  In  this 
problem,  these  forces  will  be  taken  into  account  in  an  approximate  manner  applying  to  the 
man  a  drag  force,  F_^  =  —1/2  CdpA  ||l^||l^,  where  Cd  is  the  non-dimensional  drag  coeffi- 
cient, p  the  air  density,  and  A  the  man's  cross-sectional  area.  This  drag  force  is  at  all  times 
proportional  to  the  square  of  the  speed,  aligned  with  the  velocity  vector,  and  oriented  in  the 
direction  opposite  to  the  velocity  vector.  (1)  Derive  the  equation  of  motion  for  the  free  fall 
portion  of  the  man's  trajectory.  Solve  the  equations  numerically  to  find  the  time  rt  at  which 
the  bungee  becomes  taught.  (2)  Derive  the  equations  of  motion  once  the  bungee  is  taut.  Solve 
the  equations  numerically.  (3)  On  one  graph,  plot  the  components  xi  and  X2  of  the  man's 
position  vector  as  functions  of  r.  (4)  Plot  the  trajectory  of  the  man.  (5)  On  one  graph,  plot 
the  components  vi  and  V2  of  the  velocity  vector  as  functions  of  r.  (6)  Plot  the  stretch  of 
the  bungee  as  a  function  of  r.  (7)  On  one  graph,  plot  the  non-dimensional  kinetic  energy, 
K  =  K/{mvQ),  potential  energy,  V  —  V/{mvQ),  and  total  potential  energy  E  —  K  +  V. 
(8)  Determine  the  non-dimensional  time  at  which  the  bungee  becomes  slack  again.  Use  the 
following  non-dimensional  quantities:  xi  =  xi/do,  X2  =  X2/do;  vi  =  ui/tJo,  V2  ~  t'2/i'o; 
use  the  non-dimensional  time  r  —  vot/do-  Use  the  following  data:  g  —  gdo/vQ  —  10, 
ko  =  kodQ/{mvo)  —  60,  Cd  ~  0.47  and  p.  —  pAdo/m  —  0.03.  Present  all  your  results  for 
re  [0,3.5rt]. 


3.3  Contact  forces 

When  dealing  with  particle  dynamics,  it  is  often  the  case  that  the  particle  is  in  contact 
with  another  body.  Contact  can  be  of  a  continuous  nature;  for  instance,  a  particle  is 
moving  while  in  continuous  contact  with  a  curve  or  a  surface,  see  example  3.3  or  3.4, 
respectively.  Contact  could  also  be  of  an  intermittent  nature,  such  as,  for  instance, 
the  impact  of  a  particle  on  an  obstacle.  These  contact  forces  are  forces  acting  on  the 
particle,  which  must  therefore  be  included  in  the  statement  of  Newton's  second  law 
when  studying  the  dynamic  response  of  the  particle.  Both  magnitude  and  direction 
of  these  forces  must  be  studied  to  properly  state  Newton's  second  law. 

The  kinematics  of  contact  of  a  particle  with  a  surface  and  a  curve  will  be  stud- 
ied first  in  sections  3.3.1  and  3.3.2,  respectively;  contact  forces  are  categorized  into 
normal  and  tangential  contact  forces.  Next,  the  magnitudes  of  these  forces  will  be 
studied  in  section  3.3.3.  Typically,  constitutive  laws  are  postulated  that  relate  the 
magnitude  of  the  contact  forces  to  contact  parameters.  For  instance.  Coulomb's  fric- 
tion law  relates  the  friction  force  to  both  normal  force  and  relative  velocity  of  the 
particle  with  respect  to  surface  it  is  in  contact  with. 
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3.3.1  Kinematics  of  particles  in  contact  with  a  surface 

Figure  3.25  depicts  a  particle  of  mass  m  in  continuous  contact  with  surface  §  at  point 
P.  The  differential  geometry  of  a  surface  was  studied  in  details  in  section  2.4,  and 
it  is  assumed  here  that  parameters  r;i  and  772  define  the  lines  of  curvature  presented 
section  2.4.5.  Unit  vectors  ei  and  (=2  given  by  eq.  (2.55)  define  the  plane  tangent  to 
the  surface  at  point  P.  The  normal  to  the  surface  is  now  defined  as  n  =  ei 62  and 
£  =  (ei,  62,  fi)  forms  an  orthonormal  basis. 


Tangent 
plane 


Surface's 
free  body 
diagram 


Fig.  3.25.  Particle  moving  on  a  surface. 


Particle's 
free  body 
diagram 


The  contact  force,  F*^,  between  the  particle  and  the  surface  is  conveniently  di- 
vided into  two  components,  the  normal  contact  force,  _F"  =  F^^fi,  which  acts  along 
the  normal  to  the  surface,  and  the  tangential  contact  force,  _F*  =  F^ei  +i^|e2,  which 
acts  in  the  plane  tangent  to  the  surface.  Hence,  the  contact  force  is  written  as 


pc  ^  pa  _^pt  ^  pn^  j^  ^pt-_^  _^  pt-^^^ 


(3.48) 


Imagine  first  that  the  particle  slides  over  the  surface  without  any  friction:  the 
tangential  contact  forces  vanish  in  eq.  (3.48).  Further  assume  that  the  surface  on 
which  the  particle  slides  is  a  plane.  If  the  particle  slides  on  this  plane  under  the  effect 
of  externally  applied  forces  acting  in  the  same  plane,  .F"  =  Ff  ei+F^e2,  the  normal 
contact  force  also  vanishes.  Indeed,  Newton's  law  now  reduces  to  Ff  ei  +  ^2^62  + 
On  =  m[xiei  +  £2^2  +  On):  both  externally  applied  forces  and  accelerations  vanish 
along  the  normal  direction. 

Consider  now  the  same  particle  sliding  on  a  curved  surface  under  the  effect  of  ex- 
ternal forces  applied  in  the  plane  tangent  to  the  surface;  Newton's  law  now  becomes 
Ffei  +  F|'e2  +  F'^n  =  m{aiei  +  0262  +  anfi),  where  the  acceleration  components 
are  given  by  eq.  (2.68).  Since  the  particle  has  to  follow  the  curvature  of  the  surface, 
the  acceleration  component  in  the  normal  direction,  a„,  does  not  vanish,  and  the  nor- 
mal contact  force,  F",  is  necessary  to  equilibrate  the  corresponding  inertial  forces. 
The  normal  contact  force  can  be  interpreted  as  the  constraint  force  that  constrains 
the  particle  to  remain  on  the  surface. 

If  the  interface  between  the  particle  and  the  surface  is  rough,  friction  forces  act- 
ing in  the  plane  tangent  to  the  surface  will  appear  in  addition  to  the  normal  contact 
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force.  Figure  3.25  also  gives  free  body  diagrams  for  the  particle  and  surface.  Force 
components  F",  f  *,  and  Fj  are  the  forces  the  surface  applies  to  the  particle.  Note 
that  according  to  Newton's  third  law,  the  particle  applies  equal  and  opposite  forces 
to  the  surface. 


3.3.2  Kinematics  of  particles  in  contact  with  a  curve 

Figure  3.26  shows  a  common  situation  where  a  particle  moves  along  a  curve.  This 
would  be,  for  instance,  the  case  of  a  train  moving  along  its  rails,  or  of  a  roller  coaster 
car  moving  along  its  track.  The  differential  geometry  of  a  curve  was  studied  in  details 
in  section  2.2.  At  point  P  of  the  curve,  it  is  possible  to  define  Frenet's  triad  consisting 
of  the  tangent,  normal,  and  binormal  vectors,  denoted  i,  n,  and  6,  respectively. 


n  ^Curve's\ 
free  body^ 
diagram 

Fig.  3.26.  Paiticle  moving  on  a  curve. 
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The  contact  force,  F_^,  between  the  particle  and  the  curve  is  conveniently  divided 
into  two  components,  the  normal  contact  force,  _F"  =  F"n  +  F^b,  which  acts  in  the 
plane  normal  to  the  curve,  and  the  tangential  contact  force,  F_*  =  FH,  which  acts 
along  the  tangent  to  the  curve.  Hence,  the  contact  force  is  written  as 


F""  =  FH+{F'''n  +  F%). 


(3.49) 


Note  the  different  expressions  for  the  contact  forces  between  a  particle  and  a 
surface,  eq.  (3.48),  and  those  between  a  particle  and  a  curve,  eq.  (3.49).  For  a  surface, 
the  normal  contact  force  has  a  single  component  along  the  normal  to  the  surface, 
whereas  for  a  curve,  the  normal  contact  force  has  two  components  along  the  normal 
and  binormal  to  the  curve.  On  the  other  hand,  for  a  surface,  the  tangential  contact 
force  has  two  components  in  the  plane  tangent  to  the  surface,  whereas  for  a  curve, 
the  tangential  contact  force  has  a  single  component  along  the  tangent  to  the  curve. 

It  is  important  to  distinguish  the  difference  between  unilateral  and  bilateral  con- 
tact. For  instance,  a  train  is  in  unilateral  contact  with  its  rails:  the  train  cannot  go 
through  the  rails,  nothing,  however,  prevents  the  train  from  moving  off  the  rails  in 
the  upward  direction.  Of  course,  gravity  forces  are,  in  general,  sufficient  to  keep  the 
train  on  its  rails.  This  contrasts  with  roller  coasters:  in  this  case,  cars  are  connected  to 
the  track  by  a  set  of  wheels  that  prevent  them  from  running  off  track  in  any  direction. 
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When  dealing  with  unilateral  contact,  it  is  often  important  to  determine  when  a 
particle  will  loose  contact  with  the  surface  or  curve.  Consider,  at  first,  the  case  of  a 
particle  on  a  surface  and  assume  the  particle  can  freely  move  in  the  direction  of  the 
normal  to  the  surface.  In  that  case,  F'"-  is  positive  when  the  particle  is  on  the  surface 
and  the  unilateral  contact  condition  cannot  support  a  negative  normal  force.  Clearly, 
the  particle  is  about  to  leave  the  surface  when  F'"'  =  0. 

In  the  case  of  a  particle  on  a  curve,  the  normal  to  the  curve  is  always  pointing 
to  the  concave  side  of  the  curve:  the  normal  flips  direction  at  an  inflection  point  of 
the  curve.  Due  to  this  discontinuity,  the  condition  i^"  =  0  must  be  applied  with  care 
when  dealing  with  particle  moving  along  a  curve.  For  more  details  about  the  complex 
problems  associated  with  unilateral  contact  conditions  can  be  found  in  the  textbook 
byPfeiffer[6]. 

3.3.3  Constitutive  laws  for  tangential  contact  forces 

The  tangential  contact  forces  are  friction  forces  between  the  particle  and  surface  or 
curve  it  moves  on.  Coulomb's  friction  law  is  commonly  used  to  evaluate  the  friction 
forces,  and  sometimes,  friction  forces  are  assumed  to  be  of  a  viscous  type. 

Coulomb's  friction  law 


Coulomb's  friction  law  has  been  extensively  used  to  model  friction  forces.  It  pos- 
tulates that  the  friction  force  between  the  particle  and  surface  is  proportional  to  the 
absolute  value  of  the  normal  contact  force. 
G.4| — , — , — , — , — , — , — , — , — , — I  The  empirical  coefficient  of  proportion- 

ality, /ifc,  is  called  the  coefficient  of  kinetic 
friction.  The  friction  force  always  acts  in 
the  direction  opposing  the  relative  velocity 
of  the  particle  with  respect  to  the  surface. 
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lrel\ 


RELATIVE  VELOCITY  |m/s| 


where  Vj.^i  is  the  relative  velocity  of  the 
particle  with  respect  to  the  surface  and 
||F"||  =  |F"|,  see  eq.  (3.48). 

In  the  case  of  a  particle  moving  along 
a  curve,  the  relative  velocity  of  the  particle 
with  respect  to  the  curve  is  along  the  tangent  to  the  curve,  i.e.,  FJ  =  F^i,  where 


Fig.  3.27.  Coulomb's  friction  law:  solid 
line;  continuous  friction  law:  dashed  line. 


F^  =  -A*fe||£"||  signKO, 


(3.51) 


where  v^ei  is  the  speed  of  the  particle  with  respect  to  the  curve,  v^.^i  =  Vreit,  and 
||F"||2  =  F"2  +  F^^,  see  eq.  (3.49). 

Sliding  gives  way  to  sticking  when  the  relative  velocity  vanishes.  In  that  case, 
the  magnitude  of  the  friction  force  must  be  smaller  than  that  of  the  normal  contact 
force  times  an  empirical  coefficient  Hs,  the  coefficient  of  static  friction,  or 
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ll^^ll<M.  IIZ"II-  (3.52) 

Figure  3.27  depicts  the  friction  force  as  a  function  of  the  relative  velocity,  for  the 
simple  case  of  a  constant  friction  coefficient  /i^  =  0.3  and  unit  normal  force  i^"  =  1. 
Coulomb's  friction  law  presents  a  discontinuity  of  the  friction  force  at  zero  rel- 
ative velocity,  as  shown  in  fig.  3.27.  This  discontinuity  causes  numerical  difficulties 
in  computer  simulations  and  hence,  various  approximations  to  Coulomb's  law  have 
been  proposed  in  the  literature  [7,  8,  9,  10,  11].  These  various  approximations  can 
be  viewed  as  continuous  friction  laws  that  replace  the  discontinuity  at  zero  relative 
velocity  by  a  smooth,  rapidly  varying  function  of  the  relative  velocity.  A  typical  ex- 
pression for  continuous  friction  laws  is 

Ff  =  -Mfc||£"||  sign(«reO  (1  -  e-|^-'l/"0),  (3.53) 

where  vq  is  a  characteristic  relative  velocity  typically  chosen  to  be  small  compared  to 
the  maximum  relative  velocity  encountered  during  the  simulation.  Figure  3.27  shows 
the  friction  force  corresponding  to  the  continuous  friction  law  for  vq  =  0.5  m/s.  The 
continuous  friction  law  replaces  both  kinetic  and  static  friction  laws. 

Viscous  friction  law 

It  is  sometimes  assumed  that  friction  forces  are  of  a  viscous  type,  i.e.,  the  friction 
forces  are  proportional  to  the  relative  velocity  of  the  particle  with  respect  to  the  sur- 
face or  curve  it  moves  on.  The  coefficient  of  proportionality,  c,  is  called  the  coefficient 
of  viscous  friction,  and  hence 

F^  =  -cv^^j.  (3.54) 

Note  that  the  normal  force  does  not  appear  in  this  expression. 

Coulomb's  friction  is  sometimes  called  "dry  friction,"  as  opposed  to  the  present 
"viscous  friction"  phenomenon.  For  cases  of  friction  between  a  particle  and  a  lubri- 
cated surface,  a  combination  of  dry  and  viscous  frictions  forces  is  often  observed. 
Both  dry  and  viscous  friction  laws  are  approximations  to  the  experimentally  ob- 
served friction  forces.  In  fact,  friction  is  a  very  complex  phenomenon  that  involves 
many,  often  poorly  understood  physical  processes;  the  following  references  give  de- 
tailed descriptions  of  the  friction  process  and  a  wealth  of  experimental  observations 
Rabinowicz  [12],  or  Oden  and  Martins  [13]. 

Example  3.5.  Particle  elastically  suspended  to  a  straight  track 

Consider  a  particle  of  mass  m  suspended  to  a  straight  track  by  means  of  a  spring 
in  parallel  with  a  dashpot  of  constant  c,  as  depicted  in  fig.  3.28.  The  magnitude  of 
the  force  in  the  spring,  i^s,  is  a  nonlinear  function  of  its  stretch,  Fg  =  kiA  +  k^A^, 
where  Z\  =  r  —  rg  is  the  stretch  of  the  spring,  r  the  distance  from  the  particle  to  point 
A,  and  rg  the  un-stretched  length  of  the  spring. 

The  spring-dashpot  system  is  connected  at  point  A  to  a  massless  slider  that  moves 
along  a  straight  track,  which  makes  an  angle  a  with  respect  to  the  horizontal.  The 
motion  of  the  slider  along  the  track  is  prescribed  as  s{t)  =  so  sintut.  Considering 
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Fig.  3.28.  Particle  on  a  straight  track. 

the  free  body  diagram  for  the  particle  illustrated  on  the  right  portion  of  fig.  3.28,  the 
equation  of  motion  of  the  system  is  found  as 


-mgi2 


F. 


m,x, 


where  x^  =  {xi,a;2}  are  the  components  of  the  position  vector  of  the  particle 
resolved  in  the  inertial  frame  J^^  =  [0,X  =  (21,22)],  and  _Fg^  those  of  the  the  force 
vector  applied  to  the  particle  by  the  spring-dashpot  system. 

The  force  in  the  spring-dashpot  system  has  a  line  of  action  that  joins  the  particle 
to  point  A;  the  unit  vector  along  this  line  of  action  is  u  =  [s{t)ei  —  x\/r,  where 
^  =  INCO^i  —  2i||  and  (=1  =  cos  a  ii  +  sin  a  12  is  the  unit  vector  along  the  track. 
The  force  vector  generated  by  the  spring-dashpot  system  is  now  readily  expressed  as 
SLsd  =  [ki^  +  k^^^  +  cA]  u,  where  A  =  r  =  u^{sei  —  x)  is  the  stretch  rate,  i.e., 
the  projection  of  the  relative  velocity  of  the  two  ends  of  the  dashpot,  (sei  —  i),  along 
unit  vector  u  pointing  from  one  end  of  the  damper  to  the  other. 

Because  the  time  history  of  the  slider  motion  is  given,  the  equation  of  motion 
for  the  particle  can  be  integrated  numerically  to  yield  the  response  of  the  system. 
The  following  physical  parameters  are  used:  a  =  7r/6;  sq  =  0.45  m;  a;  =  2  rad/s; 
m  =  1.5  kg;  ro  =  0.25  m;  fci  =  50  N/m,  fcj  =  20  kN/m^;  c  =  2.6  N-s/m;  and 
g  =  9.81  m/s^.  At  the  initial  time,  the  particle  is  at  rest  at  the  following  position: 
X"^  =  {0,  —vq}.  Figure  3.29  shows  the  inertial  position  and  velocity  of  the  particle 
as  a  function  of  time.  The  spring  stretch  and  force,  and  the  damper  stretch  rate  and 
force  are  depicted  in  fig.  3.31  and  3.32,  respectively. 

The  kinetic  energy  of  the  system  is  readily  evaluated  as  i^  =  1/2  m  i  i.  The 
potential  energy  of  the  system  consists  of  two  terms,  the  potential  of  the  gravity 
forces,  mgx2,  and  the  strain  energy  in  the  spring,  leading  to 

V  =  ■mgx2  +  -kiA^  +  -kiA^. 

The  second  term  of  the  strain  energy  expression,  1/4  k^A^,  is  associated  with  the 
nonlinear  force  term  in  the  spring,  k^A^ .  Figure  3.30  shows  the  time  histories  of 
the  kinetic,  potential  and  total  mechanical  energies  of  the  system.  As  expected,  the 
total  mechanical  energy  does  not  remain  constant,  because  the  present  system  is  not 
conservative. 
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Fig.  3.29.  Top  figure.  Particle  position:  xi, 
solid  line  and  X2,  dashed  line.  Bottom  fig- 
ure. Particle  velocity:  vi  —  xi,  solid  line  and 
«2  =  ±2,  dashed  line. 


Fig.  3.30.  System  energies:  kinetic  energy: 
(o);  potential  energy:  (+);  total  mechanical 
energy:  (o). 


TIME  [5| 


Fig.  3.31.  Top  plot:  spring  stretch,  A.  Bottom 
plot:  spring  force,  Fs- 


TIME  |5| 


Fig.  3.32.  Top  plot:  damper  stretch  rate,  A. 
Bottom  plot:  damper  force,  Fd. 


To  verify  the  energy  closure  condition  for  this  system,  the  work  done  by  two 
additional  forces,  the  driving  force  and  the  damper  force,  must  be  brought  into  the 
picture.  The  statement  of  the  problem  specifies  that  "The  motion  of  the  slider  along 
the  track  is  prescribed  as  s{t)  =  sq  sinoj^."  Clearly  a  driving  force  must  be  applied 
to  the  slider,  if  this  desired  motion  is  to  be  achieved.  It  is  implicitly  assumed  that 
a  device  applies  this  force  and  is  sufficiently  powerful  to  instantaneously  generate 
the  required  force  that  achieves  the  desired  motion  of  the  slider.  The  right  portion 
of  fig.  3.28  shows  the  free  body  diagram  for  the  slider,  leading  to  the  following 
equilibrium  equation 


Dei  +  F'=e2  -  F 


■sd 


0, 


where  D{t)  is  the  magnitude  of  the  driving  force  acting  along  the  direction  of  axis 
ei ,  and  F'^  the  magnitude  of  the  force  that  the  track  applies  to  the  slider  along  the 
direction  normal  to  the  track,  62-  Because  the  slider  is  massless,  the  right-hand  side 
of  the  equation  vanishes,  leading  to  a  static  equilibrium  condition. 
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Pre-multiplying  this  equation  by  ej  yields  the  magnitude  of  the  driving  force: 
D  =  efF_^j^.  The  cumulative  work  done  by  this  force  is  now  found  as 


Wd=  f  (De^fidse,)  =  f  Dsdt=  f  (ef F,, 
Jo  Jo  JO 


)sdt. 


Figure.  3.33  shows  the  history  of  the  required  driving  force  together  with  the  work  it 
performs. 


TIME  |s| 


Fig.  3.33.  Top  plot:  history  of  the  driving 
force,  D{t).  Bottom  plot:  cumulative  work 
done  by  the  driving  force,  Wd  ■ 


TIME  |s| 


Fig.  3.34.  Top  plot:  history  of  the  damper 
force,  Fd.  Bottom  plot:  cumulative  work 
done  by  the  damper  force,  W„c- 


As  discussed  in  section  3.2.3,  the  cumulative  work  done  by  the  damper  force  is 

Wnc  =   f  i-cA  uf{u  dA)  =  -  f  cA^  dt. 
Jo  Jo 

This  quantity  represents  the  energy  dissipated  in  the  dashpot.  Figure.  3.34  depicts 
the  history  of  the  damper  force  and  the  work  it  performs.  As  expected,  this  is  a 
monotonically  decreasing  function  of  time,  which  represents  the  amount  of  energy 
dissipated  in  the  damper  in  the  form  of  heat.  Finally,  the  energy  closure  equation  for 
this  problem  writes 

E{t)  -Wd-  Wnc  =  E,. 

Figure  3.35  show  the  various  quantities  in  this  equation:  the  total  mechanical  energy, 
the  work  done  by  the  driving  force,  and  the  energy  dissipated  in  the  damper.  As 
expected,  the  sum  of  these  three  energies  remains  constant  during  the  evolution  of 
the  system,  expressing  the  energy  closure  equation. 


3.3.4  Problems 

Problem  3.21.  Particle  sliding  along  a  slot  in  a  rotating  disk 

Figure  3.36  shows  a  particle  of  mass  m  sliding  along  a  slot  in  a  rotating  disk.  The  disk  rotates  at 
a  constant  angular  velocity,  Q,  while  the  time-dependent  position  of  the  particle  along  the  slot 
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?     \ 


Fig.  3.35.  Total  mechanical  energy  (o),work       Fig.  3.36.  Particle  sliding  along  a  slot  in  a 
done  by  the  driving  force  (D);  energy  dis-       rotating  disk, 
sipated  in  the  damper  (v);  energy  closure 
equation  (o). 


is  prescribed  as  x{t).  (1)  Find  the  driving  torque,  Q{t),  required  to  keep  the  angular  velocity 
of  the  disk  constant.  (2)  Find  the  driving  force,  F''',  required  to  prescribe  to  position  of  the 
particle  along  the  slot.  (3)  Assume  now  that  a  friction  force,  F^ ,  acts  between  the  particle  and 
the  slot;  repeat  questions  (1)  and  (2). 

Problem  3.22.  Particle  sliding  along  a  helix  with  friction 

A  particle  slides  along  a  helix  as  defined  by  eq.  (2.24)  and  is  subjected  to  a  gravity  force 
acting  along  the  —13  direction,  see  fig.  2.3.  The  particle  is  also  subjected  to  a  friction  force 
of  magnitude  Ff  —  fik  \/F^  +  F^,  where  _F„  and  Ft  are  the  components  of  the  constraint 
force  acting  on  the  particle  in  the  normal  and  binormal  directions,  respectively,  and  ^k  the 
kinetic  coefficient  of  friction.  (1)  Find  the  equation  of  motion  for  the  particle.  (2)  Plot  the  time 
history  of  the  particle  curvilinear  coordinate.  (3)  Plot  the  speed  of  the  particle  versus  time.  (4) 
Find  an  analytical  expression  for  the  limit  velocity  of  the  particle,  i.e.,  the  velocity  reached 
by  the  particle  after  it  has  been  sliding  along  the  helix  for  a  long  time.  (5)  Find  an  analytical 
expression  for  the  limit  magnitude  of  the  acceleration  vector.  (6)  What  condition  must  the 
satisfied  by  the  kinetic  coefficient  of  friction  is  the  particle  does  not  remain  stuck.  Use  the 
following  parameters:  non-dimensional  time  r  —  \/a/g  t;  lengths  are  non-dimensionalized 
by  a,  velocities  by  ^/ag,  accelerations  hy  g.k  =  k/a  —  0.35,  /ife  —  0.3. 


Problem  3.23.  Motion  of  a  particle  on  a  track 

Figure  3.37  depicts  a  particle  sliding  along  a  planai"  track  under  the  effect  of  gravity  forces. 
The  constraint  force  between  the  particle  and  the  track  is  unilateral,  i.e.,  the  particle  cannot 
go  through  the  track,  but  it  can  leave  it  moving  upwards.  (1)  Find  the  condition  that  must  be 
satisfied  by  the  kinetic  energy  of  the  particle  if  it  is  about  to  leave  the  track.  (2)  Could  this 
condition  be  satisfied  at  point  A?  or  at  point  B?  (3)  If  a  friction  force  (friction  coefficient  n)  is 
present  between  the  particle  and  the  track,  what  is  the  condition  that  must  be  satisfied  by  the 
kinetic  energy  of  the  particle  if  it  is  about  to  leave  the  track. 

Problem  3.24.  Particle  on  circular  track 

The  particle  of  mass  m  is  sliding  on  a  circular  track  under  the  effect  of  gravity  forces,  as 
depicted  in  fig.  3.38.  The  particle  is  connected  to  fixed  point  A  by  means  of  a  spring  of 
stiffness  constant  k  in  parallel  with  a  dashpot  of  constant  c.  The  spring  has  an  un-stretched 
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Fig.  3.37.  Particle  sliding  on  a  track  under  the 
effect  of  gravity. 


rig.  3.38.  Particle  on  a  circular  track. 


length  Aq.  a  viscous  friction  force  F-^  =  fis  is  acting  between  the  particle  and  the  track. 
(1)  Derive  the  equation  of  motion  of  the  system.  (2)  Plot  angle  ^  as  a  function  of  time.  (3) 
Plot  the  history  of  the  angular  rate  8'  —  6/uj.  (4)  Plot  the  history  of  the  normal  force,  F'^, 
the  track  applies  on  the  particle,  as  F^  —  F'^/{7nRio^).  (5)  Plot  the  non-dimensional  ki- 
netic energy,  K  =  K/{mE?LJ^),  potential  energy,  V  —  V/(mR^u)^),  energy  dissipated  in 
the  damper,  W^  =  W^ /{mB?ui^),  and  energy  dissipated  at  the  viscous  friction  interface, 
Wf  —  W^ /{mB?Ljj^).  Verify  that  the  energy  closure  equation  is  satisfied.  Use  the  following 
non-dimensional  quantities:  non-dimensional  time  r  =  tut,  where  u^  —  k/m.  Use  the  fol- 
lowing data:  d  =  d/R  =  2,  (  =  c/{2muj)  =  0.1;  ^o  =  Aq/R  =  1;  g  =  9/{Ruj'^)  =  2.5; 
ft  =  ^/ijnuj)  =  0.1.  At  the  initial  time,  the  system  is  at  rest  and  6  =  7r/2.  Present  all  your 
results  for  T  £  [0,20]. 


3.4  Newtonian  mechanics  for  a  system  of  particles 


Newton's  laws,  as  presented  in  section  3.1.2,  are  concerned  with  a  single  particle. 
For  many  practical  engineering  applications,  these  laws  must  be  extended  to  deal 
with  systems  of  particles,  rather  than  a  single  particle. 

Figure  3.39  depicts  a  system  of  N  par- 
ticles. The  particles  are  of  mass  m,,  i  = 
1,2, ...  ,N.  Each  particle  is  subjected  to 
forces  that  can  be  divided  into  two  cate- 
gories: the  externally  appliedforces  and  the 
internal  forces.  The  words  "internal"  and 
"external"  should  be  understood  with  re- 
spect to  the  system  of  particles.  Internal 
forces  act  and  are  reacted  within  the  sys- 
tem, whereas  external  forces  act  on  the  sys- 
tem but  are  reacted  outside  the  system. 

The  externally  applied  force  acting  on 
particle  i,  also  called  impressed  force,  is  de- 
noted _F j .  The  origin  of  these  forces  is  ex- 
ternal to  the  set  of  particles;  for  instance,  if  the  system  is  subjected  to  a  gravity  field  or 
an  electromagnetic  field,  the  resulting  gravity  or  electromagnetic  forces,  respectively, 


Fig.  3.39.  A  system  of  particles. 


3.4  Newtonian  mechanics  for  a  system  of  particles  95 

would  be  external  forces.  Interaction  forces  between  the  particles  of  the  system  and 
other  material  particles  would  also  give  rise  to  external  forces. 

The  internal  forces,  denoted  /  ,  correspond  to  the  forces  that  the  various  parti- 
cles of  the  system  apply  on  each  other.  According  to  Newton's  third  law,  these  forces 
appear  in  pairs  of  forces  of  equal  magnitude  and  opposite  sign,  sharing  a  common 

line  of  action.  Force  / . ,  is  the  force  exerted  by  particle  j  on  particle  i,  and  the  com- 

— *j 
panion  force,  /  , ,  is  that  applied  by  particle  i  on  particle  j.  Newton's  third  law  then 

— j'^ 
implies  f , .  +  f . .  =  0. 

The  system  of  particles  under  scrutiny  is  very  general;  it  could  be  a  rigid  body, 
a  flexible  body,  or  a  large  number  of  sand  particles.  For  the  rigid  body,  the  internal 
forces  are  the  cohesion  forces  that  make  the  body  a  "rigid  body."  Of  course,  there 
exist  no  truly  rigid  body;  all  bodies  will  exhibit  some  amount  of  elastic  deformation 
under  load.  For  an  elastic  body,  the  internal  forces  are  the  stresses  acting  between  the 
particles  of  the  body.  The  deformable  body  could  also  exhibit  internal  energy  dissi- 
pation mechanisms;  such  would  be  the  case  of  two  deformable  bodies  connected  by 
dashpots,  or  a  single  body  with  internal  material  damping.  If  two  contacting  bodies 
are  taken  to  form  a  single  system  of  particles,  the  contact  forces  between  the  bod- 
ies are  internal  forces.  If  one  of  the  two  bodies,  however,  constitute  the  system  of 
particles,  the  contact  forces  applied  on  that  body  will  be  external  forces. 

3.4.1  The  center  of  mass 

As  shown  in  fig.  3.39,  the  inertial  position  vector  of  particle  i  is  denoted  r^  and  its 
mass  rrii.  The  total  mass  of  the  system,  denoted  m,  is  then  found  by  summing  up  the 
masses  of  individual  particles 


N 

m  = 

i=l 


Y^rui.  (3.55) 


The  center  of  mass  of  the  system  of  particles  will  play  an  important  role  in  the  anal- 
ysis. The  location  of  the  center  of  mass  is  defined  as  follows 


N 
i 

-C  ~ 


1       N 

Em^Zi-  (3.56) 


m 


Let  Sj  denote  the  relative  position  vector  of  particle  i  with  respect  to  the  center  of 
mass,  see  fig.  3.39.  It  follows  that  r^  =  r^  +  s^,  and  hence, 

1    ^  1    ^ 

—  y"  miizc  +  Si)  =  Zc  +  —Y] 

m  ^ — ^  rn  ^ — ^ 


m  ^-^  rn  ^-^ 

i=\  i=l 


N 


This  result  reveals  an  important  property  of  the  center  of  mass:  J2i=i  ''^iS.i  =  Q 
Successive  time  derivatives  then  yield 
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N 

)  ;  miSi  =  0^ 

N 

/  ]  rn-iSi  =  0. 

N 

(3.57a) 
(3.57b) 
(3.57c) 


3.4.2  The  forces  and  moments 

The  forces  applied  on  each  particle  can  be  divided  into  two  categories:  the  externally 
applied  forces  and  the  internal  forces.  The  sum  of  all  the  forces  externally  applied  on 
the  system  is 

N 


F  =  J2f.,  (3.58) 


On  the  other  hand,  the  sum  of  all  internal  forces  applied  on  the  system  vanishes 

because  all  the  internal  forces  can  be  grouped  in  pairs  (/. .  +  /  ..)  that  individually 

— ^j      — J  * 
vanish  due  to  Newton's  third  law;  hence 


N  N 


E     E     A,=0-  (3-59) 


The  sum  of  the  moments  of  all  the  forces  externally  applied  to  the  system  evalu- 
ated with  respect  to  the  origin  of  the  inertial  frame,  point  O,  is 


N 


Mo  =  Y,7,F^.  (3.60) 

i=l 

The  subscript,  {■)o,  indicates  the  point  about  which  the  moments  are  evaluated.  In- 
deed, the  moments  could  have  been  evaluated  with  respect  to  any  arbitrary  point. 
For  instance,  the  moments  evaluated  with  respect  to  the  center  of  mass  would 
write  M_(j  =  X^j^]^  'siF_^,  and  those  evaluated  with  respect  to  point  P  are  M_p  = 
l^i=i  QiE-i-  These  various  quantities  are  not  independent;  indeed, 

N  N  N 

Mp  =  Y,  QiFi  =  Y.^rpc  +  s,)F,  =  ?pcF  +  ^  s,Z„ 

i— 1  z— 1  i— 1 

where  Zpc  i^  '^^e  relative  position  vector  of  the  center  of  mass  with  respect  to  point 
P.  It  the  follows  that 

Mp  =  M_c+7pcF.  (3.61) 

Finally,  the  sum  of  the  moments  of  all  the  internal  forces  of  the  system  evaluated 
with  respect  to  point  O  vanishes.  First,  the  moments  of  all  internal  forces  are  grouped 
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in  pairs  (fj/. .  +  rjf  ,.).  Next,  it  is  clear  that  Vif . .  =  r±f . .  and  r,/  ..  =  r±f  ,., 
where  r±  is  the  vector  that  joins  point  O  to  the  point  on  the  common  line  of  action  of 
the  internal  force  pair  that  is  at  the  shortest  distance  from  point  O.  It  then  follows  that 
fj/ , ,  +rjf..  =r±{f..  +  f  ..)  =  0,  by  virtue  on  Newton's  third  law.  In  summary, 

N  N 

i=l  j=l,  j^i 

Note  that  the  sum  of  these  moments  vanishes  when  computed  with  respect  to  any 
arbitrary  point. 

3.4.3  Linear  and  angular  momenta 

The  linear  momentum  of  the  system,  P,  is  the  sum  of  the  linear  momenta  of  the 
individual  particles 

N 

P  =  J2^i^i-  (3-63) 

i=l 

A  time  derivative  of  expression  r^  =  Lc~^S.i  leads  to  fj  =  tc~^ki  =  Uc~^S.i,  where 
V.C  =  tc  is  "^hs  velocity  vector  of  the  center  of  mass.  The  system's  linear  momentum 
now  becomes  P  =  "^Z^^i  rmitc  +  ^i)  =  "T'Ec  +  X^i=i  ''^iki  =  "fnHc  where  the 
second  property  of  the  center  mass,  eq.  (3.57b),  was  used.  The  linear  momentum  of 
the  system  then  simply  becomes 

P  =  mvc-  (3.64) 

The  angular  momentum  of  the  system  computed  with  respect  to  the  origin  of  the 
inertial  frame,  denoted  H_q  ,  is  the  sum  of  the  corresponding  angular  momenta  of  all 
particles  the  system 

N 

Ko  =  E^^  ^^-i-  (3.65) 

i=l 

The  subscript,  {■)o,  indicates  the  point  about  which  the  angular  momentum  is  eval- 
uated. The  angular  momentum  vector  can  be  computed  with  respect  to  any  point; 
for  instance,  H_q  =  ^^21=1  ^i  ''^iV-i  is  the  angular  momentum  vector  computed  with 
respect  to  the  center  of  mass  and  H_p  =  '^Zi^i  Qi  ''^i'Hi  the  corresponding  quantity 
evaluated  with  respect  to  an  arbitrary  point  P,  see  fig.  3.39.  These  various  quantities 
are  not  independent  of  each  other;  indeed 

N  N  N 

Hp  =  ^qi  rriiVi  =  ^(rpc  +  Si)  rriiVi  =  rpcE  +  E^*  "^*-«-         (3-66) 

i—l  i—1  i—1 

It  follows  that 

Hp  =  Hc  +  rpcP.  (3.67) 
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3.4.4  Euler's  laws  for  a  system  of  particles 

Euler's  first  law 

Newton's  second  law  applied  to  each  of  the  TV  particles  writes 

N 

^^+     J2     lij='^i^i^     i  =  l,2,3,...N.  (3.68) 

Although  these  equations  are  all  correct,  they  are  difficult  to  manipulate  because,  in 
general,  the  system  comprises  a  very  large  number  of  particles. 

To  circumvent  this  problem,  the  equations  of  motion  of  all  particles  are  added 
together  to  yield 

N  N  N  N 

E£«+E  E  4  =  E"^^^«-  (3.69) 

2—1  i—1  j  —  1,  j^i  i—l 

The  first  term  represents  the  sum  of  all  externally  applied  forces  on  the  system, 
see  eq.  (3.58).  The  second  term  vanishes  in  view  of  eq.  (3.59).  The  last  term  is 
simplified  by  introducing  the  expression  for  the  center  of  mass:  "^^t^i  "i^iQa    = 

X]i=i  ''^iitc  +  i-i)  —  X]i=i  ^^itc  —  ™Uj  —  rnaQ,  where  the  property  of  the 
center  mass,  eq.  (3.57c),  was  used.  It  follows  that 

F  =  mac-  (3.70) 

This  result  is  known  as  Euler's  first  law  [14,  15]. 

Law  5  (Euler's  first  law)  The  inertial  acceleration  vector  of  the  center  of  mass  of  a 
system  of  particles  is  proportional  to  the  vector  sum  of  all  externally  applied  forces; 
the  constant  of  proportionality  is  the  total  mass  of  the  system. 

Note  the  striking  resemblance  between  eq.  (3.70)  and  Newton's  second  law  for 
a  single  particle,  eq.  (3.4).  It  appears  that  Newton's  second  law  can  be  applied  to  a 
fictitious  particle  of  mass  m  located  at  the  center  of  mass  of  the  system  and  subjected 
to  all  the  forces  externally  applied  on  the  system. 

Equation  (3.70)  is  much  more  convenient  to  use  than  the  N  equations  of  motion 
for  each  individual  particle;  it  gives  information  about  the  overall  response  of  the 
system  in  terms  of  the  motion  of  its  center  of  mass.  Much  information,  however,  has 
been  lost:  the  N  individual  vector  equations,  eqs.  (3.68),  gave  rise  to  a  single  vector 
equation  of  motion  for  the  system,  eq.  (3.70).  In  fact,  this  latter  equation  cannot 
predict  the  motion  of  individual  particles,  nor  does  it  allow  to  predict  the  internal 
forces  in  the  system.  In  view  of  eq.  (3.64),  the  time  derivative  of  the  linear  momentum 
is  P  =  ma  (J,  and  hence 

F  =  P.  (3.71) 

Clearly,  this  equation  is  identical  to  Euler's  first  law,  eq.  (3.70). 

Law  6  (Alternative  statement  of  Euler's  first  law)  The  time  derivative  of  the  lin- 
ear momentum  vector  of  a  system  of  particles  equals  the  sum  of  all  externally  applied 
forces. 


N                       N          N 

AT 

E^^^^+E  E  ^^4- 

=  S^  miTia, 

i=l                     i=l  i=l,  i#i 

i=i 
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Euler's  second  law 

To  extract  additional  information  about  the  response  of  the  system,  the  moments  of 
the  equations  of  motion  for  individual  particles,  eqs.  (3.68),  with  respect  to  the  origin 
of  the  inertial  frame  are  evaluated  and  summed  up  for  all  particles  to  yield 

(3.72) 

The  first  term  represents  the  moment  of  the  externally  applied  forces  computed  with 
respect  to  point  O,  see  eq.  (3.60).  The  second  term  vanishes  in  view  of  eq.  (3.62). 
Equation  (3.72)  now  reduces  to 

N 

M_Q  =  ^^miriCii.  (3.73) 

The  right-hand  side  of  this  equation  can  be  expressed  in  a  simpler  manner  in  terms 
of  the  angular  momentum  vector;  indeed,  a  time  derivative  of  eq.  (3.65)  yields 

N  N  N 

H_Q  =  ^  rjiiViVi  +  ^  miTiQi  =  ^  rmriai.  (3.74) 

i—l  i—1  i—1 

Comparing  the  last  two  equations  then  leads  to 

Mo  =  Ho-  (3.75) 

This  result  is  known  as  Euler's  second  law  [14,  15]. 

Law  7  (Euler's  second  law)  The  time  derivative  of  the  angular  momentum  vector  of 
a  system  of  particles  equals  the  sum  of  all  moments  externally  applied  to  the  system, 
when  these  quantities  are  evaluated  with  respect  to  a  common  inertial  point. 

Introducing  eqs.  (3.61)  and  (3.67)  into  eq.  (3.75)  leads  to 

Mc  +  rcF  =  Hc  +  vcP  +  7cP  =  Kc  +  rcE, 

which  reduces  to 

Mc  =  Kc-  (3-76) 

This  is  another  form  of  Euler's  second  law  for  a  system  of  particles. 

Law  8  (Alternative  statement  of  Euler's  second  law)  The  time  derivative  of  the 
angular  momentum  vector  of  a  system  of  particles  equals  the  sum  of  all  moments 
externally  applied  to  the  system,  when  these  quantities  are  evaluated  with  respect  to 
the  system's  center  of  mass. 

It  would  be  erroneous  to  believe  that  this  statement  holds  when  moments  and 
angular  momentum  vectors  are  evaluated  with  respect  to  an  arbitrary  point  P.  Indeed, 
introducing  eqs.  (3.61)  and  (3.67)  into  eq.  (3.75)  leads  to  Mp  —  rpnF  =  H_p  —  {vc  — 
vp)P  —  rpc'P.  =  H_p  +  vpP_  —  rpcF_,  and  finally 

M_p  =  Hp+  dp  P.  (3.77) 
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3.4.5  The  principle  of  work  and  energy 

In  section  3. 1 .4,  the  principle  of  work  and  energy  was  developed  for  a  single  particle, 
see  eq.  (3.12).  When  dealing  with  a  system  of  particles,  this  principle  can  be  applied 
to  each  individual  particle,  leading  to 


N 

(3.78) 


In  this  expression,  Ki  =  1/2  niivf  represents  the  kinetic  energy  of  particle  i.  As  was 
done  in  the  previous  sections,  the  equations  for  each  individual  particle  are  added 
together  to  find 

tf    N  tf    N  N  N  N 

•^*i      i=l  ''^i      i=l  j=l,  j^i  i=l  i=l 

This  first  term  clearly  represents  the  work  done  by  all  externally  applied  forces. 
The  second  term  is  a  complex  double  summation  over  the  work  done  by  all  internal 
forces.  It  would  be  erroneous  to  believe  that  this  term  vanishes;  indeed,  consider 
two  internal  forces  that  obey  Newton's  third  law:  f     +  f     =0.  The  differential 

work  done  by  these  two  forces  is  /.  .dr^  +  /  .,dr  =  /.  (dr^  —  dr  )  ^  0,  since  the 
two  particles  have  two  distinct  differential  displacements  along  their  distinct  paths. 
Finally,  the  terms  on  the  right-hand  side  represent  the  difference  between  the  total 
kinetic  energies  of  the  system  at  the  final  and  initial  times.  The  total  kinetic  energy  of 
the  system,  K,  is  found  by  summing  up  the  contributions  of  each  individual  particle. 

The  principle  of  work  and  energy  for  a  system  of  particles  now  becomes 

tf     N  tf    N  N 

Wt^^tf=  E(^^d^i)+/      E     E     ill<ir^)  =  K{tf)-K{U).(3m 

Although  this  statement  is  correct,  it  is  of  limited  practical  use  because  it  requires  the 
evaluation  of  the  work  done  by  all  internal  forces.  This  contrasts  with  the  equations 
of  motion  derived  in  the  previous  section,  eqs.  (3.71)  and  (3.75),  which  do  not  involve 
the  internal  forces. 

For  specific  systems  of  particles  it  will  be  possible  to  prove  that  the  term  involv- 
ing the  work  done  by  all  internal  forces  does  indeed  vanish;  this  is  the  case  for  a  rigid 
body,  for  instance.  In  such  case,  the  internal  forces  do  not  appear  in  the  statement  of 
the  principle  of  work  and  energy  that  can  then  be  used  conveniently. 


3.4.6  The  principle  of  impulse  and  momentum 

It  is  interesting  to  integrate  Euler's  first  law,  eq.  (3.71),  over  a  period  of  time  from  t, 
to  tf ,  to  find 


3.4  Newtonian  mechanics  for  a  system  of  particles         101 

f  ^  F{t)  dt=   r  Pdt  =  P{tf)  -  P{ti).  (3.81) 

The  term  on  the  left-hand  side  is  called  the  linear  impulse  of  all  externally  applied 
forces.  Equation  (3.81)  expresses  the  principle  of  linear  impulse  and  momentum  for 
a  system  of  particles. 

Principle  5  (Principle  of  linear  impulse  and  momentum  for  a  system)  The  lin- 
ear impulse  of  all  externally  applied  forces  equals  the  change  in  linear  momentum 
of  the  system  of  particles. 

In  the  absence  of  external  forces,  this  principle  implies  P{tf)  =  P(ti),  i.e.,  the 
system's  linear  momentum  remains  constant  at  all  times,  since  ti  and  tj  are  instants 
chosen  arbitrarily. 

A  similar  treatment  of  Euler's  second  law,  eq.  (3.75),  leads  to 

r  Mo{i)dt=  f  iio  dt  =  Hoitf)  -  HoiU).  (3.82) 

Jti  Jti 

The  term  on  the  left-hand  side  is  called  the  angular  impulse  of  all  externally  applied 
forces.  Equation  (3.82)  expresses  the  principle  of  angular  impulse  and  momentum 
for  a  system  of  particles. 

Principle  6  (Principle  of  angular  impulse  and  momentum  for  a  system)  The 

angular  impulse  of  all  externally  applied  forces  equals  the  change  in  angular 
momentum  of  the  system  when  both  angular  impulse  and  momentum  are  computed 
with  respect  to  the  same  inertial  point. 

In  the  absence  of  external  moments  with  respect  to  point  O,  this  principle  implies 
H_Q{tf)  =  H_Q{ti),  i.e.,  the  system's  angular  momentum  remains  constant  at  all 
times. 

Of  course,  a  similar  principle  can  be  derived  from  eq.  (3.76);  in  this  case,  both 
angular  impulse  and  momentum  must  be  evaluated  with  respect  to  the  center  of  mass 
of  the  system  of  particles. 

3.4.7  Problems 

Problem  3.25.  Particles  interconnected  by  a  massless  link 

Consider  the  dumbbell  consisting  of  two  particles  of  mass  m\  and  m2,  respectively,  connected 
by  a  massless  arm  of  constant  length  I,  as  depicted  in  fig.  3.40.  (1)  Show  that  the  work  done 
by  all  internal  forces  in  the  system  vanishes.  (2)  Write  the  principle  of  work  and  energy  for 
the  system.  Hint:  the  differential  displacements  of  the  two  particles  Ar_^  and  Ar_2^  respectively, 
are  not  independent;  they  must  satisfy  the  constraint  imposed  by  the  constant  length  bar. 

Problem  3.26.  Particles  linked  by  an  inextensible  cable 

The  system  depicted  in  fig.  3.41  consists  of  two  particles  of  mass  mi  and  m2,  respectively, 
linked  by  an  inextensible  cable.  (1)  Show  that  the  work  done  by  all  internal  forces  in  the 
system  vanishes.  (2)  Write  the  principle  of  work  and  energy  for  the  system. 
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Fig.  3.40.  Particles  interconnected  by  a  mass- 
less  link. 


Fig.  3.41.  Two  particles  linked  by  an  inexten- 
sible  cable. 


Problem  3.27.  System  of  three  rigidly  connected  particles 

Figure  3.42  depicts  three  particles  of  masses  mi,  7712,  and  ms,  respectively,  located  at  the 
vertices  of  an  equilateral  triangle  with  sides  of  length  £.  Particle  mi  touches  a  fixed  plane  at 
point  A  at  all  times  and  the  system  is  subjected  to  a  gravity  field  as  indicated  on  the  figure.  (1) 
Derive  the  equation  of  motion  of  the  system  based  on  Euler's  second  law.  (2)  Show  that  the 
same  equation  can  be  obtained  from  the  principle  of  conservation  of  total  mechanical  energy. 
(3)  Plot  the  time  history  of  angle  6.  (4)  Plot  the  time  history  of  angular  velocity  9'.  (5)  Find 
the  reaction  forces  at  point  A.  (6)  On  one  graph,  plot  the  time  histories  of  the  non-dimensional 
normal  contact  force,  F",  and  friction  force,  F-^ ,  at  point  A.  (7)  If  the  static  friction  coefficient 
at  point  A  is  /is  —  0.5,  for  what  value  of  angle  9  will  particle  mi  start  sliding?  Use  the 
following  data:  mi  —  10,  7712  =  2,  and  rrag  —  10  kg.  Use  the  non-dimensional  time  r  = 
t\J gji,  and  non-dimensional  forces  F  —  F/(mg),  where  m  —  mi  +  m,2  +  m^.  At  time 
t  =  0,9  =  27r/3  radians  and  9'  —  —1,  where  (•)'  indicates  a  derivative  with  respect  to  the 
non-dimensional  time  r.  Present  all  your  results  for  r  e  [0,  2]. 


Fig.   3.42.   Three   interconnected   particles 
touching  a  plane  at  point  A. 


Fig.  3.43.  Three  interconnected  particles. 


Problem  3.28.  System  of  three  interconnected  particles 

Figure  3.43  shows  a  system  of  three  particles  of  masses  mi,  m2,  and  m.3,  respectively.  The 
particles  are  linked  by  springs  of  stiffness  constants  ki,  k2,  and  fcg,  respectively,  and  dashpots 
of  constants  ci,  C2,  and  C3,  respectively.  The  un-stretched  lengths  of  the  springs  are  (.1,  £2, 
and  f  3  respectively.  (1)  Draw  a  free  body  diagram  of  each  particle.  (2)  Derive  the  equations  of 
motion  of  the  system.  (3)  Solve  these  equations  numerically  for  a  period  of  50  s.  (4)  On  one 
graph,  plot  the  coordinates  of  particle  1  relative  to  the  center  of  mass  as  a  function  of  time. 
(5)  Plot  the  relative  coordinates  of  particle  2  versus  time.  (6)  Plot  the  relative  coordinates 
of  particle  3  versus  time.  (7)  Plot  the  magnitude  of  the  forces  in  the  three  spring/dashpot 
systems.  (8)  Plot  the  components  of  the  linear  momentum  vector  of  the  system.  Comment  on 
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your  results.  (9)  Plot  the  components  of  the  angular  momentum  vector  of  the  system  computed 
with  respect  to  the  center  of  mass.  Comment  on  your  results.  (10)  Plot  the  kinetic,  and  strain 
energies  of  the  system.  (11)  Compute  the  energy  dissipated  in  the  dashpots.  (12)  Demonstrate 
that  the  principle  of  work  and  energy  is  verified  by  your  solution.  Use  the  following  data: 
mi  —  5,  m2  =  3  and  mg  —  7  kg;  fci  —  12,  ^2  ~  25  and  k^  —  6  N/m;  ci  —  0.25, 
C2  =  0.12  and  cg  =  0.16  N-s/m;  li  =  0.6,  £2  =  0.4  and  £3  =  0.9  m.  At  the  initial  time, 
the  position  vector  of  the  particles  are  r^  —  {O,  0,  O},  £2  —  {0.9,  0, 0}  and  r^  =  {O,  0.4,  0} 
m,  respectively.  The  initial  velocities  of  the  particles  are  ^i  ~  {  —  25,  25, 0}  and  V2~v^~ 
{0,0,0}. 

Problem  3.29.  System  of  three  interconnected  particles 

Figure  3.43  shows  a  system  of  three  particles  of  masses  mi,  m,2,  and  7713,  respectively.  The 
particles  are  linked  by  springs  of  stiffness  constants  fci,  fc2,  and  fcs,  respectively,  and  dashpots 
of  constants  ci,  C2,  and  C3,  respectively.  The  un-stretched  lengths  of  the  springs  are  £1,  £2, 
and  £3  respectively.  The  system  of  particle  evolves  freely  in  two-dimensional  space.  (1)  Is 
the  linear  momentum  of  the  system  preserved?  (2)  Is  the  angular  momentum  of  the  system 
preserved.  (3)  Is  the  total  mechanical  energy  of  the  system  preserved.  (4)  Write  an  energy 
related  quantity  that  is  preserved  during  the  evolution  of  the  system. 

Problem  3.30.  Particles  interconnected  by  a  spring  and  damper 

Figure  3.44  shows  two  particles  of  mass  mi  and  m2  connected  together  by  a  spring  of  stiffness 
k  and  a  damper  of  constant  c.  The  initial  configuration  of  the  system  is  indicated  on  the  figure 
and  the  initial  velocity  vectors  of  the  two  particles  are  Uj^g  and  7^20  >  respectively.  The  following 
quantities  are  defined:  i?^  —  k/m  and  c  —  2mf2(^,  where  m,  —  mi  +  m2-  In  the  present 
configuration,  ri  and  r2  measure  the  distance  from  the  center  of  mass  to  particles  mi  and  m2, 
respectively.  For  this  problem,  it  is  convenient  to  use  the  polar  coordinate  system  indicated 
on  the  figure  with  its  origin  at  the  center  of  mass  of  the  system.  (1)  When  applying  Newton's 
second  law  to  this  problem,  can  the  accelerations  of  the  particles  with  respect  to  the  center 
of  mass  be  used?  Justify  your  answer.  (2)  Are  ri  and  7-2  independent  variables?  (3)  Set  up 
the  equations  of  motion  of  the  system.  (4)  Plot  ri  as  a  function  of  the  non-dimensional  time 
r  =  ^i  for  r  e  [0,  IOtt].  (5)  Plot  9{t).  (6)  Plot  the  trajectory  of  the  particle  in  space.  (7)  Plot 
the  history  of  the  non-dimensional  angular  velocity  0{t)  =  9/n.  (8)  Plot  the  history  of  the 
components  of  the  velocity  vector  of  particle  m-i  in  the  inertial  frame,  vix  —  vi^  /  (firio)  and 
viy  —  Viy/(Qrio).  Plot  the  corresponding  quantities  for  the  velocity  vector  of  the  second 
particle.  (9)  Plot  the  history  of  the  non-dimensional  total  mechanical  energy  of  the  system 
E{t)  =  E/{mfi'^r\Q);  comment  your  result.  (10)  Compute  the  non-dimensional  cumulative 
energy  dissipated  in  the  damper  W{t)  —  W/{mQ^r\Q)  as  a  function  of  r.  (11)  Plot  the 
history  of  the  quantity  E{t)  +  W{t);  comment  your  result.  Use  the  following  data:  ^1  — 
mi/m  =  0.3;  C  =  0.02;  v^(t  =  0)/(firio)  =  -O.lii  -  0.5  12;  v^it  =  0)/(l2r-io)  = 
2.2  ti  +  0.6  12;  ^0  =  0;  ri{t  =  0)/r-io  =  1; 

Problem  3.31.  Particle  suspended  from  a  circular  track 

Figure  3.45  shows  a  particle  of  mass  M  sliding  along  a  track  defined  by  a  curve  p  (s)  under 
the  effect  of  gravity.  A  particle  of  mass  m  is  suspended  from  the  first  particle  by  means  of  a 
spring  of  stiffness  constant  k  in  parallel  with  a  dashpot  of  constant  c.  The  un-stretched  length 
of  the  spring  is  Aq.  A  viscous  friction  force  F'  =  fis  is  acting  between  particle  M  and  the 
track.  (1)  Derive  the  three  equations  of  motion  of  the  system  for  a  curve  of  arbitrary  shape. 
(2)  Particularize  the  equations  of  motion  to  the  case  where  the  curve  is  a  circle  of  radius  R, 
as  depicted  in  the  right  portion  of  fig.  3.45.  (3)  Solve  these  equations  numerically.  (4)  On  one 
graph,  plot  the  coordinates,  xi  —  xi/R  and  X2  ~  X2/R,  of  particle  m.  (5)  Plot  the  history  of 
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Initial 
conflguration 


Fig.    3.44.    Particles    interconnected   by    a       Fig.  3.45.  Particle  suspended  from  a  circular 
spring  and  damper.  track. 


angle  6.  (6)  On  one  graph,  plot  the  velocity  components,  vi  —  v\/{Ruj)  and  V2  —  V2/{Ruj), 
of  particle  m.  (7)  Plot  the  history  of  the  angular  rate  6'  —  6/lj.  (8)  Plot  the  history  of  the 
normal  force,  F'^,  the  track  applies  on  the  particle,  as  F'^  =  F"^ / (mRu)^) .  (9)  Plot  the  non- 
dimensional  kinetic  energy,  K  —  K/mR^oj^,  potential  energy,  V  =  V/{mR^ijj'^),  energy 
dissipated  in  the  damper,  W"^  —  W /{mR^u]^),  and  energy  dissipated  at  the  viscous  friction 
interface,  W^  =  W^ /{mR^u'^).  Verify  that  the  energy  closure  equation  is  satisfied.  Use 
the  following  non-dimensional  quantities:  9  =  s/R,  and  non-dimensional  time  r  =  ujt, 
where  lj^  =  k/m.  Use  the  following  data:  (^  —  c/{2muj)  =  0.2;  Aq  —  Aq/R  =  0.5; 
g  =  g/{Ruj^)  =  2.5;  /i  =  fj./{Muj)  =  0.2;  m  =  m/M  =  0.25.  At  the  initial  time,  the 
system  is  at  rest,  the  position  vector  of  particle  misx—  {  —  (1  +  ^o),  0}  and  6  —  0.  Present 
all  your  results  for  r  e  [0,  20] 

Problem  3.32.  Two  particles  linked  by  an  elastic  spring 

Consider  the  system  depicted  in  fig.  3.46  that  consists  of  two  particles  of  mass  mi  and  m2, 
respectively,  connected  by  a  massless  spring  of  stiffness  k.  (1)  Show  that  the  work  done  by 
the  force  in  the  elastic  spring,  can  be  derived  from  a  potential.  (2)  What  is  the  expression  of 
the  strain  energy  function  of  the  spring  if  it  is  a  linearly  elastic  spring  of  stiffness  constant  k. 


Fig.  3.46.  Two  particles  linked  by  an  elastic       Fig.  3.47.  Inverted  pendulum  mounted  on  a 
spring.  track. 
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Problem  3.33.  Inverted  pendulum  mounted  on  a  track 

Figure  3.47  shows  an  inverted  pendulum  of  length  i  with  a  tip  mass  m.  The  pendulum  is 
mounted  on  a  cart  of  mass  M  free  to  translate  along  a  horizontal  track.  A  torsional  spring  of 
stiffness  constant  k  restrains  the  pendulum  at  its  attachment  point.  The  spring  is  un-stretched 
when  angle  0  =  0.  (1)  Derive  the  two  equations  of  motion  of  the  system.  {2)  Solve  these 
equations  numerically.  {3)  Plot  the  cart's  position,  x  =  xji  versus  r.  (4)  Plot  angle  Q.  (5) 
Plot  the  cart's  velocity,  x  .  (6)  Plot  9'.  (7)  Plot  the  cart's  acceleration,  x" .  (8)  Plot  6".  (9) 
Plot  the  system's  kinetic,  K  —  K/ml'^uj^ ,  potential,  V  —  V/{m£'^uj'^),  and  total  mechanical 
energies.  Use  the  following  data:  /i  =  A4/m  —  1.5.  Use  non-dimensional  time  r  —  tut, 
where  u^  =  k/{m£'^)  and  (•)'  denotes  a  derivative  with  respect  to  r.  At  the  initial  time, 
X  —  0,  x    —  1,  6  —  7r/4,  6'  =  0.  Present  all  your  results  for  r  e  [0,  20].  Study  two  cases. 


3  = 


=  0.8  and  g  —  4,  and  comment  on  the  differences. 


Fig.      3.48.      Flexible      pendulum 
mounted  on  a  slider. 


Problem  3.34.  Flexible  pendulum  on  a  slider 

Figure  3.48  depicts  a  slider  of  mass  M  constrained 
to  move  along  a  horizontal  track.  A  bob  of  mass  m 
is  attached  to  the  slider  at  point  A  by  means  of  a 
spring  of  stiffness  constant  k  and  un-stretched  length 
r-Q.  The  displacement  of  the  slider  is  denoted  x,  and 
the  position  of  the  bob  is  expressed  by  its  polar  co- 
ordinates, r  and  6.  Gravity  acts  on  the  system  as  in- 
dicated in  the  figure.  The  bob  is  subjected  to  a  drag 
force  F_^  =  —  5^Cd||u„J|i^^j,  where  g  is  the  fluid 
mass  density,  A  the  cross-sectional  area  of  the  bob, 
Cd  is  the  drag  coefficient,  and  v,^  '^^  velocity  vector  of  the  bob.  (1)  Derive  the  equations  of 
motion  of  the  system  using  the  coordinates  x,  r,  and  9.  (2)  Solve  these  equations  numerically. 
(3)  Plot  the  cart's  position,  x  —  x/ro  versus  r.  (4)  Plot  distance  f  =  r/ro-  (5)  Plot  angle  9. 
(6)  Plot  the  cart's  velocity,  x.  (7)  Plot  f.  (8)  Plot  9'.  (9)  Plot  the  cart's  acceleration,  x".  (10) 
Plot  f".  (11)  Plot  9".  (12)  Plot  the  cumulative  dissipated  energy,  Wd  =  Wd/{mrguj'^).  (13) 
Plot  the  system's  kinetic,  K  —  K/mrQCj'^,  potential,  V  =  V/{mrQUj^),  and  total  mechanical 
energies.  Check  the  energy  closure  equations.  Use  the  following  data:  fj,  —  M/m  —  1.5, 
g  =  g/{rouj'^)  —  0.2,  and  (^  —  gAcd  ~  0.01,  where  g  —  rgg/m  and  A  —  A/tq.  Use 
non-dimensional  time  t  —  ujt,  where  a;^  —  k/m  and  (•)'  denotes  a  derivative  with  respect  to 
T.  At  the  initial  time,  x  =  0,f  —  2,9  =  n/A,  x'  —  l,f'  —  1,  9'  —  0.  Present  all  your  results 
forre  [0,20]. 


The  geometric  description  of  rotation 


The  most  natural  way  of  describing  rotations  is  rooted  in  their  geometric  represen- 
tation, which  is  the  focus  of  this  chapter.  More  abstract  approaches,  however,  also 
exist  and  will  be  presented  in  chapter  13. 

Consider  an  orthonormal  basis  I  =  («i,«2,*3)-  The  rotation  operation  brings 
orthonormal  basis  I  to  a  new  orthonormal  basis  £  =  (ei,  62,  63).  In  section  4.1, 
the  rotation  operation  is  characterized  by  expressing  the  unit  vectors  of  basis  £  in 
terms  of  those  of  basis  I.  This  leads  to  the  concept  of  direction  cosine  matrix.  The 
simplest  rotation  operation  consists  of  a  rotation  of  basis  I  about  one  of  its  unit 
vectors.  This  operation,  called  Si planar  rotation,  is  discussed  in  section  4.2.  The  fact 
that  successive  planar  rotations  in  distinct  planes  do  not  commute  is  emphasized  in 
section  4.3,  and  leads  to  the  representation  of  arbitrary  rotations  in  terms  of  three 
successive  planar  rotations.  The  resulting  Euler  angle  representation  is  described  in 
section  4.4. 

Euler's  theorem  on  rotations  presented  in  section  4.5  states  that  any  arbitrary  rota- 
tion that  leave  a  point  fixed  can  be  viewed  as  a  single  rotation  about  a  unit  vector.  This 
fundamental  result  leads  to  the  concept  of  rotation  tensor  presented  in  section  4.6; 
a  formal  definition  of  tensors  follows.  Important  rotation  operations  are  examined  in 
details:  the  composition  of  rotations  is  presented  in  section  4.9,  and  time  and  space 
derivatives  of  rotations  in  sections  4.10  and  4.12,  respectively.  Applications  to  parti- 
cle dynamics  are  presented  in  section  4.13. 


4.1  The  direction  cosine  matrix 

Consider  the  two  orthonormal  bases  I  =  (ii,  12,  *3)  and  £  =  (ei,  62, 63)  shown  in 
fig.  4.1.  A  rotation  is  defined  as  the  operation  that  brings  basis  I  to  basis  £.  Unit 
vector  ei  can  be  expressed  as  a  linear  combination  of  the  vectors  of  basis  I 

ei  =  Dull  +  D2it2  +  Dsits.  (4.1) 

The  coefficients  of  this  linear  combination  are  readily  expressed  as  Dki  =  i"[&i- 
Proceeding  similarly  with  the  three  unit  vectors  defining  basis  £  yields  the  terms  of 
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the  direction  cosine  matrix,  D,  as 


D 


M 


-T- 


(4.2) 


Using  eq.  (1.8),  and  observing  that  vectors  ik  and  ei 
are  unit  vectors  yields  an  alternative  expression  for  the 
direction  cosine  matrix  is  obtained 


Dki  =  cos  {ik,ei) 


(4.3) 


This  expression  gives  its  name  to  the  direction  cosine 
matrix:  its  entries  are  the  cosine  of  the  angle  between  tk 
and  Ei,  the  unit  vectors  defining  bases  X  and  £,  respec- 
tively. Each  component  of  the  direction  cosine  matrix  is 
a  scalar  quantity.  The  direction  cosine  matrix,  however, 
is  not  a  second-order  tensor,  see  section  4.8.2. 

The  matrix  of  direction  cosines  provides  a  simple 
description  of  rotations.  Each  term  of  the  direction  cosine  matrix  is  a  scalar  quantity 
representing  the  cosine  of  the  angle  between  two  vectors,  eq.  (4.2).  As  will  be  shown 
in  the  following  sections,  rotations  can  be  represented  by  as  few  as  three  parameters. 
This  basic  property  of  rotation  is  not  apparent  in  this  description. 


Fig.  4.1.  rotation  from  basis 
Ttof. 


4.2  Planar  rotations 


Fig.  4.2.  Planar  rotation  of  magnitude 

(j)  about  axis  ii . 


A  simple  example  of  a  rotation  is  a  planar  rota- 
tion defined  as  a  rotation  of  angular  magnitude 
(f)  about  one  of  the  axes  defining  basis  I,  say 
«i,  as  depicted  in  fig.  4.2.  The  direction  cosine 
matrix  corresponding  to  this  planar  rotation  can 
be  readily  obtained  from  eq.  (4.3)  and  inspec- 
tion of  fig.  4.2.  The  coefficients  of  the  direc- 
tion cosine  matrix  are  obtained  from  elementary 
trigonometry  as 


ei  =  ii 

62  = 

COS  (j)  i2  +  sin  (j)  i3 

63  = 

—  sin  (pt2  +  cos  (p  «3 

D 


,{<i>) 


1     0 
0  cos( 
0  sinf 


0 

-sine, 

cose 


(4.4) 


The  direction  cosine  matrix  corresponding  to  planar  rotation  of  magnitude  4>  about 
axis  i2  is  found  in  a  similar  manner  as 


COS0  Zi 


-  sm  <p  i3 


«2 


a(^) 


COS  (p  0  sin  i; 

0        1      0 

-  sin  (h  0  cos  < 


(4.5) 


I  63  =  sm  <pti       +  cos  (p  l3 
The  corresponding  matrix  for  a  planar  rotation  of  magnitude  cp  about  axis  13  becomes 
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ei  =      cos  (p  ii  +  sm  cp  ^2 

62  =  —  sin  (j}ii+  cos  0  «2 

63  =  «3 


£3('^) 


COS  (f)  —  sin  0  0 

sin  (f)      cos  0  0 

0  0       1 


(4.6) 


4.3  Non-commutativity  of  rotations 


Rotation  operations  do  not  commute. 
This  means  that  the  order  in  which  suc- 
cessive rotations  are  performed  is  im- 
portant. This  point  is  most  easily  under- 
stood by  looking  at  the  simple  example 
depicted  in  fig.  4.3. 

A  rigid  block  is  rotated  by  90° 
about  i2,  then  by  90°  about  %.  The  fi- 
nal configuration  of  the  block  is  shown 
in  the  top  portion  of  fig.  4.3.  The  same 
rigid  block  is  now  rotated  by  90°  about 
i3,  then  by  90°  about  i2-  The  final  con- 


90°  about  i 


90°  about  i, 

Fig.  4.3.  Two  successive  planar  rotations  do  not 
commute. 


figuration,  depicted  in  the  bottom  portion  of  fig.  4.3,  is  clearly  different  from  that 
obtained  when  the  two  successive  rotations  were  performed  in  the  reverse  order. 

In  this  example,  the  two  successive  rotations  are  performed  about  axes  fixed  in 
space.  If  the  two  rotations  are  performed  about  body  fixed  axes,  the  same  conclusion 
is  reached:  the  final  configuration  depends  on  the  order  of  the  rotation  operations. 

In  the  next  section,  it  will  be  shown  that  an  arbitrary  rotation  can  be  viewed  as  a 
succession  of  three  planar  rotations.  The  fact  that  rotation  operations  about  distinct 
axes  do  not  commute  implies  that  the  order  in  which  these  three  successive  planar 
rotations  are  performed  is  important.  More  generally,  when  several  rotations  are 
involved  in  a  problem,  the  order  of  application  of  these  rotations  must  be  carefully 
specified. 


4.4  Euler  angles 

An  arbitrary  rotation  from  X  =  (ji,«2,«3)  to  £"  =  (£1,62,63)  can  be  viewed  as  a 
succession  of  three  planar  rotations  about  three  different  axes  [16]. 

Figure  4.4  shows  one  possible  set  of  three  planar  rotations,  which  can  be  de- 
scribed as  follows. 

I.  A  planar  rotation  of  magnitude  (f>,  called  precession,  about  axis  ¥3  brings  basis 
X  to  basis  A  =  {0,1,0.2,0,3).  Equation  (4.6)  gives  the  corresponding  direction 
cosine  matrix 


ai  =      cos(/)ii  +am(l)i2, 
0,2  =  —  sin  (f)ti  +  cos  (j)  t2 , 

0,3  =  «3- 


R,W 


cos  cf)  —  sin  (j)  0 

sin  (j)      cos  (j)  0 

0  0       1 


(4.7) 
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2.  A  planar  rotation  of  magnitude  6,  called  nutation,  about  axis  oi  brings  basis  A 
to  basis  B  =  (&i ,  62,  ^a)-  Equation  (4.4)  gives  the  corresponding  direction  cosine 
matrix 


ai, 


coso'  02  +  smt^  03, 
-  sin  9  0,2  +COS0  03. 


£i(^) 


1     0  0 

0  COS  d  —  sin  i 
0  sin  d      cos  i 


(4.8) 


3.  A  planar  rotation  of  magnitude  ^,  called  spin,  about  axis  63  brings  basis  B  to 
basis  E.  Once  again,  eq.  (4.6)  gives  the  corresponding  direction  cosine  matrix 


ei  =      cosV' &i  +sinV' 62, 

62  =  —  sin  '0  5i  +  cos  V"  &2 , 

63  =  &3- 


^3(^) 


cos-;/' 

sin^ 

0 


-  sinT/!  0 

cost/j  0 

0       1 


(4.9) 


The  relationship  between  bases  X  and  E  is  obtained  by  combining  the  three  suc- 
cessive rotations  described  by  eqs.  (4.7)  to  (4.9)  to  find 

{ei  =  (    C^C^  —  S^CqS^)  ti  +{    S^C^  +  C^CgS^)  12  +808^  13, 
62  =  {—C^S^  —  S^CgC^)  ti  +{—Sti,S^  +  C^CeC^)  12  +S0C^  13,     (4.10) 
63  =  S^Sg  li  -C^Sg  l2  +Cg  13, 

where  the  following  short-hand  notations  were  used:  C^  =  cos  (f>,  S^  =  sin  (j),  etc. 

The  three  rotation  angles,  4>,  9,  and  i/j,  are  called  the  Euler  angles.  The  direction 
cosine  matrix  expressed  in  terms  of  Euler  angles  becomes 


D, 


C^C^  —  S^CgS^ 

S^C^  +  C^CgS^ 

SgS^ 


-C^S.^  —  S^CgC'ti,       S^Sg 
-S^Stp  +  C^CgC^  —C^Sg 
SgC^  Cg 


(4.11) 


It  is  often  important  to  perform  the  inverse  operation:  given  a  direction  cosine 
matrix,  find  the  corresponding  Euler  angles.  The  following  process  will  yield  the 
desired  angles.  Assuming  D32  7^  0, 


ta.n -ip  =  D31/D32, 


sm9  =  Dsisimp  +  D32COS1JJ,      cos9  =  D33, 

sin  (f)  =  D21  cos  ip  —  D22  sin  ip,      cos  0  =  Dn  cos  -tp  —  D12  sin  ?/). 


(4.12a) 
(4.12b) 
(4.12c) 


To  remove  the  ambiguity  associated  with  inverse  trigonometric  functions,  both  sine 
and  cosines  of  the  angles  are  derived,  leading  to  a  definition  of  each  angle  in  the 
range  [— tt,  +7r].' 

When  0  =  0  or  TT,  a  singularity  occurs.  In  fact,  the  process  then  reduces  to  a 
single  rotation  of  magnitude  {4>  +  ip)  or  (cf)  —  tp)  for  9  =  Oorn,  respectively,  because 
the  direction  cosine  matrix  reduces  to 


^  In  computer  implementations,  these  operations  are  conveniently  performed  with  the  help 
of  the  function  atan2(y,  x)  —  tan~^(y/x),  yielding  an  angle  in  the  range  [— tt,  +7r]. 
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D 


cos((^  ±  ■0) 

sin(0  ±  ip) 

0 


sin((j) 

±V)  0" 

cos{(j) 

±V)  0 

0 

1 

(4.13) 


Clearly,  angles  (f)  and  ?/)  cannot  be  determined  individually,  the  sole  combination 
(pztip  can  be  evaluated. 

The  Euler  angles  introduced  above  correspond  to  the  following  sequence  of  pla- 
nar rotations:  a  rotation  of  magnitude  </),  about  axis  23,  then,  a  rotation  of  magnitude  9 
about  axis  a  1 ,  and  finally,  a  rotation  of  magnitude  tl;  about  axis  63 .  This  sequence  will 
be  called  the  ''3-1-3  sequence"  to  indicate  the  sequence  of  body  axes  about  which  the 
three  successive  rotations  are  taking  place. 

Clearly,  Euler  angles  could  be  defined 
in  several  different  manners:  the  first  rota- 
tion could  occur  about  either  of  the  three 
axes,  ii,  i2,  or  13,  offering  three  choices. 
Because  two  consecutive  rotations  cannot 
take  place  about  the  same  axis,  two  alter- 
natives are  possible  for  the  second  rotation. 
Two  choices  are  again  possible  for  the  last 
rotation. 

In  all,  3  X  2  X  2  =  1 2  possible  choices  ex- 
ist, corresponding  to  sequences  labeled  1-2- 
1,  1-2-3,  1-3-1,  1-3-2,  2-1-2,  2-1-3,  2-3-1, 
2-3-2,  3-1-2,  3-1-3,  3-2-1  and  3-2-3.  Three 
of  these  sequences,  3-2-3,  3-2-1  and  i-7- 
2  will  be  the  focus  of  problems  below.  A 
summary  of  expressions  and  formulae  in- 
volving Euler  angles  appears  in  section  4.1 1. 

The  representation  of  rotation  in  terms  of  three  Euler  angles  shows  that  the  di- 
rection cosine  matrix  can  be  expressed  in  terms  of  three  parameters  only.  This  rep- 
resentation, however,  presents  several  drawbacks.  First,  Euler  angles  can  be  defined 
in  several  different  manners,  and  the  choice  of  the  rotation  sequence  is  entirely  ar- 
bitrary. Furthermore,  the  expression  for  the  direction  cosine  matrix,  as  seen  for  this 
example  in  eq.  (4. 1 1),  is  rather  complicated  and  involves  the  evaluation  of  numerous 
trigonometric  functions.  Finally,  singularities  will  occur  in  the  evaluation  of  Euler 
angles  from  a  direction  cosine  matrix  for  all  12  possible  sequences. 


Fig.  4.4.  An  arbitrary  rotation  viewed  as 
three  successive  planar  rotations. 


4.4.1  Problems 


Problem  4.1.  Euler  angles,  sequence  3-2-3 

A  popular  choice  of  Euler  angles  is  the  3-2-3  sequence  that  corresponds  to  the  following 
sequence  of  planar  rotations:  a  rotation  of  magnitude  ip,  called  precession,  about  axis  13,  then, 
a  rotation  of  magnitude  9,  called  nutation,  about  axis  0,2,  and  finally,  a  rotation  of  magnitude 
(f),  called  spin,  about  axis  63.  (1)  Find  the  rotation  matrix  in  terms  of  this  Euler  angle  sequence. 
(2)  Determine  the  singularities  associated  with  this  choice  of  Euler  angles. 
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Problem  4.2.  Euler  angles,  sequence  3-2-1 

A  popular  choice  of  Euler  angles  for  airplane  flight  mechanics  is  the  3-2-1  sequence  that 
coiTesponds  to  the  following  sequence  of  planar  rotations:  a  rotation  of  magnitude  ip,  called 
heading,  about  axis  is,  then,  a  rotation  of  magnitude  6,  called  attitude,  about  axis  a2,  and 
finally,  a  rotation  of  magnitude  (j),  called  hank,  about  axis  6i.  (1)  Find  the  rotation  matrix  in 
terms  of  this  Euler  angle  sequence.  (2)  Determine  the  singularities  associated  with  this  choice 
of  Euler  angles. 

Problem  4.3.  Euler  angles,  sequence  3-1-2 

A  possible  choice  of  Euler  angles  is  the  3-1-2  sequence  that  corresponds  to  the  following 
sequence  of  planar  rotations:  a  rotation  of  magnitude  tf),  about  axis  ig,  then,  a  rotation  of 
magnitude  9  about  axis  ai,  then  finally,  a  rotation  of  magnitude  V"  about  axis  62.  (1)  Find  the 
rotation  matrix  in  terms  of  this  Euler  angle  sequence.  (2)  Determine  the  singularities  associated 
with  this  choice  of  Euler  angles. 


4.5  Euler's  theorem  on  rotations 


Euler's  theorem  [17]  on  rotations  states  the  following. 

Theorem  4.1  (Euler's  theorem  on  rotations).  Any  arbitrary  rotation  of  a  rigid  body 

that  leaves  on  of  its  point  fixed  can  be  viewed  as  a  single  rotation  of  magnitude  (j) 
about  a  unit  vector  n. 

To  prove  this  statement,  consider  two 
frames,  J^i  =  [0,X  =  («i,22,*3)]  and  J^2  = 
[0,£  =  (61,62,63)],  shown  in  fig.  4.5,  and 
associated  with  two  configurations  of  a  rigid 
body  that  its  material  point  O  fixed.  Because 
the  vectors  defining  bases  X  and  £  are  unit 
vectors,  they  ail  are  radii  of  a  sphere  of  unit 
radius  and  center  O. 

Vector  ii  can  be  brought  to  vector  ei  by  a 
single  rotation  about  axis  ni.  This  axis  passes 
through  point  O  and  belongs  to  plane  Vi  that 
is  normal  to  segment  AA'  and  passes  through 
point  O,  as  shown  in  fig.  4.5. 
Fig.  4.5.  An  arbitrary  rotation  viewed  as  Qn  the   other  hand,   vector  «2   can  be 

a  single  rotation  about  axis  n.  brought  to  vector  63  by  a  single  rotation 

about  axis  722,  passing  through  point  O  and  belonging  to  plane  1^2,  which  is  normal 
to  the  segment  BB'  and  passes  through  point  O.  If  both  operations  must  be  achieved 
by  a  single  rotation,  axis  n  about  which  this  common  rotation  takes  place  must  be  at 
the  intersection  of  planes  Vi  and  1^2  ■  Let  point  P  be  the  intersection  of  axis  n  with 
the  unit  sphere. 

Figure  4.5  shows  the  great  circle  segments  PA,  PA',  PB,  PB',  AB,  and  A'B'.  By 
construction,  PA  =  PA'  because  point  A  can  be  brought  to  point  A'  by  a  rotation 
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about  n.  Similarly,  PB  =  PB'.  Finally,  AB  =  A  B'  since  both  segments  coirespond  to 
a  90  degree  rotation. 

Consequently,  the  spherical  triangles  APB  and  A'PB'  are  equal.  This,  in  turn, 
implies  the  equality  of  angles  ZAPB  and  ZA'PB' .  Subtracting  from  these  two  angles 
their  common  part,  ZA'PB,  yields  the  following  result:  ZAPA'  =  ZBPB'  =  (j),  where 
(f>  is  now  the  magnitude  of  the  rotation  about  axis  n  that  simultaneously  brings  «i  to 
ei  and  i2  to  62- 

A  rotation  of  magnitude  cp  about  axis  n  has  been  shown  to  bring  ii  to  e  1 ,  and  12 
to  62  simultaneously.  It  remains  to  prove  that  a  rotation  of  the  same  magnitude  will 
bring  13  to  63 .  Let  the  rotation  of  magnitude  (f)  about  axis  n  bring  13  to  vector  t'^ .  Rea- 
soning as  before,  it  is  clear  that  PC  =  PC,  PA  =  PA',  and  by  construction  ZAPC 
=  ZA'PC'  =  (f>  +  ZAPC'.  This  shows  the  equality  of  spherical  triangles  APC  and 
A'PC  This  in  turns  implies  the  equality  of  segments  AC  and  A'C  Since  segment 
AC  corresponds  to  a  90  degree  rotation,  so  does  segment  A'C,  implying  the  orthog- 
onality of  ig  and  ei .  A  similar  reasoning  on  spherical  triangles  BPC  and  B'PC'  leads 
to  the  orthogonality  of  ig  and  (=2.  Finally,  since  13  is  orthogonal  to  both  ei  and  62,  it 
is  clear  that  13  =  63. 

In  summary,  basis  I  can  be  brought  to  basis  £  by  a  single  rotation  of  magnitude 
(p  about  axis  n,  which  proves  Euler  theorem  on  rotations. 


4.6  The  rotation  tensor 

Euler's  theorem  on  rotations  leads  a  compact  expression  for  the  rotation  tensor.  Con- 
sider an  arbitrary  vector  a  and  let  the  rotation  of  magnitude  <f)  about  unit  vector  n 
bring  this  vector  to  b.  The  rotation  tensor,  R,  relates  these  two  vectors,  b  =  Ra 


Basic  expression  for  the  rotation  tensor 


Figure  4.6  depicts  the  configuration  of  the  problem. 
Vector  b  is  the  sum  of  segments  OC  and  CB,  and 
elementary  geometry  then  yields  b  =  OC  +  CB  = 

||6||  cos  a  n+  \\b\\  sin  a  [scos0  +  isiiKp].  Unit  vec- 
tor i  is  along  the  vector  product  of  vectors  n  and 
a,  i  =  na/\\na\\,  and  unit  vector  s  is.  s  =  t  n  = 

iria)n/\\na\\. 

The  fundamental  property  of  rotation  is  to  pre- 
serve length,  i.e.,  the  norms  of  vectors  a  and  6 
must  be  identical,  leading  to  n^a  =  \\a\\  cos  a  = 
\\b\\  cosa  and  ||na||  =  ||a||  sina  =  ||5||  sina.  With 
the  help  of  these  relationships,  vector  6  becomes 
b  =  {n^a)  n  +  {ria)n  cos  (f)  +  (na)  sin  (j).  Applying  identity  (1 .34a)  then  leads  to 


rig.  4.6.  A  rotation  of  magnitude 

6  about  axis  n. 


a  +  sin  (j)  (na)  +  ( 1  —  cos  0)  nna  =  Ra, 


(4.14) 
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where  the  rotation  tensor  [15],  i?,  is  defined  as 

_R  =  /  +  sin(/)  n  +  (1  —  cos(/))nn.  (4.15) 

This  result  is  known  as  Rodrigues'  rotation  formula. 

This  fundamental  result  expresses  the  rotation  tensor  in  terms  of  a  unit  vector  n, 
and  a  rotation  of  magnitude  (j)  about  this  unit  vector.  It  is  a  direct  consequence  of 
Euler's  theorem  on  rotations,  theorem  4. 1 . 

In  view  of  eq.  (4.15),  vector  n  can  be  expressed  as 

^        [-^32  — -^23]  I  1/(^32  + -R23)  I 

n  =       .        <  i?i3  -  i?3i  I  =  nin2ny,{l  -  cos(j))  I  l/(i?i3  +  i?3i)  }  ■ 

Hence,  the  orientation  of  this  vector  is 

{-R32  —  -^23]  I  1/(^32  + -R23) 

i?i3-i?3i>,      n\\ll/(Ri3  +  R3i) 
R2I-R12)  [l/{R21+Rl2), 

where  symbol  ||  indicates  the  parallelism  of  two  vectors. 
Relating  the  rotation  tensor  to  tlie  matrix  of  direction  cosines 

The  rotation  tensor  and  matrix  of  direction  cosines  are  closely  related  to  each  other. 
Consider  a  rotation  that  brings  basis  X  =  («i,i2,*3)  to  basis  £  =  (61,62,63)  and 
let  the  matrix  of  direction  cosines,  D, ,  eq.  (4.1),  define  this  rotation.  Resolving  the 
vector  quantities  in  basis  X  then  yields 

ef^=Qi:f\  (4.16) 

where  the  following  identities  were  used:  i\_       =  {l,  0,  O},  4       =  {0. 1,  O},  and 

fl"=  {0,0,1}. 

On  the  other  hand,  if  rotation  tensor  R  rotates  vector  ii  to  ei,  eq.  (4.14)  implies 
ei  =  Rii.  Resolving  this  tensor  relationship  in  basis  X  then  yields 

eP=^PlzP.  (4.17) 

Identifying  eqs.  (4.16)  and  (4. 17)  yields  the  relationship  between  the  direction  cosine 
matrix  and  the  rotation  tensor  as 

^  =  ^[^1.  (4.18) 

The  entries  of  the  direction  cosine  matrix  describing  the  rotation  from  I  to  £  are 
identical  to  the  components  of  the  rotation  tensor  describing  the  same  rotation  and 
resolved  in  basis  X. 
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Multiplicative  decompositions  of  the  rotation  tensor 

Two  multiplicative  decompositions  of  the  rotation  tensor  are  now  presented.  The  first 
is  the  "square  root,"  G,  of  the  rotation  tensor,  R,  defined  as 

R  =  gg.  (4.19) 

It  is  readily  verified  that 

Q  =  l  +  sm-n+{l-  cos  -)  nn.  (4.20) 

It  is  interesting  to  note  that  the  "square  root"  of  the  rotation  tensor  corresponds  to  a 
rotation  of  (/)/2  about  axis  n,  and  hence,  is  itself  an  orthogonal  tensor,  GG  =  L 
The  following  results  then  follow 

R-l  =  gg-  gg^  =  QiG  -g^)  =  2  sin  -gn  =  2sm-ng.        (4.21) 
The  second  multiplicative  decomposition  of  the  rotation  tensor  is 

-T 

(4.22) 


R=\L  +  tan  —  n  ]         X  +  tan  —  n 


Note  that 


/  +  tan  —  n]  X  +  tan  —  n 


-^       1 


X  +  tan  -  n  =  '  {R  + l)  ■  (4-23) 


4.7  Properties  of  the  rotation  tensor 

Inspection  of  equation  (4.15)  reveals  that  symm(i?)  =  /cos0  +  (1  —  cos  4>)nn^, 
and  skew(_R)  =  n  sin  </>.  It  then  follows  that  axial(i?)  =  n  sin  (j). 

The  invariants  of  the  rotation  tensor  can  also  be  directly  evaluated  from  eq.  (4. 1 5) 
as  /i  =  tr(^)  =  1  +  2cos0,  /2  =  1  +  2cos0,  and  I3  =  det(^)  =  1.  The 
characteristic  equations,  eq.  (1.55),  now  becomes  — A'^  +  (1  +  2cos4>)X^  —  (1  + 
2cos0)A  +  l  =0. 

Eigenvalues  and  eigenvectors  of  the  rotation  tensor 

The  first  fundamental  property  of  the  rotation  tensor  is  that  it  possesses  a  unit  eigen- 
value, A  =  +1,  associated  with  eigenvector  n.  Indeed,  it  follows  from  eq.  (4.15) 
that 

Rn  =  n.  (4.24) 
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This  indicates  that  (A  —  1)  should  be  a  factor  of  the  characteristic  equation,  which 
can  indeed  be  written  as  (A  —  1)(A^  —  2 A  cos  0  +1)  =  0. 

The  other  two  eigenvalues  of  the  rotation  tensor  are  complex  conjugate  roots, 
cos  (f)±i  sin  (/),  where  i  =  \/—l.  In  summary,  the  eigenvalues  of  the  rotation  tensor 
are 

Ai  =  1,      A2,3  =  cos0±isin0  =  e=^*"^.  (4.25) 

Consider  now  two  mutually  orthogonal,  unit  vectors  u  and  v,  which  lie  in  the 
plane  normal  to  n,  such  that  £  =  (n,  u,  v)  forms  an  orthonormal  basis.  It  is  easily 
verified  that 

Ru  =  cos (j)  u  +  sin (f)  V,      Rv  = —sia(j)u  +  cos4>v. 

Clearly,  vectors  u  and  v  undergo  a  planar  rotation  of  magnitude  (f>  in  the  plane  normal 
to  the  axis  of  rotation,  n.  Linear  combinations  of  these  two  equations  then  leads  to 

R{u  —  iv)  =  (cos (f)  +  i  sin (f>){u  —  iv),      R{u  +  iv)  =  (cos  (j)  —  i  sin <j}) [u  +  iv) . 

This  reveals  that  {u  =F  iv)  are  the  complex  conjugate  eigenvectors  associated  with  the 
complex  conjugate  eigenvalues  cos  (f)±i  sin  0,  respectively. 

Orthogonality  of  the  rotation  tensor 

The  second  fundamental  property  of  the  rotation  tensor  is  that  it  is  an  orthogonal 
tensor.  Using  eq.  (4.15),  it  is  readily  verified  that 

ER^  =^R  =  L  (4.26) 

which  implies  det(i?)  =  ±1.  in  general,  orthogonal  tensors  have  a  determinant  of 
±1.  Equation  (4.25)  shows,  however,  that  det(i?)  =  A1A2A3  =  +1:  the  rotation 
tensor  belongs  to  the  class  oi  proper  orthogonal  tensors  for  which  det(i?)  =  +1. 


4.8  Change  of  basis  operations 

4.8.1  Vector  components  in  various  orthonormal  bases 

Consider  an  orthonormal  basis  B^  =  (»i,«2)*3)'  ^^'^  ^^  arbitrary  vector  a^.  Next, 
consider  a  rotation  of  magnitude  (j)  about  a  unit  vector  n.  The  corresponding  rotation 
tensor  is  denoted  R.  Let  vectors  if,  i^,  z§,  and  a^  be  the  vectors  resulting  from  the 
application  of  rotation  R  to  vectors  t\,  i\,  i\,  and  a},  respectively.  It  is  clear  that 
vectors  i\,i%  and  i^  define  a  new  orthonormal  basis  B^ .  Vectors  g}  and  a^  are  related 
by  eq.  (4.14),  i.e.,  g^  =  Rg^.  This  tensor  relationship  is  now  resolved  in  basis  B^  to 

finda2[e^l=^[''\i[»~ 

By  construction,  the  components  of  vector  a^  resolved  in  basis  B^  are  identical 
those  of  a^  resolved  in  basis  B^,  a^I^  1   =  a^I^  1.  It  follows  that  the  relationship 
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between  the  components  of  vector  a^  expressed  in  bases  B^  and  B"^  is  a^I^  1  = 
B}  '  a^[^  1 .  Because  vector  a^  is  arbitrary,  this  relationship  holds  for  any  vector  v, 
i.e., 

„[e^l  =  ^[«n[«%  (4.27a) 

yl's']=g's']T^lis^]^  (4.27b) 

These  equations  express  the  transformation  laws  for  the  components  of  a  first-order 
tensor.  In  fact,  the  rigorous  definition  of  a  first-order  tensor  is  as  follows. 

Definition  4.1  (first-order  tensor).  A  first-order  tensor  is  a  mathematical  entity 
whose  components  resolved  in  two  bases  are  related  by  eqs.  (4.27). 

The  component  of  vector  n  resolved  in  bases  B^  and  B^  are  identical,  n^^  1  = 
nl^  1 .  Consequently,  in  view  of  eq.  (4. 15),  the  components  of  the  rotation  tensor  that 
bring  basis  B^  to  B^,  resolved  in  those  two  bases,  are  also  identical 

^[s'l=^[e"],  (4.28) 

4.8.2  Second-order  tensor  components  in  various  orthonormal  bases 

Consider  now  a  second-order  tensor  such  as  T  =  a  6  ,  where  a  and  b  are  two  ar- 
bitrary vectors.  The  components  of  this  tensor  in  two  distinct  bases  are  T  '  = 
g[8i]^[B  ]T  ^^^  ^[8  ]  ^  flie^l^ie  ]T _  Using  the  transformation  law  for  first-order 
tensors,  eq.  (4.27),  the  transformation  laws  for  the  components  of  second-order  ten- 
sors are  found  to  be 

^B-]^gB^]T^B^]gB-]^  (4.29a) 

^B^]^gB-]^B-]g[B^]_  (4  29b) 

The  rigorous  definition  of  second-order  tensors  is  as  follows. 

Definition  4.2  (second-order  tensor).  A  second-order  tensor  is  a  mathematical  en- 
tity whose  components  resolved  in  two  bases  are  related  by  eqs.  (4.29). 

Example  4.1.  First-  and  second-order  tensors 

The  previous  sections  have  given  precise  definitions  of  first-  and  second-order  tensors 
as  mathematical  entities  whose  components  resolved  in  two  bases  are  related  by 
eqs.  (4.27)  and  (4.29),  respectively. 

Consider  a  vector  (first-order  tensor)  whose  components  in  two  bases,  B  and  B* , 
are  denoted  a  and  a* ,  respectively.  In  the  notation  of  the  above  sections,  a  =  al^l  and 
a*  =  gp  1 .  The  simplified  notation,  a  and  a* ,  is  clearly  much  simpler,  provided  that 
all  symbols  are  clearly  defined.  If  the  components  of  the  rotation  tensor  that  brings 
basis  B  io  B*,  resolved  in  B,  are  denoted  _R,  eq.  (4.27)  implies  that  a*  =  R^a. 
Consider  now  the  skew  symmetric  operators  a  and  a*  formed  with  the  components 
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of  vector  a  resolved  in  bases  B  and  B* ,  respectively.  Prove  that  a  and  a*  are  the 
components  of  a  skew- symmetric,  second-order  tensor,  a. 

If  a  is  a  second-order  tensor,  its  components  resolved  in  two  bases  must  be  related 
by  eq.  (4.29).  Hence,  the  tensorial  nature  of  a  will  be  established  if  and  only  if 

a*  =  g^aR  -^^  a*  =  R^a.  (4.30) 

This  statement  can  be  proved  based  on  simple,  but  tedious  algebraic  manipulations, 
taking  into  account  the  fact  that  R  is  an  orthogonal  tensor 

Example  4.2.  The  rotation  tensor 

The  rotation  tensor  was  introduced  in  section  4.6  and  was  called  a  "tensor."  Prove 
that  the  rotation  tensor  is  indeed  a  second-order  tensor 

Euler's  theorem  defines  the  rotation  tensor  in  terms  of  a  unit  vector  fi  about  which 
a  rotation  of  magnitude  (f)  is  taking  place.  Let  fi  be  the  components  of  this  unit  vector 
resolved  in  basis  B;  the  components  of  the  rotation  tensor,  5,  resolved  in  the  same 
basis  are  then  given  by  eq.  (4.15)  as^S  =  /  +  sin^n  +  (1  —  coscj))  mi. 

Consider  now  an  arbitrary  basis  B*  and  let  the  components  of  unit  vector  n, 
resolved  in  this  basis,  be  denoted  n*  =  R^fi,  where  R  are  the  components  of  the 
rotation  tensor  that  brings  basis  B  to  B*,  resolved  in  basis  B.  It  then  follows  that 

g  =  l  +  sm(j)  En*E^  +  (1  -  cos 0)  En*EE^n*E^ 
=  E[l  +  sm(f)n*  +  {1- cos 4>)n*n*]E^  =E§^*E^, 

where  the  orthogonality  property  of  the  rotation  tensor  was  used  together  with 
eq.  (4.30).  Clearly,  5*  =  /  -|-  siiKp  n*  +  (1  —  cos0)  n*n*  are  the  components 
of  the  rotation  tensor  resolved  in  basis  B*,  and  the  above  result  then  provides  the 
transformation  rule  for  the  components  of  the  rotation  tensor.  This  transformation 
rule  is,  as  expected,  the  rule  that  characterizes  the  transformation  of  components  of 
second-order  tensors,  see  eq.  (4.29).  Hence,  the  tensorial  nature  of  the  rotation  tensor 
is  established. 

The  proof  of  the  tensorial  nature  of  the  rotation  tensor  rests  on  the  definition  of 
the  rotation  tensor  provided  by  Rodrigues'  rotation  formula,  eq.  (4.15),  and  on  the 
tensorial  nature  of  the  unit  vector  about  which  the  rotation  is  taking  place,  expressed 
as  n  =  i?n*.  Consequently,  the  definition  of  the  rotation  tensor  by  Rodrigues'  rota- 
tion formula  guarantees  the  following  equivalence 

^  =  Eg*E^  ^^^n  =  En*-  (4.31) 

The  components  of  the  first-order  tensor,  unit  vector  n,  transform  according  to 
eqs.  (4.27),  and  the  components  of  the  second-order  tensor,  S_,  transform  according 
to  eqs.  (4.29).  ~ 

Example  4.3.  Canonical  basis  for  the  rotation  tensor 

In  section  4.7,  the  following  orthonormal  basis  was  introduced 

£  =  {n,u,v),  (4.32) 


4.8  Change  of  basis  operations         119 

where  u  and  v  are  mutually  orthogonal  unit  vectors  in  the  plane  normal  to  n.  Such 
basis  is  called  a  canonical  basis  for  the  rotation  tensor,  R. 

Let  S_  be  the  rotation  tensor  that  brings  basis  X  to  basis  £;  the  components  of  this 
tensor  resolved  in  basis  I  are  S'[-^l  =  {nP'\  u^'^\  v^-'-^) .  Because  the  rotation  tensor  is 
a  second-order  tensor,  eq.  (4.15)  yields  its  components  in  basis  £  as 

g£]  =  gI]TgX]gX] 

=  ^[^1^  [nl^l ,  cos  (j)  ul^l  +  sin  (t>v^^\-  sin  </)  u^  +  cos  </)  v^^'- 
Finally,  the  components  of  the  rotation  tensor  in  the  canonical  basis  become 


R 


[£] 


1     0 
0  cos(f) 
0  sincj) 


0 

■  sincj) 

COS(j) 


(4.33) 


In  this  canonical  form,  the  rotation  tensor  takes  the  expected  form  of  the  direction 
cosine  matrix  for  a  planar  rotation,  see  eq.  (4.4). 

When  resolved  in  the  same  canonical  basis,  the  components  of  rotation  tensor  G 
defined  by  eq.  (4.20)  become 


G[£] 


1       0  0 

0  COS  0/2  —  sin  0/2 
0  sin  0/2      cos  0/2 


(4.34) 


In  this  canonical  form,  rotation  tensor  G  takes  the  expected  form  of  the  direction 
cosine  matrix  for  a  planar  rotation  of  half  angle,  0/2. 


4.8.3  Tensor  operations 

Sections  4.8.1  and  4.8.2  give  formal  definitions  of  first-  and  second-order  tensors. 
For  completeness  of  the  discussion,  a  formal  definition  of  zeroth  order  tensors  is  also 
given. 

Definition  4.3  (Zerotli  order  tensor).  A  zeroth  order  tensor  is  a  mathematical  entity 
that  remains  invariant  under  a  change  of  basis  operation. 

Take,  for  instance,  the  mass  of  a  particle.  This  scalar  quantity  is  invariant  under  a 
change  of  basis  operation  and  hence,  is  a  zeroth  order  tensor.  The  length  of  a  vector 
or  the  angle  between  two  vectors  are  two  other  examples  of  scalar  quantities  that 
remain  invariant  under  a  change  of  basis  and  hence,  are  also  zeroth  order  tensor. 

Chapter  1  defines  a  number  of  operations  between  vectors:  the  scalar  product, 
the  vector  product  and  the  tensor  product,  among  others.  A  tensor  operation  is  an 
operation  using  two  or  more  tensors  and  resulting  in  another  tensor. 

As  a  first  example  of  a  tensor  operation,  consider  the  differential  work  defined 
in  eq.  (3.8)  as  the  scalar  product  of  the  force  vector  by  the  differential  displace- 
ment of  its  point  of  application,  dW  =  F^dr.  Two  analysts  working  with  two 
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different  bases,  B  and  B*,  will  write  this  differential  work  as  dW  =  F^dr  and 
dW*  =  F_*  dr*,  respectively.  The  three  numbers,  F_,  representing  the  force  vec- 
tor in  basis  B  are  different  from  the  three  numbers,  F_* ,  representing  the  same  force 
vector  in  basis  B*.  Similarly,  the  numbers  representing  the  components  of  the  differ- 
ential displacement  vector  resolved  in  the  two  bases,  dr  and  dr* ,  differ. 

Because  the  force  and  differential  displacement  vectors  are  first-order  tensors, 
their  components  in  the  two  bases  are  related  by  eq.  (4.27),  i.e.,  K*  =  R^F_  and 
dr*  =  -R^dr,  respectively.  It  then  follows  that 

dW*  =  £*^dr*  =  F^EE^dr  =  F^dr  =  dW.  (4.35) 

This  well  known  results  stems  from  the  orthogonality  of  the  rotation  tensor, 
eq.  (4.26).  Because  dW*  =  dW,  the  differential  work  is  a  zeroth  order  tensor,  i.e.,  a 
quantity  that  remains  invariant  under  a  change  of  basis. 

The  same  conclusion  can  be  reached  by  looking  at  the  definition  of  the  scalar 
product,  eq.  (1.8),  dVK  =  ||Z||  l|dr||  cos(F,  dr)  =  ||Z*II  l|dr*||  cos{F*,dr*)  = 
dW* .  In  this  case,  the  invariance  of  the  differential  work  under  a  change  of  basis 
stems  from  the  fact  that  the  length  of  a  vector  and  the  angle  between  two  vectors  are 
zeroth  order  tensors.  In  summary,  the  scalar  product  is  an  operation  based  on  two 
first-order  tensors,  which  produces  a  zeroth  order  tensor.  This  proves  that  the  scalar 
product  is  a  tensor  operation. 

While  this  proof  seems  rather  technical,  it  has  fundamental  physical  implications. 
Because  the  differential  work  is  obtained  from  a  scalar  product,  i.e.,  from  a  tensor 
operation,  it  is  invariant  under  a  change  of  basis  and  hence,  is  a  physically  meaningful 
quantity.  Indeed,  if  the  value  of  the  differential  work  were  to  depend  on  the  basis 
in  which  the  force  and  differential  displacement  vectors  are  resolved,  this  quantity 
would  have  no  physical  meaning  because  two  analysts  using  two  different  bases  to 
represent  the  same  vectors  would  find  two  different  values  of  the  differential  work. 

A  second  example  of  tensor  operation  is  the  moment  of  a  force,  defined  as  the 
vector  product  of  the  position  vector  of  the  point  of  application  of  a  force  by  the 
force  vector  itself,  M  =  rF.  Two  analysts  working  with  two  different  bases,  B  and 
B*,  will  write  this  moment  as  M  =  rF_  and  M*  =  r*F_*,  respectively.  Here  again, 
because  the  position  and  force  vectors  are  first-order  tensors,  their  components  in  the 
two  bases  are  related  by  eq.  (4.27),  i.e.,  r*=Rr  and  F_*  =  M.  F.  The  components 
of  the  moment  are  as  follows, 

M*  =  r*F*  =  E^r  R^ F  =  R^rER^F  =  R^?F  =  R^M,  (4.36) 

where  eq.  (4.30)  and  the  property  of  orthogonality  of  the  rotation  tensor  were  used. 
The  result  of  the  vector  product  operation  is  a  quantity,  M_,  whose  components  obey 
the  rules  of  transformation  for  first-order  tensors,  eq.  (4.27),  M*  =  R  M;  hence, 
the  vector  product  is  a  tensor  operation. 

The  same  conclusion  can  be  reached  by  looking  at  the  definition  of  the  vector 
product,  eq.  (1.20),  M  =  \\r\\  \\F\\  sm{r,F)  n  =  \\r*\\  \\F*\\  sm{r*,F*)  Rn*  = 
R  M* .  This  is  a  tensor  operation  because  the  length  of  a  vector  and  the  angle  between 
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two  vectors  are  invariant  under  a  change  of  basis.  Furthermore,  unit  vector  n,  normal 
to  vectors  r  and  F,  is  a  first-order  tensor,  implying  the  following  transformation  rule 
for  its  components,  n  =  Rn* . 

In  summary,  the  vector  product  is  an  operation  based  on  two  first-order  tensors, 
which  produces  a  first-order  tensor.  This  proves  that  the  vector  product  is  a  tensor 
operation.  As  a  corollary,  the  moment  of  a  force,  the  vector  product  of  the  position 
vector  of  the  point  of  application  of  a  force  by  the  force  vector  itself,  is  a  physically 
meaningful  quantity  because  its  a  first-order  tensor. 

It  is  left  to  the  reader  to  verify  that  the  various  operations  defined  in  chapter  I  are 
indeed  tensor  operations,  i.e.,  operations  that  are  invariant  under  a  change  of  basis, 
see  problem  4.7.  As  a  last  example,  consider  the  product  of  a  zeroth  order  by  a  first- 
order  tensor,  which  defines  the  linear  momentum  vector,  p  =  mv.  The  mass  of  the 
particle  is  a  zeroth  order  tensor  and  its  inertial  velocity  a  first-order  tensor,  implying 
V*  =  B^v.  It  then  follows  that 

p*  =  mv*  =  niR  v  =  R  mv  =  R  p.  (4.37) 

Because  the  components  of  the  linear  momentum  obey  the  rules  of  transformation 
for  first-order  tensors,  eq.  (4.27),  it  is  a  first-order  tensor  and  hence,  the  product  of 
a  zeroth  order  by  a  first-order  tensor  is  a  tensor  operation.  It  follows  that  the  linear 
momentum  is  a  physically  meaningful  quantity. 


4.8.4  The  concept  of  tensor  analysis 

Zeroth-,  first-,  and  second-order  tensors  are  mathematical  entities  whose  components 
resolved  in  different  bases  transform  according  to  strict  rules.  Manipulation  of  ten- 
sors through  tensor  operations  lead  to  new  tensors.  For  instance,  the  vector  product  of 
the  position  vector  of  the  point  of  application  of  a  force  by  the  force  vector  itself  pro- 
duces a  new  vector,  the  moment  of  the  force.  These  is  a  rather  abstract  mathematical 
concepts  have  important  physical  implications.  In  fact,  the  use  of  tensors  expresses 
the  invariance  of  the  laws  of  physics  with  respect  to  change  of  basis  operations  [3]. 

Consider,  for  instance,  Newton's  second  law,  which  states  that  the  force  and  ac- 
celeration vectors  must  be  parallel  to  each  other  and  the  ratio  of  their  lengths  must 
equal  the  mass  of  the  particle.  Clearly,  Newton's  second  law  is  invariant  under  a 
change  of  basis.  Indeed,  the  condition  of  parallelism  between  the  force  and  acceler- 
ation vectors  is  invariant  under  a  change  of  basis.  Furthermore,  because  the  mass  of 
the  particle  and  the  length  of  the  force  and  acceleration  vectors  are  three  invariant 
quantities,  the  equality  of  the  length  ratio  with  the  particle's  mass  is  also  invariant 
under  a  change  of  basis. 

Using  the  vector  formalism,  Newton's  second  law  is  written  as  _F  =  ma.  This  law 
involves  three  tensors:  a  zeroth  order  tensor,  the  particle's  mass,  and  two  first-order 
tensors,  the  externally  applied  force  vector  and  the  particle's  acceleration  vector. 
Furthermore,  Newton's  second  law  uses  tensor  operations  only:  the  product  of  the 
mass  by  the  acceleration  vector  is  indeed  a  tensor  operation,  the  product  of  a  zeroth 
order  by  a  first-order  tensor,  see  eq.  (4.37).  The  combined  use  of  tensor  quantities  and 


122         4  The  geometric  description  of  rotation 

tensor  operations  guarantees  the  invariance  of  Newton's  second  law  under  change  of 
basis  operations. 

Two  analysts  working  with  two  different  bases,  B  and  B*,  will  write  Newton's 
second  law  as  F  =  ma  and  F_*  =  ma*,  respectively.  Yet  both  analysts  express  the 
same  physical  law:  the  force  and  acceleration  vectors  must  be  parallel  and  the  ratio 
of  their  lengths  must  equal  the  mass  of  the  particle. 

In  summary,  the  laws  of  physics  should  be  expressed  in  terms  of  tensors  exclu- 
sively and  should  only  involve  tensor  operations.  When  these  two  conditions  are  met, 
the  invariance  of  the  laws  of  physics  under  a  change  of  basis  is  achieved. 

4.8.5  Problems 

Problem  4.4.  Geometric  interpretation  of  tensor 

Prove  eq.  (4.19),  where  G  is  given  by  eq.  (4.20).  Give  the  geometric  interpretation  of  this 
result. 

Problem  4.5.  Orthogonality  of  the  rotation  tensor 

Prove  the  orthogonality  of  the  rotation  tensor,  eq.  (4.26),  based  on  its  expression  based  on 
Euler  theorem,  eq.  (4.15). 

Problem  4.6.  Base  transformation  for  skew  symmetric  tensor 

Prove  eq.  (4.30).  Hint:  remember  that  the  rotation  tensor  is  orthogonal,  R~^  =  R'^  . 

Problem  4.7.  Tensor  operations 

(1)  Prove  that  the  product  of  a  zeroth  order  tensor  by  a  first-order  tensor  is  a  tensor  operation. 

(2)  Prove  that  the  product  of  a  zeroth  order  tensor  by  a  second-order  tensor  is  a  tensor  op- 
eration. (3)  Prove  that  the  tensor  product  of  two  vectors,  eq.  (1.28),  is  a  tensor  operation.  (4) 
Prove  that  the  mixed  product  of  three  vectors  is  a  tensor  operation.  (5)  Let  A  be  a  second-order 
tensor  and  let  A  and  A*  its  components  in  two  bases,  B  and  B* .  Prove  that  the  eigenvalues  of 
A  and  A*  are  identical  and  that  the  eigenvectors  of  A  are  first-order  tensors. 

Problem  4.8.  Tensors  R  and  G 

The  components  of  rotation  tensor  R  resolved  in  basis  I  are  given  as  follows. 


R 


m 


0.6272  -0.7305     0.2700' 

-0.1268  -0.4379  -0.8900 

0.7684     0.5240  -0.3673 


(1)  Find  the  components  of  tensor  G  in  the  same  basis  such  that  rP''  —  G}^'G}^' .  (2)  Verify 
that  your  answer  is  correct  by  evaluating  the  product  G''^'G''^. 

Problem  4.9.  Components  of  a  vector  in  two  bases 

Rotation  tensor  R  brings  basis  I  to  basis  £.  The  components  of  tensor  R  and  vector  a,  both 
resolved  in  basis  I,  are  given  as  follows. 


R  = 


0.2944  0.9433  -0.1536 
-0.9005  0.2199  -0.3751 
-0.3200  0.2488  0.9142 


(1)  Find  the  components  of  vector  a  in  basis  £,  denoted  a*,  as  a*  —  R^a.  (2)  Verify  that 
S*  =  R'^ZR. 
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Problem  4.10.  Relationship  among  unit  vectors  of  a  basis 

The  rotation  tensor  can  be  written  as  _R  =  [ei,  62,  £3],  where  ei,  62,  and  eg  form  an  orthonor- 
mal  basis.  Show  that 


ei  =  6362  -  £263  ,      62  =  6163  -  6361  ,      63  =  6261  -  6162  ,  (4.38a) 

eiEi  +6262  +6363  —  I.  (4.38b) 

Problem  4.11.  Analysis  of  the  projection  operator 

Prove  that  the  projection  operator  defined  in  example  1.5  is  a  second-order  tensor. 

Problem  4.12.  Analysis  of  the  reflection  operator 

Prove  that  the  reflection  operator  defined  in  problem  1.12  is  a  second-order  tensor. 

Problem  4.13.  Rotation  tensor  in  canonical  form 

(1)  Compute  the  components  of  tensor  Iv^'  in  the  canonical  basis,  S,  defined  by  eq.  (4.32), 
i.e.,  verify  eq.  (4.33).  (2)  Compute  the  eigenvalues  of  _R'^',  i.e.,  verify  eq.  (4.25). 

Problem  4.14.  Square  root  of  rotation  tensor 

(1)  Compute  the  components  of  tensors  R  and  G  in  the  canonical  basis,  £,  defined  by 
eq.  (4.32),  denoted  i?'^'  and  G}^\  respectively  (2)  Verify  eq.  (4.19)  by  checking  that  E}^^  = 
G}"G}^'.  (3)  Find  the  fc*''  root  of  the  rotation  tensor  R,  denoted  G  .  Discuss  the  geometric 
meaning  of  this  tensor. 

Problem  4.15.  Orthogonality  in  canonical  form 

Verify  the  orthogonality  property  of  the  rotation  tensor,  RR^  —  /,  by  first  computing  the 
components  of  R  in  the  canonical  basis,  £,  defined  by  eq.  (4.32),  denoted  R-^' ,  then  checking 
that^t^l^I^l^  =X. 

Problem  4.16.  Multiplicative  decomposition  of  the  rotation  tensor 

Consider  three  rotation  tensors,  R,  R  ,  and  R  ,  corresponding  to  rotations  of  magnitude  <f>, 
r](j),  and  (1  —  77)0,  respectively,  about  the  same  unit  vector,  n,  where  77  e  [0,  1].  Prove  that 
R~RR    =  R  R  .  Hint:  write  the  three  rotation  tensors  in  their  common  canonical  basis. 

Problem  4.17.  Properties  of  rotation  tensors  R  and  G 

Prove  the  following  relationships. 

{&-  D{E  +  D~^  =  {R  +  D~^{R-D  =Htan<^/2,  (4.39a) 

ig-  L){g  +  L)~^  =  {g  +  Lr\g-  L)  ^nta.n4>/4,  (4.39b) 

{L-R^){l  +  E^)~^  =  U  +  R^r^il-E^)  =Htan0/2,  (4.39c) 

(|-£^)(|  +  g^)"'  ^  {l  +  Q^r\l-  g^)  =7ita.n4>/4.  (4.39d) 

Problem  4.18.  Multiplicative  decomposition  of  rotation  tensors  R  and  G 

Prove  the  following  relationships. 

E^  {L- an)~'^{l  +  an)  ^  {l+an){l- an)~'^,      a  =  tan0/2,  (4.40a) 

G  =  (/-/3n)"^(/  +  /3n)  =  (/  +  /3n)(/-/3n)"\      /3  =  tan(j!)/4.  (4.40b) 
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Problem  4.19.  Properties  of  rotation  tensors  R  and  G 

Prove  the  following  relationships. 

iE  +  l)U-  ctri)  =  21,      a  =  tan (t)/2, 
(£  +  D(L-  Pn)  =  2X,      /3  =  tan <j!)/4. 

Problem  4.20.  Properties  of  rotation  tensors  R  and  G 

Prove  the  following  relationships. 

{E  + ly^  +  {R^  +  L)-^  =  L 


(4.41a) 
(4.41b) 


(4.42a) 
(4.42b) 
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Figure  4.7  shows  three  orthonormal  bases,  B^  = 
(j\,ilTl),B^  =  (z?jiji),andS3  =  (z?jiji).Let 
the  rotations  of  magnitude  (f>i  about  a  unit  vector  ni  and 
of  magnitude  (j)2  about  a  unit  vector  n2,  represented  by 
tensors  R  and  R  ,  respectively,  express  the  rotations 
from  basis  B^  to  B^  and  from  basis  B"^  to  B^,  respec- 
tively. 

Application  of  the  rotation  operation,  eq.  (4.14), 
yields  «^  =  i?  « J  and  zf  =  Rif-  Eliminating  if  from 
these  two  expressions  leads  to  t^  =  R  Ril  =  i?*}, 
where  R  =  R„R.  is  the  rotation  tensor  that  brings  ba- 
sis B^  to  B^.  The  operation  that  combines  two  rotations, 
that  from  basis  B^  to  B^  and  that  from  basis  B^  to  B^, 
into  a  single  rotation  from  basis  B^  to  S"^  is  called  composition  of  rotations,  a  con- 
cept that  was  first  addressed  by  Rodrigues  [18].  Mathematically,  the  composition 
of  two  rotations  is  expressed  by  the  multiplication  of  the  corresponding  rotation  ten- 
sors. Finite  rotations  do  not  form  a  linear  space:  the  expression  "composition  of  finite 
rotation"  is  used  to  underline  the  fact  these  quantities  are  not  additive. 

The  tensor  relationship,  R  =  R„R. ,  can  be  resolved  in  any  basis,  in  particular 
bases  B^  and  B^,  to  find 
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i?[«^] 


R 


[e-' 


^^fif' 


■gpgf 


(4.43) 


where  eq.  (4.28)  was  used  to  obtain  the  first  equality. 

It  is  often  convenient  to  resolve  rotation  tensor  R  in  basis  B^.  The  second- 
order  tensor  component  transformation  law,  eq.  (4.29),  relates  the  components  of 
this  tensor  resolved  in  the  two  bases  as  R\^  '  =  R\^  ^R^  ^R}^  1^.  Introducing  this 
transformation  into  eq.  (4.43)  yields  the  additional  result 


RlB']  =  RlB-' 


:  gfWf 


(4.44) 
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Hence,  the  total  rotation  R  from  B^  to  B^  can  be  expressed  in  two  alternative  ways 


i?[e^l=i?[«^l=i?ri7?[«^l=i?[e^li?[«^ 


(4.45) 


Note  that  the  order  in  which  the  rotation  tensors  appear  depends  on  the  basis  in 
which  they  are  resolved. 


Example  4.4.  Euler  angles 

In  section  4.4,  Euler  angles  were  defined  as  the  magnitudes  of  three  successive  pla- 
nar rotations  describing  an  arbitrary  rotation,  as  illustrated  in  fig  4.4.  Considering 
the  3-1-3  sequence,  rotation  tensor  R    rotates  basis  X  to  basis  A,  next,  tensor  R 
brings  basis  A  to  basis  B,  and  finally,  tensor  R    rotates  basis  B  to  £.  The  operations 


can  be  summarized  as:  ai  =  Rm,  bi 


Rmi,  and  ei 

u 


R  .hi.  Eliminating  the 


intermediate  bases  then  yields  ei  =  R  R„Rm  =  Rii,  where  R  is  the  tensor  that 
brings  basis  I  to  £. 

The  statement  R  =  R  .  RoRj,  is  a  tensor  relationship  that  is  true  when  expressed 
in  any  basis,  provided  that  all  tensors  are  resolved  in  the  same  basis;  for  instance,  one 
could  write  R}  '  =  R}  'R}  'R}  ' .  In  this  expression,  R    represents  a  planar  rotation 

and  the  components  of  this  tensor  resolved  in  basis  X,  denoted  R}  ' ,  are  in  the  form 
of  the  direction  cosine  matrix  given  by  eq.  (4.6).  Tensor  R    also  represents  a  planar 

rotation,  but  its  components  resolved  in  basis  X,  denoted  R}^' ,  are  not  of  the  form 
of  a  direction  cosine  matrix  as  given  in  eq.  (4.4).  However,  the  components  of  this 
tensor  resolved  in  basis  A,  denoted  _R'  ' ,  would  be  of  the  form  given  in  eq.  (4.4). 
The  same  remarks  can  be  made  about  tensor  _R   :  its  components  in  basis  B,  denoted 

wy ,  are  of  the  form  of  the  direction  cosine  matrix  for  a  planar  rotation  as  given  by 

eq.  (4.6),  whereas  its  components  in  basis  I,  denoted  W  ' ,  are  not. 

The  above  discussion  indicates  that  the  evaluation  of  rotation  tensor  R  will  be 
easier  if  the  tensor  relationship  R  =  R  .  BloBlj  is  expressed  in  component  form  as 

^[x]  ^  ^P^l^^^l^l^l,  a  recursive  application  of  eq.  (4.44).  This  yields 


R^' 


COS(f)  - 

-  sin  <p  0 

1     0 

0 

cos  V' 

sini/) 

cos(f)  0 

0  cos  6*  - 

-  sin  9 

sin^ 

0 

0       1 

0  sin  61 

cos  6 

0 

-  sin  tp  0 

cosV'  0 

0       1 


Performing  the  triple  matrix  multiplication  yields  the  components  of  the  rotation 
tensor  in  basis  X;  the  result  yields  the  entries  of  the  direction  cosine  matrix  defined 
in  eq.  (4.74),  as  expected  from  eq.  (4.18). 

Example  4.5.  Time-dependent  motion  of  a  rigid  body 

Consider  a  rigid  body  moving  in  three-dimensional  space.  In  many  computational 
schemes,  it  is  necessary  to  track  down  the  motion  of  the  body  by  determining  its 
actual  position  and  orientation  in  space  at  various  instants  in  time,  as  depicted  in 

fig.  4.8. 
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Fig.  4.8.  Time-dependent  motion  of  a  rigid  body. 


The  following  frames  will  be  used  in  this  problem:  T^  =  [0,I  =  (ii,  12,  ^3)],  is 
an  inertial  frame,  T^  =  [Bo,£  =  (ei,  62, 63)],  a  body  attached  frame  that  defines 
the  configuration  of  the  rigid  body  in  its  reference  configuration  (say  at  time  t  =  0), 
T^  =  [Bi,  A  =  (ai,  02,  03)],  a  body  attached  frame  that  defines  the  configuration 
of  the  body  at  ti,  and  finally  J^^  =  [Bf ,  S  =  (&i,  62,  ^3)] ,  a  body  attached  frame 
that  defines  the  configuration  of  the  body  at  tf.  Typically,  U  and  tf  would  be  the 
initial  and  final  times,  respectively,  for  a  time  step  of  the  computation  that  proceeds 
in  an  incremental  manner. 

The  position  vector  of  point  Bq  of  the  rigid  body  with  respect  to  point  O  is 
denoted  Xq,  and  the  orientation  of  the  body  is  determined  by  rotation  tensor  R  that 
brings  basis  X  to  basis  £.  Next,  the  position  vector  of  point  B,;  with  respect  to  point  Bq 
is  denoted  u^  and  the  corresponding  orientation  of  the  body  is  determined  by  rotation 
tensor  /?.  that  brings  basis  £  to  basis  A.  Note  that  u^  and  R  define  the  configuration 
of  the  rigid  body  at  time  ti  relative  to  that  at  time  t  =  0.  The  configuration  of  the  body 
with  respect  to  the  inertial  frame  would  have  to  be  obtained  from  a  composition  of 
the  partial  displacements  and  rotations.  Finally,  the  incremental  motion  of  the  body 
from  time  ti  to  tf  is  defined  by  position  vector  u  of  point  B/  with  respect  to  point  B, 
and  rotation  tensor  R  that  brings  basis  A  to  basis  B.  Determine  the  inertial  position 
and  orientation  of  the  body  at  time  tf. 

The  inertial  position  of  the  body  is  readily  found  by  adding  the  various  displace- 
ments to  find  r  =  XQ  +  Ui  +  u.  This  vector  equation  can  be  resolved  in  any  basis,  for 
instance  the  inertial  basis. 

The  various  bases  are  related  to  each  other  through  the  corresponding  rotation 
tensors:  ei  =  RJii,  ai  =  Rei,  and  61  =  Riii.  Eliminating  the  intermediate  bases 
yields  5i  =  RR.Rjii  =  S_ii,  where  S_  =  RR.R^  is  the  rotation  tensor  that  brings 
basis  X  to  basis  B.  This  tensor  relationship  can  be  expressed  in  component  form  as 
follows:  S}  '  =  R}  'R[  'M  ,  where  all  tensors  have  been  expressed  in  a  common 
basis  X,  see  eq.  (4.43). 

It  is  sometimes  more  convenient  to  express  each  rotation  tensor  in  the  local  basis; 
in  that  case  eq.  (4.44)  yields:  S}''-^  =  R^'^Rf^R^^^.  Note  the  reversing  of  the  order 
of  the  individual  rotations  depending  of  the  basis  in  which  the  tensors  are  expressed. 
This  behavior  is  a  consequence  of  the  nonlinear  nature  of  rotation  operations. 
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The  operation  of  composing  displacements  corresponds  to  a  simple  addition  of 
vectors.  In  contrast,  the  corresponding  operation  for  rotations  is  far  more  complex: 
rotations  cannot  be  added  by  simply  adding  "rotation  vectors."  Rather,  the  compo- 
nents of  the  corresponding  rotation  tensors  are  multiplied,  and  the  order  in  which 
the  tensors  appear  depends  on  the  bases  in  which  their  components  are  resolved. 
This  fundamental  difference  is  reflected  in  the  vocabulary:  displacement  vectors  are 
added,  rotations  are  composed. 


4.9.1  Problems 

Problem  4.21.  Sequence  of  rotations 

Consider  a  sequence  of  n  orthonormal  bases  denoted  B^  ,B^, . . .  B'' , . .  .B".  Let  rotation  ten- 
sor R  define  the  rotation  from  B''  to  B^^^ .  Rotation  tensors  R  ,  k  —  1,2, . .  .n  —  1, 
then  define  the  successive  rotations  between  these  bases.  (1)  Prove  the  following  tensor  re- 
lationship R  —   R       R        . . .  R  R  ,  where  rotation  tensor  R  defines  the  rotation  from 

basis  B^  to  basis  B".  (2)  Prove  that  ^'^''l    =  ^t®"'    =  ilf.'lljf.'a  •  •  -llf ''il'''''  ''"'^ 

Problem  4.22.  Composition  of  rotations 

Consider  three  orthonormal  bases  B,  Bn,  and  B* .  Let  rotation  tensor  R   describe  the  rotation 

=0 

from  basis  B  to  Bo  and  R  that  from  basis  Bo  lo  B  .  The  components  of  tensors  R  and  R 
resolved  in  basis  B  are 

■0.9377  -0.1212' 


R^"^ 


0.3258  -0.9377  -0.1212 
0.8683  0.3474  -0.3540 
0.3740  0.0101  0.9274 


0.2944  0.9433  -0.1536 
-0.9005  0.2199  -0.3751 
-0.3200  0.2488  0.9142 


Let  ^.  =  ^E  J.  Prove  the  following  relationships:  (1)  ^^^  =  ^^'\  (2)  ^f^  =  ^t'^'^t'^l. 

(3)  Iv'^'  =  Iv'^'Iv^"'.  (4)  Verify  each  relationship  numerically  by  performing  the  matrix 
multiplications. 

Problem  4.23.  Robotic  system  with  spinning  disk 

The  system  depicted  in  fig.  4.9  consists  of  a  shaft  of  height  h  rigidly  connected  to  an 
arm  of  length  La  and  of  a  spinning  disk  of  radius  R  mounted  at  the  free  end  of  the 
arm.  Frame  T^  —  [S,S^  —  (si,S2,S3)]  is  attached  to  the  shaft  at  point  S,  and  frame 
T^  —  [C,B*  —  {bi, 1)2,1)3)]  is  attached  to  the  disk  at  point  C.  Superscripts  (.)"''  and  (.)* 
indicate  components  of  tensors  resolved  in  bases  5"*"  and  B* ,  respectively.  Angle  a{t)  and 
/3(i)  are  the  magnitudes  of  the  planar  rotations  about  axis  13  and  si,  respectively,  that  bring 
basis  X  to  5^  and  basis  5^  to  B* ,  respectively.  Tensors  R  and  R  are  the  rotation  tensors 
associated  with  those  two  rotations,  and  R  is  the  rotation  tensor  that  brings  basis  I  to  B* .  If 
angles  a{t)  and  /3(i)  are  given,  write  compact  expressions  for  the  following  tensor  compo- 
nents: (1)  ^  ,  ^+ ,  and  ^* ;  (2  j  ^  ,  ^+ ,  and  ^* .  (3)  Express  ^  in  terms  of  ^    and  ^  ,  (4) 

express  R  in  terms  of  R    and  K^ . 

Problem  4.24.  Relative  rotation  at  a  revolute  joint 

Figure  4.10  depicts  two  rigid  bodies  denoted  with  superscripts  (•)*  and  (•)*,  respectively, 
linked  together  by  a  revolute  joint.  In  the  reference  configuration,  the  orientation  of  the  rigid 
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e  =e 


Final 
configuration 


Reference 
configuration 


Fig.  4.9.  Spinning  disk  mounted  on  a  rotating       Fig.  4.10.  Revolute  joint  in  tlie  reference  and 
arm.  final  configurations. 


bodies  is  defined  by  coincident  bases  Bq  =  Bq.  In  the  deformed  configuration,  the  orien- 
tations of  the  bodies  are  defined  by  two  distinct  bases  B''  and  B^,  respectively.  No  relative 
displacement  is  permitted  between  the  bodies  that  are  allowed  to  rotate  with  respect  to  each 
other  in  such  a  way  that  ej  =  63.  Rotation  tensor  R^  —  R^  describes  the  rotation  from  I  to 
Bl:i  =B(^,  tensor  R''  that  from  B^  to  B'',  and  tensor  Rf  that  from  B^,  to  B'^.  If 


io 


m 


0.1043  0.5561  0.8245 
-0.1873  0.8252  -0.5329 
-0.9767  -0.0989     0.1902 


0.6311  -0.7492     0.2010 
gkix]  ^     0.0140  -0.2480  -0.9687    ,     R"^^'  = 
[o.7756     0.6141  -0.1460 
find  the  relative  rotation,  </>,  of  the  revolute  joint. 


0.6272  -0.7305     0.2700 

-0.1268  -0.4379  -0.8900 

0.7684     0.5240  -0.3673 


Problem  4.25.  Rigid  bodies  connected  by  torsional  springs 

Figure  4.1 1  shows  two  rigid  bodies  denoted  with  superscripts  (•)''  and  {■)',  respectively,  linked 
together  by  torsional  springs  at  a  point.  In  the  reference  configuration,  the  orientation  of  the 
rigid  bodies  is  defined  by  coincident  bases  Bq  —  Bq-  In  the  deformed  configuration,  the 
orientations  of  the  bodies  are  defined  by  two  distinct  bases  B^  and  B^ ,  respectively.  No  relative 
displacement  is  permitted  between  the  bodies  that  are  allowed  to  rotate  with  respect  to  each 
other  in  an  arbitrary  manner  Rotation  tensor  R^  —  R^  describes  the  rotation  from  X  to 
Bo  =  Bi,  tensor  R^  that  from  Bq  to  B'°,  and  tensor  R^  that  from  Bq  to  i3*.  Let  R  be  the 
rotation  tensor  from  B''  to  B^ .  The  deformation  of  the  torsional  springs  will  be  measured  by 
the  following  vector 

1 


-kT-l 

-kT-l 

£3     62  - 

-62     63 

-kT-l 

^kT-l 

ei    63  - 

-63    ei 

7;kT-l 

^I^T-l 
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(1)  Find  the  relationship  between  components  s'®  '  and  the  components  of  tensor  R  resolved 
in  an  appropriate  basis.  Clearly  define  this  appropriate  basis,  and  give  the  components  of  _R  in 

that  basis.  (2)  Find  the  relationship  between  components  s'*'  '  and  the  magnitude  ((>  and  unit 
axis  n  characterizing  the  rotation  tensor  R  expressed  in  the  previously  defined  basis. 


Final  ^ 

configuration 


Reference 
configuration 


Fig.  4.11.  Rigid  bodies  linked  by  torsional  springs.  For  clarity  of  the  figure,  the  reference  and 
final  configurations  have  been  translated  with  respect  to  each  other. 


4.10  Time  derivatives  of  rotation  operations 

Consider  a  fixed  orthonormal  basis  X  =  («i,  «2,  ^a)  and  a  time-dependent  orthonor- 
mal  basis  £  =  (ei,  62,  63).  It  is  often  the  case  that  the  orientation  of  this  moving  or- 
thonormal basis  depend  on  a  scalar  variable,  say  time  t.  If  R{t)  is  the  time-dependent 
rotation  tensor  that  bring  X  to  £,  ei  (i)  =  R{t)ii.  The  time  derivative  of  this  expres- 
sion is  ei{t)  =  R{t)ii,  where  notation  (•)  indicates  a  time  derivative.  Clearly,  R{t) 
can  be  evaluated  directly  by  taking  a  time  derivative  of  the  rotation  tensor,  eq.  (4. 15). 
The  concept  of  angular  velocity  vector,  however,  considerably  simplifies  this  opera- 
tion and  will  be  explored  in  the  next  sections. 


4.10.1  The  angular  velocity  vector:  an  intuitive  approach 

Consider  a  constant  norm,  time-dependent  vector,  h{t),  and  a  rotation  operation  char- 
acterized by  an  instantaneous  unit  vector,  n{t),  and  an  infinitesimal  rotation,  A(j). 
Figure  4.12  shows  the  effect  of  this  infinitesimal  rotation  on  the  orientation  of  vector 
b:  at  time  t,  its  orientation  is  b{t),  at  time  t  +  At,  its  orientation  is  h{t  +  At).  Because 
vector  h  is  of  constant  norm,  it  sweeps  the  outer  surface  of  a  cone,  whose  summit  is 
at  the  origin  and  its  basis  is  a  circle  in  a  plane  normal  to  n.  The  radius  of  the  circle  is 
r  =  \\h\\  sin  a,  where  a  is  the  angle  between  vectors  h  and  n.  The  increment  in  h  is 
Ah  =  bit  +  At)  —  b(t),  a  vector  that  lies  in  a  plane  normal  to  n. 

If  Acj)  — >  0,  vector  Ab  becomes  tangent  to  the  circle,  and  hence,  normal  to  b{t). 
In  this  case,  Ab  is  normal  to  both  n  and  b{t),  and  hence,  Ab  =  c  nb.  The  unknown 
constant,  c,  can  be  determined  by  taking  the  norm  of  both  sides  of  this  equation  to 
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find  \\Ab\\   =  c||6||sinQ:.  Because  ||Zi6||   =  rA(l>,  it  follows  that  rA<f)  =  cr,  and 
finally  c  =  A(j).  The  incremental  change  in  vector  b  now  becomes  Ab  =  A<f)  nb. 
By  definition,  the  time  derivative  of  vector  b  is 


lini 

zit-s-O 


b{t  +  At)  -  b{t) 
'At 


lim   — — 

zit-i-o  At 


lim   — —  nb 

At^Q   At 


— —  nb  =  (j)  nb. 


Vector  uj_  =  (j)n  is  the  angular  velocity  vector;  the  time  derivative  of  vector  b  now 
becomes 

b  =  ub.  (4.46) 

This  important  relationship  implies  that  the  time  derivative  of  a  constant  norm  vector 
equals  the  vector  product  of  the  angular  velocity  vector  by  the  constant  norm  vector 
itself.  Clearly,  the  angular  velocity  vector  will  play  a  fundamental  role  in  computing 
the  time  derivatives  of  vectors. 


Fig.  4.12.  Rotation  of  a  constant  norm  vector       Fig.  4.13.  Fixed  and  rotating  orthonormal 
b.  bases. 


The  above  result  can  also  be  obtained  from  eq.  (4.14)  that  describes  the  rotation 
an  arbitrary  vector  a.  Let  0  =  0  and  (p  =  Acj)  at  time  t  =  0  and  t  =  At,  respectively. 
It  follows  that  6(0)  =  a  and  b{At)  =  a  +  A(f>  na,  where  higher  order  terms  were 
neglected.  The  increment  in  vector  b  is  then  Ab  =  Acj)  rib,  a  result  identical  to  that 
obtained  above.  Clearly,  this  result  is  valid  for  infinitesimal  rotations  about  0  =  0. 

If  the  axis  n  about  which  the  rotation  is  taking  place  has  a  constant  direction 
in  time,  the  angular  velocity  vector  can  be  written  as  a;  =  ^n  =  d{(f>n)/dt,  i.e., 
the  angular  velocity  is  the  time  derivative  of  vector  (j)n.  The  results  obtained  above, 
however,  are  not  limited  to  the  case  where  axis  n  is  of  constant  direction.  In  the 
general  case,  oj_  =  4'n{t),  and  because  0(i)  and  n{t)  are  independent  functions  of 
time,  there  exist  no  vector  such  that  its  derivative  equals  the  angular  velocity  vector. 

The  angular  velocity  vector  is  a  nonholonomic  vector,  i.e.,  a  vector  that  cannot 
be  integrated.  This  contrasts  with  the  expression  of  the  velocity  vector  of  a  particle: 
the  position  vector  is  u{t)  and  the  velocity  v_{t)  =  u.  In  this  case,  the  integral  of  the 
velocity  vector  is  the  position  vector.  When  it  comes  to  the  angular  velocity,  there 
exist  no  vector  x  such  that  uj  =  x. 
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4.10.2  The  angular  velocity  vector:  a  rigorous  approach 

The  development  presented  in  the  previous  section  is  limited  to  rotations  about  0  = 
0;  consequently,  the  resulting  expressions  are  not  general.  In  the  present  section,  a 
rigorous  definition  of  the  angular  velocity  vector  is  derived  by  considering  the  time- 
dependent  orthonormal  basis,  £(t)  =  (ei,  (=2,  63),  depicted  in  fig.  4.13. 

Definition  of  the  angular  velocity  vector 

Because  ei  is  a  unit  vector  efei  =  1  and  a  time  derivative  of  this  equation  yields 
ejei  =  0,  i.e.,  vectors  ei  and  ei  must  be  perpendicular  to  each  other.  This  implies 
the  existence  of  vector  Oj^ ,  such  that 

ei  =  aiei.  (4.47) 

To  determine  fl]^ ,  this  equation  is  recast  as  eiaj^  =  — ei,  a  vector  product  equation  for 
unknown  vector  O]^.  In  view  of  eq.  (1.35),  the  solution  of  this  equation  is  Oj^  =  ujiei  + 
eiei,  where  wi  is  an  arbitrary  constant;  this  solution  exists  because  the  right-hand 
side  of  the  equation,  —  ei,  is  orthogonal  to  the  the  null  space  of  ei,  i.e.,  ef  ei  =  0. 

Vectors  62  an  63  are  also  unit  vectors  and  a  reasoning  similar  to  that  developed 
above  leads  to  ai  =  ujici  +  eiei,  Oj  =  W2e2  +  6262,  and  a^  =  10363  +  6363,  where 
cji,  UJ2,  and  LJ3  are  arbitrary  constants. 

The  components  of  vector  ai  in  the  rotating  basis  £  are  readily  found  as  ejai  = 
uji,  e^ai  =  —eje3  and  e^ai  =  6^62.  A  similar  reasoning  applied  to  vectors  a^  ^nd 
0.3  then  leads  to 

a^  =     wi  ei  -  (6^63)  62  +  ((3^62)  63,  (4.48a) 

02  =     (6^63)  ei  +  a;2  62  -  (ejei)  63,  (4.48b) 

fi3  =  -(eje2)  61  +  {elei)  62  +  wi  63,  (4.48c) 

where  the  last  two  equations  were  obtained  by  evaluating  the  components  of  vectors 
0.2  and  0,3  in  rotating  basis  £. 

Unit  vectors  62  and  63  are  mutually  orthogonal,  i.e.,  6^63  =  0;  a  time  derivative 
of  this  orthogonality  condition  implies  6^63  =  — ejfe2-  Since  wi  is  arbitrary,  it  is 
possible  to  select  uji  =  €^€3  =  —e^e2.  The  three  arbitrary  constants  are  selected  as 
follows, 

wi  =  6^63  = -eje2,      W2  =  e![ei  = -ef  63,     ^3  =  6^62  = -e^ei,      (4.49) 

where  the  last  two  equations  stem  from  the  orthogonality  conditions,  6^63  =  0  and 
e^e2  =  0,  respectively.  Inspection  of  eqs.  4.48  and  4.49  then  reveals  that  the  three 
vectors  a^^,  02,  and  0-3  are  equal  to  each  other,  i.e.,  a^  =  02  =  03  =  w,  where 

^  =  (6^63)  ei  +  (ef  ei)  62  +  (6^62)  63.  (4.50) 

This  relationship  provides  a  formal  definition  of  the  angular  velocity  vector.  Since 
the  quantities  in  parentheses  are  scalar  products  of  vector,  the  angular  velocity  vector 
is  indeed  a  first-order  tensor,  because  it  is  a  linear  combination  of  first-order  tensors. 
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Properties  of  the  angular  velocity  vector 

The  fundamental  property  of  the  angular  velocity  vector  is  its  relationship  to  the  time 
derivative  of  an  orthonormal  basis;  indeed,  eq.  (4.47)  now  becomes 


ei  =  wei,      62  =  we2, 


63  =a;63. 


(4.51) 


Clearly,  these  results  are  identical  to  those  obtained  in  the  previous  section,  see 
eq.  (4.46):  the  vector  product  of  the  angular  velocity  vector  by  a  constant  norm  vector 
yields  the  time  derivative  of  the  vector  itself. 

The  concept  of  angular  velocity  is  associated  with  the  time  derivative  of  orthonor- 
mal basis  £.  Let  h  be  an  arbitrary  vector  attached  to  basis  £,  i.e.,  b  =  aiei+  01262  + 
0363,  where  ai,  a2,  and  a^  are  time  independent  constants.  The  time  derivative  of 
this  vector  then  becomes  b  =  aiEi  +  02^2  +  0^363  =  S(aiei  +0262  +  0:363)  =  26. 

The  time  derivative  of  any  vector  attached  to  basis  £  is  b  =  ujb,  i.e.,  the  angular 
velocity  vector  characterizes  the  time  derivative  of  the  angular  motion  of  the  basis, 
not  just  that  of  a  single  unit  vector.  Because  a  one  to  one  correspondence  exists 
between  the  angular  motion  of  an  orthonormal  basis  and  that  of  a  rigid  body,  the 
angular  velocity  vector  characterizes  the  time  derivative  of  the  angular  motion  of  a 
rigid  body. 

The  following  alternative  expression,  which  presents  a  higher  symmetry  in  the 
indices,  can  also  be  used  to  define  the  angular  velocity  vector 


1 


[(e|'e2  -  6^3)  61  +  (6^63  -  e'^ei)  62  +  (e^ei  -  6^62)  63 


(4.52) 


The  components  of  the  angular  velocity  vector  resolved  in  the  rotating  basis,  £,  de- 
noted w*  are 

I   \ele2-eleA 
-*  "  2  1  ""i^^^  ~  ""3  ei  >  ■  (4.53) 

[  epl  -  6^62  J 

Relating  the  angular  velocity  vector  to  the  rotation  tensor 

Let  R  be  the  rotation  tensor  that  bring  basis  I  to  basis  £;  the  components  of  this 
tensor  in  basis  I  are  R=  [ei ,  62,  63]  and  it  then  follows  that 


^R  = 
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0       6^62  6^63 
fei        0       ^63 
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2) 
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-{elei-eje2) 
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Comparing  eq.  (4.53)  and  (4.54)  then  yields 

w*  =  R^R. 


(4.54) 


(4.55) 
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Because  the  angular  velocity  vector  is  a  tensor,  its  components  in  the  fixed  basis 
X  are  then  obtained  from  eq.  (4.29)  as 

Zj  =  gUi*^  =  EiR^E)R^  =  i^^-  (4.56) 

This  equation  defines  the  angular  velocity  in  terms  of  the  rotation  tensor  and  its  time 
derivative.  Since  it  is  a  tensor  relationship,  it  is  true  in  all  bases,  and  could  be  taken  as 
the  definition  of  the  angular  velocity  vector,  although  it  more  abstract  and  algebraic 
than  the  definition  given  by  eq.  (4.50),  which  is  rooted  in  more  geometric  arguments. 
The  results  derived  above  can  be  recovered  from  purely  algebraic  manipula- 
tion. Let  R{t)  be  the  time-dependent  rotation  tensor  that  brings  basis  X  to  basis 
£{t),  ei(t)  =  R{t)ii.  A  time  derivative  of  this  expression  yields  ei  =  Rii{t)  = 
RR    ei(i).  A  time  derivative  of  the  orthogonality  property  of  the  rotation  tensor, 

eq.  (4.26),  leads  to  E^^  =  -{R^V,  which  shows  that  tensor  R^  is  skew 
symmetric,  as  implied  by  eq.  (4.56),  which  is  taken  to  be  the  definition  of  the  angular 
velocity  vector.  The  time  derivative  of  unit  vector  ei  then  becomes  ei  (t)  =  ujei  {t), 
as  expected  from  earlier  developments.  The  components  of  this  vector  in  basis  £  are 
now^"^  ei(t)  =  R'^ujei  =  R^dJR^ei  =  u)*ii. 

Explicit  expression  of  the  angular  velocity  vector 

The  angular  velocity  vector  can  be  expressed  in  terms  of  quantities  (j){t)  and  fi{t)  that 
characterize  the  rotation.  Introducing  the  rotation  tensor,  eq.  (4.15),  into  eq.  (4.56) 
and  using  identity  (1.34c)  yields 

uj  =  (pn  +  sin  (f)n+{l  —  cos  0)  (nn  —  nn) .  (4.57) 

The  angular  velocity  vector  now  becomes 

Lo  =  (p  n  +  sin (/)  n  +  (l  —  cos  (l))nn  (4.58) 

Note  that  for  cj)  =  0,uj_=  (f)n,  the  result  obtained  with  the  simplified  approach  of  the 
previous  section.  The  time  derivative  of  unit  vector  n  about  which  the  rotation  takes 
place  explicitly  appears  in  the  rigorous  expression  of  the  angular  velocity  vector. 
Because  eq.  (4.58)  cannot  be  integrated  in  general,  the  angular  velocity  vector  is  a 
nonholonomic  vector. 

Example  4.6.  Angular  velocity  in  terms  ofEuler  angles 

Find  the  angular  velocity  vector  expressed  in  terms  of  Euler  angles  and  their  time 
derivatives;  use  the  3-1-3  sequence  to  define  the  Euler  angles. 

The  components  of  the  angular  velocity  vector  resolved  in  the  moving  basis  will 
be  evaluated  first.  In  section  4.4,  the  rotation  tensor  expressed  in  terms  of  Euler 
angles  was  found  to  be  Rp-'  =  R-^'W^'Ri-  In  the  following,  the  superscripts  will 
be  dropped  to  simplify  the  writing.  Equation  (4.55)  then  yields 

UJ    ^  R  R  ^  \R  ,R„R  , )   (R  R  R    +  R  R  R    -{-  R  R  R   ) 
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RzK,  represents  the  angular  velocity  associated  with  the  first  planar  rotation  of  the 
3-1-3  Euler  angle  sequence.  It  can  be  readily  evaluated  using  elementary  trigonomet- 
ric formulae  to  find  R  R 


^fl. 


Proceeding   in    a    similar   manner   with   the   other   terms   leads   to   ui* 
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multiplications  and  casting  the  result  in  a  matrix  form  leads  to 


{l,0,0}.  Performing  the  matrix 


with     H* 
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Sil, 
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1 

(4.59) 


Operator  H*       is  called  the  tangent  operator  because  it  is  tangent  to  the  rotation 
manifold. 

Of  course,  the  components  of  the  angular  velocity  vector  resolved  in  the  fixed 
basis  could  also  be  evaluated.  Starting  from  eq.  (4.56),  the  desired  components  are 
found  as  w  =  0  Zg    +  dR 


"tpR  R   Zg   ;  in  matrix  form,  this  becomes 


with     iJ, 


0  Ccf,       S(j,Sg 

0  50  —C^Sg 

1  0       Ce 


(4.60) 


Sometimes,  the  angular  velocity  components  of  a  rigid  body  are  known,  or  have 
been  computed  from  dynamical  equations  of  motion.  The  orientation  of  the  rigid 
body  is  then  obtained  by  integration  the  following  kinematical  equations 
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So 


S^         C^       0 

SgC^   —SgS^     0 
-L-0O^  —UgU^  bg 

-S^Cg  C^Cg  Sg 
C^Sg  S^Sg  0 
S^         —C(j,     0 


These  relationships  become  singular  when  5*^  =  0;  as  was  noted  in  section  4.4, 
singularities  occurs  when  using  Euler  angles  to  represent  rotations,  for  all  possible 
sequence  choices.  Because  uf  =  R  cj,  it  follows  that  RH*       =  H_     ,,  or  i?  = 
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4.10.3  The  addition  theorem 


Consider  now  the  problem  of  two  time-dependent  bases  rotating  with  respect  to  an 
inertial  frame  of  reference,  X.  The  first  basis  is  denoted  E*  =  (ei,  62,  63)  and  the 
second  B  =  (61,  62,  63),  as  depicted  in  fig.  4.14.  Rotation  tensor  R    brings  basis  X 


to  basis  £* 


and  tensor  R   brings  £*  io  B. 


Clearly,  the  instantaneous  orientation  of  ba- 
sis B  with  respect  to  basis  I  is  a  function  of 
both  tensors  R  and  R  .  Similarly,  the  angular 
velocity  of  basis  B  with  respect  to  X  depends  on 
the  angular  velocities  of  both  bases  £*  and  B. 

If  the  components  of  tensors  R  and  R  are 
resolved  in  basis  X, 


hi  =  R^R^ii  =  R^R{  R^Rji  =  R.RlH, 

Fig.  4.14.  Two  time-dependent  bases, 

£  and  B.  where  R*  are  the  components  of  tensor  R   re- 

solved in  basis  £*,  see  eq.  (4.29).  Superscript  (•)*  is  used  here  to  indicate  tensor 
components  resolved  in  basis  £* . 

The  time  derivative  of  unit  vector  61  now  becomes 

^1  =  (4^2  +  ^l^Mi&f'^^  =  (ilif  +  ^1^2^f  ^f)^!-  (4.61) 

The  first  term  of  the  last  equality  is  the  angular  velocity  of  basis  £*  with  respect 
to  basis  X,  denoted  ojj^  =  axial(^  i?   ).  The  components  of  this  angular  velocity 

vector  are  resolved  in  basis  X.  Next,  ^2  =  axia.\{R  RZ^)  are  the  components  of 
the  angular  velocity  vector  of  basis  B  with  respect  to  basis  £*,  resolved  in  £*.  The 
second  term  of  the  last  equality  involves  the  components  of  the  angular  velocity 
vector,  ^2  =  i?.  ^2 '  of  basis  B  with  respect  to  basis  £* ,  resolved  in  basis  X,  because 


iJ2ifif 


R,^%Ri 


■  W2. 


The  derivative  of  the  unit  vector,  eq.  (4.61),  now  reduces  to  61  =  (wi  +  ^2)^1 
u)bi,  where 


:  W,     +  Wo. 


(4.62) 


_  —  _1    ^^  _2  • 

Vector  w  is  the  angular  velocity  of  basis  B  with  respect  to  X.  This  result  is  know  as 
the  addition  theorem. 

Theorem  4.2  (Addition  theorem).  The  angular  velocity  of  basis  B  with  respect  to 
basis  X  is  the  sum  of  the  angular  velocities  of  basis  A  with  respect  to  X  and  of  basis 
B  with  respect  to  A,  where  A  is  an  arbitrary  basis. 

The  angular  velocity  of  basis  B  with  respect  to  I  is  w  =  a; j^  +  0^2 ,  where  Wj^  is  the 
angular  velocity  of  basis  £*  with  respect  to  basis  X,  and  Wg  is  the  angular  velocity 
of  basis  B  with  respect  to  basis  £* .  This  is  a  tensor  relationship  can  be  expressed  in 


■4^1ory[«l 


\B] 


+  iO. 


[B] 


any  basis;  for  instance,  oj'  '  =  w 

It  would  appear  that  angular  velocity  vector  uj_2  is  more  naturally  resolved  in  basis 
£*;  its  components  are  then  denoted  uj^.  It  is  clearly  incorrect,  however,  to  write 
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uj_  =  uj_i  +  ^2,  because  it  is  wrong  to  add  the  components  of  two  vectors  resolved  in 
different  bases.  In  many  applications,  the  angular  velocity  of  the  second  basis  will  be 
defined  by  its  components  in  that  basis,  Wg ;  in  that  case,  the  addition  theorem  states 

In  applications  of  the  addition  theorem,  it  is  important  to  correctly  identify  and 
evaluate  the  angular  velocities  of  the  two  bases  at  hand.  For  instance,  it  would  be 
incorrect  to  believe  that  the  angular  velocity  of  basis  B  with  respect  to  E*  is  R  R^ ■ 

Indeed,  because  R    =  R  B^R^  >  it  follows  that 

=  Ui+  Rfi*2Rj  +  (i2il)i[il(i2il)^ 

=  Si  +  S2  +  R^R^R^^R^  =  Si  +  S2  +  R^^IR^ 

Clearly,  R^R^  7^  ^2-  This  is  due  to  the  fact  that  although  R  is  the  rotation  tensor 
that  rotates  basis  £*  to  basis  B,  the  components  of  this  tensor  are  resolved  in  basis  X. 
The  components  of  the  angular  velocity  of  basis  B  with  respect  to  basis  £* ,  resolved 
in£*,arew2  =  axial(_R_R*^),  because  i?*  are  the  components  of  the  rotation  tensor 
that  rotates  basis  £*  to  basis  B,  resolved  in  basis  £* . 


Example  4.7.  Angular  velocity  in  terms  ofEuler  angles 

In  section  4.4,  Euler  angles  were  defined  as  the  magnitudes  of  three  successive  planar 
rotations  that  produce  an  arbitrary  rotation,  as  shown  in  fig  4.4.  In  example  4.6, 
expressions  were  derived  for  the  components  of  the  angular  velocity  vector  in  terms 
of  Euler  angles  and  their  time  derivatives.  Derive  these  expressions  using  the  addition 
theorem. 

According  to  this  theorem,  the  angular  velocity  of  basis  £  with  respect  to  basis 
X  is  simply  w  =  a; ^  +  ojg  +  w^ ,  where  uj_,  is  the  angular  velocity  associated  with 
the  planar  rotation  that  brings  basis  X  to  basis  A,  uj_q  that  associated  with  the  planar 
rotation  from  basis  A  to  B,  and  w^  that  associated  with  the  planar  rotation  from  basis 

B  to  £.  It  follows  that  w*  =  ujf^  =  ^L  +  ^g  +  wL  ,  while  correct,  this  expression 
is  not  convenient  to  use  because  the  partial  angular  velocities  are  all  expressed  in  the 
same  basis,  £. 

Using  the  rules  of  transformation  for  the  components  of  first-order  tensors, 
eq.  (4.27),  yields  w*  =  {^f'^fYJ^f  +  E|f''^^f'  +  ^'-  Because  each  partial 
rotation  is  a  planar  rotation,  it  is  clear  that  wL     =  wjj    —  ^ig   ,  Wg     =  Wg     =  dtv^    , 

-?  =  -!fl  =  #rUndfinally,a,*  =  {g^^^ff[^^)^if^{ra^^^)^[i,ht\ 
This  expression  is  identical  to  that  found  in  example  4.6. 
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4.10.4  Angular  acceleration 

The  angular  velocity  vector  enables  the  evaluation  of  the  derivative  of  a  unit  vector, 
see  eq.  (4.51).  The  second  derivative  of  a  unit  vector  then  becomes 

ei  =  Luei  +  ujci  =  Luei  +  ujujei  =  (S  +  u)U))ei.  (4.63) 

The  angular  acceleration  vector  is  defined  as  a  =  w;  it  then  follows  that 

ei  =  (3  +  u}U))e.i.  (4.64) 

Consider  now  the  problem  of  two  time-dependent  bases  rotating  with  respect 
to  an  inertial  frame  of  reference,  I,  as  depicted  in  fig.  4.14.  The  addition  theorem, 
eq.  (4.62),  implies  &i  =  uJhi,  where  w  =  Wj^  +  ti^2-  The  second  derivative  of  the  unit 
vector  now  becomes  6i  =  (3  +  uju])bi,  where  the  angular  acceleration  of  basis  B 
with  respect  to  basis  I  is 

a  =  Lo_-y  +  ^2-  (4.65) 

This  result  corresponds  to  the  addition  theorem  for  angular  acceleration,  and  echoes 
the  corresponding  result  for  angular  velocities,  eq.  (4.62). 

The  angular  acceleration  of  basis  B  with  respect  to  I  is  a  =  w  =  Wj^  +a;2,  where 
W]^  is  the  angular  velocity  of  basis  £*  with  respect  to  basis  I  and  W2  is  the  angular 
velocity  of  basis  B  with  respect  to  basis  £* .  This  tensor  relationship  is  true  in  any 
basis,  aI-^1  =  1^1  +  1^2  '^^  ^'^'  =  ^1  +  ^2  •  Of  course,  it  would  be  incorrect 
to  write  a  =  ojj^  +  cjj'  where  notation  (•)*  indicates  tensor  components  resolved  in 
basis  £* ,  because  it  is  wrong  to  add  the  components  of  two  vectors  resolved  in  dif- 
ferent bases.  If  the  angular  acceleration  is  to  be  written  in  terms  of  wj,  the  following 
expression  should  be  used  instead  a  =  w^  +  {R mj^)'  =  w^  -I-  i?  W2  +  wii?  Wj. 


4.11  Euler  angle  formulas 

This  section  gives  a  summary  of  formulas  used  for  the  manipulation  of  rotation  op- 
erations expressed  in  terms  of  Euler  angles.  As  mentioned  in  section  4.4,  twelve 
different  sequences  of  planar  rotations  can  be  used  to  express  an  arbitrary  rota- 
tion; of  those  twelve  possible  sequences,  the  four  sequences  starting  with  a  rotation 
about  the  third  axis  will  be  detailed  in  this  section.  Arbitrary  rotations  from  basis 
I  =  («i,  «2,  *3)  to  basis  £  =  (ei,  62,  63)  will  be  considered,  with  two  intermediate 
bases,  A  =  (ai,  02,  03)  and  B  =  (61,  62,^3)-  The  complete  sequence  of  bases  is  as 
follows:  I  — >  ^  — >  B  — >  £.  The  three  Euler  angles  are  denoted  qi,  Q2,  and  q^,,  and 
the  array  of  Euler  angles  is  then  q^  =  { <7i ,  92 ,  93  }  • 

For  each  sequence,  the  following  information  is  given. 

1.  The  matrix  of  direction  cosines  expressed  in  terms  of  the  Euler  angles,  D_  = 
D.{q)-  See  section  4.4  and  eq.  (4.11)  for  the  3-1-3  sequence. 
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2.  The  Euler  angles  expressed  in  terms  of  the  components  of  the  direction  cosine 
matrix,  gi  =  qi{D.),q2  =  'Z2(i2)^  andga  =  <73(i2)- See  section 4.4 and eq.  (4.12) 
for  the  3-1-3  sequence.  For  computer  implementation,  it  is  convenient  to  use  the 
function  cp  =  atan2(sin  q,  cos  q)  that  defines  angle  (f>  e  [— tt,  tt] . 

3.  The  tangent  operators,  H_{q)  and  i£*  (q),  which  express  the  components  of  the 
angular  velocity  vector  resolved  in  basis  X  and  £,  respectively,  in  terms  of  the 
time  derivatives  of  the  Euler  angles,  i.e.,  uj_  =  H_{q)q  and  oj*  =  _ff  *  {q)q,  respec- 
tively. See  example  4.6  and  eqs.  (4.60)  and  (4.59),  respectively,  for  the  3-1-3 
sequence. 

4.  The  inverses  of  the  tangent  operators  are  also  given. 


4.11.1  Euler  angles:  sequence  3-1-3 

Euler  angles  with  the  3-1-3  sequence  are  defined  as  follows. 

1 .  A  planar  rotation  of  magnitude  (f),  called  precession,  about  axis  «3  brings  I  to  A. 

2.  A  planar  rotation  of  magnitude  0,  called  nutation,  about  axis  ai  brings  A  to  B. 

3.  A  planar  rotation  of  magnitude  -ip,  called  spin,  about  axis  63  brings  B  to  £. 

The  array  of  Euler  angles  is  now  q^  =  \^(f),  6,  ^} . 
1)  The  direction  cosine  matrix  is 


R3,-S 


(4.66) 


2)  Euler  angle  expressed  in  terms  of  the  direction  cosine  matrix  components  are 


V'  =  atan2(i?3i,^32),      if  £'32  ^  0, 
9  =  atan2(I?3i  sin  ip  +  D^2  costp,  -D33) 
(f>  =  atan2(Di3,-£)23)- 


(4.67) 


A  singularity  occurs  when  9  =  0  onr, 
3)  The  tangent  operators  are 


H^ 


•'-1-3 


oc^ 

S(j)Sg 

SgS^       C^  0 

0  5^ 

-C^Sg 

'  Kli-s  = 

SgCrij)  —S,j)  0 

1    0 

Cg 

Ce       0     1 

(4.68) 


respectively. 

4)  The  inverses  of  the  tangent  operators  are 


^3-1-3  =  c: 


Sij,Ce  C^Cg  Sg 

C^Sg 

S^Sg     0 

Scj, 

-c^  0_ 

1 

Se 


S^         C^       0 
SeC^  —SgS.^    0 

-CeS^p  —CgC^p  Sg^ 


(4.69) 
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4.11.2  Euler  angles:  sequence  3-2-3 

Euler  angles  with  the  3-2-3  sequence  are  defined  as  follows. 

1 .  A  planar  rotation  of  magnitude  tp,  called  precession,  about  axis  23  brings  X  to  A. 

2.  A  planar  rotation  of  magnitude  9,  called  nutation,  about  axis  0,2  brings  A  to  B. 

3.  A  planar  rotation  of  magnitude  (f>,  called  spin,  about  axis  63  brings  B  to  £. 

The  array  of  Euler  angles  is  now  q^  =  \^ip,d,4>}. 
1)  The  direction  cosine  matrix  is 


Rs-2.S 


—  SgC^  SeScf,  Ce 


(4.70) 


2)  Euler  angle  expressed  in  terms  of  the  direction  cosine  matrix  components  are 

<P  =  atan2(    D32,  -D31),      if  D31  /  0, 

9  =  ata.n2{-D3icos(t>-\-D32sm<j),D33),  (4.71) 

■0  =  atan2(    -D23,-Di3)- 

It  is  clear  that  when  0  =  0  or  tt,  a  singularity  occurs. 

3)  The  tangent  operators  are 


H^ 


■2-3 


-S.,1,  C-^Se 
C^,  SfpSe 
0       Ce 


H* 


■2-3 


SeCcf, 

S^Q 

SgSfj, 

c^o 

Ce 

0    1 

(4.72) 


respectively. 

4)  The  inverses  of  the  tangent  operators  are 


H 


■3-2-3 


1 


-C^Cg  —S^Cg  Sg 
-  S^  Sg       C^  Sg    0 
C^p  S^         0  ^ 


,H 


3-2-3 


1 


—C^ 

SgSff, 


S^       0 
SgC^    0 


CgC^  —CgScf,  Sg 


(4.73) 


4.11.3  Euler  angles:  sequence  5-2-/ 

Euler  angles  with  the  3-2-1  sequence  are  commonly  used  in  airplane  flight  mechanics 
formulations  and  are  defined  as  follows. 

1.  A  planar  rotation  of  magnitude  ip,  called  heading,  about  axis  13  brings  X  to  A. 

2.  A  planar  rotation  of  magnitude  9,  called  attitude,  about  axis  02  brings  A  to  B. 

3.  A  planar  rotation  of  magnitude  (f>,  called  bank,  about  axis  61  brings  B  to  £. 

The  array  of  Euler  angles  is  now  q^  =  {t/",  0,  (/<} . 
1)  The  direction  cosine  matrix  is 


R3-2-1 


C^Cg  —S-^Ccf,  +  C^SgStj, 
S^Cg  C^Crf,  +  S^SgS^ 
—  Sg  CgS^ 


StpScj,  +  C^SgCcf) 
-C^S^  +  S-^SgCcf, 
CgCcj, 


(4.74) 
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2)  Euler  angle  expressed  in  terms  of  the  direction  cosine  matrix  components  are 


^ 


atan2(  i?32,i?33),  if  i?33  7^  0, 
atan2(— D31,  D32  sini/)  +  D33  cos( 
atan2(    D2i,Dii). 


It  is  clear  that  when  6  =  tt/2  or  37r/2,  a  singularity  occurs. 
3)  The  tangent  operators  are 


H^ 


■2-1 


C^  S^Cg 
0        -Sg 


H* 


■2-1 


0 

I 

c^ 

0 

s^ 

0 

respectively. 

4)  The  inverses  of  the  tangent  operators  are 


^■2-1  =  n: 


C^Sg  S^pSg   Cg 

-S^Cg  C^Cg    0 

C^  S^        0 


sr. 


1 

C'g 


—  Sg 
CgScj, 
CgCfj, 


0     5*0        C^ 

0    CgCcj)  —CgStj, 
Cg   SgScf,       SgCcf,^ 


4.11.4  Euler  angles:  sequence  3-1-2 

Euler  angles  with  the  3-1-2  sequence  are  defined  as  follows. 

1.  A  planar  rotation  of  magnitude  (p  about  axis  23  brings  X  to  A. 

2.  A  planar  rotation  of  magnitude  9  about  axis  ai  brings  A  to  B. 

3.  A  planar  rotation  of  magnitude  ip  about  axis  62  brings  B  to  £. 

The  array  of  Euler  angles  is  now  q^  =  [({>,  6,  ^} . 
1)  The  direction  cosine  matrix  is 


D^ 


1-2 


C^Cff,  —  S^SgS-^  —S(j,Cg  CcftSff,  +  S^SgC^ 

S^C^  +  C^SgS^       C^Cg  S^S^  —  C^SgCff, 

—  CgS^  Sg  CgC^ 


(4.75) 


(4.76) 


(4.77) 


(4.78) 


2)  Euler  angle  expressed  in  terms  of  the  direction  cosine  matrix  components  are 

(4.79) 


4,  =  atan2(-Z?3i,^33),      if  £'33  /  0; 

0  =  atan2(    £)32, --D31  sin i/j  +  1)33  cos  V"); 

(j)  =  atan2(-Z)i2,  D22)- 


It  is  clear  that  when  6  =  7r/2  or  37r/2,  a  singularity  occurs. 
3)  The  tangent  operators  are 


H, 


oc^ 

—  S(j)Cg 

—  CgS^  C^  0 

0  5^ 

C^Cg 

'  m-1-2  = 

Sg          0     1 

1    0 

Sg 

CgC^p  S^  0 

(4.80) 
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respectively. 

4)  The  inverses  of  the  tangent  operators  are 


H-      =^ 


Sc/jSe 

—  C(j)Sg  Cg 

C^C'e 

S^Ce    0 

—  Sff, 

C^       0 

g-7. 


1 

C'g 


—  S^    0       C^p 
CeC^   0      CgS^p 

SgS^   Cg  —SgC^ 


(4.81) 


4.11.5  Problems 

Problem  4.26.  Angular  velocity  for  3-2-3  Euler  angles 

A  popular  choice  of  Euler  angles  is  the  3-2-3  sequence  that  corresponds  to  the  following  se- 
quence of  planar  rotations.  First,  a  rotation  of  magnitude  '4>  about  axis  13,  called  precession, 
brings  basis  T  to  A.  Second,  a  rotation  of  magnitude  9  about  axis  02,  called  nutation,  brings 
basis  A  to  B.  Finally,  a  rotation  of  magnitude  cj)  about  axis  63,  called  spin,  brings  basis  B  to 
£.  (1)  Find  the  angular  velocity  vector  associated  with  this  rotation.  (2)  Determine  the  compo- 
nents of  this  vector  in  the  fixed  and  moving  bases.  (3)  Discuss  the  occurrence  of  singularities. 

Problem  4.27.  Angular  velocity  for  3-2-1  Euler  angles 

A  popular  choice  of  Euler  angles  for  airplane  flight  mechanics  is  the  3-2-1  sequence  that 
corresponds  to  the  following  sequence  of  planar  rotations.  First,  a  rotation  of  magnitude  ?/) 
about  axis  13,  called  heading,  brings  basis  I  to  A.  Second,  a  rotation  of  magnitude  6  about 
axis  d2,  called  attitude,  brings  basis  A  to  B.  Finally,  a  rotation  of  magnitude  0  about  axis 
bi,  called  bank,  brings  basis  B  to  £.  (1)  Find  the  angular  velocity  vector  associated  with 
this  rotation.  (2)  Determine  the  components  of  this  vector  in  the  fixed  and  moving  bases.  (3) 
Discuss  the  occurrence  of  singularities. 

Problem  4.28.  Angular  velocity  for  3-1-2  Euler  angles 

A  choice  of  Euler  angles  is  the  3-1-2  sequence  that  corresponds  to  the  following  sequence  of 
planar  rotations.  First,  a  rotation  of  magnitude  <f>  about  axis  13  brings  basis  I  to  A.  Second, 
a  rotation  of  magnitude  6  about  axis  ai  brings  basis  A  to  B.  Finally,  a  rotation  of  magnitude 
tp  about  axis  62  brings  basis  B  to  £.  (1)  Find  the  angular  velocity  vector  associated  with 
this  rotation.  (2)  Determine  the  components  of  this  vector  in  the  fixed  and  moving  bases.  (3) 
Discuss  the  occurrence  of  singularities. 

Problem  4.29.  Spinning  disk  on  a  rotating  arm 

The  system  depicted  in  fig.  4.9  consists  of  a  shaft  of  height  h  rigidly  connected  to  an 
arm  of  length  La  and  of  a  spinning  disk  of  radius  R  mounted  at  the  free  end  of  the  arm. 
Frame  J^"^  —  [8,5"*"  —  (si,  52,53)]  is  attached  to  the  shaft  at  point  S,  whereas  frame 
T^  —  [C,B*  =  (61,  62,63)]  is  attached  to  the  disk  at  point  C.  Superscripts  (.)^  and  (.)* 
will  be  used  to  denote  tensor  components  in  bases  S^  and  B*,  respectively.  Angle  a{t)  and 
I3{t)  are  the  magnitudes  of  the  planar  rotations  about  axis  13  and  si,  respectively,  that  bring 
basis  I  to  S^  and  basis  S^  to  B*,  respectively.  (1)  Find  the  angular  velocity  vector  of  basis 
B*  with  respect  to  basis  I.  (2)  Find  the  components  of  this  vector  resolved  in  basis  I,  then 
resolved  in  B* .  (3)  Find  the  angular  acceleration  vector  of  basis  B  with  respect  to  basis  I.  (4) 
Find  the  components  of  this  vector  resolved  in  basis  I,  then  in  basis  B* . 

Problem  4.30.  Alternative  expression  of  the  angular  velocity  vector 

Show  that  the  angular  velocity  vector  can  be  written  as  a;  =  [eiei  +  6262  +  6363]  /2.  Give 
a  geometric  interpretation  of  this  result. 
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Problem  4.31.  Components  of  the  angular  velocity  vector  in  the  rotating  basis 

Based  on  eqs.  (4.55)  and  (4.15),  show  that  the  components  of  the  angular  velocity  vector  in 
the  rotating  basis  can  be  written  as  a;*  =  (j>n  +  sin  (j>n  +  {l  —  cos  4>)nn.  Compare  your  result 
with  eq.  (4.58). 

Problem  4.32.  Derivatives  with  respect  to  the  rotation  parameters 

This  section  has  focused  on  the  time  derivatives  of  the  rotation  tensor.  In  some  applications, 
derivatives  of  the  rotation  tensor  with  respect  to  the  rotation  parameters  are  needed.  Let  R  = 
R{q),  where  q'^  =  {gi,  52,  Qs}  are  the  rotation  parameters  that  could  be,  for  instance,  Euler 
angles  with  a  specific  sequence  of  planar  rotations,  as  discussed  in  section  4. 1 1 .  Let 

dR 

T==R.,      i  =  l,2,3. 

OQi  — » 

(1)  Show  that  _R._R"^  —  hi,  i  =  1,  2,  3,  where  h-  are  the  columns  of  the  tangent  operator  H_, 

i.e.,  E,  =  [hi,h2,hg],  ui  =  Kg  and  uj  =  R^ ■  (2)  Show  that  ^R.  =  h*,  i  =  1,2,  3, 
where  /i  *  are  the  columns  of  the  tangent  operator  _ff* , ;'.  e. ,  H_*  —  [hl,h2,h^],yy'  =  H^q  and 
uj*  —  R^  R.  (3)  If  vector  u  is  not  a  function  of  q  and  y*  —  R^u,  show  that 

-^  ^u'H*  ^  ifuH.  (4.82) 

oq  —        —     — 

(4)  If  vector  y*  is  not  a  function  of  q  and  u  —  Ru*,  show  that 

T=  =  uH  =  RuH*.  (4.83) 

oq  —       —         — 

Problem  4.33.  Derivatives  of  angular  velocity  with  respect  to  the  rotation  pa- 
rameters 

Prove  the  following  two  identities 

H=  ^+ojH_=R-^^,  (4.84) 

—        oq  —       —  oq 

H    =^^-^*H:  =  R^^.  (4.85) 

—  oq  —  oq 

Hint:  be  familiar  with  the  results  of  the  previous  problem.  First  show  that  hih2  =  R  R^  — 

^  ^^,  and  because^  =R  ,  show  that  hi  h^  =  {R  R^+R  E^)-(R  E^+RE^)- 
The  following  relationships  result 

~   ,  dh„       dh,        ~  ,  dhn       dh„       ~  ,  dh,        9/i, 

hih2  =  ^-  ^,      h2h.,  =  ^-^,      hsh^  =  ^-^. 
Oqi         dq2  Oq2        Oqs  dqa        Oqi 

Combining  these  equations  then  yields 

^=H^-hrH,      ^=H^-h2H,      ^=H^-h,H, 
oq         — 1  —         oq         — 2  —         ()q         — 3  — 

where  notation  _ff.  =  dH  Idqj  was  introduced.  Application  of  the  chain  rule  for  derivatives 
then  leads  to  the  desired  identities. 
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4.12  Spatial  derivatives  of  rotation  operations 

In  the  previous  sections,  time-dependent  rotations  were  treated.  Space-dependent 
rotations  will  be  treated  in  a  similar  manner  in  this  section.  In  fact,  space-dependent 
rotations  were  encountered  in  chapter  2  when  dealing  with  path  coordinates,  surface 
coordinates,  and  orthogonal  curvilinear  coordinates,  as  discussed  in  sections  2.3,  2.5, 
and  2.7,  respectively. 

Consider  now  a  space-dependent  orthonormal  basis  £{s)  =  (ei ,  62,  £3).  If  R{s) 
is  the  space-dependent  rotation  tensor  that  bring  I  to  £(s),  ei(s)  =  R{s)ii.  A  spatial 
derivative  of  this  expression  yields 

e'i(s)  =  gii{t)  =  gg^ei{s)  =  Kei(s), 

where  k  =  R'R  and  notation  (•)'  indicates  a  derivative  with  respect  to  the  spatial 
variable  s.  k  is  the  curvature  vector,  and  by  analogy  with  eq.  (4.58),  is  expressed  as 

K  =  (jj'n  +  sin  (f)  n'  +  {1  —  cos  (J))nn' .  (4.86) 

This  result  is  similar  to  that  obtained  for  the  angular  velocity  vector,  eq.  (4.58): 
the  time  derivative,  (•),  is  replaced  by  the  spatial  derivative,  (•)'.  The  curvature  vector 
resolved  in  basis  £  is  k*  =  R   k,  and  k*  =  R  Rf. 

4.12.1  Path  coordinates 

Section  2.2  studies  the  differential  geometry  of  curves  in  three-dimensional  space. 
Unit  vector  i  was  shown  to  define  the  tangent  to  the  curve  at  a  point,  vector  n  to  be 
normal  to  the  curve  at  the  same  point,  and  the  binormal  vector  b  was  selected  to  be 
orthogonal  to  the  two  other  vectors,  see  fig.  2.2.  In  section  2.2.1,  vectors  i,  n,  and  b 
were  shown  to  form  an  orthonormal  basis,  J^  =  {i,  n,  b),  called  Frenet's  triad. 
The  following  orthogonal  tensor  is  now  defined 

g{s)  =  [i,n,b\  .  (4.87) 

This  tensor  can  be  interpreted  as  the  space-dependent  rotation  tensor  that  bring  the 
reference  triad  I,  to  Frenet's  triad  T.  The  curvature  tensor,  /?* ,  of  the  curve  is  defined 

as 


,d£ 
=    dl 
With  the  help  of  eqs.  (2. 1 3),  the  curvature  vector  becomes 


F^-=  =  K*.  (4.88) 


«*^  =  {7'0,i|.  (4.89) 

Clearly,  the  twist  and  curvature  of  the  curve,  defined  in  eqs.  (2.12)  and  (2.7),  re- 
spectively, are  the  two  non- vanishing  components  of  the  curvature  vector  resolved 
in  Frenet's  triad.  The  components  of  the  curvature  vector  resolved  in  the  reference 
frame  X  are  then  k  =  F  k*  . 
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Finally,  let  curvilinear  variable  s  be  a  function  of  time.  Frenet's  triad  now  be- 
comes an  implicit  function  of  time,  F(t)  =  F{s{t)).  Using  the  chain  rule  for  deriva- 
tives, the  angular  velocity  of  Frenet's  triad,  resolved  in  basis  J-",  is  now 

dF 
[i*  =  F^F  =  F^^s  =  SK*.  (4.90) 

—  —      —    as 

This  implies  uf*  =  sk*  :  the  angular  velocity  vector  is  parallel  to  the  curvature  vector. 


4.12.2  Surface  coordinates 

In  the  study  of  the  differential  geometry  of  surfaces  in  three-dimensional  space,  see 
section  2.4,  unit  vectors  ei  and  62  were  shown  to  define  the  plane  tangent  to  the 
surface  at  a  point  and  vector  n  to  be  normal  to  the  surface  at  the  same  point,  see 
fig.  2.7.  In  section  2.4.6,  vectors  ei,  (=2,  and  n  were  shown  to  form  an  orthonormal 
basis  B  =  (ei,  62,  n),  when  using  lines  of  curvature. 
The  following  orthogonal  tensor  is  now  defined 

Eirium)  =  [ei,e2,n].  (4.91) 

This  tensor  can  be  interpreted  as  the  space-dependent  rotation  tensor  that  brings  the 
reference  triad  X  to  triad  B.  The  curvature  tensors  of  the  surface  are  now  defined  as 

,dF  ^dF 


—   asi  —   0S2 


F't^  =  kI,     F'^  =  k;.  (4.92) 


With  the  help  of  Gauss'  and  Weingarten's  formula,  eqs.  (2.65),  the  curvature  vectors 
are  found  as 

The  principal  radii  of  curvature,  see  eqs.  (2.54),  and  the  twists,  eqs.  (2.58)  and  (2.59), 
of  the  surface,  are  the  components  of  the  curvature  vectors  resolved  in  frame  B.  The 
components  of  the  curvature  vectors  resolved  in  frame  X  are  then  k^  =  KHi  'ind 

^2  ~  ±-!±2- 

If  curvilinear  coordinates  si  and  S2  are  functions  of  time,  tensor  F  becomes  an 
implicit  function  of  time,  F(t)  =  F_{si{t),S2{t)).  The  angular  velocity  of  tensor  F, 
resolved  in  basis  B,  is  now 


pTp  ^  pT 


dF  dF     ■ 

osi  0S2 


S1KI+S2K2,  (4.94) 


where  the  chain  rule  for  derivatives  was  used.  This  implies  uf*  =  sikI  +  S2K2'  both 
curvature  vectors  contribute  to  the  total  angular  velocity  of  basis  B. 

In  terms  of  the  surface  coordinates,  eqs.  (4.92)  imply  dF_/drji  =  £  hiTil,  and 
dF_/dri2  =  F_  /12K2'  where  hi  and  /12  are  the  scale  factors  introduced  in  eq.  (2.56). 
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Taking  partial  derivatives  with  respect  to  772  and  771  of  the  first  and  second  equations, 
respectively,  leads  to 

d        _,  _,_,        d 

/11/12  Ko'^l  +  -^ [hlKX]  =  /ll/l2  k{k*2  +  T, (/l2K2)> 

dri2  drji  ' 

because  9^£/9?7i9r]2  =  d^F/dri2dr]i. 

With  the  help  of  identity  (1.33  a),  the  Gauss- Codazzi  conditions  are  then  obtained 

XT—        Id        _  Id 

K*i!l2  =  7-^^(^i'«i)  -  TT^^^'^s^)-  (4-95) 

hi  ds2  /i2  osi 

More  explicitly,  this  vector  condition  gives  rise  to  three  scalar  conditions 
asi   R2        R1T2 

^(^)  =  7fV'  ^'-'"'^ 

0S2  Ri        R2T1 

I    d    .hi.        I    d    .h2,  1  ^  .,  „^  ^ 

These  equations  express  three  conditions  that  must  be  satisfied  by  the  radii  of  curva- 
ture, twists,  and  their  spatial  derivatives. 

4.12.3  Orthogonal  curvilinear  coordinates 

In  the  study  of  the  differential  geometry  of  a  mapping  of  the  three-dimensional  space 
onto  itself,  see  section  2.6,  vectors  ei,  62,  and  63  were  defined  along  the  base  vectors 
of  the  mapping.  In  section  2.6.2,  these  vectors  were  shown  to  form  an  orthonormal 
triad,  £,  in  the  case  of  orthogonal  curvilinear  coordinate  systems.  The  following 
orthogonal  tensor  is  now  defined 

Eim^m, m)  =  [ei,  £2,  es] .  (4.97) 

This  tensor  can  be  interpreted  as  the  rotation  tensor  that  brings  the  reference  triad,  X, 
to  orthonormal  triad  £. 

The  curvature  tensors  of  the  orthogonal  curvilinear  coordinate  system  are  now 
defined  as 

—     OSi  OS2  —     OS3 

With  the  help  of  eqs.  (2.84),  these  curvature  vectors  are  found  to  be 


Ft^=^1,      F^T-=Ti*2,     tTr=^3-  (4-98) 


Ri2  Ri3 )    ~       I R21      R23 )    ~       i  -R31   -R32 


where  the  radii  of  curvatures  of  the  coordinate  system  were  defined  in  eqs.  (2.85). 
The  various  derivatives  of  the  scale  factors  are  the  components  of  the  curvature  vec- 
tors resolved  in  frame  B.  The  components  of  the  curvature  vectors  resolved  in  frame 
I  are  then  Kj^  =  Fk* ,  K2  =  F_k^,  and  Kg  =  £k5- 
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If  the  curvilinear  coordinates  si,  S2,  and  S3  are  functions  of  time,  tensor  F_  be- 
comes an  implicit  function  of  time,  F_{t)  =  £(si(t),  S2{t),  S3(i)).  The  angular  ve- 
locity of  tensor  F,  resolved  in  basis  B,  is  now 


F'^F  ■ 


dg 
dsi 


si 


dg 
ds2 


S2 


dE 

ds; 


-S3 


SlKi  +  52^2  +  S3'«3:      (4.100) 


where  the  chain  rule  for  derivatives  was  used.  This  implies  a;*  =  sik|  +  S2!5^  +  s^k^: 
the  three  curvature  vectors  contribute  to  the  total  angular  velocity  of  basis  B. 

The  various  components  of  curvature  are  not  independent  of  each  other;  follow- 
ing the  process  outlined  in  the  previous  section,  relationships  similar  to  the  Gauss- 
Codazzi  conditions  can  be  readily  derived. 

Example  4.8.  Motion  of  a  particle  on  a  curve 

Figure  4.15  depicts  a  particle  sliding  along  curve  C  embedded  in  a  rigid  body.  The 
curvilinear  variable  along  the  curve  is  denoted  s.  The  rigid  body  is  moving  with  re- 
spect to  an  inertial  frame  of  reference,  T^  =  [0,X  =  (11,12,43)].  The  configuration 
of  the  rigid  body  is  defined  by  the  body  attached  frame,  J-"^  =  [B,i3*  =  (61,62,^3)]- 
Superscript  (•)*  indicates  the  components  of  tensors  resolved  in  basis  B* .  The  com- 
ponents of  the  position  vector  of  point  B  with  respect  to  point  O,  resolved  in  basis  X, 
are  denoted  r^,  and  R{t)  are  the  components  of  the  rotation  tensor  that  brings  basis 
lioB* ,  resolved  in  basis  I. 


Fig.  4.15.  Rigid  body  with  an  embedded  curve. 


Let  point  P  be  a  point  along  curve  C;  the  curvilinear  variable  at  the  location  of 
point  P  is  denoted  s.  The  position  vector  of  point  P  with  respect  to  point  B  is  denoted 
p,  and  the  components  of  this  vector  resolved  in  basis  B*  are  denoted  p* .  Because 
curve  C  is  embedded  in  the  rigid  body,  its  shape  is  defined  by  the  position  vector  of 
a  point  on  the  curve,  p*  =  p*  (s);  clearly,  the  components  of  this  position  vector  are 
most  naturally  resolved  in  the  body  attached  basis,  B*.  Find  the  position,  velocity, 
and  acceleration  vector  of  point  P. 

The  inertial  position  vector  of  point  P  is  rp  =  Is  +  P  =  Is  +  Rp*,  where  rp 
are  the  components  of  the  position  vector  of  point  P  with  respect  to  point  O,  resolved 
in  basis  X. 
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The  component  of  the  inertial  velocity  vector  of  point  P  resolved  in  basis  X  are 
readily  obtained  by  taking  a  time  derivative  of  the  position  vector  to  find 

V.P  =  V-B^ BiP*  +  BiPt,  =  Hb  ~^^  Up*  +  sRi*, 

where  v^  =  rg  is  the  inertial  velocity  of  point  B,  w  =  axial (_Ri?  )  are  the  com- 
ponents of  the  angular  velocity  vector  of  the  rigid  body  resolved  in  basis  X,  and  i* 
the  component  of  the  unit  tangent  vector  to  the  curve  resolved  in  basis  B* .  The  first 
term  of  this  expression  stems  from  the  translation  of  the  rigid  body,  and  the  second 
from  its  rotation.  The  last  term  describes  the  velocity  associated  with  the  sliding  of 
the  particle  along  the  curve. 

The  components  of  the  inertial  velocity  vector  resolved  in  the  body  attached  ba- 
sis, B*,  now  become 

R  Vp  =  R  Vg  +  u!*p*  +  si* . 

Note  that  the  expression  for  the  components  of  the  inertial  velocity  of  point  P  is 
simpler  when  resolved  in  the  body  attached  basis,  B*,  than  when  resolved  in  the 
inertial  basis,  X.  This  is  expected,  because  the  quantities  associated  with  curve  C,  p* 
and  i*,  are  most  naturally  expressed  in  basis  B* . 

Next,  the  components  of  the  inertial  acceleration  of  point  P  resolved  in  basis  X 
are  obtained  by  taking  a  derivative  of  the  velocity  components  in  the  same  basis  to 
find 

Oip  =  cLb  ~^  ^  S:P*  +  '^  Rp*  +  ^  Rp*  +  sRi*  +  sRi*  +  sRi* 

=  Ob  +  (w  +  cjct))^|3*  +2sw^t*  +s^t*  H ^n* , 

where  ag  =  Vg  is  the  inertial  acceleration  of  point  B  and  n*  are  the  component  of 
the  unit  normal  vector  to  the  curve  resolved  in  basis  B* . 

Here  again,  the  components  of  the  inertial  acceleration  vector  are  simpler  when 
expressed  in  the  body  attached  basis, 

^ap  =  ^ag  +  (^^w  +  LO*ijj*)jf  +  2s  ijj*t*  +  st*  -\ n* . 

The  first  two  terms  represent  the  contributions  of  the  translation  and  rotation  of 
the  rigid  body,  respectively.  The  third  term  is  the  Coriolis  acceleration.  Finally,  the 
last  two  terms  are  the  acceleration  of  the  particle  with  respect  to  the  rigid  body,  which 
in  this  case,  are  the  acceleration  of  the  particle  obtained  using  path  coordinates,  see 
eq.  (2.34). 

The  components  of  the  angular  acceleration  vector  expressed  in  basis  B* ,  R  w, 

are  easily  evaluated.  Indeed,  R  ui  =  R  {Rto*)'  =  R  ^  w*  +  w*  =  a;*cj*  +  w*  = 
w* .  A  simplified  expression  for  the  components  of  the  inertial  acceleration  vector 
expressed  in  the  body  attached  basis  is  then 

•2 

'Tl  'T^  ^  _^  *  ,        ,        ^  —  —  O  j^ 

R   ttp  =  R  a  D  +  (id    +  u  id  )p   +2s  id  t    +  st    H n  . 

-  -  -  p 
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It  is  possible  to  define  a  frame  associated  with  the  particle,  T^  = 
[P,  J-""*"  =  it,  n,  6)] ,  where  J^+  is  the  curve's  Frenet's  triad  at  point  P.  Superscript 
(•)+  indicates  tensor  components  resolved  in  this  basis.  The  components  of  the  ro- 
tation tensor  that  brings  basis  B*  to  basis  J^+,  resolved  in  basis  B*,  are  denoted  F*. 
This  tensor,  like  all  other  characteristics  of  the  curve,  is  most  naturally  expressed  in 
basis  B*,  a  basis  attached  to  the  body  in  which  the  curve  is  embedded. 

The  components  of  the  unit  vector  tangent  to  curve  C,  resolved  in  basis  B*,  are 
t*  =  F*bl  =  F*ii,  and  hence,  its  components  resolved  in  basis  X  become  i  = 
RF*ii.  The  angular  velocity  of  basis  7^+  with  respect  to  basis  X  is  now  evaluated 
by  taking  a  time  derivative  of  this  tangent  vector  to  find 

t=  {RE*  +RF*){RF*fi 


luj  ■ 


s{RE*)E   E  (RE*)  ]t  =  {u  +  sRE*K'^)t, 


where  k^  =  E  E'  are  the  components  of  the  curvature  vector  of  curve  C  resolved 
in  basis  J-""*",  see  eq.  (4.88);  it  follows  that  k  =  RE k^  are  its  components  resolved 
in  basis  X.  The  angular  velocity  of  basis  J^+  with  respect  to  basis  X,  denoted  Q_,  is 
now 

[2_  =  uj_-\-  sRE n^  =  a;  +  sk. 

The  first  term  represents  the  contribution  of  the  angular  velocity  of  the  rigid  body; 
the  second  term  stems  from  the  change  in  orientation  of  Frenet's  triad  as  the  particle 
moves  along  the  curve.  Note  that  the  above  result  could  have  been  established  more 
expeditiously  with  the  help  of  the  addition  theorem. 

Finally,  the  angular  acceleration  of  basis  J^+  is  the  time  derivative  of  the  angular 
velocity 

il  =  uj_+SK  +  s(RE'k+  +  sRE'k^  +  sREkl'^') 

=  UJ_+  SK  +  S{UJK  +  sREk'^H'^  +  sREll^')- 

The  second  term  inside  the  parentheses  vanishes  because  k'^k'^  =  0.  The  final  ex- 
pression for  the  angular  acceleration  is 

ll  =  Ul  +  SK  +  S  UJK  +  S     REH^' ■ 

The  inertial  acceleration  of  Frenet's  triad  depends  on  the  curvature  vector  k  = 
REn^,  but  also  on  its  derivative  along  the  curve,  k"*"'.  Both  quantities,  k+  and 
K+',  are  intrinsic  properties  of  curve  C  because  they  are  components  of  the  curvature 
vector  and  its  spatial  derivative  resolved  in  Frenet's  triad,  J^+. 

4.12.4  The  differential  rotation  vector 

Let  time-dependent  rotation  tensor  R{t)  describe  the  rotation  from  basis  X  = 
(*i,  *2,  *3),  called  the  fixed  basis,  to  basis  B  =  (6i,  &2,  ^3),  called  the  rotating  basis. 
The  differential  rotation  vector  is  defined  by  analogy  to  the  angular  velocity  vector, 
see  eq.  (4.56),  as 
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dV^  =  axial(d^^^),  (4.101) 

where  d^  is  called  the  differential  rotation  vector.  Note  that  there  exist  no  "rotation 
vector,"  ill,  such  that  d{%l>)  gives  the  differential  rotation  vector.  To  emphasize  this 
important  fact,  notation  d%lj  is  used  to  indicate  the  differential  rotation  vector,  rather 
than  dip. 

Taking  a  differential  of  eq.  (4.56)  and  a  time  derivative  of  eq.  (4.101)  then  yields 

Auj  =  dklf  +  RdR^  and  dtp  =  dRR^  +  dRR  ,  respectively.  Subtracting  these 
two  equations,  and  using  the  orthogonality  of  the  rotation  tensor,  eq.  (4.26),  then 
leads  to 

dC  =  d^  +  ^d^'^-d^^^  =  d^  +  (^^^)(^d^^)-  {'iRR^)iR^)- 

With  the  help  of  the  definition  of  the  angular  velocity  vector,  eq.  (4.56),  and  of  the 
differential  rotation  vector,  eq.  (4.101),  this  reduces  to 


dw  =  d^  +  dtpLij  —  cjdtp  =  dtp  +  (dtp  cj) 

where  identity  (1.33a)  was  used.  Finally,  a  differential  in  the  angular  velocity  vector 
becomes  do;  =  dtp  —  uj  dtp.  This  important  result  relates  differentials  in  the  angular 
velocity  vector  to  the  differential  rotation  vector  and  its  derivatives. 

Differentials  of  the  components  of  the  angular  velocity  vector  expressed  in  the 
rotating  frame  can  also  be  obtained  in  a  similar  manner 


duj_  =  dtp  —  ujdtp, 

diiJ_=  Rdtp  , 

(4.102a) 

doj*  =  dtp    +uj*dtp* , 

du*  =  R^dtp. 

(4.102b) 

4.13  Applications  to  particle  dynamics 

The  geometric  description  of  rotation  presented  in  the  previous  sections  is  used  ex- 
tensively when  analyzing  the  dynamic  behavior  of  systems  of  particles  when  rota- 
tions are  required  to  describe  the  kinematics  of  the  system.  Furthermore,  Newton's 
laws  will  be  expressed  in  various  bases  to  ease  the  analysis  and  help  understand  the 
physical  interpretation  of  the  various  quantities  involved  in  the  problem. 

Example  4.9.  Pendulum  with  rotating  mass 

Figure  4.16  depicts  a  pendulum  of  length  (.  and  tip  mass  M  featuring  an  addi- 
tional rotating  mass  m  located  at  a  fixed  distance  d  from  the  tip  mass.  Frame 
T^  =  [0,X  =  i^l^^2^^7i)]  is  inertial  and  the  pendulum  is  attached  to  the  ground 
at  point  O  where  a  bearing  allows  rotation  about  axis  ^3;  gravity  acts  along  axis  ii. 

A  second  frame,  J-"^  =  [0,£+  =  (61,62,63)],  is  defined;  tensor  components 
resolved  in  basis  £  +  are  denoted  with  a  superscript  ( • )  + .  A  planar  rotation  of  magni- 
tude 4>  about  axis  23  brings  basis  I  to  basis  £+.  Axis  ei  is  aligned  with  the  massless 
rigid  arm  OA  of  the  pendulum. 
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A  third  frame,  J-"^  =  [A,  B*  =  (&i,  62,  ^3)] ,  is  also  defined;  tensor  components 
resolved  in  basis  B*  are  denoted  with  a  superscript  (•)*.  At  point  A,  a  bearing  allows 
rotation  of  the  massless  rigid  bar  AT  about  axis  ei.  A  planar  rotation  of  magnitude  9 
about  axis  ei  brings  basis  £~^  to  basis  B* .  Axis  62  passes  through  the  rotating  mass 
m.  Derive  the  equation  of  motions  of  the  system  using  Newton's  second  law. 


Fig.  4.16.  Configuration  of  a  pendulum  with  a  rotating  mass. 


Let  R    and  Rt  be  the  components  of  the  rotation  tensors  that  bring  basis  X  to 
£+  and  basis  £~^  to  B*,  respectively,  resolved  in  basis  X  and  £^ 


components  of  the  tensor  that  brings  basis  X  to  B* 


respectively.  The 
resolved  in  basis  X,  are  then 


R 


R.RT,  and  hence 


R 


c^ 

-s^o 

s^ 

c^o 

0 

0     1 

10     0  ■ 

0  Ce  -Se 

= 

OSs     Ce 

Ccf,  —S^Cg       S^Sg 
S^       C^Cg  —C^Sg 
0         Sg  Cg 


where  the  short-hand  notation,  S^  =  sin0,  C^   =  cos0  was  used,  with  similar 
conventions  for  angle  6. 

The  angular  velocity  vector  of  basis  B*  with  respect  to  basis  X  is  found  with  the 
help  of  the  addition  theorem  to  be  a;  =  cf)  e^  +  0  bi  =  9hi+  <j)Sg  &2  +  (pCg  b^. 
The  components  of  the  angular  and  acceleration  vectors,  resolved  in  basis  B*,  now 
become 

(   e  ]  (         9 

UCe-4>dSe 

The  position  vector  of  particle  m  with  respect  to  inertial  point  O  is  x,^^  =  £bi  + 
d  1)2  ■  The  inertial  velocity  vector  then  becomes  i„  =  luibi  +  duj  62  and  finally,  the 
acceleration  vector  is  i„j  =  £{uj  +  ujuj)  61  +  d{u}  +  uiuj)  62.  The  components  of  this 
vector,  resolved  in  basis  B,  then  become 


R^x^ 


i{LU     +LU*UJ*)bl+d{uJ     +UJ*UJ*)b2 


-£f-d<pCg  +  2d(j)eSg^ 
£4>Ce  -  d^'^Cl  -  de"^ 
-£4>Se 


de  +  dcp'^SgCe 
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where  bl'^ 


{0,1,0}  are  the  components  of  vectors  61  and  62 


{1,0,0}  and  6^^  = 
respectively,  resolved  in  basis  B*. 

The  position  vector  of  particle  M  with  respect  to  inertial  point  O  is  ^.a/  =  £bi. 
The  velocity  and  acceleration  vectors  of  mass  M  can  be  found  by  letting  d  =  0  in 
the  corresponding  expressions  for  the  velocity  and  acceleration  vectors  of  mass  m. 

The  left  portion  of  fig.  4. 17  shows  a  free  body  diagram  of  the  two  mass  particles; 
F_J^,J  and  £,„  are  the  reaction  forces  exerted  by  the  rigid  bars  onto  particles  M  and 
m,  respectively.  For  particle  M,  the  applied  forces  are  F_j^j  and  the  gravity  force, 
Mgii,  Newton's  second  law,  resolved  in  basis  B* ,  then  yields 


Ml 


M2  ■ 

Af3 


+  MgC^, 
-  MgS^Ce 
\-  MgS^Se 


(4.103) 


where  F^ 


{Fl,■n^Fl,[2^  ^A/3}  ^'"^  the  components  of  vector  F_j^j  in  basis  B* . 


wnere  r_M   =  \^a/i;  ^Ai"2i  ^a/3 /  ^'"^  tne  components  01  vector  £_^f  m  oasis 
The  components  of  the  gravity  force  vector,  resolved  in  basis  B* ,  are  MgR  ii. 


7     O 


Fig.  4.17.  Left  portion:  free  body  diagram  of  the  two  masses.  Right  portion:  free  body  diagram 
of  rigid  bars  OA  and  AT. 


For  particle  m,  the  applied  forces  are  F,^  and  the  gravity  force  mgii,  Newton's 
second  law,  resolved  in  basis  B* ,  then  yields 


-Hf  -  dcpCe  +  2d(peSi 
-£ii>Se  +  die  +  ^^SeCt 


m2  ' 
?n3 


-\-mgC^ 
mgS^Cg 
-  mgS^Se 


(4.104) 


where  F*^^   =  {F^^ ,  F*j2 ,  F*,3  }  are  the  components  of  vector  _F„j  in  basis  B* . 

Equations  (4.103)  and  (4.104)  are  the  equations  of  motion  of  the  system.  They 
involve  two  kinematic  unknowns,  0  and  0,  and  six  force  unknowns,  the  components 
of  the  reaction  forces  _F^j  and  _F,„,  for  a  total  of  eight  unknowns.  Since  the  system 
comprises  two  particles,  Newton's  equations  yield  a  total  of  six  equations.  Conse- 
quently, two  additional  relationships  are  required  to  solve  the  problem. 

The  right  portion  of  fig.  4.17  illustrates  the  two  massless  bars  OA  and  TA.  In 
view  of  the  presence  of  a  bearing  at  point  A,  the  moment  of  the  forces  applied  to 
bar  TA  must  vanish  about  axis  61,  i.e.,  — 6f  d&2£m  =  0'  this  condition  reduces  to 
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-db^F^  =  0  and  finally,  F^^  =  0.  The  third  line  of  eq.  (4.104)  the  yields  the 
following  equation 

m  \-e4>Se  +  d(6  +  ^'^SeCe)]  =  mgS^Se.  (4.105) 

Similarly,  the  moment  of  the  forces  applied  to  bars  OA  and  TA  must  vanish  about 
axis  Is,  because  a  bearing  is  present  at  point  O.  This  condition  implies  —tj  [ibiF^j^  + 
{£bi+db2)F^]  =  0,  or,  expressed  in  basis  B*,  -tjE[iblF*M  +  {£b*i+db'^)Fl^^]  =  0. 
Expanding  this  relationship  leads  to 

f  0 

{0,Sg,Ce}l  IFlis 

y  dF*a  -  ^{Fm2  +  F*^2) 

Eliminating  the  reaction  force  components  with  the  help  of  eqs.  (4.103)  and  (4.104) 
leads  to  the  following  equation 

\..  ^  (4.106) 

+m(.d(tP-Ce  -  2md^4>9SeCe  =  -Mg£S^  -  mgCeieS^^Ce  +  dC^). 

Equations  (4.105)  and  (4.106)  are  two  nonlinear,  coupled,  ordinary  differential 
equations  for  the  two  kinematic  variables,  (f>  and  9.  Once  these  equations  have  been 
solved,  eqs.  (4.103)  and  (4.104)  will  yield  the  reaction  forces,  thereby  completing 
the  solution  of  the  problem. 


4.13.1  Problems 

Problem  4.34.  Relationships  between  angular  velocity  and  curvature 

Consider  a  rotation  field  that  is  a  function  of  both  space  and  time,  i.e.,  R  —  R{s,  t).  It  is  now 
possible  to  define  the  components  of  the  angular  velocity  vector  as  cj(s,  i)  =  axial(_R_R"^) 
and  'Ji'{s,t)  —  axial(_R"^_R)  resolved  in  the  inertial  and  rotating  frames,  respectively.  Sim- 
ilarly, the  components  of  the  curvature  vector  are  KJyS,t)  —  axial (_R'_R"^)  and  K*{s,t)  — 
axial (_R^_R')  in  the  inertial  and  rotating  frames,  respectively.  Based  on  the  developments  pre- 
sented in  section  (4.12.4),  prove  the  following  results  u/  =  k-\-  Hco,  u/"  —  k*  +  ui* k* , 
u/  —  Rk* ,  and  w*'  —  R^k. 

Problem  4.35.  Rigid  body  with  a  slot 

Figure  4.18  depicts  a  rigid  body  with  a  slot  in  its  reference  configuration  as  defined  by 
frame  To  ~  [B,So  ~  (boi,feo2,  feos)],  where  basis  Bo  determines  the  orientation  of  the 
body.  Position  vector  Xq  determines  the  location  of  a  reference  point  O  on  the  rigid  body 
with  respect  to  inertial  frame  X.  In  the  final  configuration,  the  rigid  body  is  defined  by  frame 
J-  =  [B,  B  =  (6i ,  62 ,  fes)] ,  where  its  orientation  is  determined  by  basis  B.  The  displacement 
of  point  O  is  denoted  Uq.  Point  P  moves  along  a  slot  fixed  with  respect  to  the  rigid  body  in 
such  a  way  that  the  distance  from  point  B  to  point  P  is  a  given  function  of  time  d{t).  The  unit 
vectors  aligned  with  the  slot  in  the  reference  and  final  configurations  are  denoted  s  and  S, 
respectively.  Let  R   and  R  be  the  rotation  tensors  that  bring  basis  I  to  Bo  and  basis  Bo  to  B, 
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respectively.  (1)  Find  the  inertial  velocity  and  acceleration  of  point  P  in  terms  of  the  velocity 
and  acceleration  of  point  B,  the  angular  velocity  and  acceleration  of  the  rigid  body,  and  func- 
tion d{t).  Express  this  vector  in  inertial  basis  T.  All  tensor  components  should  be  resolved  in 
basis  I.  (2)  Express  these  inertial  velocity  and  acceleration  vectors  in  the  body  attached  basis 
B.  All  tensor  components  should  be  resolved  in  basis  B. 


Initial 
configuration        b; 


Final 
Configuration 


Fig.  4.18.  Rigid  body  with  a  slot  in  the  reference  and       Fig.  4.19.  Pendulum  with  a  slid- 
final  configurations.  ing  mass  connected  to  a  spring. 


Problem  4.36.  Pendulum  with  a  sliding  mass 

Figure  4.19  depicts  a  pendulum  of  mass  M  and  length  £  connected  at  point  A  to  a  massless 
tube  in  which  a  point  mass  m  is  sliding  while  restrained  by  a  spring  of  stiffness  constant  k. 
Frame  T'  —  [0,X  —  (ii,i2,*3)]  is  inertial  and  the  pendulum  is  attached  to  the  ground  at 
point  O  where  a  bearing  allows  rotation  about  axis  13;  gravity  acts  along  axis  n.  A  second 
frame  T^  —  [A,£  =  (ei ,  62,  ea)]  is  defined.  A  planar  rotation  of  magnitude  (fi  about  axis  ig 
brings  basis  I  to  basis  £;  axis  62  is  aligned  with  the  massless  tube.  The  position  of  mass  m 
with  respect  to  point  A  is  denoted  s.  (1)  Using  Newton's  second  law,  derive  the  equations  of 
motion  of  the  system  for  (^(r)  and  s{t).  (2)  Plot  the  time  history  of  0(r).  (3)  Plot  the  time 
history  of  s{t).  (4)  On  one  graph,  plot  the  kinetic,  potential  and  total  mechanical  energies  of 
the  system.  (5)  Plot  the  normalized  components  of  the  reaction  force  vector  acting  on  particle 
AI.  (6)  Plot  the  normalized  components  of  the  reaction  force  vector  acting  on  particle  m.  (7) 
Compute  the  angular  momentum  vector  of  the  system  evaluated  with  respect  to  point  O.  From 
this  expression,  derive  a  differential  equation  that  must  be  satisfied  by  (f>  and  s.  Show  that  this 
relationship  can  be  derived  from  the  equations  of  motion  obtained  in  step  1.  Use  the  following 
data:  /i  —  M/m  —  1,  g  —  g/{lLJ^)  —  0.6,  s  —  s/l.  The  following  non-dimensional  time 
is  defined:  r  —  cvt,  where  uj^  =  k/m;  derivatives  with  respect  to  r  are  denoted  (•)'.  Forces 
are  normalized  by  mtuj^ .  At  time  t  —  Q,  cj)  —  7r/2,  s  —  Q,  (j)'  —  0  and  a  =  2.  For  all  plot, 
re  [0,200]. 

Problem  4.37.  Mass  particle  moving  in  a  tube 

Figure  4.20  shows  a  particle  of  mass  vi  moving  in  a  rigid  slot  under  the  effect  of  an  actuator. 
The  actuator  is  connected  to  the  particle  at  point  P  and  to  the  slot  at  point  A;  for  clarity,  the 
actuator  is  not  shown  on  the  figure.  A  rigid  bar  OA  of  length  r  rotates  in  plane  V  =  (11,12) 
at  a  constant  angular  velocity,  fi.  A  planar  rotation  of  magnitude  tp  =  fit  about  axis  13  brings 
basis  T  —  (ii ,  22 ,  *3 )  to  axis  £  =  (ei ,  62 ,  £3 ) ;  axis  ei  is  along  rigid  bar  OA.  The  rigid  slot 
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Rigid 

slot 


Fig.  4.20.  Mass  particle  moving  in  a  tube. 


is  connected  to  bar  OA  at  point  A  and  is  allowed  to  rotate  with  respect  the  bar  about  axis 
ei.  A  planar  rotation  of  magnitude  6  about  axis  ei  brings  basis  £  —  (61,62,63)  to  axis 
B  =  (61 ,  62 ,  feg ) ;  axis  62  is  along  the  rigid  slot.  The  position  of  the  mass  in  the  slot  is  defined 
by  the  curvilinear  variable  s  that  is  positive  along  axis  62-  (1)  Find  the  position,  velocity  and 
acceleration  vectors  of  point  P  with  respect  to  inertial  point  O.  (2)  Find  the  components  of 
the  acceleration  vector  resolved  in  basis  B.  (3)  Write  Newton's  second  law  for  the  particle, 
resolved  in  basis  B.  (4)  Identify  the  nature  of  the  forces  applied  on  the  particle.  (5)  On  one 
graph,  plot  the  components  of  the  force  vector  acting  on  the  particle,  resolved  in  basis  B.  (6) 
Find  the  moment  of  the  forces  that  the  particle  and  actuator  apply  on  the  slot  with  respect  to 
point  O.  (7)  On  one  graph,  plot  the  components  of  this  moment  vector  resolved  in  basis  £^. 
Use  the  following  data:  9{t)  =  60  +  6s  sin  ilt  +  6c  cos  Ot,  where  60  —  15,  6s  —  —6  and 
6c  =  8  degrees;  s{t)  —  Sa  sin  Ot  +  Sc  cos  Ot,  where  Sa  =  0.05  and  Sc  =  —0.03  m.  m  =  10 
leg,  n  =  27.02  rad/s,  r  =  0.8  m. 

Problem  4.38.  Pendulum  with  a  rotating  mass 

Figure  4.16  depicts  a  pendulum  of  length  £  and  tip  mass  M  featuring  an  additional  rotating 
mass  771  located  at  a  fixed  distance  d  from  the  tip  mass,  as  treated  in  example  4.9  on  page  149. 
Frame  T'  —  [0,X  =  (zi,  12,^3)]  is  inertial  and  the  pendulum  is  attached  to  the  ground  at 
point  O  where  a  bearing  allows  rotation  about  axis  13;  gravity  acts  along  axis  ii.  A  second 
frame,  T^  =  [0,£^  —  (61,62,63)],  is  defined.  A  planar  rotation  of  magnitude  (j>  about 
axis  la  brings  basis  X  to  basis  £^ .  Axis  ei  is  aligned  with  the  massless  rigid  arm  OA  of  the 
pendulum.  A  third  frame,  T^  —  [A,  S*  =  (bi ,  &2 ,  63 )] ,  is  also  defined.  At  point  A,  a  bearing 
allows  rotation  of  the  massless  rigid  bar  AT  about  axis  ei.  A  planar  rotation  of  magnitude  6 
about  axis  ei  brings  basis  f"''  to  basis  B* .  Axis  62  passes  through  the  rotating  mass  m.  Derive 
the  equation  of  motions  of  the  system  using  Newton's  second  law.  (1)  Using  Newton's  second 
law,  derive  the  equations  of  motion  of  the  system  for  (j!'(r)  and  6'(r).  (2)  On  one  graph,  plot 
the  time  history  of  (^(r)  and  6{t).  (3)  On  one  graph,  plot  the  time  history  of  (j)'  and  6' .  (4)  On 
one  graph,  plot  the  kinetic,  potential  and  total  mechanical  energies  of  the  system.  (5)  Plot  the 
normalized  components  of  the  reaction  force  vector  acting  on  particle  Af ,  resolved  in  basis 
B.  (6)  Plot  the  normalized  components  of  the  reaction  force  vector  acting  on  particle  m,  in 
basis  B.  (7)  Plot  the  normalized  components  of  the  reaction  force  vector  at  point  O,  in  basis 
I.  (8)  Plot  the  normalized  components  of  the  reaction  moment  vector  at  point  O,  in  basis  I. 
(9)  Compute  the  angular  momentum  vector  of  the  system  evaluated  with  respect  to  point  O. 
From  this  expression,  derive  a  differential  equation  that  must  be  satisfied  by  (j>  and  6.  Show 
that  this  relationship  can  derived  from  the  equations  of  motion  obtained  in  step  1.  Use  the 
following  data:  fj,  —  m/M  —  1,  d  —  d/£  —  0.2.  The  following  non-dimensional  time  is 
defined:  r  =  cjt,  where  lv^  =  g/£;  a  derivative  with  respect  to  r  is  denoted  (•)'.  Forces  are 
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normalized  by  Mlu]'^,  moments  by  Mfuj"^.  At  time  i  =  0,  0  =  7r/2,  6  =  Q,  (j)'  ^  Q  and 
6*'  =  0.1.  For  all  plot,  r  G  [0,  50]. 


4.14  Change  of  reference  frame  operations 

Figure  4.21  depicts  the  configuration  of  a  rigid  body  characterized  by  frame  Tq  = 
\A,£q  =  (e^i,eff2,  Gcxj)]  ■  In  the  reference  configuration,  the  position  vector  of  point 
P  with  respect  to  inertial  point  O  is  Uq  and  rotation  tensor  R^  bring  basis  I  to  basis 

oA 

In  its  final  configuration,  the  rigid 
body  is  characterized  by  reference 
frame  J-^  =  [A,f^  =  (ef,e^,e^)]. 
The  displacement  vector  of  point  A 
from  the  reference  to  the  final  config- 
uration of  the  rigid  body  is  y/^  and  ro- 
tation tensor  R^  bring  basis  £^  to  ba- 
sis £^.  The  position  vector  of  point  A 
in  the  reference  configuration  with  re- 


spect to  point  O  is  Uq 


lA  and  ro- 
tation tensor  B/^R^  brings  basis  X  to 
basis  £^. 

Figure  4.21  also  shows  a  second 
rigid  body  in  its  reference  and  final 
configurations.  All  quantities  belong- 
ing this  second  rigid  body  are  denoted 
with  superscript  (•)^.  All  vectors  and 
tensor  are  expressed  by  their  components  in  the  inertial  frame  X;  i.e.,  all  quantities 
are  "viewed  by  an  inertial  observer." 

The  position  vector  of  point  B  with  respect  to  point  A,  denoted  r^^"^,  is 


Fig.  4.21.  Change  of  reference  frame 


rB/A 


(mo^+m^)-K  +  m^). 


The  components  of  this  vector  resolved  in  basis  S"^,  denoted  r*^/^,  are 

These  components  are  often  called  the  "components  of  the  position  vector  of  point 
B  as  viewed  by  an  observer  on  frame  J^'^." 

Similarly,  the  rotation  tensor  that  bring  basis  S"^  to  basis  £^ ,  denoted  R   '    ,  can 
be  evaluated  as  follows 


B/A-A 


The  components  of  this  tensor  resolved  in  E^,  denoted  R^    ' 


are 
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T 


gB/A  ^  (^^Ag^\^       (i^'i^) 


These  are  often  called  the  "components  of  the  rotation  tensor  of  basis  £^  as  viewed 
by  an  observer  on  frame  J^^." 

The  position  vector  of  point  B  with  respect  to  point  A  in  the  reference  configu- 
ration is  Tq  '     =  u^  —  Uq.  The  components  of  this  vector  resolved  in  basis  £^  are 

If  body  B  is  rigidly  connected  to  body  A,  the  components  of  the  position  vec- 
tor of  point  B  as  viewed  by  an  observer  on  frame  J^^  are  still  x^  '  in  the  final 
configuration. 

The  components  of  displacement  vector  of  point  B  with  respect  to  point  A  as 
viewed  by  an  observer  on  frame  J^^  in  the  final  configuration  are 

U*B/A  ^   (^^A^y  [(^^  ^  ^B)  _  ^^A  ^  ^A)]  _  ^T  (^B  _  ^A^  (4  jq^^ 

The  rotation  tensor  that  brings  basis  £^  to  basis  £^  is  R^^"^  =  R^ R^'^ .  The 

components  of  this  tensor  resolved  in  £q  are  i?*         ~  S^n    S^n  ■ 

If  body  B  is  rigidly  connected  to  body  A,  the  components  of  the  rotation  tensor 
that  bring  basis  £^  to  basis  £^,  resolved  in  basis  £^,  are  still  ^*^/^.  Let  Q^/^  be 

the  rotation  tensor  that  measures  the  change  in  orientation  of  basis  £^  with  respect 
to  basis  £^,  between  the  reference  and  final  configurations.  The  components  of  this 
change  in  orientation  of  basis  £^  as  viewed  by  an  observer  on  frame  T^  in  the  final 
configuration  are 

^B/A  ^  ^.B/A^B/AT  ^  ^T  (^g^T gS,^  g. _  (4  jQg^ 

Let  the  final  configuration  of  the  system  be  time-dependent.  The  inertial  veloci- 
ties of  points  A  and  B,  denoted  v_^  and  vP ,  respectively,  are  easily  found  a&vf'  =  u 
and  y_^  =  u^ ,  respectively.  Similarly,  the  angular  velocity  vectors  of  bases  £^  and 

£^,  denoted  u/^  and  u^,  respectively,  are  easily  found  as  cof^  =  axial(_R   R      )  and 

w^  =  axial(_R    R      ),  respectively.  All  these  vectors  are  expressed  by  their  compo- 
nents in  the  inertial  frame  X;  i.e.,  all  quantities  are  "viewed  by  an  inertial  observer." 
The  components  of  the  velocity  vector  of  point  B  as  viewed  by  an  observer 
on  frame  J^^,  denoted  v*^^^,  are  readily  found  by  taking  a  time  derivative  of 
eq.  (4.107)  to  find 

^.B/A  ^  ^g^^^Y  {^AT  [(^B  ^  ^B)  _  (^A  ^  ^A)]  ^  (^B  _^A^y    (4  jq^^ 

Similarly,  the  components  of  the  angular  velocity  vector  of  basis  £^  as  viewed 
by  an  observer  on  frame  J^'^  are  oj*-^/'^  =  axial((5  Q*  '  ),  and  it  the  follows 
from  eq.  (4.108)  that  ~         ~ 

ufB/A  ^  (^gA^y  ^^B  _  ^A^  (4  iiQ) 
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4.15  Orientation  of  a  unit  vector 

Consider  a  unit  vector,  ij,,  called  a  director,  that  rotates  to  a  final  orientation  63,  as 
depicted  in  fig.  4.22.  For  convenience,  this  director  is  considered  to  be  the  third  unit 
vector  of  a  basis  I  =  (11,12,13),  rotating  to  a  basis  f  =  (61,62,63). 
The  relationship  between  these  two  bases  is 


Rla 


(4.111) 


where  R  is  an  orthogonal  rotation  tensor.  If  attention  solely  focuses  on  the  director, 
this  rotation  tensor  is  not  uniquely  defined,  because  any  rotation  about  the  director 
leaves  its  orientation  unchanged. 

A  differential  change  in  the  director's  orientation  is 


des 


^ 


Alp,  where  (hp  is  the  differential  rotation  vec- 


tor defined  by  eq.  (4.101).  The  components  of  the  differ- 
ential change  in  director  orientation  resolved  in  basis  £ 
become 


T^^ 


W  de3  =  R'  e^  dV' 


.^T}T 


R'dip 


Fig.  4.22.  Change  of  orien- 
tation of  the  director  13. 


where  d^*  are  the  components  of  the  differential  rota- 
tion vector  resolved  in  basis  £. 

This  relationship  demonstrates  that  differential  changes  in  the  orientation  vector 
only  depend  on  two  components,  d^^i  and  d'p2 '  of  the  differential  rotation  vector. 
Arbitrary  values  of  dV'3 ,  corresponding  to  differential  rotations  of  the  director  about 
its  own  orientation,  will  not  affect  differential  changes  in  the  director  orientation,  and 
hence,  setting  dV'3  =  0  is  a  valid  choice. 

The  following  notation  is  adopted  d^'*  =  ndal  +  i2<ict:2  =  k  da*,  where 


[«l,«2j 


1  0 

0  1 
00 
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The  "two  parameter"  differential  rotation  vector  is  denoted  da* .  Array  b  simply  ex- 
pands this  two  parameter  differential  rotation  vector,  da* ,  to  the  differential  rotation 
vector,  dV'*,  by  imposing  the  condition  dip^  =  0.  It  follows  that  dV'  =  Rdtp*  = 
Rb  da* ,  and  finally,  differential  changes  in  the  orientation  of  the  triad  become 


dca  =  Ri„  b  da* . 


(4.113) 


Part  II 


Rigid  body  dynamics 


Kinematics  of  rigid  bodies 


Newton's  laws  deal  with  the  dynamic  behavior  of  a  single  particle  and  Euler's  laws 
generalize  the  analysis  to  the  case  of  a  system  of  particles.  Rigid  bodies  form  a  spe- 
cial case  of  "systems  of  particles,"  and  their  dynamic  behavior  is  studied  in  depth  in 
chapter  6.  This  chapter  focuses  on  the  kinematics  of  rigid  bodies,  i.e.,  the  descrip- 
tion of  the  motion  of  rigid  bodies  without  consideration  of  the  forces  that  create  this 
motion. 

Sections  5.1  and  5.2  study  the  displacement  and  velocity  fields,  respectively,  of 
rigid  bodies  undergoing  arbitrary,  time-dependent  motion.  The  concept  of  relative 
velocity  and  acceleration  is  treated  in  section  5.3,  while  section  5.4  addresses  the 
problem  of  contact  between  two  rigid  bodies.  The  chapter  concludes  with  the  analy- 
sis of  the  motion  tensor. 


5.1  General  motion  of  a  rigid  body 

Figure  5.1  depicts  a  rigid  body  defined  in  its  reference  configuration  by  frame  J^o  = 
[A,5o  =  (eoij  eo2,  eoa)].  The  position  vector  of  point  A  with  respect  to  point  O  is 
denoted  Tq-  Let  rp  be  the  position  vector  of  a  material  point  P  of  the  rigid  body  with 
respect  to  inertial  frame  J^^  =  [0,X  =  {ii,i2,i3)]-  The  position  vector  of  the  same 
material  point  with  respect  to  point  A  is  denoted  Sp .  Hence,  Vp  =  rjj  +  Sp- 

The  rigid  body  now  undergoes  an  arbitrary  motion  that  brings  it  to  a  final  con- 
figuration defined  by  frame  J^  =  [A,£  =  (ei,  62, 63)].  Let  R  and  R  be  the  rotation 
tensors  that  bring  basis  X  to  £q  and  basis  £q  to  £,  respectively.  Considering  fig.  5.1, 
the  following  vector  relationship  is  easily  established, 

Up=u  +  S_p  —  Sp,  (5.1) 

where  S_p  is  the  position  vector  of  material  point  P  with  respect  to  point  A  in  the 
final  configuration.  Let  s*p  =  _R  Sp  and  5p  =  {RRf.)^S_p  denote  the  components 
of  vector  Sp  in  basis  £0  and  of  vector  S_p  in  basis  £,  respectively. 
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Because  the  body  is  assumed  to  be  rigid,  the  components  of  vector  Sp  in  Eq  are 
identical  to  those  of  S_p  in  £,  i.e.,  s*p  =  S_'^,  and  hence,  S_p  =  Rsp.  Equation  (5.1) 
now  becomes 

Up  =u+  {E-l)sp.  (5.2) 

This  relationship  describes  the  displacement  of  a  material  point  P  of  the  rigid  body 
in  terms  of  u,  the  displacement  of  its  reference  point,  and  tensor  R  that  defines  its 
orientation.  Note  that  the  choice  of  reference  point  A  is  arbitrary,  and  hence,  eq.  (5.2) 
is  not  an  intrinsic  relationship. 


Reference 
configuration 

k- 

e, 


Final 
Configuration 


■i 
Fig.  5.1.  General  motion  of  a  rigid  body. 


To  obtain  a  more  general  expression  of  the  displacement  field,  the  following 
question  can  be  asked:  is  it  possible  to  find  a  material  point  of  the  rigid  body,  say 
point  Q,  whose  displacement  is  parallel  to  n,  the  axis  defining  rotation  tensor  Rl  If 
point  Q  exist,  its  relative  position  vector,  Sq  ,  must  satisfy  the  following  relationship 


^Q 


(i-i): 


dn. 


(5.3) 


Constant  d  can  be  evaluated  by  taking  the  scalar  product  this  equation  by  n^  to  find 
d  =  n^u.  It  then  follows  that 


(R—  I)  Sq  =  dn  —  u=  (^ 


--T 

nn    ■ 


D: 


(5.4) 


In  view  of  eq.  (4.21)  and  identity  (1.33b),  this  equation  can  be  written  as 
n  [2  sin  (p/2  Gsq  —  nu]  =  0.  The  bracketed  must  be  parallel  to  unit  vector  n,  which 
implies  2  sin  (p/2  Gsq  —  nu  =  (3n,  where  /3  is  an  arbitrary  constant.  The  location  of 
point  Q  is  now  readily  found  as 


nG' 


2sin(7!>/2 


u  + 


2sin(7!>/2 


This  represents  the  equation  of  a  line  passing  through  point  Q  and  parallel  to  n.  The 
displacements  of  all  points  on  this  line  are  along  n. 
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Point  Q  can  be  defined  uniquely  by  requiring  Sq  to  be  orthogonal  to  n,  i.e., 
n^Sn  =  0,  and  hence,  /3  =  0.  The  location  of  point  Q  [19]  now  becomes 

u.  (5.5) 


-•^       2  sin  4) /2- 

By  construction,  the  displacement  of  point  Q  is  parallel  to  n,  see  eq.  (5.3).  Com- 
bining eqs.  (5.2)  and  (5.3)  now  yields 

Up  =  dn+  {R  —  /)(sp  —  Sq).  (5.6) 

This  relationship  expresses  the  displacement  of  a  material  point  P  of  the  rigid  body 
as  a  translation,  dn,  parallel  to  axis  n,  followed  by  a  rotation  about  that  same  axis. 
The  displacement 

d  =  n   u,  (5.7) 

is  the  intrinsic  displacement  of  the  rigid  body:  all  points  of  the  rigid  body  undergo 
the  same  displacement,  d,  followed  by  a  rotation. 

If  the  rigid  body  undergoes  a  general  planar  motion,  u  lies  in  the  plane  of  the 
motion,  and  n  is  perpendicular  this  plane.  Hence,  d  =  n^u  =  0,  the  intrinsic  dis- 
placement, d,  of  a  rigid  body  in  general  planar  motion  always  vanishes.  If  the  rigid 
body  undergoes  a  pure  translation,  axis  n  is  along  the  displacement  u  of  all  the  points 
of  the  body.  The  motion  is  then  decomposed  into  a  translation,  dn,  followed  by  a  ro- 
tation of  vanishing  magnitude  about  the  same  axis. 

Equation  (5.6)  expresses  the  general  motion  of  a  rigid  body  as  screw  motion 
about  axis  n.  The  pitch  of  the  screw,  vj,  is  defined  as 

^=^.  (5.8) 

Mozzi-Chasles'  theorem  [20,  21]  states  the  results  obtained  here  in  a  compact  man- 
ner. 

Theorem  5.1  (Mozzi-Chasles'  theorem).  The  most  general  motion  of  a  rigid  body 
consists  of  a  translation  along  an  axis  followed  by  a  rotation  about  the  same  axis. 

The  Mozzi-Chasles  axis  is  defined  by  its  orientation,  fi,  and  the  position  of  one  of 
its  points,  Sq,  given  by  eq.  (5.5).  Alternatively,  this  axis  can  be  defined  by  its  Pliicker 
coordinates  [19,  22] 

nnG 


Qmc  =  {      2  sin  0/2-  (5.9) 


n 


5.2  Velocity  field  of  a  rigid  body 

The  time-dependent  motion  of  a  rigid  body,  as  depicted  in  fig.  5.2,  will  now  be  in- 
vestigated. The  structure  of  the  velocity  field  of  the  entire  rigid  body  is  the  focus  of 
the  analysis. 
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The  inertial  velocity  of  an  arbitrary  point  P  is  obtained  from  a  time  derivative  of 

p  and  V  =  ii  are  the  inertial 


eq.  (5.2),  Wp 


-Rsp  =  v  +  RR  S_p,wherevp 


velocity  vectors  of  point  P  and  A,  respectively.  This  equation  becomes 


u_p  —  u_  - 


■U}Sp, 


(5.10) 


where  u  =  a.xial{RR^)  is  the  angular  velocity  vector  of  the  rigid  body.  This  rela- 
tionship describes  the  velocity  of  an  arbitrary  point  P  of  the  rigid  body  in  terms  of  v, 
the  velocity  of  a  reference  point,  and  w,  the  angular  velocity  vector  of  the  rigid  body. 
Here  again,  the  choice  of  reference  point  A  is  arbitrary,  and  hence,  eq.  (5.10)  is  not 
an  intrinsic  relationship. 


Reference 
configuration 


Final 
Configuration 


Fig.  5.2.  Time-dependent  motion  of  a  rigid  body. 


To  obtain  a  more  general  description  of  the  velocity  field,  the  following  question 
can  be  asked:  is  it  possible  to  find  a  material  point  of  the  rigid  body,  say  point  Q, 
whose  velocity  vector  is  parallel  to  the  angular  velocity  vector?  If  such  a  point  exists, 
the  following  relationship  must  hold 


:  V  +  L0S_Q    =  ^JLLJ, 


(5.11) 


where  /i  is  an  arbitrary  scalar  that  can  be  found  by  taking  the  scalar  product  of  this 
equation  by  lJ^  to  find  /i  =  (a;-^u)/aj^. 

Equation  (5.11)  now  becomes  w5q  =  (ww-^/w^  —  P)v_  =  u)luv_/uj^,  where 
identity  (1.33b)  was  used.  This  equation  can  be  recast  as  u)  \^S_q  —  Sw/w^]  =  0. 
The  bracketed  term  is  parallel  to  the  angular  velocity  vector,  which  implies  S_q  — 
ujv_Ilij^  =  aui,  where  a  is  an  arbitrary  constant.  The  location  of  point  Q  is  now 
found  as 

Sr 


-  '  ,.a- 


The  solution  is  the  locus  of  points  along  a  straight  line  parallel  to  w,  and  hence,  no 
unique  solution  exists  for  the  location  of  point  Q. 

To  remove  this  ambiguity,  point  Q  will  be  selected  as  that  at  the  shortest  distance 
from  point  A,  i.e.,  ^S_q  =  0.  It  follows  that  a  =  0,  and 
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Sq  =  ^v.  (5.12) 


In  summary,  material  point  Q  of  the  rigid  body  exists  whose  velocity  vector  is  par- 
allel to  the  angular  velocity  vector  The  location  of  this  point  is  given  by  eq.  (5.12). 
Combining  eqs.  (5.10)  and  (5.11)  now  yields 

T 
Vp   =   =-^Ul  +  i^{Sp-  Sq)   =Vq  +Oj(Sp-  Sq)  (5.13) 

This  relationship  expresses  the  velocity  of  material  point  P  of  the  rigid  body  as  the 
velocity  of  point  Q,  Vq,  which  is  parallel  to  angular  velocity  vector  uj_,  followed  by 
a  rotation  about  that  same  axis.  This  is  referred  to  as  screw  motion  about  axis  w. 
The  screw  axis  is  defined  as  the  line  passing  through  point  Q  and  parallel  to  uj_.  The 
Plucker  coordinates,  Q,  of  the  screw  axis  are 


ijjijj 


Q^A  =  {      io^-\  (5-14) 


5.2.1  Problems 

Problem  5.1.  General  motion  of  a  rigid  body 

Figure  5.1  depicts  the  general  motion  of  a  rigid  body.  Find  material  point  Q  of  the  rigid  body 
whose  displacement  vector  is  of  minimum  norm.  Is  this  point  unique?  Hint:  The  condition  for 
minimization  of  the  displacement  norm  is  H^tolP  ~  mins  [li+(ii— X)s„]"^[M+(ii~X)s„]- 
The  minimum  displacement  norm  is  found  when  (_R—/)"^|m-|-(_R—/)s]  —  {R—£)'^1Lq  =  0- 
The  solution  of  this  system  then  Uq  =  u  +  {R~  L)§.q  ~  dn. 

Problem  5.2.  Time-dependent  motion  of  a  rigid  body 

Figure  5.2  shows  the  time-dependent  motion  of  a  rigid  body.  Find  material  point  Q  of  the  rigid 
body  whose  velocity  vector  is  of  minimum  norm.  Is  this  point  unique?  Hint:  The  condition  for 
minimization  of  the  velocity  norm  is  1 1  Ug  1 1  ^  =  ming  [t;  -I-  ^S_q ]  "^  [«  -I-  ^S_q ] .  The  minimum 
velocity  norm  is  found  when  u]'^  \v_  -\-  2Sq]  —  ijj'^Vq  ~  0. 

Problem  5.3.  Location  of  the  average  velocity  point 

Consider  three  material  points,  P,  Q,  and  R,  of  a  rigid  body  with  position  vectors  Xp,  x_q,  and 
x^,  respectively,  and  velocity  vectors  y_p,y_Q,  and  y_p,  respectively.  Find  the  location  of  point 
C  of  the  rigid  body  whose  velocity  is  y_^  —  {vp  +  Vq  +  ^p)/3- 

Problem  5.4.  Relating  the  velocity  vectors  of  three  points  of  a  rigid  body 

Consider  two  material  points  P  and  Q  of  a  rigid  body  and  their  velocity  vectors,  Vp  and  Vq, 
respectively.  (1)  Find  the  velocity  vector  of  point  R  of  the  rigid  body,  assuming  that  points  P, 
Q,  and  R  are  not  coUinear  (2)  Is  the  velocity  of  point  R  fully  determined? 

Problem  5.5.  Relating  the  velocity  vectors  of  three  points  of  a  rigid  body 

Consider  two  material  points  P  and  Q  of  a  rigid  body  and  their  velocity  vectors,  Vp  and  Vq, 
respectively.  (1)  Find  the  velocity  vector  of  point  R  of  the  rigid  body,  assuming  that  points  P, 
Q,  and  R  are  coUinear.  (2)  Is  the  velocity  of  point  R  fully  determined? 
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Problem  5.6.  Computing  the  angular  velocity  of  a  rigid  body 

The  velocity  vectors  of  material  points  P,  Q,  and  R  of  a  rigid  body  are  given  as  Vp,  Vq,  and 
Vj^,  respectively.  (1)  Find  the  angular  velocity  vector  of  the  rigid  body.  (2)  State  the  three 
scalar  constraints  that  the  given  velocity  vectors  must  satisfy. 

Problem  5.7.  Relating  the  velocity  vectors  of  four  points  of  a  rigid  body 

Consider  three  material  points  P,  Q,  and  R  of  a  rigid  body  and  their  velocities,  Vp,  Vq,  and 
Vji,  respectively.  (1)  Find  the  velocity  of  point  S  of  the  rigid  body,  assuming  that  points  P,  Q, 
and  R  are  not  collinear.  (2)  State  the  three  scalar  constraints  that  the  given  velocity  vectors 
must  satisfy. 

Problem  5.8.  Determination  of  Mozzi-Chasles  axis 

Figure  5.3  depicts  a  cube  of  unit  size.  Point  A  is  selected  as  the  reference  point  of  the  body; 
its  displacement  vector  is  denoted  u.  The  rotation  of  the  rigid  body  is  defined  as  a  rotation 
of  magnitude  </>  about  unit  vector  n.  (1)  Determine  the  coordinates  of  a  point  on  the  Mozzi- 
Chasles  axis  characterizing  the  motion  of  the  rigid  body.  (2)  Find  the  Pllicker  coordinates  of 
the  Mozzi-Chasles  axis.  (3)  Compute  the  intrinsic  displacement  of  the  rigid  body.  (4)  Using 
eq.  (5.6),  compute  the  displacements  of  points  A,  B,  C,  and  D.  Use  the  following  data:  u^  — 
{3.2, 4.5,  0.76}  m,(t>^  1.25  rad,  n^  =  {0.20,  -0.26,  0.95}  (normalize  this  vector  to  make 
it  a  unit  vector). 


Fig.  5.3.  Arbitrary  motion  of  a  rigid  body. 


Fig.  5.4.  Motion  of  a  point  defined  with  re- 
spect to  frame  T^ . 


5.3  Relative  velocity  and  acceleration 


Figure  5.4  depicts  a  practical  situation  that  occurs  in  many  engineering  problem.  The 
motion  of  a  point,  P,  is  defined  with  respect  to  a  rigid  body  associated  with  frame 
J^^  =  [B,  B*  =  (&i,  62,  ^3)]  ■  Tensor  components  resolved  in  basis  B*  are  denoted 
with  superscript  (•)*.  The  motion  of  the  rigid  body  is  defined  with  respect  to  an 
inertial  frame  J-"^  =  [0,X  =  (ii,  «2,  ^s)]-  The  components  of  the  position  vector  of 
point  P  with  respect  to  point  B,  resolved  in  basis  B*,  are  denoted  u* . 

The  motion  of  frame  J^^  is  defined  by  the  components  of  the  position  vector 
of  point  B  with  respect  to  point  O,  denoted  r^,  and  the  components  of  the  rotation 
tensor  that  bring  basis  X  to  basis  B*,  denoted  R,  both  resolved  in  basis  X. 
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Consider,  for  instance,  a  piece  of  rotating  machinery  such  as  a  jet  engine  or  a 
helicopter  rotor.  It  makes  sense  to  attach  a  frame  at  the  hub  of  the  rotor:  point  B  is  at 
the  hub  center  point  and  basis  B*  rotates  with  the  rotor.  The  position  vector  of  a  point 
on  the  blade,  say  point  P,  is  then  most  naturally  expressed  in  terms  of  its  components 
in  the  hub  attached  basis  B* ;  in  fact,  if  the  rotor  blade  is  rigid,  the  components  of 
the  position  vector  of  a  point  on  the  blade  resolved  in  basis  B*  are  constant.  The 
motion  of  the  hub  attached  frame,  defined  by  position  vector  rg  and  rotation  tensor 
R,  characterize  the  motion  of  the  hub  with  respect  to  an  inertial  frame. 

Two  important  cases  will  be  considered.  In  the  most  general  case,  point  P  is  in 
relative  motion  with  respect  to  the  rigid  body,  i.e.,  the  components  of  the  position 
vector  of  point  P  with  respect  to  point  B,  resolved  in  the  body  attached  basis,  are  a 
function  of  time,  v*  =  v*  (t).  In  the  second  case,  point  P  is  a  fixed,  or  material  point 
of  the  rigid  body,  which  implies  that  the  components  of  the  position  vector  of  point 
P  with  respect  to  point  B,  resolved  in  the  body  attached  basis,  are  constant  in  time, 
u*  7^  u*{t). 


5.3.1  Point  P  is  in  motion  witli  respect  to  tlie  rigid  body 

The  inertial  velocity  and  acceleration  vectors  of  point  P  will  now  be  evaluated  as- 
suming that  this  point  is  in  motion  with  respect  to  the  rigid  body.  The  inertial  position 
of  point  P,  denoted  Zp^  is  expanded  as 

Ip  =  Is +M  =  Is  +  i^M*i  (5.15) 

where  u  =  Ru*  are  the  components  of  the  position  vector  of  point  P  with  respect  to 
point  B  resolved  in  basis  X. 

The  inertial  velocity  vector  of  point  P,  denoted  Vp,  now  becomes 

Up  =  Vb  ^  iiiL*  +  Ru*  =  Ub  ~^  iiS,    [Lp  —  Lb)  +  i^M* 

—  —  —  (5.16) 

=  V.B  +^{Lp  —  Lb)  +  Rk*, 

where  Vb  =  Lb  is  the  inertial  velocity  of  point  B  and,  eq.  (5.15),  written  as  u*  = 
R   (rp  —  r^),  is  used  to  eliminate  u*. 

The  first  term  of  eq.  (5.16)  represents  the  inertial  velocity  of  the  origin  of  the 
body  attached  frame,  T^ ,  and  the  second  term  accounts  for  the  effects  of  its  angular 
velocity.  The  last  term  is  the  relative  velocity  of  point  P  with  respect  to  point  B, 
resolved  in  inertial  basis  I.  Of  course,  the  inertial  velocity  vector  of  point  P  could 
also  be  resolved  in  the  body  attached  basis  B* ;  multiplication  by  R    yields 

^Vp=  ^Vp+uj*u* +u' .  (5.17) 

Next,  the  inertial  acceleration  of  point  P,  denoted  Op,  is  obtained  by  taking  a 
time  derivative  of  the  inertial  velocity,  eq.  (5.16),  to  find 

Op  =  Lb  +^{Lp  —  Lb)  +  ^{Lp  —  Lb)  +  Rl*  +  Ru*  ■ 
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The  velocities  appearing  in  the  third  term  are  eliminated  using  eq.  (5.16),  to  find 

Olp  =  Qlb  ~^  ^izp  ~  Lb)  +  ^  [^(np  ~  Lb)  +  Ryt^  +  RR  Ry*  +  Ry* 

^      __  _  ~  ~  ~        (5.18) 

=  a^  +  (w  +  Louj) {rp  —  Lb)  ~^  2loR u*  +  i? u* , 

where  ag  =  v_g  is  the  inertial  acceleration  of  point  B. 

The  first  term  of  this  expression  represents  the  inertial  acceleration  of  the  origin 
of  the  body  attached  frame  T^ ,  and  the  second  term  accounts  for  the  effects  of  its 
angular  acceleration  and  velocity.  The  third  term  is  known  as  the  Coriolis  accelera- 
tion. Finally,  the  last  term  is  the  relative  acceleration  of  point  P  with  respect  to  point 
B,  resolved  in  the  inertial  basis  I. 

Here  again,  the  inertial  acceleration  vector  of  point  P  could  also  be  resolved  in 
the  body  attached  basis  B*;  multiplication  by  ^  yields 

E^fip  =  ^aB  +  [{^'k)  +  5*5*]u*  +  2w*u*  +  u.  (5.19) 

Term  R  w  represents  the  angular  acceleration  of  the  rigid  body,  resolved  in  body 
attached  frame  B*\  this  quantity  is  readily  evaluated  as  i?  w  =  R  (Rtii*)'  = 
R^Rui*  +  uf*  =  uj* u}_*  +  uf* ,  and  finally 

R^ui  =  ui.  (5.20) 

With  this  result  at  hand,  the  components  of  the  inertial  acceleration  vector  of  point 
P,  resolved  in  basis  B*,  become 

R  Up  =  R  ^B  +  (^    +uj*(I>*)u*+2uj*u*+u*.  (5.21) 


5.3.2  Point  P  is  a  material  point  of  the  rigid  body 

If  point  Pisa  material  point  of  the  rigid  body,  the  components  of  its  position  vector 
with  respect  to  point  B,  resolved  in  the  body  attached  basis,  are  constant  in  time, 
u*  y^  u*{t)-  The  velocity  vector  of  point  P,  eq.  (5 . 1 6),  now  reduces  to 

llp=llB+^iLp-LB)-  (5-22) 

Points  B  and  P  are  two  arbitrary  material  points  of  the  rigid  body.  This  means  that 
eq.  (5.22)  relates  the  velocity  vectors  of  two  arbitrary  points  of  the  same  rigid  body. 
Of  course,  this  relationship  is  identical  to  that  found  earlier,  see  (5.13),  using  a  dif- 
ferent reasoning.  When  expressed  in  the  body  attached  basis,  the  same  relationship 
becomes 

g^vp  =  ^vg  +  u*u* .  (5.23) 

The  acceleration  vector  of  point  P,  eq.  (5.18),  reduces  to 

Q^p  =  &B  + {^ +  ^^){Lp  -  Lb)-  (5.24) 
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This  equation  relates  the  acceleration  vectors  of  two  arbitrary  points  of  the  same 
rigid  body.  When  expressed  in  the  body  attached  basis,  the  same  relationship  be- 
comes 


R^ar 


R^ar 


+  (a;    +  aj*aj*)u* 


(5.25) 


Example  5.1.   Velocities  and  acceleration  of  a  robotic  arm 

Figure  5.5  depicts  a  robotic  system.  The  shaft  is  allowed  to  rotate  about  axis  i^ 
with  respect  to  inertial  frame  J-"^  =  [0,I  =  (ii,  i2,  «3)].  The  time-dependent  ro- 
tation angle  of  unit  vector  si  with  respect  to  axis  Ji  is  denoted  a{t).  Frame  T^  = 
[8,5"*"  =  (si,  S2,  S3)]  is  attached  to  the  shaft  at  a  distance  h  from  the  origin  of  the 
inertial  frame,  as  indicated  on  the  figure;  tensor  quantities  resolved  in  basis  5+  are 
denoted  with  superscript  (•)"''.  An  arm  of  length  La  extends  along  the  direction  of 
axis  32  and  is  attached  to  the  shaft  at  point  S. 

Finally,  a  rigid  manipulator  of  length  Lb  is  connected  to  the  arm  at  point  B.  The 
manipulator  is  allowed  to  rotate  with  respect  to  frame  J^^ ,  about  axis  si.  The  time- 
dependent  rotation  angle  of  unit  vector  62  with  respect  to  axis  S2  is  denoted  (3{t). 
Frame  J^^  =  [B,,S*  =  (61,62,^3)]  is  attached  to  the  manipulator;  tensor  quantities 
resolved  in  basis  B*  will  be  denoted  with  superscript  (•)* .  Determine  the  velocity  and 
acceleration  vectors  of  point  P,  located  at  the  tip  of  the  manipulator,  at  a  distance  L5 
from  point  B. 


Fig.  5.5.  Robotic  arm  configuration. 


Let  R    and  R    be  the  components  of  the  rotation  tensors  that  bring  basis  I 
to  basis  5+  and  basis  5+  to  basis  B*,  respectively,  both  resolved  in  basis  X.  This 


implies  si 

E 

B 


Rii  and  bi  =  i?„si;  it  follows  that  61 


V 


n 


Rii,  where 


RcjR    are  the  components  of  the  rotation  tensor  that  brings  basis  X  to  basis 


resolved  in  basis  X.  It  is  more  natural  to  work  with  the  components  of  rotation 
tensor  R    resolved  in  basis  S~^,  Rt  =  R^Rf,R^,  see  eq.  (4.29).  The  components 
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of  rotation  tensor  R  now  become 


c„ 
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^a 

ao 

0 

0     1 

1    0 

0 

"a 
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0Ci3 
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0 

Sp 

Cp 

R^R  R„ 


because  R  and  RZ  are  planar  rotations  about  axes  t^  and  si,  respectively,  see 
eqs.  (4.6)  and  (4.4),  respectively.  Notations  Sa  =  sin  a  and  Cq  =  cos  a  were  used 
to  simplify  the  writing;  similar  expressions  are  used  for  angle  /3. 

The  angular  velocity  of  basis  B*  with  respect  to  basis  X,  denoted  ui,  is  readily 
found  by  using  the  addition  theorem,  eq.  (4.62),  as  oj  =  as^  +  (ihi  =  a{Sph2  + 
Cphz)  +  pbi  =  $bi  +  aSfjb2  +  dCisb^.  Expressing  this  tensor  relationship  in  basis 
B*  yields  u*  =  pb'l  +  aSjsb^  +  aCpb%^,  and  hence,  the  components  of  the  angular 
velocity  vector  expressed  in  basis  B*  are  oj* -^  =  { /?,  aSp ,  aCp  } .  The  components  of 
this  vector  in  basis  I  are  then  evaluated  as  w  =  i?  w* ,  to  find  w^  =  {  pCa ,  /^S'q  ,  a  }  ■ 

The  position  vector  of  point  P  with  respect  to  point  O  is  rp  =  hi^  +  LaS2  + 
Lbb2  =  hi3  +  (Li,  +  LaCp)b2  —  LaSpb^.  The  inertial  velocity  of  point  P,  denoted 
V.P  =  tpi  is  then  obtained  from  time  differentiation  y_p  =  —La(iSpb2  —  LaPCfji)^  + 

{Lb  +  LaCfj)b2  —  LaSfjb^. 

Time  derivatives  of  unit  vectors  62  and  63  are  readily  evaluated  as  62  =  0)62 
and  63  =  S63,  respectively,  see  eq.  (4.51).  Regrouping  the  terms  then  yields 
y_p  =  —{La  +  Li,Cp)ahi  +  LbPhz-  Expressing  this  tensor  relationship  in  basis 
B*  yields  R  Vp  =  —  {La  +  LbCp)ab\  +  Li,$b'^,  and  hence,  the  components  of  the 
velocity  vector  expressed  in  basis  B*  are  {R^Vp)^  =  {  —  {La  +  Li,Ci3)a,  0,  Lb/S}. 
The  components  of  this  vector  in  basis  X  are  then  readily  obtained  as 


R'Vr 


-{La  +  LbCp)a^ 
0 
LbP 


-{La  +  LbCp)CaCt  +  LbSaSfiP 
-{La  +  LbCp)Saa  —  LbCaSfjfi 

LbCpP 


Next,  the  inertial  acceleration  vector  of  point  P  is  obtained  from  a  time  derivative 
of  its  inertial  velocity  vector 

ap  =  LbSpa$bi  -  {La  +  LbCp)abi  -  {La  +  LbCp)abi  +  Lbjibz  +  Lb$h. 

Here  again,  the  time  derivatives  of  the  unit  vectors  defining  basis  B*  are  evaluated 
with  the  help  of  eq.  (4.51),  to  yield 


Up 


+  [{La+LbC0)a'Sp  +  Lbf3\b3. 

This  expression  reveals  the  components  of  the  inertial  acceleration  vector,  resolved 
in  basis  B*.  as 


{La  +  LbCp)a  +  2LbapSp    61  -    (La  +  LbCp)a'Cp  +  Lbl^'    h 
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(-{La  +  LbCf,)a  +  2Li,a(iSp " 
a*p  =  I  -{La  +  Li,Cp)a^Cp  -  Lb$^ 
[    iLa  +  LbCp)d^Sp  +  Lbi3 

and  the  corresponding  components  in  basis  X  are  Op  =  Rg*p, 

(  {La  +  LbCp)ia^S^  -  aC„)  -  LbSa,{$^Cp  -  '$Sp)  +  2Li,apCc.Sp  \ 
ap  =  I  -{La  +  LbCp){a'C^  +  a5„)  +  Li,C^{p''Cp  -  'l3Sp)  +  2L,d/35«5^  \  . 
[  Lb{$^Sp  +  i3Cp)  J 

In  this  example,  the  components  of  various  vectors  were  derived  in  both  bases 
B*  and  X.  Of  course,  it  is  possible  to  work  with  the  components  of  vectors  in  any 
basis,  and  hence,  the  choice  of  a  specific  basis  is  just  a  matter  of  convenience.  For 
this  problem,  the  body  attached  basis  B*  is  a  good  choice  because  the  expressions 
for  the  components  of  the  velocity  and  acceleration  vectors  appear  to  be  simpler  in 
that  basis  as  compared  to  the  corresponding  expressions  in  basis  X. 

Example  5.2.  Velocities  and  acceleration  of  a  spatial  mechanism 

The  spatial  mechanism  depicted  in  fig.  5.6  consists  of  an  arm  of  length  La  at- 
tached to  the  ground  at  point  S  and  rotating  about  axis  ii  of  inertial  frame  T^  = 
[0,X  =  («i ,  «2 ,  *3)] ;  the  time-dependent  rotation  angle  of  unit  vector  S2  with  respect 
to  axis  i2  is  denoted  9{t).  Frame  T^  =  [S,  5+  =  (si ,  S2,  S3)],  is  attached  to  the  arm; 
tensor  quantities  resolved  in  basis  5+  will  be  denoted  with  superscript  (•)+. 

A  rigid  link  connects  point  P,  at  the  tip  of  the  arm,  to  point  Q  that  is  free  to 
slide  along  axis  ii .  The  link  is  of  length  Lb  and  the  distance  from  point  O  to  point  Q 
is  denoted  x.  Find  the  inertial  velocity  and  acceleration  of  point  Q  and  the  angular 
velocity  of  the  link. 

The  inertial  position  vectors  of  points  P  and  Q  are  readily  found  as  rip  = 
LaCOsO  i2  +  {h  +  Lasm9)t3  and  Zq  =  ^  *i>  respectively.  Vector  Spn,  extend- 
ing from  point  P  to  point  Q,  then  becomes 


^PQ 


xti  —  La  cos6i2  —  {h  +  La  sm9)i3. 


The  link  is  of  length  Lb,  and  hence,  L^  =  WspnW^-  Expressing  the  norm  of 
vector  SpQ  implies  that  L^  =  x^  +  L'j^  +  h?  +  2hLa  sin  9,  which  yields  the  position 
of  point  Q  along  axis  ii  as  x  =  [Lf  —  L"^  —  h?  —  2/iLaSin^]^/^.  A  first  derivative 
of  this  expression  yields  xx  =  —hLa9  cos  9,  and  a  second  derivative  leads  to  xx  = 
—  hLa9  cos  9  +  hLa9^  sin  9  —  x^.  The  inertial  velocity  and  acceleration  of  point  Q 
are  then  Vq  =  xii  and  Gq  =  xii,  respectively. 

Because  points  P  and  Q  are  two  material  points  of  the  same  rigid  body,  link  PQ, 
eq.  (5.22)  implies  y_Q  =  l!p+5(rQ  — rp),  where  y_p  is  the  inertial  velocity  of  pointP, 
and  w  the  angular  velocity  of  the  link.  This  equation  can  be  cast  as  "spQ  uj_  =  —Spn, 
where  Spn  =  Vq  —  Vp.  In  view  of  eq.  (1.35),  this  vector  product  equation  admits 
the  following  solution 

^  =  f^Spn-\ p2 — '  (5.26) 
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where  /i  is  an  arbitrary  constant.  This  solution  exists  if  and  only  if  s^n'spn,  a  con- 
dition that  is  always  satisfied  because  vector  SpQ  is  of  constant  length.  The  indeter- 
minacy of  the  solution  is  due  to  the  fact  that  the  link  is  free  to  rotate  about  its  own 
axis,  because  its  end  points  rotate  freely. 


Fig.  5.6.  Configuration  of  the  spatial  mecha- 
nism. 
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Fig.  5.7.  Particle  P  sliding  along  curve  ( 
through  a  slotted  arm. 


'.  and 


The  first  term  of  eq.  (5.26),  fiSpn,  reflects  this  indeterminacy,  which  can  be  re- 
moved by  assuming  that  the  component  of  the  angular  velocity  vector  along  the  link 
vanishes,  s^nfiL  =  0,  i.e.,  the  link  is  not  allowed  to  rotate  about  its  own  axis.  This 


condition  leads  to  /i 
then  leads  to 


0,  and  hence,  i^  w  =  spglpg.  Expanding  the  vector  product 


Lf,  CO  =LaO{La  +  h  sin  9)ii  +    xLa9  cos  9  —  x{h  +  La  sin 
+  La  {x6  sin  6  +  i  cos  6)13 . 


«2 


This  expression  gives  the  components  of  the  angular  velocity  vector  of  the  link  in 
basis  X. 


Example  5.3.  Particle  sliding  on  a  curve 

Figure  5.7  shows  particle  P  sliding  along  a  planar  curve  fixed  with  respect  to  an 
inertial  frame  J^^  =  [0,X  =  (ii ,  12 ,  13)] .  A  slotted  arm  pivots  about  point  A  whose 
position  vector  is  r^  =  dii  +  hi2-  Frame  J^^  =  [A,  ^  =  (ai,  02,  03)]  is  attached 
to  the  arm.  The  rotation  angle  between  unit  vector  ii  and  axis  ai,  denoted  9{t),  is 
a  given  function  of  time.  The  particle  slides  along  the  curve  and  through  the  slot  in 
the  arm.  Find  the  velocity  and  acceleration  of  the  particle  along  the  curve  and  the 
relative  velocity  and  acceleration  of  the  particle  with  respect  to  the  arm. 

Let  X  denote  the  distance  between  the  particle  and  point  A.  The  inertial  posi- 
tion vector  of  the  particle  then  becomes  p„(s)  =  d«i  +  hi2  +  xai.  This  equa- 
tion involves  two  unknowns:  the  position  of  the  particle  along  the  curve,  s,  and 
the  position  of  the  particle  along  the  arm,  x.  Projecting  this  equation  along  unit 
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vectors  a2  and  ai  yields  two  scalar  equations  a^pJs)  =  —dsinO  +  hcosd,  and 
X  =  ajp  —  (d  cos  0  +  h  sin  6),  respectively,  that  can  be  solved  for  s  and  x,  respec- 
tively, as  functions  of  angle  6.  The  first  equation  is  a  nonlinear  scalar  equation;  in 
general,  several  solutions  might  exist.  The  given  initial  configuration  of  the  system 
should  remove  any  ambiguity  in  the  solution  process  at  the  initial  time;  for  subse- 
quent times,  the  requirement  of  a  continuous  solution  for  s  should  remove  any  further 
ambiguities. 

Because  particle  P  slides  along  the  curve,  its  inertial  velocity  vector  is  Vp  =  si, 
see  eq.  (2.33).  On  the  other  hand,  the  velocity  vector  of  point  P  on  the  arm  is  Vp  = 
iai  -I-  x9d2-  Equating  these  two  expressions  yields 


st  =  xai  +  x0a2- 


(5.27) 


Let  R  be  the  components  of  Frenet's  triad,  see  eq.  (4.87),  at  point  P  of  curve  C; 
hence,  i  =  R  ii.  Let  R  be  the  components  of  the  rotation  tensor  that  bring  basis  X 
to  basis  A;  hence,  oi  =  Rji-  With  the  help  of  these  definitions,  eq.  (5.27)  becomes 


R'  R 


cos(a  —  9)  sin(a  —  ^)  0 

-  sin(a  —  6)  cos(a  —  6)  0 

0  0  1 


The  first  two  scalar  equations  are  readily  solved  to  find  x  and  s  as 


(5.28) 


X  ^  xu s  ^  xO . 

sin(a  —  9) '  sin(a  —  9) 

The  relative  velocity  of  the  particle  with  respect  to  the  arm  is  x,  and  s  is  the 
speed  of  the  particle  along  the  curve.  Both  results  depend  on  the  angle  {a  —  9), 
which  represents  the  relative  rotation  of  Frenet's  triad  with  respect  to  basis  A.  When 
those  two  bases  are  parallel  to  each  other,  a  =  6  and  the  tangent  to  the  curve  is 
parallel  to  the  arm.  Clearly,  the  mechanism  "locks"  in  such  a  case,  as  implied  by  the 
infinite  velocities  x  and  s  — >  oo. 

The  accelerations  of  the  system  are  obtained  by  taking  a  time  derivative  of 
eq.  (5.28)  to  find 


(a -9) 
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-  6*)  sin(a  -  9)  0 

9)  cos(a  -  6*)  0 

0  1 


x9  +  x9 


Because  R  R  =  sk*,  see  eq.  (4.88),  a  =  s/p,  where  p  is  the  radius  of  curvature 
of  curve  C  Here  again,  the  first  two  scalar  equations  are  readily  solved  to  find  the 
desired  accelerations,  x  and  s,  leading  to 


{x9  +  x9)  cos(a  -  9)  -  {a  -  9)s 
sin(a  —  9) 


{x9  +  x9)  -{a-9)s 
sm{a  —  0) 


Several  observation  can  be  made  concerning  this  example.  This  problem  involves 
several  bases:  the  inertial  basis,  X,  the  arm  attached  basis.  A,  and  Frenet's  triad  for 
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curve  C  The  components  of  the  velocity  vector  of  the  particle  are  most  easily  ex- 
pressed in  the  arm  attached  basis,  A.  Because  the  particle  slides  along  curve  C,  it 
is  natural  to  use  Frenet's  triad  of  the  curve,  since  its  properties  are  also  expressed 
naturally  in  this  triad.  The  analyst  should  always  use  the  most  appropriate  basis  to 
express  the  various  kinematic  characteristics  of  the  system;  typically,  this  implies 
selecting  the  basis  that  leads  to  the  simplest,  or  most  natural,  analytical  expressions. 
Once  kinematics  conditions  have  been  expressed  in  different  bases,  it  is  often 
necessary  to  "reconcile"  the  various  equations,  i.e.,  express  them  in  a  common  basis. 
This  operation  is  most  effectively  achieved  with  the  help  of  rotation  tensors  and 
the  systematic  use  of  their  orthogonality  property:  the  inverse  of  the  rotation  tensor 
equals  its  transpose,  and  the  time  derivative  of  the  rotation  tensor  calls  for  the  use  of 
the  angular  velocity  vector. 

5.3.3  Problems 

Problem  5.9.  Retraction  of  a  landing  gear 

Figure  5.8  depicts  the  extension  of  a  simple  landing  gear.  Itconsistsof  a  link  of  length  L  =  1.2 
m  and  of  a  wheel.  The  length  £{t)  of  the  hydraulic  actuator  is  a  given  function  of  time:  £{t)  = 
h  +  g[l-  cosTvt/T],  where  g  =  [^{L^/2  +  hL  +  h'^)  -  h]/2,  /i  =  0.6  m  and  T  =  1.5 
s  is  the  total  time  required  for  extending  the  landing  gear.  (1)  Compute  and  plot  the  angular 
velocity  of  the  link  as  a  function  of  time.  (2)  Compute  and  plot  the  angular  acceleration  of  the 
link  as  a  function  of  time.  (3)  Compute  the  inertial  velocity  vector  of  point  P  at  the  tip  of  the 
link.  Plot  the  components  of  this  vector  resolved  in  I.  (4)  Compute  the  inertial  acceleration 
vector  of  point  P.  Plot  the  components  of  this  vector  resolved  in  I. 


0/  Retracted 
position 


Extended 
position 

Fig.  5.8.  Landing  gear  in  retracted  and  ex- 
tended configurations. 


Fig.  5.9.  Quick  return  mechanism  configura- 
tion. 


Problem  5.10.  Quick  return  mechanism 

The  quick  return  mechanism  shown  in  fig.  5.9  consists  of  a  crank  of  length  Lc  =  0.30  m  and 
of  a  bar  of  length  Lt  =  1.6  m.  The  crank  is  pinned  at  point  R  and  the  bar  is  pinned  at  point 
O.  The  distance  between  these  two  points  is  d  =  0.35  m.  At  point  P,  a  slider  allows  the  tip 
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of  the  crank  to  slide  along  the  bar.  The  time  history  of  angle  9  is  6{t)  —  ut,  where  ui  =  1.25 
rad/s.  (1)  On  the  same  graph,  plot  the  time  history  of  the  angular  velocities  of  the  crank  and 
bar  for  two  revolutions  of  the  crank.  (2)  On  the  same  graph,  plot  the  angular  accelerations  of 
the  crank  and  bar.  (3)  Compute  the  inertial  velocity  vector  of  point  T  at  the  tip  of  the  bar.  Plot 
the  components  of  this  vector  resolved  in  X.  (4)  Compute  the  inertial  acceleration  vector  of 
point  T.  Plot  the  components  of  this  vector  resolved  in  I. 

Problem  5.11.  Crank-slider  mechanism 

Figure  5.10  depicts  a  crank-slider  mechanism.  The  crank  of  length  ii  =  0.20  m  rotates  coun- 
terclockwise at  a  constant  angular  velocity  lji  =  200  rad/s  and  is  connected  to  the  ground  at 
point  O.  At  point  A  the  crank  connects  to  a  linkage  of  length  £2  =  0.6  m.  Finally,  at  point 
B,  this  linkage  connects  of  a  piston  that  is  constrained  to  move  in  the  horizontal  direction. 
The  angular  position  of  the  crank  is  6{t)  —  ioit.  (1)  Compute  the  angular  velocity  cj2  of  the 
linkage  and  the  velocity  Up  =  i  of  the  piston.  (2)  Plot  the  horizontal  position  x  of  the  piston 
as  a  function  of  time.  (3)  On  one  graph,  plot  the  angles  6  and  (/>  as  a  function  of  time.  (4)  On 
one  graph,  plot  the  angular  velocities  oJi  and  012  of  the  two  bodies  as  a  function  of  time.  (5) 
Plot  the  velocity  Vp  of  the  piston  as  a  function  of  time.  (6)  Compute  the  angular  acceleration 
a2  of  the  linkage  and  the  acceleration  ap  —  x  of  the  piston.  (7)  On  one  graph,  plot  the  angular 
acceleration  ai  and  02  of  the  two  bodies  as  a  function  of  time.  (8)  Plot  the  acceleration  ap  of 
the  piston  as  a  function  of  time.  For  all  plots,  the  time  scale  should  cover  a  complete  revolution 
of  the  crank,  i.e.,  t  e  [0,  2n/LjJi]. 


Fig.  5.10.  Crank-slider  mechanism  rotating 

at  a  constant  angular  velocity.  Fig.  5.11.  Locking  mechanism  configuration. 


Problem  5.12.  Locking  mechanism 

Figure  5.11  shows  a  locking  mechanism  used  in  the  deployment  of  large  space  structures. 
When  the  homogeneous  disk  of  radius  R  rotates  about  its  fixed  point  O,  bar  PT  of  length  L 
slides  at  point  A  through  a  collar  that  is  allowed  to  swivel  about  the  pin  at  point  A.  The  bar  has 
a  length  L,  and  'w{t)  denotes  the  part  of  the  bar  between  point  P  and  A.  The  time  history  of 
angle  6  is  prescribed  SLs6{t)  —  7^(1  +  cos  7ri/r)/4.  (1)  On  the  same  graph,  plot  angles  6  and 
(^  as  a  function  of  time.  (2)  Plot  9  and  </>.  (3)  Plot  9  and  (f).  (4)  Plot  w.  (5)  Plot  w.  (6)  Plot  w. 
Use  the  following  data:  _R  =  0.15  m;  d  =  0.2  m;  L  —  0.4  m;  T  =  2  s.  Present  the  response 
of  the  system  for  a  duration  of  2  s. 

Problem  5.13.  Crank-slider  mechanism 

Figure  5.12  depicts  a  crank-slider  mechanism.  The  crank  of  length  £  =  0.30  m  rotates  coun- 
terclockwise at  a  constant  angular  velocity  lvi  =  200  rad/s  and  is  connected  to  the  ground  at 
point  O.  At  point  B,  the  crank  connects  to  a  linkage  that  slides  along  point  P,  a  fixed  point 
in  space,  located  at  a  distance  d  —  0.6  m  from  point  O.  The  angular  position  of  the  crank  is 
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6{t)  —  ujit.  Let  w  denote  the  distance  from  point  B  to  point  P.  Point  T  is  located  at  the  tip  of 
the  linkage,  at  a  distance  b  —  1.2  m  from  point  B.  (1)  On  one  graph,  plot  the  angles  9  and  cj) 
as  a  function  of  time.  (2)  Plot  the  distance  lu  as  a  function  of  time.  (3)  Compute  the  angular 
velocity  c<j2  of  the  linkage  and  the  relative  velocity,  w,  of  point  P  with  respect  to  the  linkage. 

(4)  On  one  graph,  plot  the  angular  velocities  lji  and  uj2  of  the  two  bodies  as  a  function  of  time. 

(5)  Plot  the  relative  velocity,  w,  of  point  P  with  respect  to  the  linkage  as  a  function  of  time. 

(6)  Compute  the  angular  acceleration,  02,  of  the  linkage  and  the  relative  acceleration,  w,  of 
point  P  with  respect  to  the  linkage.  (7)  On  one  graph,  plot  the  angular  acceleration  ai  and  02 
of  the  two  bodies  as  a  function  of  time.  (8)  Plot  the  relative  acceleration,  w,  of  point  P  with 
respect  to  the  linkage  as  a  function  of  time.  (9)  On  one  graph,  plot  the  horizontal  and  vertical 
components  of  the  inertial  velocity  vector  of  point  T.  (10)  On  one  graph,  plot  the  horizontal 
and  vertical  components  of  the  inertial  acceleration  vector  of  point  T.  For  all  plots,  the  time 
scale  should  cover  a  complete  revolution  of  the  crank,  i.e.,  t  £  [0,  27r/a;i]. 


Fig.  5.12.  Crank-slider  mechanism  rotating 

at  a  constant  angular  velocity.  Fig.  5.13.  Rotating  curve  connected  to  link. 


Problem  5.14.  Rotating  curve  connected  to  Unk 

Planar  curve  C  is  embedded  into  a  rigid  body  that  rotates  with  respect  to  an  inertial  frame 


J-     =  [0,1=  (*i,*2,23)],  as  depicted  in  fig.  5.13.  A  frame  J^ 


\0,B  =  {bi,b2,h 


is  attached  to  the  body  and  the  rotation  angle  is  a  known  quantity  ct{t).  A  link  is  attached  to 
inertial  point  A  whose  position  vector  is  r ^  —  di\ .  The  other  end  of  the  link  is  connected  to 
a  particle  that  slides  along  curve  C  A  frame  T^  =  [A,  ^  =  (ai,  0,2,  0,3)],  is  attached  to  the 
link;  the  rotation  angle  for  frame  T^  is  denoted  0.  Let  Fp  (s)  be  the  components  of  Frenet's 
triad  of  curve  C  resolved  in  basis  B  and  /?  the  angle  that  brings  basis  B  to  Frenet's  triad.  (1) 
Find  a  scalar  equation  to  determine  the  location  s  of  point  P  along  curve  C.  Is  the  solution 
uniquely  defined?  (2)  Find  a  scalar  equation  to  determine  angle  6.  (3)  Determine  the  angular 
velocity  of  the  link.  (4)  Determine  the  speed  s  of  the  particle  along  curve  C  (5)  Determine  the 
angular  acceleration  of  the  link.  (6)  Determine  the  acceleration  s  of  the  particle  along  curve  C 
(7)  Under  what  condition  does  the  mechanism  lock?  Explain  your  answer  in  geometric  terms. 
Express  your  answers  in  terms  of  the  angles  a,  6  and  /3. 

Problem  5.15.  Spinning  disk  mounted  on  rotating  arm 

The  system  depicted  in  fig.  4.9  consists  of  a  shaft  of  height  h  rigidly  connected  to  an 
arm  of  length  La  and  of  a  spinning  disk  of  radius  R  mounted  at  the  free  end  of  the 
arm.  Frame  T^  —  [S,  iS"*"  —  (si,  52,53)]  is  attached  to  the  shaft  at  point  S  and  frame 
J^^  —  [C,i3*  =  (&i, 52,63)]  is  attached  to  the  disk  at  point  C.  Superscripts  (•)+  and  (•)* 
will  be  used  to  denote  tensor  components  resolved  in  bases  S^  and  B* ,  respectively.  Angle 
a{t)  and  /3(i)  are  the  magnitudes  of  the  planar  rotations  about  axis  13  and  si,  respectively, 
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that  bring  basis  XtoS^  and  basis  S'^  to  B* ,  respectively.  (1)  Find  the  angular  velocity  vector 
of  basis  B*  with  respect  to  basis  I.  (2)  Find  the  components  of  this  vector  in  basis  I.  (3)  Find 
the  components  of  this  vector  in  basis  B* .  (4)  Find  the  angular  acceleration  vector  of  basis 
B*  with  respect  to  basis  I.  (5)  Find  the  components  of  this  vector  in  basis  I.  (6)  Find  the 
components  of  this  vector  in  basis  B* . 

Problem  5.16.  Robotic  system 

Figure  5.5  depicts  a  robotic  system.  The  shaft  is  allowed  to  rotate  with  respect  to  an  inertial 
frame  J^^,  about  axis  13;  the  time-dependent  angle  of  rotation  is  denoted  a{t).  A  frame  T^  — 
[S,  5  =  (si,  S2,  S3)]  is  attached  to  the  shaft  at  a  distance  h  from  the  origin  of  the  inertial 
frame,  as  indicated  on  the  figure.  An  arm  of  length  La  ~  1.2  m,  extending  along  the  direction 
of  axis  S2,  is  attached  to  the  shaft  at  point  S.  Finally,  a  rigid  manipulator  of  length  Lb  =  0.5 
m  is  connected  to  the  arm  at  point  B.  The  manipulator  is  allowed  to  rotate  with  respect  to 
frame  T^ ,  about  axis  si;  the  time-dependent  angle  of  rotation  is  denoted  /3(i).  Frame  T^  — 
[B,  B  =  (bi,  62,  63)]  is  attached  to  the  manipulator.  Angles  a{t)  and  /3(t)  are  prescribed  as 
a{t)  =  7r(l  -  cos7rt/r)/2  and  I3{t)  =  27r  (1  -  cosTvt/T),  where  T  =  2  s.  (1)  Compute 
the  angular  velocity  vector  u  of  the  manipulator  with  respect  to  the  inertial  system.  On  one 
graph,  plot  the  components  of  this  vector  in  basis  B.  (2)  On  one  graph,  plot  the  components  of 
this  vector  in  basis  I.  (3)  Compute  the  position  vector  rp  of  point  P  with  respect  to  point  O. 
On  one  graph,  plot  the  components  of  this  vector  in  basis  I.  (4)  Evaluate  the  inertial  velocity 
vector  of  point  P.  On  one  graph,  plot  the  components  of  this  vector  in  basis  B.  (5)  On  one 
graph,  plot  the  components  of  this  vector  in  basis  I.  (6)  Compute  the  inertial  acceleration  of 
point  P.  On  one  graph,  plot  the  components  of  this  vector  in  basis  B.  (7)  On  one  graph,  plot 
the  components  of  this  vector  in  basis  I. 

Problem  5.17.  Swiveling  plate 

Figure  5.14  depicts  a  homogeneous,  rectangular  plate  of  height  a,  width  b  and  mass  m  con- 
nected to  the  ground  by  a  rigid,  massless  link  of  length  d.  At  point  O,  a  bearing  allows  the 
link  to  rotate  with  respect  to  axis  13,  whereas  at  point  B,  the  plate  is  free  to  rotate  with  re- 
spect to  the  link  about  axis  di.  Three  frames  will  be  used  in  this  problem:  the  inertial  frame, 
T'  —  [0,1=  (11,12,13)],  a  frame  attached  to  the  link,  J''*  —  [0,^  =  (01,02,03)],  and  fi- 
nally, a  frame  attached  to  the  plate  at  its  center  of  mass,  J-""^  =  [C,B  —  (61,62,63)].  A  planar 
rotation  of  magnitude  a  about  axis  13  brings  basis  X  to  basis  A,  whereas  a  planar  rotation  of 
magnitude  /3  about  axis  oi  brings  basis  A  to  basis  B.  (1)  Find  the  components  of  the  inertial 
position  vector  of  point  P  in  basis  B.  (2)  Find  the  components  of  the  inertial  velocity  vector 
of  point  P  in  basis  B.  (3)  Find  the  components  of  the  inertial  acceleration  vector  of  point  P  in 
basis  B. 

Problem  5.18.  Robotic  system  with  a  sliding  manipulator 

Figure  5.15  depicts  a  robotic  system  with  a  sliding  manipulator  The  shaft  is  allowed  to  ro- 
tate with  respect  to  an  inertial  frame  J^' ,  about  axis  13;  the  time-dependent  angle  of  rotation 
is  denoted  a{t).  A  frame  T^  —  [S,  5  =  (si,  S2,  S3)]  is  attached  to  the  shaft  at  a  distance  h 
from  the  origin  of  the  inertial  frame,  as  indicated  on  the  figure.  An  arm  of  length  Lb,  con- 
nected to  the  shaft  at  point  S  is  allowed  to  pivot  with  respect  to  the  shaft  about  axis  si ;  the 
time-dependent  angle  of  rotation  is  denoted  /3(f).  A  frame  T^  —  [B,B  =  (61,62,63)]  is 
attached  to  the  arm.  Finally,  a  rigid  manipulator  slides  with  respect  to  the  arm  along  axis  62 ; 
the  displacement  of  the  manipulator  is  denoted  u{t).  Angles  a(t)  and  /3(i)  and  displacement 
u{t)  are  known,  prescribed  functions  of  time.  (1)  Compute  the  angular  velocity  vector  a;  of 
the  manipulator  with  respect  to  the  inertial  system.  (2)  Give  the  components  of  this  vector  in 
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Fig.  5.14.  Configuration  of  the  swiveling       Fig.  5.15.  Robotic  arm  with  a  sliding  manip- 
plate.  ulator. 


basis  B.  (3)  Compute  the  position  vector  rp  of  point  P  with  respect  to  point  O.  (4)  Evaluate 
the  inertial  velocity  vector  of  point  P.  (5)  Compute  the  inertial  acceleration  of  point  P. 

Problem  5.19.  Robotic  system  with  a  sliding  manipulator 

Figure  5.15  depicts  a  robotic  system  with  a  sliding  manipulator.  The  shaft  is  allowed  to  rotate 
with  respect  to  an  inertial  frame  T^ ,  about  axis  13;  the  time-dependent  angle  of  rotation  is 
denoted  a(t).  Frame  J^®  =  [S,  5  =  (si,  S2,  S3)]  is  attached  to  the  shaft  at  a  distance  h  —  Im 
from  the  origin  of  the  inertial  frame,  as  indicated  on  the  figure.  An  arm  of  length  Li,  —  0.75 
m,  connected  to  the  shaft  at  point  S  is  allowed  to  pivot  with  respect  to  the  shaft  about  axis  si ; 
the  time-dependent  angle  of  rotation  is  denoted /3(t).  A  frame  J^^  —  [B,B—  (61,  62,  63)]  is 
attached  to  the  arm.  Finally,  a  rigid  manipulator  slides  with  respect  to  the  arm  along  axis  62 ; 
the  displacement  of  the  manipulator  is  denoted  u{t).  Angles  a{t)  and  /3(i)  are  prescribed  as 
a{t)  =  7r(l  -  cos7ri/r)/2  and  /3{t)  =  7r(l  -  cos7ri/r)/6,  where  T  =  2  s.  The  sliding 
motion  is  prescribed  as  u{t)  =  0.5  (1  —  exp(— 5i/T))  m.  (1)  Compute  the  angular  velocity 
vector  Lv  of  the  manipulator  with  respect  to  the  inertial  system.  On  one  graph,  plot  the  compo- 
nents of  this  vector  in  basis  B.  (2)  On  one  graph,  plot  the  components  of  this  vector  in  basis  I. 
(3)  Compute  the  position  vector  rp  of  point  P  with  respect  to  point  O.  On  one  graph,  plot  the 
components  of  this  vector  in  basis  I.  (4)  Evaluate  the  inertial  velocity  vector  of  point  P.  On 
one  graph,  plot  the  components  of  this  vector  in  basis  B.  (5)  On  one  graph,  plot  the  compo- 
nents of  this  vector  in  basis  I.  (6)  Compute  the  inertial  acceleration  of  point  P.  On  one  graph, 
plot  the  components  of  this  vector  in  basis  B.  (7)  On  one  graph,  plot  the  components  of  this 
vector  in  basis  I.  For  all  plots,  the  time  scale  should  cover  i  e  [0,  4r]  s. 

Problem  5.20.  Robotic  system  with  a  manipulator  on  screw  joint 

Consider  the  robotic  system  with  a  manipulator  mounted  on  a  screw  joint  depicted  in  fig.  5.16. 
The  shaft  is  allowed  to  rotate  with  respect  to  an  inertial  frame  T^ ,  about  axis  13;  the  time- 
dependent  angle  of  rotation  is  denoted  a{t).  Frame  T"''  =  [S,  5  =  (si,  S2,  S3)]  is  attached  to 
the  shaft  at  a  distance  h  —  0.5  m  from  the  origin  of  the  inertial  frame,  as  indicated  on  the 
figure.  An  arm  of  length  La  ~  0.6  m,  extending  along  the  direction  of  axis  S2,  is  attached  to 
the  shaft  at  point  S.  Finally,  a  rigid  manipulator  is  connected  to  the  arm  by  means  of  a  screw 
joint.  Frame  J^^  —  [B,B  =  (61,  62,  63)]  is  attached  to  the  manipulator.  The  manipulator 
slides  and  rotates  with  respect  to  the  arm;  the  sliding  distance  is  denoted  u{t)  and  the  rotation 
angle  is  f3{t).  The  screw  joint  implies  the  following  relationship  between  these  two  motions: 
u{t)  =  zu  l3(t)/{2n),  where  -oj  —  0.5  m  is  the  pitch  of  the  screw.  Angles  a{t)  and  /3(f)  are 
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prescribed  as  a{t)  =  7r/2  (1  -  cos  nt/T)  and  /3(i)  =  Stt  t/T,  where  T  =  2  s.  fij  Compute 
the  angular  velocity  vector  io  of  the  manipulator  with  respect  to  the  inertial  system.  On  one 
graph,  plot  the  components  of  this  vector  in  basis  B.  (2)  On  one  graph,  plot  the  components 
of  this  vector  in  basis  I.  (3)  Compute  the  position  vector  rp  of  point  P  with  respect  to  point 
O;  point  P  is  located  at  a  distance  Lb  —  0.25  m  from  the  manipulator  elbow.  On  one  graph, 
plot  the  components  of  this  vector  in  basis  I.  (4)  Evaluate  the  inertial  velocity  vector  of  point 
P.  On  one  graph,  plot  the  components  of  this  vector  in  basis  B.  (5)  On  one  graph,  plot  the 
components  of  this  vector  in  basis  I.  (6)  Compute  the  inertial  acceleration  of  point  P.  On  one 
graph,  plot  the  components  of  this  vector  in  basis  B.  (7)  On  one  graph,  plot  the  components 
of  this  vector  in  basis  X.  For  all  plots,  the  time  scale  should  cover  t  e  [0,  2T]  s. 


B  b. 


Fig.  5.16.  Robotic  arm  with  manipulator. 


Fig.  5.17.  Wheel  rolling  between  two  plates. 


Problem  5.21.  Wheel  rolling  between  two  plates 

Figure  5.17  depicts  a  wheel  of  radius  R  rolling  without  sliding  between  two  horizontal 
plates.  The  top  plate  moves  horizontally  and  is  at  a  distance  x  from  axis  n.  Frame  J^  — 
[C,  £  =  (ei,  62)]  rotates  with  the  wheel.  A  planar  rotation  of  magnitude  6{t)  about  unit  vec- 
tor i3  brings  basis  I  to  basis  £.  (1)  Find  the  velocity  vector  of  material  point  A  of  the  wheel. 
(2)  Resolve  this  vector  in  basis  X  then  in  basis  £.  (3)  Find  the  acceleration  vector  of  material 
point  A  of  the  wheel.  (2)  Resolve  this  vector  in  basis  I  then  in  basis  £. 


5.4  Contact  between  rigid  bodies 


Many  commonly  used  mechanical  systems  involve  contacting  rigid  bodies.  Fig- 
ure 5.18  shows  two  rigid  bodies,  denoted  body  k  and  body  i,  with  outer  shapes 
defined  by  two  closed  curves,  denoted  curves  C'^  and  C^,  respectively.  Point  P  is 
the  instantaneous  point  of  contact  between  the  two  rigid  bodies.  For  the  purpose  of 
illustration,  the  two  bodies  are  assumed  to  undergo  planar  motion  and  rotate  about 
fixed  inertial  points  O''  and  O^,  respectively. 

The  mechanism  shown  in  fig.  5.18  is  generally  called  a  cam-follower  pair.  The 
angular  motion  of  body  fc,  called  the  cam,  is  typically  prescribed  to  be  a  constant 
angular  speed,  say  il.  As  the  cam  rotates,  body  £,  called  the  follower,  is  assumed 
to  remain  in  contact  with  the  cam  at  all  times  at  a  single  point.  The  cam-follower 
pair  transforms  the  constant  angular  motion  of  the  cam  into  a  rocking  motion  of  the 
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follower.  By  tailoring  the  shapes  of  curves  C*^  and  C^,  desirable  periodic  schedules 
of  the  follower  can  be  achieved. 

The  contact  point  between  the  two  rigid  bodies  is  not  a  material  point  of  either 
bodies.  At  the  cam  rotates,  the  location  of  the  contact  point  coincides  with  a  different 
material  point  of  the  cam  at  each  instant:  the  contact  point  slides  along  curve  C'^. 
Similarly,  the  contact  point  slides  along  curve  C^  because  the  location  of  the  contact 
point  coincides  with  a  different  material  point  of  the  follower  at  each  instant. 

At  instant  t,  let  K  and  L  be 
the  material  points  of  the  cam 
and  follower,  respectively,  that 
are  instantaneously  coincident 
with  the  contact  point,  P(i).  To 
avoid  confusion,  points  K  and  L 
are  not  shown  in  fig.  5.18  be- 
cause their  location  is  identical 
to  that  of  point  P.  Let  r^  and  r_L 
be  the  position  vectors  of  mate- 
Fig.  5.18.  Body  k  and  body  t  in  contact  at  point  P.         "^^  P°i"ts  K  and  L  with  respect 

to  point  O,  respectively.  Further- 
more, the  position  vector  of  the  instantaneous  point  of  contact  with  respect  to  point 
O  is  denoted  rp{t).  Given  these  definitions,  Zk  —  Ll  —  Lp{t)- 

At  instant  t'  >  t,  K'  and  L'  are  the  material  points  of  the  cam  and  follower, 
respectively,  that  are  instantaneously  coincident  with  the  contact  point,  P(i').  If  Ik' 
and  rj^,  are  the  position  vectors  of  material  points  K'  and  L'  with  respect  to  point  O, 
respectively,  and  if  Zp{t')  denotes  the  position  vector  of  the  instantaneous  point  of 
contact  with  respect  to  point  O,  it  is  still  true  that  r^,  =  Zl'  =  Lp{t')- 

In  general,  however,  Zk  7^  JLk'  because  points  K  and  K'  are  two  different  mate- 
rial points  of  the  cam  and  r^,  7^  Lu  because  points  L  and  L'  are  two  different  ma- 
terial points  of  the  follower.  Because  the  instantaneous  point  of  contact  slides  over 
curves  C'^  and  C^,  rp(t)  7^  Lp{t')  and  furthermore,  rj^  7^  Lpit')  and  Zl  /  Lp{t')- 
Because  point  K  is  a  material  point  of  body  k,  its  inertial  velocity  and  accelera- 
tion vectors  can  be  evaluated  using  eqs.  (5.22)  and  (5.24),  respectively.  The  relative 
position  vectors  of  point  P  with  respect  to  points  O''  and  O^  are  denoted  rp  and  Vp , 
respectively.  Let  point  O''  be  the  reference  point  for  body  k;  the  velocity  of  material 
point  K,  denoted  Vp,  is  given  by  eq.  (5.22)  as  Vp  =  uj'^Vp,  where  a;*'  is  the  angular 
velocity  of  body  k.  Vectors  Vp  and  rp  are  perpendicular  to  each  other,  as  illustrated 
in  fig.  5.18.  A  similar  expression  holds  for  the  velocity  of  point  L,  denoted  Wp. 

The  components  of  the  same  velocity  vectors  in  the  body  attached  basis  are  given 
by  eq.  (5.23).  Let  J"'^  =  [O'',  B''  =  (e^',  e|)]  be  a  frame  attached  to  the  cam,  as 
shown  in  fig.  5.18,  and  notation  (•)*  indicates  tensor  components  resolved  in  basis 
B'^.  The  components  of  the  inertial  velocity  vector  of  point  K  resolved  in  this  basis 
are  then  v*p  =  oJ*^ rfp;  because  array  r^p  stores  the  components  of  the  relative 
position  vector  of  material  point  K  of  the  cam  resolved  in  a  cam  attached  basis,  this 
array  is  time-independent. 
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It  is  assumed  that  the  two  bodies  are  in  contact  at  a  single  point,  and  the  unit 
tangent  vectors  to  curves  C*^  and  C^  at  point  P  are  coincident  and  denoted  i.  The  unit 
vector  perpendicular  to  this  common  tangent  is  the  unit  normal  vector,  denoted  n.  As 
discussed  in  section  2.2,  the  unit  vector  tangent  to  curve  C*^  is  given  by  eq.  (2.5)  and 
its  orientation  depends  on  the  curvilinear  variable  used  to  parameterize  the  curve.  If 
curves  C'^  and  0  are  both  parameterized  in  the  counterclockwise  direction,  and  if  the 
unit  vectors  tangent  to  the  two  curves  are  denoted  i'^  and  ?,  respectively,  and  fig.  5.18 
shows  that  at  the  instantaneous  contact  point,  i  =  —i^  =  ?.  For  the  configuration 
illustrated  in  the  figure,  fi  =  —n^  =  —n^. 

If  the  two  bodies  of  the  cam-follower  pair  remain  in  contact  at  a  single  point, 
the  normal  projections  of  the  velocity  vectors  of  the  material  points  that  are  instanta- 
neously coincident  with  the  contact  point  must  be  identical, 

n^wp  =  fi^v%.  (5.29) 

If  this  condition  were  not  satisfied,  the  two  bodies  would  either  separate  or  interpen- 
etrate and  contact  at  a  single  point  would  not  be  maintained.  The  relative  velocity  of 
the  material  points  that  are  instantaneously  coincident  with  the  contact  point,  denoted 

Wp,  is 


y^-p  =  v'p  -v%  =  {n'  v'p)n  +  [t'  v'p)i-  [n'  v%)n  -  {t'  v%)i 
=  {t^vp)i-  {t^v%)i=  [(F/p)  -  {t^v^p)]  t. 


(5.30) 


where  the  third  equality  follows  from  the  contact  condition,  eq.  (5.29).  As  expected, 
the  relative  velocity  of  the  material  points  that  are  instantaneously  located  at  the 
contact  point  is  oriented  along  to  the  common  tangent  vector  at  this  point. 

Smooth  operation  of  cam-follower  systems  generally  require  a  single  point  con- 
tact between  the  two  rigid  bodies.  For  arbitrary  shapes  of  the  bounding  curves,  con- 
tact could  occur  at  two  or  more  points  simultaneously,  or  even  along  a  line  if  portions 
of  the  outer  curves  are  straight,  for  instance.  Such  situations  rarely  occur  in  mechan- 
ical systems.  To  guarantee  single  point  contact,  the  bounding  curves  must  satisfy 
specific  conditions  at  the  contact  point.  For  instance,  a  sufficient  condition  for  single 
point  contact  is  for  the  cam  and  follower  to  be  bounded  by  strictly  convex  curves. 
For  the  case  illustrated  in  fig.  5.18,  the  cam  and  follower  are  convex  and  concave,  re- 
spectively, at  the  point  of  contact.  For  single  point  contact  to  occur,  the  cam's  radius 
of  curvature  must  be  smaller  than  that  of  the  follower. 

The  discussion  has  focused  thus  far  on  contacting  rigid  bodies  undergoing  planar 
motion.  If  the  problem  is  fully  three-dimensional,  it  becomes  necessary  to  define  the 
external  surfaces  of  bodies  k  and  t,  denoted  S*^  and  §^,  respectively.  If  the  contact 
between  the  two  bodies  occurs  at  a  single  point,  the  planes  tangent  to  surfaces  §*^  and 
§^  at  the  instantaneous  contact  point  must  coincide  and  it  is  still  possible  to  define  a 
unit  normal  vector  that  is  perpendicular  to  this  common  tangent  plane.  The  contact 
condition  expressed  by  eq.  (5.29)  still  holds  for  this  problem,  but  the  relative  velocity 
vector  will  have  components  along  two  directions  within  the  common  tangent  plane. 
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Example  5.4.  Cam-follower  pair 

Consider  the  planar  cam-follower  pair  depicted  in  fig.  5.19.  The  cam  rotates  at  a  con- 
stant angular  velocity,  Q,  about  fixed  inertial  point  O.  Frame  T^  =  [O,  I  =  iii ,  12)] 
is  inertial  and  frame  J^^  =  [0,£  =  (ei,  62)]  is  attached  to  the  cam.  The  external 
shape  of  the  cam  is  defined  by  curve  C  and  the  follower  slides  over  this  curve;  the 
contact  point  between  the  cam  and  follower  is  denoted  P.  The  motion  of  the  follower 
is  constrained  to  be  along  axis  «2  and  its  displacement  is  denoted  x.  Find  the  velocity 
and  acceleration  of  the  follower. 


^1  ini . 

\ 

Al 

/\a  , 

i^^^^^-^e 

'  ^>J 

/''/T^^ 

«     \/ 

rx                 \,-^ 

-N.    Y 

/\a    ^^^j 

e„\A 

.        /H 

^^^9           / 

lO 


Fig.  5.19.  Configuration  of  the  cam-follower  pair. 


Let  angle  6  define  the  rotation  of  the  cam;  it  follows  that  9  =  Q.  The  geometry  of 
curve  C  is  defined  in  polar  coordinates,  as  discussed  in  example  2.3  on  page  37,  and 
angle  a  defines  an  arbitrary  parameterization  of  the  curve.  The  shape  of  the  curve  is 
then  defined  by  a  given  function,  r  =  r(a),  and  notation  (•)'  indicates  a  derivative 
with  respect  to  angle  a. 

Given  the  configuration  of  the  system,  the  tangent  to  curve  C  at  the  point  of 
contact  must  remain  horizontal  at  all  times;  this  implies 


■  a  +  7 


(5.31) 


It  then  follows  that  sin( 


S.y  =  r/pi,  where  S*^  =  sin 7  and  the  second 


equality  results  from  eq.  (2.28a).  Similarly,  cos{6  +  a) 


"  O-v 


-r' /pi,  where 


Cy  =  COS  7  and  the  second  equality  results  from  eq.  (2.28b).  Eliminating  pi  from 
these  two  relationships  leads  to  r{a)  cos{9  +  a)  +  r'{a)  sin(0  +  a)  =  0. 

For  a  given  value  of  angle  9,  this  transcendental  equation  can  be  solved  for  angle 
a,  which  determines  the  location  of  the  point  of  contact  between  the  cam  and  the 
follower.  It  then  becomes  possible  to  evaluate  r{a),  r'{a),  and  angle  7  then  follows 
from  eqs.  (2.28a)  and  (2.28b). 

A  time  derivative  of  eq.  (5.31)  yields  /?  +  d  +  7  =  0.  Introducing  eqs.  (2.29) 
and  (2.32)  then  yields 

r  =  —flpC^. 

The  velocity  of  the  material  point  of  the  cam  located  at  the  instantaneous  point 
of  contact  between  the  cam  and  the  follower  is  Slree  ■  The  velocity  of  the  material 
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point  of  the  follower  at  the  same  location  is  —  i«2-  The  contact  condition  for  these 


two  bodies,  eq.  (5.29),  then  implies  ij  fire 


-i^xi2,  or 


QrC^ 


The  acceleration  of  the  follower  is  obtained  by  taking  a  time  derivative  of  this  ex- 
pression to  find  X  =  QfC^  —  firjS^.  Introducing  eq.  (2.32)  then  yields  x  = 
(1  -  S^r/p)^r/C^  and  finally 


X  =  ff'{rS^  —  p). 


(5.32) 


5.4.1  Problems 

Problem  5.22.  Cam-follower  pair  questions 

Figure  5.20  shows  the  instantaneous  point  of  contact,  P,  between  to  rigid  bodies,  denoted  body 
k  and  body  I.  Let  t  be  the  unit  vector  tangent  to  the  curves  bounding  the  two  bodies  and  n 
is  perpendicular  to  this  tangent  vector.  Vectors  rj,  and  rp  are  the  relative  position  vectors 
of  point  P  with  respect  to  points  O''  and  O*,  respectively.  (1)  Is  9''  the  angular  velocity  of 
body  fc?  (2)  Let  ^p  and  y^p  be  the  velocity  vectors  of  the  material  points  of  body  k  and  t, 
respectively,  that  are  coincident  with  the  instantaneous  point  of  contact,  P.  An  analyst  has 
evaluated  these  vectors,  which  are  shown  in  fig.  5.20.  Are  his  predictions  correct?  (3)  Is  the 
relative  velocity  of  body  ^  with  respect  to  body  k  parallel  to  unit  vector  n?  (4j  If  ||up  ||  =4.5 
m/s  in  the  upwards  direction,  determine  ||t^p||.  (5)  Find  the  relative  velocity  vector  of  body  £ 
with  respect  to  body  k.  lustify  all  your  answers;  YES/NO  answers  are  not  sufficient. 


Fig.  5.20.  Configuration  of  the  cam-follower 
system. 


Fig.  5.21.  Configuration  of  the  cam-follower 
system. 


Problem  5.23.  Cam-rocking  bar  pair 

Consider  the  planar  cam-rocking  bar  pair  depicted  in  fig.  5.21.  The  cam  rotates  at  a  constant 
angular  velocity,  i?,  about  fixed  inertial  point  O.  Frame  T'  —  [0,X  —  {11,12)]  is  inertial  and 
frame  T^  —  [0,£  =  (ei,  62)]  is  attached  to  the  cam.  The  external  shape  of  the  cam  is  defined 
by  curve  C  and  the  rocking  bar  slides  over  this  curve;  the  contact  point  between  the  cam  and 
bar  is  denoted  P.  The  bar  is  pivoted  about  point  A  and  the  distance  between  point  O  and  A  is 
denoted  d.(l}  Plot  the  curve  defining  the  outer  shape  of  the  cam.  (2)  Plot  the  curvature  of  curve 
C  as  a  function  of  a  G  [0,  360]  deg.  (3)  Find  the  location  of  contact  point  P  as  a  function  of  the 
cam  rotation  angle  9.  This  step  requires  the  numerical  solution  of  a  transcendental  equation 
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for  each  value  of  angle  9.  (4)  On  one  graph,  plot  angles  a,  7,  and  cf}  at  the  point  of  contact  for 
6  G  [0,  360]  deg.  (5)  On  one  graph,  plot  r,  r',  and  r"  at  the  point  of  contact  for  9  £  [0,  360] 
deg.  (6)  Plot  the  non-dimensional  angular  velocity  of  the  bar,  (p/O,  for  9  e  [0,  360]  deg.  (7) 
Plot  the  non-dimensional  angular  acceleration  of  the  bar,  (j>/0^,  for  9  e  [0,  360]  deg.  Use  the 
following  data:  r{a)  —  ra  +  r\c  cos  a  -I-  r2cCOs2a,  ro  =  1,  r\c  ~  0.54,  and  r2c  ~  0.18. 

Problem  5.24.  Cam-follower  pair 

Consider  the  planar  cam-follower  pair  depicted  in  fig.  5.19.  The  cam  rotates  at  a  constant 
angular  velocity,  (2,  about  fixed  inertial  point  O.  Frame  T'  =  [0,X  —  (11,12)]  is  inertial 
and  frame  J^^  =  [O,  £  —  (ei,  £2)]  is  attached  to  the  cam.  The  external  shape  of  the  cam  is 
defined  by  curve  C  and  the  follower  slides  over  this  curve;  the  contact  point  between  the  cam 
and  follower  is  denoted  P.  The  motion  of  the  follower  is  constrained  to  be  along  axis  12  and 
its  displacement  is  denoted  x.  (1)  Plot  the  curve  defining  the  outer  shape  of  the  cam.  (2)  Plot 
the  curvature  of  curve  C  as  a  function  of  a  G  [0,  360]  deg.  (3)  Find  the  location  of  contact 
point  P  as  a  function  of  the  cam  rotation  angle  9.  This  step  requires  the  numerical  solution  of 
a  transcendental  equation  for  each  value  of  angle  9.  (4)  On  one  graph,  plot  angles  a  and  7  at 
the  point  of  contact  versus  9  e  [0,  360]  deg.  (5)  On  one  graph,  plot  r,  r',  and  r"  at  the  point  of 
contact  versus  9.  (6)  Plot  the  non-dimensional  velocity  of  the  follower,  i/(i7ro),  versus  9.  (7) 
Plot  the  non-dimensional  acceleration  of  the  follower,  x/{Q^ro),  versus  9.  Use  the  following 
data:  r{o)  —  ro  +  ric  cos  a  -I-  r2c  cos  2a,  ro  —  1,  ric  =  0.5,  and  r2c  =  0.18. 

Problem  5.25.  Cam-push  rod  pair 

Figure  5.22  depicts  a  planar  cam-push  rod  pair.  The  cam  rotates  at  a  constant  angular  ve- 
locity, i7,  about  fixed  inertial  point  O.  Frame  T^  —  [0,X  —  (11,12)]  is  inertial  and  frame 
J^^  —  [0,£  —  (61,62)]  is  attached  to  the  cam.  The  external  shape  of  the  cam  is  defined 
by  curve  C  and  the  push  rod  slides  over  this  curve;  the  contact  point  between  the  cam  and 
push  rod  is  denoted  P.  The  push  rod's  axis  is  at  a  distance  d  from  axis  12  and  its  support  at 
a  distance  h  from  axis  ii .  (1)  Plot  the  curve  defining  the  outer  shape  of  the  cam.  (2)  Plot  the 
curvature  of  curve  C  as  a  function  of  a  G  [0,  360]  deg.  (3)  Find  the  location  of  contact  point 
P  as  a  function  of  the  cam  rotation  angle  9.  This  step  requires  the  numerical  solution  of  a 
transcendental  equation  for  each  value  of  angle  9.  (4)  On  one  graph,  plot  angles  a,  /3,  and  7  at 
the  point  of  contact  versus  9  e  [0,  360]  deg.  (5)  On  one  graph,  plot  r,  r',  and  r"  at  the  point 
of  contact  versus  9.  (6)  Plot  the  non-dimensional  position  of  the  push  rod,  x/ro,  versus  9.  (7) 
Plot  the  non-dimensional  angular  velocity  of  the  push  rod,  i/(X2r-o),  versus  9.  (8)  Plot  the 
non-dimensional  angular  acceleration  of  the  push  rod,  x/{n^ro),  versus  9.  Use  the  following 
data:  r{a)  —  ro  -I- ric  cos  a  +  r2cCos2a,  ro  =  1,  ric  ~  0.50,  r2c  ~  0.18,  d  —  d/ro  =  0.5, 
h  =  h/ro  =  1.8. 

Problem  5.26.  Oscillating  disk  with  sliding  bar 

Figure  5.23  shows  an  oscillating  disk  (body  €)  pinned  to  the  ground  at  its  center  point  C,  while 
a  bar  of  length  L,  pinned  at  point  O,  slides  in  a  radial  track  of  the  disk.  The  angular  motion 
of  the  disk  is  prescribed  as  (ji  =  0o  sin  ujt.  The  distance  between  points  O  and  C  is  denoted 
h.  The  angular  position  of  the  bar  (body  k)  is  denoted  9  and  the  point  of  contact  between  the 
bar  and  the  track  is  at  a  distance  r  from  the  center  of  the  disk.  (1)  On  one  graph,  plot  angles 
(j)  and  9  versus  r.  (2)  Plot  f  =  r/L  versus  r.  (3)  On  one  graph,  plot  angular  velocities  (f>' 
and  9'  versus  r.  (4)  Plot  r  versus  r.  (5)  On  one  graph,  plot  angular  accelerations  cj)"  and  9" 
versus  r .  (6)  Plot  r"  versus  t.  (7)  Evaluate  the  velocities  of  the  material  points  of  body  k  and 
(.,  denoted  Up  and  y^p,  respectively,  that  are  instantaneously  located  at  the  point  of  contact  of 
the  two  bodies.  (8)  Verify  that  eq.  (5.29)  is  satisfied  for  your  solution.  (9)  Evaluate  the  relative 
velocity  of  body  £  with  respect  to  body  fc,  denoted  -ifp.  (10)  Let  Vp  be  the  velocity  vector  of 
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Fig.  5.22.  Configuration  of  the  cam-push  rod 
pain 


Fig.  5.23.  Configuration  of  the  oscillating 
disk  with  sliding  bar. 


the  material  point  at  the  tip  of  the  bar.  On  one  graph,  plot  the  inertial  components  of  v'p/{ioL) 
and  y_p/{uiL).  Use  the  following  data:  b  —  b/L  =  0.75,  (fio  =  tt/S.  Use  non-dimensional 
time  T  —  ujt  and  notation  (•)'  indicates  a  derivative  with  respect  to  r.  Present  all  the  results 
forr  e  [0,27r]. 

Problem  5.27.  Piston  with  track  and  pin 

Figure  5.24  depicts  an  oscillating  piston  with  a  track  along  which  a  vertical  pin  is  sliding.  The 
motion  of  the  piston  is  prescribed  sls  x  —  xo{l  —  cosujt)/2.  The  shape  of  the  track  is  defined 
by  an  arbitrary  parameterization,  p  {rf).  (1)  On  one  graph,  plot  x  —  x/L  and  u  —  u/L  versus 
r.  (2)  Plot  rj  versus  r.  (3)  On  one  graph,  plot  x'  and  u'  versus  r.  (4)  Plot  77'  versus  r.  (5)  On 
one  graph,  plot  x"  and  u"  versus  r.  (6)  Plot  77"  versus  r.  (7)  Evaluate  the  relative  velocity 
vector  of  body  I  with  respect  to  body  k.  (8)  Evaluate  the  tangential  and  normal  components  of 
this  relative  velocity  vector.  (9)  Plot  the  tangential  components  of  the  relative  velocity  vector 
versus  r.  Use  the  following  data:  a  —  a/L  —  1.5,  b  —  b/L  =  3,  xq  —  xq/L  —  1, 
h  =  h/L  =  1,  and  p  {r})  =  a-qei  +  brfe2.  Use  non-dimensional  time  t  —  cut  and  notation 
(■)'  indicates  a  derivative  with  respect  to  r.  Present  all  the  results  for  r  G  [0,  2-k]. 
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Fig.  5.24.  Configuration  of  sliding  piston       Fig.    5.25.    Configuration    of   the    two-bar 
with  track  and  pin.  mechanism. 


Problem  5.28.  Two-bar  mechanism 

Figure  5.25  shows  a  planar,  two-bar  mechanism.  Crank  OS  is  of  length  La  and  rotates  at  a 
constant  angular  velocity,  fi.  Its  tip  slides  along  bar  AS.  The  distance  between  points  A  and 
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O  is  denoted  d  and  that  between  point  A  and  S  is  denoted  w.  (1)  On  one  graph,  plot  angles 
(f)  and  6  versus  r.  (2)  Plot  w  —  w/d  versus  r.  (3)  On  one  graph,  plot  angular  velocities  cj)' 
and  6'  versus  r.  (4)  Plot  w'  versus  r.  (5)  On  one  graph,  plot  angular  accelerations  <f>"  and  9" 
versus  r.  (6)  Plot  w"  versus  r.  (7)  Evaluate  the  relative  velocity  vector  of  body  £  with  respect 
to  body  k.  (8)  Evaluate  the  tangential  and  normal  components  of  this  relative  velocity  vector. 
(9)  On  one  graph,  plot  the  magnitude  of  the  relative  velocity  vector  and  that  of  the  slider.  Use 
the  following  data:  La  ~  La/d  =  0.8.  Use  non-dimensional  time  t  =  fit  and  notation  (•)' 
indicates  a  derivative  with  respect  to  r.  Present  all  the  results  for  r  £  [0,  2-k]. 

Problem  5.29.  Disk-follower  mechanism 

Figure  5.26  depicts  a  disk-follower  mechanism. 
The  disk  of  radius  R  rotates  at  a  constant  angu- 
lar velocity,  6  —  fi,  about  point  C.  A  pin  is  lo- 
cated at  the  rim  of  the  disk.  The  slotted  follower 
is  hinged  at  point  O  and  the  pin  slides  inside 
the  slot.  Frame  J^^  =  [0,i3+  =  (61,62,63)] 
is  attached  to  the  follower  and  the  distance  from 
point  O  to  C  is  denoted  d.  The  shape  of  the  slot 
is  defined  by  curve  C  and  the  position  vector  of 
Fig.  5.26.  The  disk-follower  mechanism.  a  point  on  this  curve  with  respect  to  point  O,  re- 
solved in  basis  S"^,  is  denoted  p"*"  —  (xo+xir]+X2ri^  +X3r]^)bi  +  {yo+yiri+y2r]^ +y3'rj^)b2, 
where  77  is  an  arbitrary  parameterization  of  the  curve.  (1)  Plot  the  shape  of  curve  C.  (2)  Plot 
angle  cf)  versus  r.  (3)  Plot  parameter  r;.  (4)  Plot  angular  velocity  tf)' .  (5)  Plot  77'.  (6)  Plot  an- 
gular acceleration  (^".  (7)  Plot  77".  (8)  Show  that  eq.  (5.30)  holds  for  your  solution.  (8)  Plot 
the  magnitude  of  the  relative  velocity  vector.  Use  non-dimensional  time  t  —  fit;  notation  (•)' 
denotes  a  derivative  with  respect  to  r.  Use  the  following  data:  R  =  1.2,  d  —  1.8,  xo  —  0, 
xi  =  1,  2:2  =  0,  X3  =  0.5,  yo  =  yi  =  0,  j/2  =  -1.4,  and  j/3  =  1  m. 

Problem  5.30.  Geneva  wheel  mechanism 

Figure  5.27  depicts  the  Geneva  wheel  mechanism,  which  consists  of  a  disk  and  slotted  arm. 
The  disk  of  radius  R  rotates  about  inertial  point  O  at  a  constant  angular  velocity,  6  —  fi.  A 
pin  is  located  at  the  rim  of  the  disk  at  point  P.  The  slotted  arm  is  hinged  at  point  A  and  the  pin 
slides  inside  the  slot.  The  distance  from  point  A  to  the  pin  is  denoted  w.  (1)  On  one  graph,  plot 
angle  (^  versus  6  for  one  revolution  of  the  disk.  (2)  Plot  distance  w  —  w/R.  (3)  Plot  angular 
velocity  0'.  (4)  Plot  w.  (5)  Plot  angular  acceleration  0".  (6)  Plot  w" .  (7)  Show  that  eq.  (5.30) 
holds  for  your  solution.  Use  non-dimensional  time  r  —  fit;  notation  (•)'  denotes  a  derivative 
with  respect  to  r.  Use  the  following  data:  L  —  L/R  =  1.5. 


Fig.  5.27.  Geneva  wheel  mechanism. 


Fig.  5.28.  Scotch  yoke  mechanism. 
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Problem  5.31.  Scotch  yoke  mechanism 

Figure  5.28  depicts  the  Scotch  yoke  mechanism,  which  consists  of  a  dislc  and  slotted  yoke. 
The  disk  rotates  about  inertial  point  O  at  a  constant  angular  velocity,  9  —  f2.  A  pin  is  located 
at  a  distance  r  from  the  center  of  the  disk.  The  slotted  yoke  is  allowed  to  move  horizontally 
and  the  pin  slides  inside  the  slot.  (1)  Find  the  position  of  point  A  as  a  function  of  angle  6. 
(2)  Find  the  velocity  of  point  A.  (3)  Find  the  acceleration  of  point  A.  (4)  Show  that  eq.  (5.30) 
holds  for  your  solution. 


5.5  The  motion  tensor 

In  this  section,  the  motion  tensor  is  introduced  as  the  tensor  that  relates  the  Pliicker 
coordinates  of  a  line  of  a  rigid  body  in  its  initial  and  final  configurations. 


5.5.1  Transformation  of  a  line  of  a  rigid  body 

Figure  5.29  shows  a  rigid  body  in  its  refer- 
ence configuration  defined  by  frame  T^  = 
[0,X  =  («i,«2,«3)]-  Two  points  of  this  rigid 
body,  denoted  points  P  and  Q,  are  defined  by 
their  position  vectors  with  respect  to  point  O 
given  as  Sp  and  Sq,  respectively.  In  the  fi- 
nal configuration,  the  rigid  body  is  associated 
with  frame  T  =  [A,B*  =  (biMM)]-  Su- 
perscripts (•)*  indicate  tensor  components  re- 
solved in  basis  B*.  The  position  vectors  of  ma- 
terial points  P  and  Q  with  respect  to  point  A  are 
now  S_p  and  S_q,  respectively.  Because  points 
P  and  Q  are  material  points  of  the  rigid  body, 
S p  =  ES:*p  and  Sq  =  RS}^. 

Consider  now  the  line  passing  through  these 
two  points  in  the  final  configuration.  Its  orienta- 


Final 
Configuration 


Reference 
configuration 


Fig.  5.29.  A  line  of  a  rigid  body  in  the 
reference  and  final  configurations. 


tion,  resolved  in  basis  S * ,  is  £*  =  {S_q  —  S_*p )  /  ( 1 1  S_q  —  S_*p  ID-  The  Pliicker  coordinates 
of  this  line,  eq.  (1.38),  evaluated  with  respect  to  point  A,  are 


Q* 


(5.33) 


The  Pliicker  coordinates  of  the  same  line  with  respect  to  point  O  will  now  be 
evaluated  and  resolved  in  basis  I.  First,  the  orientation  of  the  line  is  now 


(u  +  Sq)  -  (u  +  Sp) 


S.Q  Sp 


(u  +  Sq) 


\\Sq-Sp\\ 


iu  +  Sp)\\ 
Next,  the  Pliicker  coordinates  of  the  same  line  become 


R 


\\S.Q  —  Sp 


Rt 
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The  motion  tensor  is  defined  as 


0    R 


S*pt 
t 


c 


Rug 
0    R 


and  eq.  (5.34)  can  now  be  written  in  a  compact  form  as 


^-11 


£2*=£il 


(5.34) 


(5.35) 


(5.36) 


Clearly,  the  motion  tensor  relates  the  Pliicker  coordinates  of  an  arbitrary  line 
of  the  rigid  body  resolved  in  two  frames.  This  change  of  frame  operation  is  more 
complex  than  the  change  in  basis  operation  discussed  in  section  4.8:  it  involve  both 
a  change  of  basis  and  a  change  of  reference  point  [1,  23,  22].  Equation  (5.36)  can  be 
written  in  a  more  explicit  manner  as 

In  this  form,  the  present  change  of  frame  operation  mirrors  the  change  of  basis 
operation  expressed  by  eq.  (4.27). 

5.5.2  Properties  of  the  motion  tensor 

The  motion  tensor  can  be  factorized  in  the  following  manner 


C 


'lu 
0/ 

0  ^ 

rn, 


(5.37) 


where  TZ  is  the  rotation  tensor  and  T  the  translation  tensor.  The  eigenvalues  of 
the  motion  tensor  are  now  easily  computed.  Indeed,  det(C)  =  det(7I)  det(2.)  = 
det(7I)  det^(i?)  and  because  det(7I)  =  1,  det(C)  =  det^(_R).  Hence,  the  eigenval- 
ues of  the  motion  tensor  are  identical  to  those  of  the  rotation  tensor,  but  each  with  a 
multiplicity  of  two.  The  motion  tensor,  however,  unlike  the  rotation  tensor,  is  not  an 
orthogonal  tensor. 

Two  linearly  independent  eigenvectors  of  the  motion  tensor  associated  with  its 
unit  eigenvalues  are  found  to  be 


AAI 


and     Hi 


2  sin  4>/ 
n 


(5.38) 


The  fact  that  Af\  is  an  eigenvector  of  the  motion  tensor  stems  from  the  corre- 
sponding property  for  the  rotation  tensor,  Rn  =  n.  It  is  readily  verified  that  NJ2 
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is  also  an  eigenvector  of  the  motion  tensor,  indeed,  RG  u/i'2,sm4'/2)  +  uRn  = 
{Q-2nsm4>/2)u/(2sm(j)/2)  =  Q^u/{2sm(j)/2). 

Any  linear  combination  of  eigenvectors  Nji  and  Nj2  is  still  an  eigenvector  of 
the  motion  tensor.  Consequently,  the  family  of  eigenvectors  associated  with  the  unit 
eigenvalue  is  expressed  as  follows 

where  a  is  an  arbitrary  scalar  and  d  the  intrinsic  displacement  of  the  rigid  body.  The 
displacement  related  part  of  the  eigenvector  is 

Cfu  (a  -  l)d 
=           '    ^  '  -n.  (5.40) 


—      2  sin  0/2       2  sin  0/2 

The  scalar  product  of  the  two  vectors  forming  the  eigenvector  is  closely  related  to 
the  intrinsic  displacement  of  the  rigid  body 


^T 


ad 


X  =  n'm=       .  (5.41) 

2sm0/2 

5.5.3  Mozzi-Chasles'  axis 

In  general,  an  arbitrary  line  of  a  rigid  body  is  different  in  the  reference  and  final 
configurations.  The  following  question  can  then  be  asked:  is  it  possible  to  find  a 
line  of  the  rigid  body  that  is  identical  in  the  reference  and  final  configurations?  If 
such  line  exists,  its  Pliicker  coordinates  in  the  reference  and  final  configurations  are 
identical,  i.e.,  Q  =  Q* ,  or,  using  eq.  (5.36),  Q  =  CQ. 

This  implies  that  the  Pliicker  coordinates  of  this  line  must  form  an  eigenvector  of 
the  motion  tensor,  as  given  by  eq.  (5.39).  Because  the  first  three  components  of  the 
Pliicker  coordinates  of  a  line  must  be  orthogonal  to  the  last  three,  eq.  (5.41)  implies 
A  =  a  =  0,  and  hence, 


G^ 


nn 

Qmc=^1  -  ^-^AAI  =  |-i=n07^^  \  .  (5.42) 

In  summary,  the  Pliicker  coordinates  of  the  line  of  the  rigid  body  that  is  identical 
in  the  reference  and  final  configurations  are  given  by  eq.  (5.42).  These  coordinates 
are  those  of  Mozzi-Chasles'  axis,  see  eq.  (5.9).  Hence,  Mozzi-Chasles'  axis  is  the 
line  of  the  rigid  body  that  is  identical  in  the  reference  and  final  configurations.  This 
can  be  written  as  Qj^^^  =  CQmc''  Mozzi-Chasles'  axis  is  an  eigenvector  of  the 
motion  tensor  corresponding  to  a  unit  eigenvalue. 
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5.5.4  Intrinsic  expression  of  tlie  motion  tensor 

The  motion  tensor  was  defined  by  eq.  (5.35),  which  is  not  an  intrinsic  expression 
because  the  displacement  vector  of  the  reference  point  of  the  rigid  body,  u,  explicitly 
appears  in  this  definition.  In  this  section,  an  intrinsic  expression  of  the  motion  tensor 
is  sought,  i.e.,  an  expression  in  which  vector  u  does  not  appear  explicitly. 

Rodrigues'  rotation  formula,  eq.  (4.15),  provides  an  intrinsic  equation  for  the 
rotation  tensor  in  terms  of  n,  the  eigenvector  of  the  rotation  tensor  associated  with  its 
unit  eigenvalue,  and  (f>,  the  magnitude  of  the  rotation.  A  similar  approach  is  followed 
here  for  the  motion  tensor,  which  should  be  expressed  in  terms  of  AA,  the  eigenvector 
of  the  motion  tensor  associated  with  its  unit  eigenvalue,  (f),  the  magnitude  of  the 
rotation,  and  d,  the  intrinsic  displacement  of  the  rigid  body. 

The  motion  tensor,  eq.  (5.35),  is  composed  of  two  sub-matrices:  the  rotation  ten- 
sor, repeated  twice  along  the  diagonal,  and  tensor  uR,  appearing  as  an  off-diagonal 
term.  The  intrinsic  expression  of  the  rotation  tensor  is  provided  by  Rodrigues'  ro- 
tation formula,  eq.  (4.15).  In  contrast,  the  term  uR  is  not  intrinsic  because  the  dis- 
placement vector  of  the  reference  point,  u,  appear  explicitly. 

Using  the  definition  of  the  intrinsic  displacement  of  the  rigid  body,  eq.  (5.7), 
the  displacement  vector  is  related  to  the  eigenvector  of  the  motion  tensor,  with  the 
help  of  eq.  (5.40)  to  find  m=  [G  u+  {a  —  l)nn^u^  /(2  sin  0/2).  Introducing  the 
expression  for  the  half-angle  rotation  tensor,  eq.  (4.20),  then  yields 

m  =  E^u,  (5.43) 

where  second-order  tensor  E_  is  defined  as 

a  \^       (        a  1\__ 

E  =  — / n  +     ; nn.  (5.44) 

=       2sin0/2=      2  V2sin0/2       2tan(/>/2/ 

It  now  becomes  possible  to  express  the  displacement  vector  in  terms  of  the  first 
part  of  the  eigenvector  of  the  motion  tensor  as 

u  =  Jjn,  (5.45) 

where  tensor  J  =  _E~  ^  is  easily  found  as 

2  sin  (A/2         ,  ,_       /  2  sin  0/2  \ 

J  =  -^/  +    1  -  cos  0  n  -h     — sin  0    nn.  (5.46) 

—  a.        —  \        a  J 

Equation  (5.45)  now  yields  an  explicit  expression  of  the  displacement  of  the 
body's  reference  point 

u  =  J_m  =  sin0  m  +  rf(l  —  a  cos  —  )n  +  (1  —  cos0)(nm  —  inn).  (5.47) 

Finally,  tedious  algebra  reveals  the  following  result, 

uR  =  J_mR  =  sin (J)fh  +  dcin  +  (1  —  cos cp)  {nfh  +  fhn)  +  dc2nn,        (5.48) 
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where  coefficients  ci  and  C2  are  defined  as 

Ci  =  cos0—    acos(j)/2, 
C2  =  sin  0  —  2a  sin  4'/2. 


(5.49a) 
(5.49b) 


Combining  Rodrigues'  rotation  formula,  eq.  (4.15),  and  eq.  (5.48),  the  motion 
tensor,  eq.  (5.35),  becomes 


C=I  + 


sine/)/    dciX       nm  (1  — coS(^)J         dc2l_  nm      nm 

Q  ~sin0lj   [q  ?^J  "^  [  Q        ~  (1  -  cos 0)  ij   [q  nj   [q  n    " 

(5.50) 
To  simplify  the  writing  of  this  seemingly  complicated  expression,  the  following 
notation  is  introduced.  First,  tensor  Z_,  a  function  of  two  scalars,  a  and  /?,  is  intro- 
duced 

'PL  af 


Q  PL 


Second,  the  generalized  vector  product  tensor  is  defined 


n  m 
0  n 


(5.51) 


(5.52) 


Notation  Af  does  not  indicate  a  6  x  6  skew-symmetric  tensor,  but  rather  the  above 
6x6  tensor  formed  by  three  skew-symmetric  sub-tensors. 

Introducing  these  various  notations  into  eq.  (5.50)  yields  the  desired  intrinsic 
expression  of  the  motion  tensor  and  of  its  inverse 

QiK)  =Z  +  Mdci,sm(P)Af  +  g{dc2,l  -  cos<P)AfAf,  (5.53a) 

g~\K)  =Z-  g{dci,  sin  (j))Sf  +  g{dc2, 1  -  cos(j))SfSf.  (5.53b) 

The  parallel  between  this  intrinsic  expression  for  the  motion  tensor  and  that  for  the 
rotation  tensor  given  by  Rodrigues'  rotation  formula,  eq.  (4.15),  is  striking.  Clearly, 
the  skew-symmetric  tensor,  n,  appearing  in  the  expression  for  the  rotation  tensor 
is  replaced  by  the  generalized  vector  product  tensor,  Af,  appearing  in  that  for  the 
motion  tensor.  The  two  scalars,  sin  (p  and  (1  —  cos  (p),  appearing  in  the  expression  for 
the  rotation  tensor  becomes  the  second  arguments  of  tensor  Z_  appearing  in  that  for 
the  motion  tensor. 

Rodrigues'  rotation  formula,  eq.  (4.15),  provides  an  intrinsic  expression  for  the 
rotation  tensor  and  is  a  direct  consequence  of  Euler's  theorem  on  rotations,  theo- 
rem 4.1.  Similarly,  the  intrinsic  expression  for  the  motion  tensor  is  a  direct  con- 
sequence of  the  Mozzi-Chasles  theorem  5.1.  The  parallel  between  the  rotation  and 
motion  tensors  will  be  further  explored  in  section  5.6.3. 


5.5.5  Properties  of  the  generalized  vector  product  tensor 

The  generalized  vector  product  tensor  defined  by  eq.  (5.52)  enjoys  remarkable  prop- 
erties that  generalize  those  of  the  skew-symmetric  tensor.  First,  the  skew-symmetric 
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operator,  n,  possesses  a  null  eigenvalue,  nn  =  On.  Similarly,  the  generalized  vector 
product  tensor  also  possesses  a  null  eigenvalue,  AfAf  =  OAf. 

The  second  property  of  the  generalized  vector  product  tensor  generalizes  the  be- 
havior of  the  skew-symmetric  tensor  under  a  change  of  basis  operation,  eq.  (4.30). 
Consider  the  following  triple  matrix  product 


na  rriT, 

'rI  i^ut 

111  mi 

'^2  "2^2' 
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2        ^2 

g    ni 

[g     i,  J 

This  equality  implies  two  conditions.  The  first  condition  is  ny,  =  R  niR  ,  which, 

in  view  of  eq.  (4.30),  implies  ng  =  I^ni.  The  second  condition  is  fhj,  =  R^{fhi  + 

niU2  —  U2ni)R^,  and  tensor  identities  then  lead  to  m^  =  R   {mi  +  niu^)-  These 
results  can  be  summarized  by  the  following  equivalence. 


AA3  =  C-\U2)UiC{U2)  -^^  AAg  =  C-\U^)Ui. 


(5.54) 


The  third  property  of  the  generalized  vector  product  tensor  generalizes  iden- 
tity (1.34b),  which  holds  for  unit  vectors  and  is  rewritten  here  as  nnn  +  n  =  0. 


MMM  +  Z{2\,l)M  =  Q. 


(5.55) 


The  use  of  identities  (1.34b)  and  (1.36)  yields  the  above  result,  where  A 


5.5.6  Change  of  frame  operation  for  linear  and  angular  velocities 

Let  the  reference  configuration  of  the  rigid  body  shown  in  fig.  5.29  be  the  configura- 
tion of  the  body  at  time  t  =  Q,  and  its  final  configuration  is  time-dependent.  Consider 
now  two  vectors  associated  with  the  rigid  body:  the  velocity  vector  of  point  A,  de- 
noted w^,  a  bound  vector,  see  section  1.2,  and  the  angular  velocity  vector  of  the  body, 
denoted  o;^,  a  free  vector,  see  section  1.1. 

The  components  of  these  two  vectors  resolved  in  basis  B*  are  denoted  "if^  and 
cj^,  respectively,  where  the  subscript  on  the  latter  symbol  is,  of  course,  superfluous 
because  the  angular  velocity  is  identical  for  all  points  of  the  body.  The  following 
velocity  vector  is  now  defined 


V* 


y-A 


(5.56) 


Strictly  speaking,  quantity  V*  should  not  be  called  a  vector:  it  is,  in  fact,  an  array 
composed  of  two  individual  vectors,  the  linear  and  angular  velocity  vectors.  The  rules 
of  transformation  of  first-order  tensors,  eq.  (4.27),  apply  to  these  two  vectors,  but  not 
to  quantity  V* .  It  is  convenient,  however,  to  call  quantity  V*  a  vector  to  underline  the 
tensorial  nature  of  the  two  vectors  it  is  composed  of.  Symbols  in  calligraphic  type, 
such  as  V*,  are  used  to  denote  quantities  composed  of  two  vectors.  For  simplicity, 
these  quantities  will  be  referred  to  as  vectors  in  the  following. 
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In  the  previous  section,  the  motion  tensor  was  shown  to  transform  the  Pliicker 
coordinates  of  a  line  from  one  frame  to  the  other,  and  hence,  it  is  interesting  to 
consider  the  following  transformation 


To  understand  the  physical  meaning  of  this  transformation,  the  physical  inter- 
pretation of  the  velocity  vectors  Vq  and  uj_q  must  be  identified  first.  It  is  clear  that 
Vj^  =  Rv*j^  and  oj^  =  Rui^  are  the  components  of  vectors  Va  ^nd  co^,  respec- 
tively, resolved  in  basis  X.  This  corresponds  to  a  change  of  basis  operation,  which 
establishes  the  relationship  between  the  components  of  vectors  in  two  bases. 

Next,  because  Vq  =  Rv*^  +  uRuf^  =  V.a  ~  ^au,  velocity  vector  Wq  is  that 
of  the  point  of  the  rigid  body  which  instantaneously  coincides  with  the  origin  of 
the  reference  frame,  point  O.  Of  course,  loq  can  also  be  interpreted  as  the  angular 
velocity  vector  of  the  same  point,  because  the  angular  velocity  vector  is  the  same  for 
all  points  of  a  rigid  body.  Hence,  this  second  operation  corresponds  to  a  change  of 
reference  point  operation,  which  establishes  the  relationship  between  the  velocities 
of  two  different  points  of  the  rigid  body.  In  summary,  the  operation  described  by 
eq.  (5.57)  corresponds  to  a  change  of  frame  operation,  which  combines  a  change  of 
basis  operation  and  a  change  of  reference  point  operation. 

The  factorized  form  of  the  motion  tensor,  eq.  (5.37),  clearly  underlines  the  dou- 
ble effect  of  a  frame  change.  It  consists  of  two  operations:  first  a  change  of  basis 
operation  characterized  by  the  rotation  operator,  IZ,  then  a  change  of  reference  point 
operation  characterized  by  the  translation  operator,  T. 

This  change  of  frame  operation  can  be  inverted  to  yield 

V*=g-V,  (5.58) 

where  the  inverse  of  the  motion  tensor  is 

An  an  intrinsic  expression  for  this  inverse  is  given  by  eq.  (5.53b). 

5.5.7  Change  of  frame  operation  for  forces  and  moments 

A  similar  study  can  be  made  concerning  two  other  vectors  associated  with  the  rigid 
body:  the  force  vector  acting  on  the  rigid  body,  F^,  and  the  moment  acting  on  the 
rigid  body,  M^,  evaluated  with  respect  to  point  A. 

The  components  of  these  two  vectors  resolved  in  basis  B*  are  denoted  F^  and 
M*4,  respectively,  where  the  subscript  on  the  former  symbol  is,  of  course,  super- 
fluous because  the  force  vector  can  be  applied  at  any  point  of  the  rigid  body.  The 
following  applied  load  vector  is  defined 

A*  =  {£}  .  (5.60) 
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Consider  now  the  effect  of  the  following  transformation 

A*.  (5.61) 


A  =  i^^^=C-^A* 


uRR 


Here  again,  it  is  clear  that  _F^  =  RF_*j^  and  M4  =  RM\  are  the  components  of 
the  force  and  moment  vectors,  respectively,  resolved  in  the  inertial  basis.  This  cor- 
responds to  a  change  of  basis  operation,  which  establishes  the  relationship  between 
the  components  of  vectors  in  two  orthonormal  bases. 

Next,  because  M_q  =  RM\  +  uRF^^  =  M^  +  uF^^^,  moment  vector  M_q 
is  the  applied  moment  computed  with  respect  to  the  point  of  the  rigid  body  that 
instantaneously  coincides  with  point  O.  Of  course,  Fq  can  also  be  interpreted  as  the 
force  applied  on  the  rigid  body  at  the  same  point,  because  this  force  is  the  same  at 
all  points  of  the  rigid  body. 

In  summary,  the  operation  described  by  eq.  (5.61)  is  a  change  of  frame  operation 
that  combines  a  change  of  basis  and  a  change  of  reference  point.  This  change  of 
frame  operation  can  be  inverted  to  yield 

A*  =  g^A.  (5.62) 

The  components  of  velocity  quantities  and  applied  loads  quantities  transform 
differently  under  a  frame  change  operation,  as  indicated  in  eqs.  (5.57)  and  (5.61), 
respectively.  Both  transformations,  however,  are  based  on  the  motion  tensor  which 
appears  to  be  a  fundamental  quantity  associated  with  frame  changes. 


5.6  Derivatives  of  finite  motion  operations 

The  derivatives  of  finite  rotation  operations  were  discussed  in  section  4.10  and  led 
to  the  concept  of  angular  velocity  vector.  The  present  section  focuses  on  the  study 
of  time  derivatives  of  the  motion  tensor,  which  leads  to  both  velocity  and  angular 
velocity  vectors.  Differential  changes  in  motion  are  also  investigated. 

5.6.1  The  velocity  vector 

The  time-dependent  motion  of  a  rigid  body  is  represented  by  the  time-dependent 
motion  of  the  body  attached  frame,  J"  =  [A,  B*  =  (bi ,  63, 63)] ,  depicted  in  fig.  5.29. 
Let  C  be  the  motion  tensor  that  brings  reference  frame  J^^  to  frame  !F,  and  eq.  (5.36) 
then  implies  Q{t)  =  C{t)Q* .  Taking  a  time  derivative  of  this  equation  leads  to 
Q  =  C_Q*,  and  eliminating  Q*  then  yields 

Q  =  gg-^Q.  (5.63) 

Comparing  this  equation  with  eq.  (4.56)  reveals  that  expression  CC~^,  associated 
with  the  motion  tensor,  generalizes  expression  RR^,  associated  with  the  rotation 
tensor.  The  use  of  identity  (1.33a)  leads  to 


cc-^ 


EuE  +  uR 
0        R 


R^  R^u^ 


0      R 
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(5.64) 


w  (u  +  uof) 
0         uj 


UJ   V 

0  5 


This  expression  gives  rise  to  two  quantities.  First,  the  angular  velocity  of  the  rigid 
body  emerges  from  the  time  derivative  of  the  rotation  tensor,  lj  =  axial{RR  );  as 
expected,  this  quantity  is  identical  to  that  which  arose  for  the  study  of  time  derivatives 
of  time-dependent  rotations,  see  section  4.10.  Second,  the  velocity  vector  of  the  rigid 
body,  V  =  u  +  uui,  also  emerges  from  the  time  derivative  of  the  motion  tensor. 
This  quantity  can  be  interpreted  as  the  linear  velocity  of  the  point  of  the  rigid  body 
that  instantaneously  coincides  with  the  origin  of  the  reference  frame,  point  O,  see 
section  5.5.6. 

The  velocity  vector  of  the  rigid  body  resolved  in  frame  J-"^  is  now  defined  as 


V 


(5.65) 


and  eq.  (5.63)  becomes  Q  =  VQ,  where  the  generalized  vector  product  tensor  is 
given  by  eq.  (5.52). 

It  is  also  possible  to  resolve  the  components  of  the  velocity  vector  in  the  moving 
frame, 

g-iQ=£-i£Q*.  (5.66) 

Comparing  this  equation  with  eq.  (4.55)  reveals  that  expression  C_~^C,  associated 
with  the  motion  tensor,  generalizes  expression  R  R,  associated  with  the  rotation 
tensor.  It  is  readily  found  that 


c-^c 


^R^  R^u^' 


0      R' 


"O     ~R    ~ 


UJ*  R^ii 


0 


U)      V 

0  u)* 


(5.67) 


This  expression  gives  rise  to  two  quantities.  First,  the  components  of  the  angular 
velocity  of  the  rigid  body  resolved  in  the  rotating  basis,  uf  =  axial(_R^_R).  Second, 
the  components  of  the  velocity  vector  of  the  reference  point  of  rigid  body  resolved 
in  the  rotating  basis,  v*  =  R  u. 

The  components  of  the  velocity  vector  of  the  rigid  body  resolved  in  the  material 
frame  are  now  defined  as 

V*  =  U|=£-V,  (5.68) 

where  the  second  equality  follows  from  eq.  (5.58).  Equation  (5.66)  now  becomes 
C_~^Q  =  V*Q*,  where  the  generalized  vector  product  operator  is  given  by  eq.  (5.52). 
The  above  developments  are  summarized  in  the  following  relationships 


cc- 


V,       CC 


c-^c  =  v*,    C    C- 


-V, 
-V* 


(5.69a) 
(5.69b) 


It  is  readily  shown  that 
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V* 


c-^vc. 


v  =  cv*c 


(5.70a) 
(5.70b) 


as  can  be  expected  from  the  transformation  formulae  for  the  velocity  vectors, 
eqs.  (5.57)  and  (5.58). 


5.6.2  The  differential  motion  vector 

The  concept  of  differential  rotation  vector  was  introduced  in  section  4.12.4  based  on 
the  rotation  tensor,  eq.  (4.101).  By  analogy,  the  following  expression  is  formed 


dCC'^ 


0  dR 


0      R^ 


d-ijj  [du  +  udtli) 
0  d^ 


dip  du 
0    d^ 


This  expression  gives  rise  to  two  quantities.  First,  the  differential  rotation  vector 
of  the  rigid  body  emerges  from  differential  changes  of  the  rotation  tensor,  d^  = 
axial(di?_R  );  this  quantity  is  identical  to  that  defined  by  eq.  (4.101).  As  discussed 
in  section  4.12.4,  no  vector  ijj  exists  such  that  d{%lj)  gives  the  differential  rotation 
vector. 

Second,  the  differential  displacement  vector  of  the  rigid  body,  du  =  du  +  u  d^, 
also  emerges  from  the  differential  of  the  motion  tensor,  du  is  the  differential  displace- 
ment of  point  A  and  du  =  du  +  ud'4)  the  differential  displacement  of  the  material 
point  of  the  rigid  body  that  instantaneously  coincides  with  point  O.  Of  course,  there 
exist  no  displacement  vector,  say  x,  such  d{x}  =  du  +  udrjj.  Notations  du  and  d^ 
will  be  used  to  denote  the  differential  displacement  and  rotation  vectors,  respectively. 

By  analogy  to  eqs.  (5.69a)  and  (5.69b),  the  following  compact  notation  is  adopted 


d££-^  =  dW,       £d£-i  =  -dU, 


where  the  components  of  the  differential  motion  vector  are  defined  as 


du 

di) 


^*  =  {%A=e-^^. 


(5.71a) 
(5.71b) 

(5.72a) 
(5.72b) 


in  the  fixed  and  moving  frames,  respectively.  The  components  of  the  differential 
rotation  and  displacement  vectors,  both  resolved  in  the  moving  frame,  are  d^*  = 
axial(i?   di?)  and  du*  =  R  du,  respectively. 
It  is  readily  shown  that 


dlA    =^^dlAg, 
dL{  =  CdL{*C-\ 


(5.73a) 
(5.73b) 
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Taking  a  differential  of  eq.  (5.69a)  and  a  time  derivative  of  eq.  (5.71a)  leads  to 

dV  =  d£g"^  +  QAg~^  and  (£/  =  d££"^  +  d££~\  respectively.  Subtracting  these 
two  equations  and  using  eqs.  (5.69a)  and  (5.71a)  then  yields 


dV-dW  =  -VdW  +  dWV. 


Expanding  these  expressions  and  using  identity  (1.33a)  then  leads  to  this  important 
result  dV  =  dW  —  VdU.  which  relates  differentials  in  the  velocity  vector  to  the  dif- 
ferential motion  vector  and  its  time  derivative.  This  equation  generalizes  eq.  (4. 102a) 
written  for  the  sole  angular  velocity. 

The  following  results  are  obtained  in  a  similar  manner 

dV  =  dW-Vdl{,  dV  =  £dW*,  (5.74a) 

dV*  =  dW*  +  V*dW*,      dV*  =  g-^dl-  (5.74b) 

5.6.3  Change  of  frame  operations 

Section  4.8.1  discussed  change  of  basis  operations.  By  definition  4.1,  a  vector,  or 
first-order  tensor,  is  a  mathematical  entity  whose  components  resolved  in  two  bases 
are  related  by  eqs.  (4.27).  This  definition  applies  equally  to  kinematic  quantities  such 
as  displacement  and  rotation  vectors,  and  load  quantities  such  as  force  or  moment 
vectors.  For  instance,  the  components  of  the  velocity  vector  resolved  in  inertial  and 
material  bases,  denoted  v  and  v* ,  respectively,  are  such  that  v  =  Rv* ,  if  i?  are  the 
components  of  the  rotation  tensor  that  brings  the  inertial  to  the  material  basis,  re- 
solved in  the  inertial  basis.  The  components  of  the  angular  velocity  vector  resolved 
in  the  same  bases  are  such  that  u  =  Ruf* .  Similar  relationships  hold  for  the  com- 
ponents of  the  force  and  moment  vectors.  In  fact,  according  to  definition  4.1,  the 
components  of  all  vectors  follow  the  same  transformation  rule  under  a  change  of 
basis. 

Section  5.5.6  presented  the  change  of  frame  operation  for  the  linear  and  angular 
velocity  vectors.  For  instance,  eq.  (5.57)  provides  the  relationship  between  the  com- 
ponents of  the  linear  and  angular  velocity  vectors  resolved  in  the  inertial  and  material 
frames,  denoted  V  and  V* ,  respectively,  as  V  =  C  V* ,  if  C  are  the  components  of  the 
motion  tensor  that  brings  the  inertial  frame  to  the  material  frame,  resolved  in  the  in- 
ertial frame.  The  change  of  frame  transformation  operates  on  the  linear  and  angular 
velocity  vectors  simultaneously.  The  notational  convention,  V  =  {v^ ,  yj^}  and 
the  use  of  a  6  x  6  motion  tensor  enable  the  simultaneous  manipulation  of  the  two 
vectors. 

On  the  other  hand,  section  5.5.7  introduced  the  change  of  frame  operation  for 
forces  and  moments.  For  instance,  eq.  (5.61)  provides  the  relationship  between  the 
components  of  the  force  and  moment  vectors  resolved  in  the  inertial  and  material 
frames,  denoted  A  and  A*,  respectively,  as  ^  =  C~  A* .  The  change  of  frame 
operation  for  kinematic  quantities  is  based  on  the  motion  tensor,  C,  but  the  same 
change  of  frame  operation  for  loads  uses  the  transpose  of  its  inverse,  C_~    . 
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Energetically  conjugate  quantities 

To  understand  the  crucial  difference  between  change  of  basis  and  change  of  frame 
operations,  consider  the  differential  work  done  by  the  force  and  moment  vectors, 
denoted  F  and  M,  respectively,  applied  at  point  A  of  the  rigid  body, 

dW  =  F^du  +  M^di^,  (5.75) 

where  du  and  d^  are  the  differential  displacement  vector  of  the  point  of  application 
of  the  force  and  the  differential  rotation  of  the  rigid  body,  respectively,  see  fig.  5.29. 
The  force  and  differential  displacement  vectors  are  said  to  be  energetically  conjugate 
quantities  because  their  scalar  product  yields  the  differential  work.  Similarly,  the 
moment  and  differential  rotation  vectors  are  also  energetically  conjugate  quantities. 

Because  the  scalar  product  is  a  tensor  operation,  the  differential  work  can  also 
be  expressed  as  dW  =  K*'^du*  +  AF'^d^j/,  where  K*  =  ^F  and  M*  =  ^M 
are  the  components  of  the  force  and  moment  vectors,  resolved  in  the  body  attached 
basis,  and  du*  =  R  du  and  dtp*  =  R  dtp  the  components  of  the  differential  dis- 
placement and  rotation  vectors  resolved  in  the  same  basis.  Energetically  conjugate 
quantities,  such  as  the  moment  and  differential  rotation  vectors,  follow  the  same  rules 
of  transformation  under  a  change  of  basis. 

The  following  compact  notation  is  introduced 

dW  =  F*^du*  +  M*'^df  =  A*^M* ,  (5.76) 

where  A  =  \F  ,  A£  j  is  the  applied  loading  vector  and  dW  the  differential 
motion  vector  defined  by  eq.  (5.72b).  These  two  quantities.  A*  and  dZi*,  are  ener- 
getically conjugate  because  their  scalar  product  yields  the  differential  work. 

To  explore  the  effect  of  a  change  of  frame,  the  following  transformation  is  per- 
formed, 

dW  =  A*'^^*  =  A*^g-^g^*  =  A^M,  (5.77) 

where^  =  C_~^A*,  as  expected  from  eq.  (5.61),  andd^  =  C  dU* ,  as  expected  from 
eq.  (5.72a).  Under  a  change  of  frame,  the  rules  of  transformations  for  energetically 
conjugate  quantities  differ.  This  difference  stems  from  the  fact  that  the  motion  tensor 
is  not  an  orthogonal  tensor,  C~^  "/=  Q.  -In  contrast,  the  rotation  tensor  is  orthog- 
onal, R~  ^  =  R  and  consequently,  the  rules  of  transformations  for  energetically 
conjugate  quantities  are  identical  for  change  of  basis  operations. 


Generalization  of  the  concept  of  tensor  analysis 

Section  4.8.4  introduced  the  concept  of  tensor  analysis.  The  combined  use  of  tensor 
quantities  and  tensor  operations  leads  to  a  formulation  of  the  laws  of  physics  that 
guarantees  their  invariance  with  respect  to  change  of  basis  operations.  Intuitively, 
the  laws  of  physics  should  be  invariant  under  a  change  of  basis  operation  because 
this  operation  simply  corresponds  to  the  selection  of  a  different  basis  in  which  all 
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tensor  components  are  resolved,  but  does  not  change  the  physical  behavior  of  the 
system. 

Intuitively,  the  laws  of  physics  should  also  be  invariant  with  respect  to  a  change 
in  the  location  of  the  origin  of  the  coordinate  system,  as  long  as  this  new  origin  is  still 
an  inertial  point.  Combining  these  two  intuitive  observations,  the  invariance  of  the 
laws  of  physics  with  respect  to  both  basis  and  origin  selection,  leads  to  the  natural 
conclusion  that  the  laws  of  physics  must  be  invariant  with  respect  to  a  change  of 
frame. 

The  generalization  of  the  concept  of  tensor  analysis  to  the  invariance  of  the  laws 
of  physics  to  change  of  frame  operations  involves  two  parts,  the  use  of  generalized 
tensors  quantities  and  of  generalized  tensor  operations.  These  two  concepts  gen- 
eralize the  use  of  tensor  quantities  and  tensor  operations  characteristics  of  tensor 
analysis,  see  sections  4.8.3  and  4.8.4. 

When  dealing  with  change  of  frame  operation,  linear  and  angular  quantities  be- 
comes coupled.  For  instance,  linear  and  angular  velocity  vectors  are  paired  to  form 
the  generalized  velocity  vector  defined  by  eq.  (5.56),  similarly,  the  force  and  moment 
vectors  are  paired  to  form  the  generalized  loading  vector  defined  by  eq.  (5.60).  The 
generalized  velocity  vector  is  composed  of  two  vectors,  or  first-order  tensors 

Consider  now  the  change  of  frame  operation  expressed  by  eq.  (5.57)  and  repeated 
here  in  more  explicit  details 


Vq  =  Rv*n  +  uRcj*^ 

LOn  =  R^*A 


V 


0    R 


V*  =cv* 


(5.78) 


The  two  equations  on  the  left-hand  side  are  basis  invariant  because  they  only  involve 
tensor  quantities  and  tensor  operations;  they  satisfy  all  the  rules  of  tensor  analysis. 
Taken  together,  they  express  a  change  of  frame  operation,  which  is  repeated  on  the 
right-hand  side  with  a  more  compact  notation.  The  generalized  motion  tensor,  C,  of 
size  6  X  6,  is  composed  of  four  sub-matrices,  each  of  size  3x3,  which  are  each 
second-order  tensors. 

Clearly,  the  right-hand  side  of  eq.  (5.78)  generalizes  the  change  of  basis  oper- 
ation, V  =  Rv*,to  the  change  of  frame  operation,  V  =  C  V*.  In  the  following 
developments,  quantities  such  as  V  or  V*  will  be  called  vectors  or  first-order  tensors, 
and  quantities  such  as  the  motion  tensor  will  be  called  second-order  tensors.  This 
terminology  is  more  convenient  to  use  in  place  of  the  more  awkward  "generalized 
velocity  vector"  and  "generalized  motion  tensor."  Because  generalized  vectors  and 
tensors  are  indicated  in  calligraphic  type,  their  generalized  nature  is  clearly  implied. 

Example  5.5.  First-  and  second-order  tensors 

In  the  previous  sections,  first-  and  second-order  tensors  have  already  been  encoun- 
tered. The  second  property  of  the  generalized  vector  product  operator  given  by 
eq.  (5.54)  is  repeated  here  for  convenience 


J^3  =  c-HK2WiC{K2 


■  K3  =  c-\K2)Ki. 


The  right-hand  side  of  this  equivalence  expresses  the  rules  of  transformation  for  the 
first-order  tensor,  Nj.  its  components  in  frames  J^i  and  J^3  are  Af_i  and  AA3,  respec- 
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tively,  and  C_{M_2)  ^^e  the  components  of  the  motion  tensor  that  brings  frame  Ti  to 
J-3,  resolved  in  frame  Ti. 

The  left-hand  side  of  this  equivalence  expresses  the  rules  of  transfomiation  for 
the  second-order  tensor,  M:  its  components  in  frames  Ti  and  T^  are  A/i  and  A/3, 
respectively.  This  gives  a  formal  proof  that  the  generalized  vector  product  operator 
defined  by  eq.  (5.52)  is  in  fact  a  second-order  tensor.  Clearly,  these  results  generalize 
the  corresponding  results  obtained  for  the  skew-symmetric  tensor  in  eq.  (4.30). 

Example  5.6.  The  motion  tensor 

The  motion  tensor  was  introduced  in  section  5.5.1  and  was  called  a  "tensor."  Prove 
that  the  motion  tensor  is  indeed  a  second-order  tensor. 

Consider  the  intrinsic  e5cpression  of  the  motion  tensor  given  by  eq.  (5.53a)  as 
S(Af)  =  I  +  Z_{dci ,  sin  (f>)Af  +  Z_[dc2 , 1  —  cos  (j))MM.  The  arguments  of  operator 
Z_  are  functions  of  two  variables,  rotation  angle  (f)  and  the  intrinsic  displacement  of 
the  rigid  body,  d.  Both  quantities  are  zeroth-order  tensor  because  they  are  unaffected 
by  a  change  of  frame  operation. 

Next,  it  is  easily  verified  that  operator  Z_{a,  (3),  where  a  and  /3  are  zeroth-order 
tensors,  is  itself  a  zeroth-order  tensor.  Indeed, 

g{a,l3)=g-\K2)gi(^,l3)giK2),  (5-79) 

which  implies  the  invariance  of  Z_{a,  j3)  under  a  change  of  frame  operation, 


£^^^(A/;)g2  =  i  +  K^ci,  sin (/.) £- W  +  ^(dc2, 1  -  cos 0)  £- Wg- W 

=  ^(£2"'=^)' 

where  the  tensorial  nature  of  the  generalized  vector  product  tensor,  eq.  (5.54),  was 
taken  into  account.  The  tensorial  nature  of  the  motion  tensor  is  now  established. 
A  more  formal  expression  of  the  tensorial  nature  of  the  motion  tensor  is 

am  =  Qr\M2)aM^)Q{N2)  ^^K3=  g-\K2)Ki-  (5.80) 

This  result  for  the  motion  tensor  should  be  compared  with  the  corresponding  result 
for  the  rotation  tensor,  eq.  (4.31). 
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In  section  3.4,  the  dynamic  response  of  a  system  of  particles  subjected  to  both  in- 
ternally and  externally  applied  loads  is  studied  and  leads  to  Euler's  first  and  second 
laws  [14,  15].  Rigid  bodies  can  be  viewed  as  systems  of  particles  subjected  to  both 
internal  and  external  forces.  The  former  forces  are  those  that  maintain  the  shape  of 
the  rigid  body.  By  definition,  a  rigid  body  is  one  for  which  the  distance  between  any 
two  of  its  particles  remains  constant  at  all  times.  The  displacement  field  of  the  rigid 
body  must  satisfy  the  kinematic  constraints  developed  in  section  5.1  and  its  velocity 
field  those  described  in  section  5.2. 

The  configuration  of  the  rigid  body  is  defined  by  six  parameters:  the  three  coor- 
dinates describing  the  location  of  one  of  its  points  and  three  parameters  describing 
its  orientation.  Similarly,  the  velocity  field  of  the  rigid  body  is  determined  by  six  pa- 
rameters: the  three  components  of  the  linear  velocity  vector  of  one  of  its  points  and 
the  three  components  of  its  angular  velocity  vector. 

Clearly,  all  the  results  derived  in  section  3.4  concerning  the  Newtonian  mechan- 
ics of  systems  of  particles  are  readily  applicable  to  rigid  bodies.  In  particular,  the 
motion  of  the  center  of  mass  of  the  rigid  body  is  governed  by  the  following  equation: 
F_  =  P,  where  _P  =  mv^  is  the  linear  momentum  of  the  body,  m  its  total  mass,  Vc 
the  velocity  of  its  center  of  mass,  and  F  the  sum  of  all  externally  applied  forces.  An- 
other vector  equation  that  applies  to  systems  of  particles  is  M_u  =  H_^,  where  H^q 
is  the  angular  momentum  vector  of  the  rigid  body  and  AIq  the  sum  of  the  externally 
applied  moments,  both  computed  with  respect  to  the  center  of  mass  of  the  rigid  body. 
It  is  also  true  that  M_q  =  H_q,  i.e.,  both  angular  momentum  and  externally  applied 
moments  can  be  evaluated  with  respect  to  an  inertial  point  O. 

These  two  differential  vector  equations  in  time  provide  the  six  scalar  equations 
necessary  to  solve  for  the  motion  of  the  rigid  body.  The  first  equation  is  very  similar 
to  Newton's  second  law  for  a  single  particle,  eq.  (3.4).  The  mass  of  the  entire  rigid 
body  multiplied  by  the  acceleration  of  its  center  of  mass  equals  the  sum  of  all  exter- 
nally applied  forces.  The  rigid  body  can  be  replaced  by  a  fictitious  particle  of  mass 
m  located  at  its  center  of  mass  and  subjected  to  all  the  forces  externally  applied  to 
the  body. 
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The  second  equation  describes  the  motion  of  the  rigid  body  around  its  center  of 
mass.  This  equation  is  more  complex  than  the  first  and  does  require  the  evaluation 
of  the  angular  momentum  vector  of  the  rigid  body,  which  will  bring  to  light  an  addi- 
tional inertial  characteristics  of  the  rigid  body,  the  mass  moment  of  inertia  tensor. 

The  evaluations  of  the  angular  velocity  vector  and  of  the  kinetic  energy  of  a 
rigid  body  are  presented  in  sections  6. 1  and  6.2,  respectively.  The  evaluation  of  these 
quantities  gives  rise  to  the  tensor  of  mass  moments  of  inertia  whose  properties  are 
reviewed  in  section  6.3.  The  equations  of  motion  of  a  rigid  body  are  derived  in  sec- 
tion 6.5  and  the  principle  of  work  and  energy  in  section  6.6.  A  special  case  of  partic- 
ular interest  for  many  applications  is  the  planar  motion  of  rigid  bodies,  which  is  the 
focus  of  section  6.7. 


6.1  The  angular  momentum  vector 

The  angular  momentum  vector  of  a  system  of  particles,  computed  with  respect  to  an 
arbitrary  point  O,  is  defined  in  section  3.4  as  H_q  =  J^j^j^  Vi  niiV^,  where  m^  is  the 
mass  of  a  particle  of  the  system,  Uj  its  inertial  velocity  vector,  r^  its  position  vector 
with  respect  to  point  O,  and  N  the  total  number  of  particles  of  the  system. 

When  dealing  with  a  rigid  body,  this  definition  is  not  easy  to  handle:  the  number 
of  particles  is  very  large  while  the  mass  of  each  one  is  very  small.  Each  atom  the 
rigid  body  could  be  considered  to  be  a  particle  of  very  small  mass  and  the  total 
number  of  particles  would  be  extremely  large.  Consequently,  the  familiar  concepts  of 
continuum  mechanics  are  introduced:  each  differential  volume  element  of  the  body, 
dV,  is  considered  to  be  a  particle  of  mass  m;  =  pdV,  where  p  is  the  mass  density 
of  the  body.  The  sum  over  all  particles  is  then  replaced  by  an  integral  over  the  entire 
volume  of  the  body. 

Figure  6.1  show  the  configuration  of  the 
rigid  body;  frame  J^^  =  [0,X  =  (11,12,^3)]  is 
an  inertial  frame.  Point  B  is  a  reference  point 
of  the  body  while  point  Q  is  a  material  point 
of  the  body.  The  position  vector  of  point  Q  with 
respect  to  point  B  is  denoted  s.  The  angular  mo- 
mentum vector  of  the  body,  computed  with  re- 
\yx  ^  spect  to  point  B,  is  then 


Fig.   6.1.   Configuration   of  a  rigid  B^B  —   /    ^VjQ  pdV, 

body. 

where  Wg  is  the  inertial  velocity  of  point  Q,  and 
V  the  total  volume  of  the  body. 

Because  the  body  is  rigid,  its  velocity  field  is  described  by  eq.  (5.10),  i.e.,  Vq  = 
V.B  +  ^^  ^^^  the  angular  momentum  vector  now  becomes 


Jv 
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Because  Vg  is  the  velocity  of  reference  point  B  and  cj  the  angular  velocity  of  the 
rigid  body,  this  expression  can  be  recast  as 


H, 


spdV 


s  s^  pdV 


The  first  bracketed  term  is  related  to  the  location  of  the  center  of  mass  of  the 
rigid  body,  see  eq.  (3.56);  L  s  pdV  =  rnrg^,  where  rg^  is  the  position  vector  of 
the  rigid  body  center  of  mass  with  respect  to  point  B. 

The  second  bracketed  term  is  the  tensor  of  mass  moments  of  inertia,  evaluated 
with  respect  to  point  B.  This  second-order,  symmetric  tensor  is  defined  as 


I' 


S?^  pdV, 


(6.1) 


With  these  definitions,  the  angular  momentum  vector  takes  the  following  form 

H_B  =  mrBcUB  + 1  ^.  (6.2) 

The  sole  inertial  characteristic  of  a  particle  is  its  mass,  but  the  characterization  of 
the  inertial  properties  of  a  rigid  body  is  more  complex.  Ten  quantities  are  required: 
the  total  mass  of  the  body,  m  (a  single  scalar  quantity),  the  location  of  the  center 
of  mass,  rgu  (three  components  of  this  vector),  and  the  mass  moments  of  inertia 
tensor,  /  (six  independent  components  of  this  symmetric  tensor).  The  units  of  the 
mass  moments  of  inertia  tensor  are  kgm^. 

An  arbitrary  orientation  of  the  inertial  basis,  X,  was  selected.  A  different  basis, 
say  X' ,  could  have  been  selected.  Let  R  be  the  components  of  the  rotation  tensor  that 
brings  basis  X  to  basis  X',  resolved  in  basis  X.  If  s  and  s'  denote  the  components  of 
vector  s  in  bases  X  and  X',  respectively,  eq.  (4.27)  implies  s'  =  R  s.  It  then  follows 
that  ~ 


(I- 


B\/ 


S'^^ 


pdV 


R 


T~T  1 


R'sRR's'RpdV 


ss^  pdV 


(6.3) 


R 


R^I^R. 


This  expression  relates  the  components  of  tensor  of  mass  moments  of  inertia  resolved 
in  two  bases,  X  and  X' ,  denoted  /  and  (/  )',  respectively.  The  fact  that  these  com- 
ponents are  related  by  the  transformation  rules  for  the  components  of  second-order 
tensors,  eq.  (4.29),  proves  the  tensorial  nature  of  the  mass  moments  of  inertia  tensor 
defined  in  eq.  (6.1). 

Often,  it  will  be  convenient  to  compute  the  angular  momentum  vector  with  re- 
spect to  the  center  of  mass  of  the  rigid  body.  Indeed,  selecting  the  center  of  mass  as 
the  reference  point  of  the  body  implies  r_cc  —  0'  ^^'^  ^1-  (6-2)  reduces  to 


Kc  =  I^w. 


(6.4) 


A  similar  simplification  is  achieved  if  the  reference  point  on  the  rigid  body  happens 
to  be  an  inertial  point,  i.e.,  if  w^  =  0.  In  this  case,  eq.  (6.2)  reduces  to 
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H, 


(6.5) 


Note  that  the  angular  momentum  vector  and  the  tensor  of  mass  moments  of  in- 
ertia are  quantities  computed  with  respect  to  a  specific  point.  Notations  /     and  / 
denote  the  tensors  of  mass  moments  of  inertia  computed  with  respect  to  points  C 
and  B,  respectively.  Similarly,  H^(j  and  H_g  indicate  the  angular  momentum  vectors 
evaluated  with  respect  to  points  C  and  B,  respectively. 


6.2  The  kinetic  energy 

The  kinetic  energy  of  a  particle,  eq.  (3.10),  is  defined  as  X  =  1/2  mv^v,  where  m 
is  the  mass  of  the  particle  and  v  its  inertial  velocity  vector.  The  kinetic  energy  of  a 
differential  element  of  the  rigid  body  located  at  point  Q  is  now  K  =  1/2  pdV  EqVq, 
and  that  of  the  entire  body  becomes  K  =  1/2  L  v]jVq  pdV.  The  velocity  field  of  a 
rigid  body  is  described  by  eq.  (5.10)  as  VQ  =  Vg+  ujs  and  the  kinetic  energy  now 
becomes 

K  =  -       {EbUb  +  "^Eb^s  +  s^i^   i^s)  pdV. 
2  Jv 

Because  vector  Vb  is  the  velocity  of  reference  point  B  and  w  the  angular  velocity 
vector  of  the  rigid  body,  this  expression  is  recast  as 


H 

/   pdV 

vIub  + 2vl 

f  s^  pdV 

LO+U^ 

f  ss^  pdV 

Jv 

Jv 

Jv 

K 


The  first  bracketed  term  simply  represents  the  total  mass  of  the  rigid  body.  The 
second  bracketed  term  is  related  to  the  location  of  the  center  of  mass  of  the  rigid 
body,  eq.  (3.56),  J^  s  pdV  =  mzBc-  Finally,  the  last  bracketed  term  is  the  tensor  of 
mass  moments  of  inertia  evaluated  with  respect  to  point  B  defined  by  eq.  (6.1). 

The  kinetic  energy  expression  now  reduces  to 


K 


1 


(m  v^bVb 


2mv_Br Bc'^  +  a;    /   a;] 


(6.6) 


Here  again,  it  is  possible  to  simplify  this  expression  by  selecting  the  center  of 
mass  of  the  rigid  body  as  the  reference  point;  this  implies  r_(jfj  =  0,  and  hence, 


K 


1         J,  1 

-  m  iTfjVQ  H —  cj 


TtC, 


(6.7) 


The  first  term  represents  the  kinetic  energy  associated  with  the  translational  mo- 
tion of  the  rigid  body,  and  the  second  represents  that  associated  with  the  rotation 
of  the  body.  The  expression  for  the  translational  kinetic  energy  of  the  rigid  body, 
1/2  m  v/qVjj,  is  identical  to  that  of  a  particle  of  mass  m  moving  at  velocity  v_(j. 

The  rotational  motion  of  the  body  about  its  center  of  mass  is  associated  with  an 
additional  amount  of  kinetic  energy  called  rotational  kinetic  energy,  1/2  uj^ I^ ui, 
that  is  a  quadratic  function  of  the  angular  velocity  of  the  rigid  body. 
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Because  the  kinetic  energy  is  a  positive  quantity,  the  translational  energy  must 
always  be  positive,  i.e.,  1/2  m  yj^v^  >  0  for  any  vector  w^  7^  0;  it  follows  that 
the  mass  of  the  body,  m,  must  be  positive  number,  a  forgone  conclusion.  The  same 
argument  applied  to  the  rotational  kinetic  energy  yields  1/2  w^/  w  >  0  for  all 
angular  velocity  vectors  a;  7^  0;  this  implies  that  the  tensor  of  mass  moments  of 
inertia,  /    ,  is  a  positive-definite  tensor,  eq.  (1.53). 


6.3  Properties  of  the  mass  moment  of  inertia  tensor 

This  section  investigates  the  properties  of  the  mass  moment  of  inertia  tensor.  If  the 
location  of  the  reference  point  of  the  rigid  body  is  changed,  the  components  of  the 
mass  moment  of  inertia  tensor  change  according  to  the  parallel  axis  theorem  studied 
in  section  6.3.1.  Furthermore,  section  6.3.2  shows  that  the  components  of  the  mass 
moment  of  inertia  tensor  change  according  to  the  rules  of  transformation  for  second- 
order  tensors  if  the  orientation  of  the  body  attached  basis  is  modified. 

6.3.1  The  parallel  axis  theorem 


In  the  previous  section,  the  mass  moment  of 
inertia  tensor  was  evaluated  with  respect  to  an 
arbitrary  reference  point  of  the  body  and  with 
respect  to  its  center  of  mass.  Figure  6.2  de- 
picts the  configuration  of  the  rigid  body:  s  is 
the  position  vector  of  a  material  point  Q  of  the 
rigid  body  with  respect  to  reference  point  B, 
and  q  is  the  position  vector  of  the  same  point 
with  respect  to  the  center  of  mass  C.  Clearly, 
s  =  r^Q  +  q,  where  r^Q  is  the  position  vector 
of  the  center  of  mass  with  respect  to  point  B. 
The  tensor  of  mass  moments  of  inertia 
evaluated  with  respect  to  point  B  is  now 


Fig.  6.2.  Evaluating  the  mass  moments 
of  inertia  with  respect  to  a  reference 
point  B  and  the  center  of  mass  C. 


I^ 


ss'  pdV  =   /  (rBc  +  q)irBc  +  T  )  pdV. 
V  Jv 


Expanding  the  integrand  and  taking  advantage  of  the  fact  that  r^^  can  be  factored 
out  of  the  integral  sign  leads  to 


m  rscrBc  +  '^BC 


q^  pdV 


qpdV 


'BC+  I    1<1    PdV. 
/v 


The  two  middle  terms  vanish  because  Jy  q  pdV  =  mrcc  =  0.  The  last  term  is  the 
mass  moment  of  inertia  tensor,  /  ,  evaluated  with  respect  to  the  center  of  mass,  and 
hence, 


I    +mrBc'rBc- 


(6.8 
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Let  I^  and  if,  be  the  components  of  the  mass  moment  of  inertia  tensors  /^  and  7*^, 
respectively,  and  let  {xi ,  2:2 ,  xs  }  be  the  components  of  vector  rsc  ^11  resolved  in 
a  given  basis.  The  diagonal  components  of  tensor  /    now  become 

In=Iii+H4+4),  (6-9a) 

Ig  =  lg+m(xl+xl),  (6.9b) 

Ii  =  l33+m(xl+xl).  (6.9c) 

Components  if^  and  7f^  of  the  mass  moment  of  inertia  tensor  are  evaluated  with 
respect  to  two  different  points,  an  arbitrary  point  B  and  the  center  of  mass,  respec- 
tively, but  in  the  same  basis,  i.e.,  with  respect  to  parallel  axis  systems;  hence,  the 
name  of  parallel  axes  theorem. 

The  properties  of  the  center  of  mass  were  used  in  the  derivation  of  this  theorem, 
hence,  it  is  incorrect  to  write  Iii  =  lu^  +  m{x'^  +  a;|)  if  points  B  and  R  are  two 
arbitrary  points  of  the  rigid  body. 

Because  the  second  term  on  the  right-hand  side  of  eqs.  (6.9)  is  strictly  positive, 
it  follows  III  >  -^n '  '^hat  is,  the  moment  of  inertia  always  increases  when  moving 
away  from  the  center  of  mass.  In  other  words,  the  minimum  value  of  In  is  obtained 
when  it  is  computed  with  respect  to  the  center  of  mass. 

The  off-diagonal  terms  of  tensor  of  moments  of  inertia  are  called  products  of 
inertia;  in  view  of  eq.  (6.8),  they  become 

(6.10a) 
(6.10b) 
(6.10c) 

In  this  case,  the  second  term  on  the  right-hand  side  could  be  positive  or  negative; 
consequently,  products  of  inertia  could  increase  of  decrease  when  moving  away 
from  the  center  of  mass. 

Theorem  6.1  (Parallel  axis  theorem).  The  components  of  the  mass  moment  of  iner- 
tia tensor  of  a  rigid  body  computed  with  respect  to  an  arbitrary  point  B  are  related  to 
their  counterparts  resolved  in  the  same  basis  but  computed  with  respect  to  the  body's 
center  of  mass  by  eqs.  (6.9)  and  (6.10). 


6.3.2  Change  of  basis 

In  the  previous  section,  relationships  were  derived  between  the  components  of  the 
tensor  of  mass  moments  of  inertia  evaluated  with  respect  to  two  different  points, 
but  resolved  in  the  same  basis.  In  this  section,  relationships  are  sought  between  the 
components  of  this  tensor  resolved  in  two  different  bases,  but  evaluated  with  respect 
to  the  same  point. 


-'23 

=  /2^3- 

-  mx2X3 

-'13 

=  I?3- 

-  mxixs 

-'12 

=  I?.  - 

-  mxiX2 
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Consider  two  bases,  B  and  B',  and  let  R  be  the  components  of  the  rotation  tensor 
that  brings  basis  B  to  basis  B',  resolved  in  basis  B.  Equation  (6.3)  then  implies 


-'ll  -'12  -'13 

T'     T'     T' 

-'12  -'22  -'23 

T'     T'     T' 
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-^23 

13 

/23 

hz_ 

& 


(6.11) 


where  /'  and  /  are  the  components  of  the  mass  moment  of  inertia  tensor  in  bases  B' 
and  B,  respectively. 

It  is  instructive  to  look  at  the  transformation  laws  for  specific  components.  The 
rotation  tensor  will  be  represented  by  its  direction  cosines, 


R 


i\  mi  n\ 
(.2  m,2  n2 


(6.12) 


First,  the  diagonal  terms  of  /'  are 

I[^  =  elhi  +  III22  +  ^3-^33  +  24^3-^23  +  2^i4/l3  +  2£i4/l2, 

J' 

'22 


(6.13a) 


/oo  =  m\lii  +  7^2/22  +  m\l32,  +  2m2mzl2s.  +  2mim3liz  +  2mim2/i2, 


Ti  It 


71-2/22  +  n\hz 


2n2n3l23  +  2nin3Ji3  +  2nin2lr, 


(6.13b) 
(6.13c) 


Next,  the  off-diagonal  terms  of  /'  are 


T' 

-'23 


nirriilii  +  7127712/22  +  nstn^Iss  +  (7127713  +  7i3r772)/23 

+  (ni77l3  +  r73r77l)/l3  +  (7117712  +  7l2771l)/l2. 

/i3  =  nililii  +  n2(.2h2  +  7734/33  +  {ni^z  +  n'i(.2)l23 

+  (r7l4  +  773fl)/l3  +  (771^  +  7l2£l)/l2. 

7^2  =  -^17711/11  +  ^7772/22  +  hmsha  +  [hms  +  £31712)123 
+  {hm3  +  £3mi)Ii3  +  (£11712  +  4777i)/i2. 


(6.14a) 
(6.14b) 
(6.14c) 


6.3.3  Principal  axes  of  inertia 

The  tensor  of  mass  moments  of  inertia  was  shown  to  be  a  symmetric,  positive-definite 
tensor.  In  view  of  section  1.4.2,  its  eigenvalues  must  be  real  and  positive.  Further- 
more, it  is  always  possible  to  construct  a  set  the  orthogonal  eigenvectors  that  will 
diagonalize  this  tensor,  see  eq.  (1.64).  Let  u^,  u^'  ^^d  Mj  be  the  eigenvector  of  the 
tensor  of  mass  moments  of  inertia,  and  P=  [uj^ ,  7*21  "3]  •  It  the  follows  that 


P'^/P  =  diag(/*) 


7i* 

0 

0' 

0 

li 

0 

0 

0 

^3. 

(6.15) 
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where  I^,  /g ,  and  /g  are  the  eigenvalues  of  the  tensor  of  mass  moments  of  inertia. 
For  symmetric,  positive-definite  tensors,  the  eigenvectors  can  be  selected  to  form  an 
orthogonal  tensor,  which  itself,  can  be  interpreted  as  a  rotation  tensor. 

Let  ;S*  be  the  basis  defined  by  the  eigenvectors;  P  is  then  the  rotation  tensor  that 
brings  basis  B  to  basis  B*.  In  view  of  eq.  (6.3),  the  statement  diag(Z*)  =  P  I_P 
is  a  change  of  basis  operation:  /  and  diag(/*)  are  the  components  of  the  moment 
of  inertia  tensor  in  bases  B  and  B*,  respectively.  The  transformation  defined  by  the 
principal  axes  of  inertia  brings  the  components  of  the  mass  moments  of  inertia  tensor 
to  a  diagonal  form. 


6.3.4  Problems 

Problem  6.1.  Kinetic  energy  for  a  rigid  body  undergoing  rotational  motion 

A  rigid  body  is  in  rotational  motion  about  fixed  inertial  point  O,  which  does  not  coincide  with 
the  center  of  mass  of  the  rigid  body.  Starting  from  eq.  (6.7),  prove  that  the  kinetic  energy  of 
the  rigid  body  can  be  expressed  in  the  following  form 


K   —  —  LJ       I       (jj    , 
2  -     =      -  ' 


(6.16) 


where  /  is  the  mass  moment  of  inertia  tensor  computed  with  respect  to  point  O.  Notation 
(•)*  indicates  the  components  of  vectors  and  tensors  resolved  in  a  body  attached  basis. 

Problem  6.2.  Two  interconnected  particles  in  planar  motion 

Figure  6.3  depicts  a  system  of  two  rigidly  interconnected  particles  undergoing  planar  motion 
and  subjected  to  the  acceleration  of  gravity,  —gi2-  Point  C  is  the  center  of  mass  of  the  system 
and  6  the  angle  the  massless  rigid  bar  connecting  the  particles  makes  with  the  horizontal.  (1) 
Does  the  following  relationship  hold,  mir-^  —  — 77115(12?  (2)  If  di  and  ^2  are  the  distances 
from  the  two  particles  to  the  center  of  mass,  prove  that  dirrii  —  d2m2.  (3)  Does  the  following 


relationship  hold. 


-g^2^  (4)  Evaluate  the  angular  momentum  vector  of  the  system 


with  respect  to  its  center  of  mass  in  terms  of  6.  (5)  Is  this  angular  momentum  of  the  system 
preserved?  lustify  all  your  answers.  YES/NO  answers  are  not  valid. 


Fig.  6.3.  Two  interconnected  particles  in  pla-       Fig.  6.4.  Two  interconnected  particles  in  pla- 
nar motion.  nar  motion. 
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Problem  6.3.  Two  interconnected  particles  in  planar  motion 

Figure  6.4  siiow  a  system  of  two  rigidly  interconnected  particles  undergoing  planar  motion 
and  subjected  to  the  acceleration  of  gravity,  —gi2-  The  angle  the  massless  rigid  bar  connecting 
the  particles  makes  with  the  horizontal  is  denoted  9{t).  (1)  Determine  the  initial  location  of 
the  center  of  mass,  r^g,  and  its  initial  velocity,  Vqq.  (2)  Find  the  initial  angular  velocity  vector 
of  the  system,  o^q.  (3)  Find  the  condition  that  must  be  satisfied  by  the  initial  velocity  vectors  of 
the  two  particles,  Uj^q  and  v^q  .  (4)  Is  the  angular  momentum  of  the  system  preserved?  (5)  Find 
the  time  history  of  the  position  vectors  of  the  two  particles,  r  j  (f )  and  r  2  (i) .  Use  the  following 
data:  mi  —  1.3  kg,  m2  —  5.2  kg,  rj^(i  =  0)  =  r^^  =  5ii  m,  r^i^  =  0)  =  r2o  ~  ^^2  m, 
v-^{t  =  0)  =  v^Q  —  — 2.2ii  —  3i2  m/s,  W2(i  =  0)  =  £20  ~  2.12  zi  +  4.2i2  rn/s. 

Problem  6.4.  Moments  of  inertia  of  a  rectangular  plate  with  side  bar 

A  homogeneous  rectangular  plate  of  mass  J\/,  length  a,  and  width  b  is  connected  to  a  homoge- 
neous rod  of  mass  m  and  length  a/2,  as  depicted  in  fig.  6.5.  (1)  Determine  the  mass  moment 
of  inertia  tensor  of  the  system  evaluated  with  respect  to  point  O,  the  plate's  geometric  center, 
and  resolved  in  a  set  of  axes  parallel  to  the  edges  of  the  plate.  (2)  Determine  the  orientation 
of  the  principal  axes  of  inertia  at  point  O  and  the  corresponding  principal  mass  moments  of 
inertia.  (3)  Find  the  location  of  the  center  of  mass  of  the  system,  point  C.  (4)  Determine  the 
orientation  of  the  principal  axes  of  inertia  at  point  C  and  the  corresponding  principal  mass 
moments  of  inertia.  Use  the  following  data:  a  =  0.48  m,  6  =  0.24  m,  M  =  0.5  kg,  and 
m  —  0.3  kg. 


m 

C 

0 

0' 

M 

. 

Fig.  6.5.  Rectangular  plate  with  side  bar. 


Fig.  6.6.  Rectangular  plate  with  corner  nor- 
mal bar. 


Problem  6.5.  Moments  of  inertia  of  a  rectangular  plate  with  corner  normal  bar 

A  homogeneous  rod  of  mass  m  and  length  c  is  connected  at  the  corner  of  a  homogeneous 
rectangular  plate  of  mass  M,  length  a,  and  width  b,  as  depicted  in  fig.  6.6.  The  rod  is  normal 
to  the  plate.  (1)  Determine  the  mass  moment  of  inertia  tensor  of  the  system  evaluated  with 
respect  to  point  O,  the  plate's  geometric  center,  and  resolved  in  a  set  of  axes  parallel  to  the 
edges  of  the  plate.  (2)  Determine  the  orientation  of  the  principal  axes  of  inertia  at  point  O 
and  the  corresponding  principal  mass  moments  of  inertia.  (3)  Find  the  location  of  the  center 
of  mass  of  the  system,  point  C.  (4)  Determine  the  orientation  of  the  principal  axes  of  inertia 
at  point  C  and  the  corresponding  principal  mass  moments  of  inertia.  Use  the  following  data: 
a  =  0.64  m,  6  =  0.36  m,  c  =  0.48  m,  M  =  0.5  kg,  and  m  =  0.4  kg. 
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Problem  6.6.  Moments  of  inertia  of  the  flywheel  governor 

Figure  6.7  shows  a  simplified  configuration  of  the  flywheel  governor.  Two  particles  of  mass  m 
are  connected  to  four  articulated  bars  of  length  L,  which  remain  in  a  plane  at  all  times.  Angle 
6  is  changing  according  to  the  following  schedule:  6{t)  —  7r/4  +  7r/6  sin  2nt.  At  time  f  =  0, 
the  system  has  an  angular  velocity  u  —  Qq  13.  (1)  Is  the  angular  momentum  of  the  system 
preserved?  (2)  Is  the  angular  velocity  of  the  system  preserved?  (3)  Find  the  time  history  of  the 
angular  velocity  vector  of  the  system,  cj(t).  (4)  Plot  ||a;(f)||/.Oo  for  t  G  [0,  1]  s. 


♦  Ot    /  *>! 


Fig.  6.7.  Flywheel  governor. 


Fig.  6.8.  Two  rigidly  connected  bars. 


Problem  6.7.  Rigid  bar  connected  to  a  shaft 

Figure  6.8  shows  rigid  shaft  of  length  L  and  mass  M.  Basis  £  —  (61,62,63)  is  attached 
to  the  shaft;  unit  vector  ei  is  aligned  with  the  shaft.  A  rigid  bar  of  length  r  and  mass  m  is 
rigidly  connected  to  the  shaft.  Basis  A  —  (ai,  02,1x3)  is  attached  to  the  bar,  63  —  ds  and 
a  —  (62,  ai);  unit  vector  ai  is  aligned  with  the  bar.  The  shaft  and  bar  are  homogeneous 
slender  rods,  see  fig.  6.42,  and  their  centers  of  mass  coincide  at  point  C.  (1)  Determine  the 
tensor  of  mass  moments  of  inertia  of  the  assembly  in  basis  £. 

Problem  6.8.  Rigid  disk  connected  to  a  shaft 

Figure  6.8  shows  rigid  shaft  of  length  L,  radius  R,  and  mass  Ad.  Basis  £  —  (ei,  62, 63)  is 
attached  to  the  shaft;  unit  vector  ei  is  aligned  with  the  shaft.  A  rigid  disk  of  radius  r  and  mass 
m  is  rigidly  connected  to  the  shaft.  Basis  A  —  (ai,  02, 0,3)  is  attached  to  the  disk,  63  —  dg 
and  a  =  (62,  ai);  unit  vector  02  is  normal  the  disk.  The  shaft  is  a  homogeneous  cylinder,  see 
fig.  6.40,  and  the  disk  a  homogeneous  thin  disk,  see  fig.  6.41.  Their  centers  of  mass  coincide 
at  point  C.  (1)  Determine  the  tensor  of  mass  moments  of  inertia  of  the  assembly  in  basis  £. 


6.4  Derivatives  of  the  angular  momentum  vector 

Because  a  rigid  body  is  a  system  of  particles,  Euler's  second  law,  M(j  =  H_(j,  ap- 
plies. Use  of  this  equation  calls  for  the  evaluation  of  the  time  derivative  of  the  angu- 
lar momentum  vector  evaluated  with  respect  to  the  center  of  mass  of  the  rigid  body, 
H_(j  =  /   w,  see  eq.  (6.4).  The  time  derivative  of  this  quantity  is 


Evaluation  of  the  mass  moment  of  inertia  tensor  is  a  cumbersome  task.  If  the 
basis  in  which  the  components  of  this  tensor  are  computed  changes  its  orientation 


6.5  Equations  of  motion  for  a  rigid  body         211 

with  respect  to  the  rigid  body,  J     =  l   [t),  and  this  evaluation  must  be  repeated  at 

.  (J 
each  instant  in  time;  furthermore,  this  imphes  i     ^0.  Consequently,  it  is  convenient 

to  select  a  body  attached  frame  for  the  evaluation  of  the  mass  moments  of  inertia, 
which  then  become  constant  quantities  in  time,  and  their  time  derivatives  vanish. 

Consider  an  inertial  basis,  I,  and  a  body  attached  basis,  B*;  superscript  (•)*  in- 
dicates tensor  components  resolved  in  basis  B* .  Let  R  be  the  components  of  the 
rotation  tensor  that  brings  basis  I  to  basis  B* ,  resolved  in  I.  Furthermore,  let  H_(j, 
I^ ,  and  a;  be  the  components  of  the  angular  momentum  vector,  mass  moment  of 
inertia  tensor,  and  angular  velocity  vector,  respectively,  all  resolved  in  basis  I.  It 
then  follows  that  ^ H(.  =  ^L^R^ui  =  L^*ui*,  where  X'^*  and  w*  are  the 
components  of  the  mass  moment  of  inertia  tensor  and  angular  velocity  vector,  re- 
spectively, resolved  in  basis  B* .  The  orthogonality  of  the  rotation  tensor  then  implies 
i£p  =  RL  ui*  ■  While  the  component  of  /  are  time-dependent  quantities,  those 
of  /  are  constants  and  their  time  derivatives  vanish.  The  time  derivative  of  the 
angular  momentum  vector  now  becomes 

Kc  =  RI^*^*  +RI^*^*  =  R{l^*ui*  +^*l^*^*)  ■         (6.17) 

Euler's  second  law  holds  true  when  expressed  about  the  rigid  body's  center  of 
mass,  but  it  is  equally  valid  when  expresses  with  respect  to  an  inertial  point  O,  Mq  = 
_ff  Q ,  see  eq.  (3 .75).  Here  again,  evaluation  of  the  derivative  of  the  angular  momentum 
vector  involves  derivatives  of  the  mass  moment  of  inertia  tensor. 

To  ease  the  evaluation  of  these  derivatives,  the  first  step  is  to  work  in  a  body 
attached  basis  B*,  and  the  components  of  the  mass  moment  of  inertia  tensor  resolved 
in  this  basis  are  denoted  /''*.  Unfortunately,  this  is  not  yet  sufficient  to  guarantee 

J  =0.  Indeed,  point  O  is  an  inertial  point  that  is  not  necessarily  a  material  point  of 
the  body;  consequently,  the  mass  moments  of  inertia  might  still  be  time-dependent. 

If  inertial  point  O  is  a  fixed  point  on  the  body,  the  mass  moments  of  inertia 
resolved  in  the  body  attached  basis  become  constant  and  J  vanishes.  This  happens 
only  if  the  rigid  body  is  undergoing  pure  rotation  about  inertial  point  O.  If  /  =  0, 
developments  similar  to  those  presented  above  lead  to  H_q  =  R{I_'-'*uy*  +uj*I_^*uf). 

In  summary,  the  time  derivative  of  the  angular  momentum  vector  is 

Ka=E  (I'^*^*  +  2*1-^^*)  ,  (6.18) 

when  (I)  point  A  is  the  center  of  mass  of  the  rigid  body,  or  (2)  the  rigid  body  is 
undergoing  pure  rotation  about  inertial  point  A. 


6.5  Equations  of  motion  for  a  rigid  body 

The  equations  of  motion  for  a  rigid  body  are  derived  from  the  equations  of  motion 
for  a  general  system  of  particles  presented  in  section  3.4.4.  The  first  equation  of 
motion  governs  the  motion  of  the  center  of  mass  of  the  rigid  body,  eq.  (3 .70),  and  the 
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second  equation  governs  its  angular  motion,  eq.  (3.76).  The  general  form  of  the  first 
equation  is 

F  =  mac,  (6.19) 

where  a(j  is  the  inertial  acceleration  of  the  center  of  mass  of  the  rigid  body  and  F_ 
the  sum  of  the  externally  applied  forces. 

The  general  form  of  the  second  equation  is 

Mc  =  iLc,  (6.20) 

where  H_(j  is  the  angular  momentum  computed  with  respect  to  the  center  of  mass  and 
M n  the  sum  of  the  externally  applied  moments  computed  with  respect  to  the  center 
of  mass.  This  second  equation  of  motion  can  be  written  in  several  different  manners 
depending  on  the  point  with  respect  to  which  the  externally  applied  moments  are 
computed.  The  following  four  cases  will  be  considered. 

1.  The  sum  of  the  externally  applied  moments  is  computed  with  respect  to  the  cen- 
ter of  mass  of  the  rigid  body. 

2.  The  sum  of  the  externally  applied  moments  is  computed  with  respect  to  a  pivot 
point  of  the  rigid  body.  A  pivot  point  is  a  point  of  the  body  that  happens  to  be  an 
inertial  point;  clearly,  such  a  point  does  not  always  exist. 

3.  The  sum  of  the  externally  applied  moments  is  computed  with  respect  to  a  mate- 
rial point  of  the  rigid  body. 

4.  The  sum  of  the  externally  applied  moments  is  computed  with  respect  to  an  ar- 
bitrary point.  This  arbitrary  point  is  not  necessarily  inertial  and  is  not  a  material 
point  of  the  body. 

The  choice  among  the  various  forms  of  the  equations  is  purely  a  matter  of  conve- 
nience: for  specific  applications,  one  formulation  might  lead  to  simpler  equations. 
The  four  approaches  are  detailed  in  the  following  sections. 

6.5.1  Euler's  equations 

In  view  of  eq.  (6.17),  the  second  equation  of  motion  of  the  rigid  body,  eq.  (6.20), 
becomes  M(^  =  R{I_  ui*  +5*/  a;*).  Multiplying  this  equation  by  _R  then  leads 
to  ~  ~ 

Kh  =  f*'k*  +  ^*L°*iu*,  (6.21) 

where  M_q  =  R  M_(j  is  the  sum  of  the  externally  applied  moments  computed  with 
respect  to  the  center  of  mass  and  resolved  in  a  body  attached  basis. 

If  this  basis  coincides  with  the  principal  axes  of  inertia,  the  mass  moment  of 
inertia  tensor  reduces  to  a  diagonal  form,  see  eq.  (6.15),  and  the  governing  equations 
further  simplify  to 


(6.22) 


M£i 

=  /f *-l  - 

{It 

-  h  *)  ^2^li 

Mc2 

=  l2*^*2  - 

{It 

-  lt)^l^*l, 

Mc3 

=  It^l  - 

{It 

-I2*X^2^ 

6.5  Equations  of  motion  for  a  rigid  body         213 

where  Mcf  =  {*^ci>  ^c'2>  ^cs}  and  l'^*  =  diag(/f*, /f*,/f*).  These  equa- 
tions are  known  as  Euler's  equations  for  the  angular  motion  of  a  rigid  body.  The  sum 
of  the  externally  applied  moments  is  computed  with  respect  to  the  center  of  mass  of 
the  rigid  body. 

6.5.2  The  pivot  equations 

The  governing  equations  of  a  system  of  particles  can  also  be  written  with  respect 
to  an  inertial  point,  Mq  =  H^,  see  eq.  (3.75).  Furthermore,  if  this  inertial  point  is 
also  a  material  point  of  the  rigid  body,  the  time  derivative  of  the  angular  momentum 
vector  is  given  by  eq.  (6. 1 8)  and  the  equation  of  motion  becomes  M_q  =  R{I_  u*  + 
u}*I^*iS*).  Multiplying  this  equation  by  R^  then  leads  to 

Mh  =  I?*^*  +  S*X°*w*,  (6.23) 

where  Mq  =  R  M_q  is  the  sum  of  the  externally  applied  moments  computed  with 
respect  to  point  O,  resolved  in  a  body  attached  basis. 

Equation  (6.23)  only  holds  if  point  O  is  an  inertial  point  that  is  also  a  material 
point  of  the  rigid  body;  this  implies  that  the  rigid  body  is  undergoing  pure  rotational 
motion  about  inertial  point  O.  Point  O  is  then  often  called  a  pivot  point  of  the  rigid 
body,  and  hence,  eqs.  (6.23)  are  known  as  the  pivot  equations  for  the  angular  motion 
of  a  rigid  body;  the  sum  of  the  externally  applied  moments  is  computed  with  respect 
to  this  pivot  point. 

6.5.3  Equations  of  motion  with  respect  to  a  material  point  of  the  rigid  body 

Let  point  B  be  a  material  point  of  the  rigid  body.  The  angular  momentum  vector 
computed  with  respect  to  this  point  is  given  by  eq.  (6.2)  as  7J^  =  tbc  ^t^Hb  +  L  id, 
and  it  can  be  related  to  the  angular  momentum  computed  with  respect  to  the  center 
of  mass  by  eq.  (3.67)  as  I£g  =  H^^  +  rsc  fnHc- 

Equating  these  two  expressions  and  taking  a  time  derivative  leads  to 

Kc  +  ^BC  ma(j  +  tbc  mv^  =  rsc  rnvg  +  tbc  mag  +  {L^lu)'. 

In  view  of  eqs.  (6.19)  and  (6.20),  the  first  two  terms  on  the  left-hand  side  are  ex- 
pressed as  Hq,  +  Tbc  'n^Q.c  —  M.c  +  '^bc  E.  =  M.B'  where  the  last  equality 
follows  from  eq.  (3.61),  and  the  above  expression  becomes  Mp  =  tbc  rn{vB  — 
Vq)  +  vbc  m^QiB  +  (X   y)  •  The  first  term  on  the  right-hand  side  vanishes  because 

7bc  iTi'{y_B  —  y_c)  =  —vbc  ttt-Ubc  —  0'  ^^^  finally 

Mb  =  ^BC  mas  +  {L^<4   ■  (6-24) 

To  evaluate  the  time  derivative  of  the  last  term,  it  is  convenient  to  express  the 
moment  of  inertia  tensor  in  the  body  attached  basis:  (/   lS)'    =   {R£   *w*)'    = 
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i?(/^*cj*  -\-u)*I_^*uf*).  Resolving  all  quantities  in  the  body  attached  basis,  eq.  (6.24) 
becomes 

M*B  =  7*Bc  R^mciB  +  L^*(k*  +  2*1^* w* ,  (6.25) 

where  Mp  is  the  sum  of  the  externally  applied  moments  computed  with  respect  to 
material  point  B  of  the  rigid  body,  r^c  is  the  position  vector  of  the  center  of  mass 
with  respect  to  point  B,  and  R  a^  the  components  of  the  acceleration  vector  of  point 
B,  all  resolved  in  the  body  attached  frame. 

6.5.4  Equations  of  motion  with  respect  to  an  arbitrary  point 

Let  point  P  be  an  arbitrary  point,  i.e.,  point  P  is  neither  inertial,  nor  a  material  point 
of  the  rigid  body.  Using  eq.  (3.61),  the  moment  computed  with  respect  to  point  P  is 
related  to  that  computed  with  respect  to  the  center  of  mass  as  A£p  =  M_q  +  rpcF_. 
Introducing  eqs.  (6.19)  and  (6.20)  then  leads  to 

M p  =  H n  +  Tpc  rnaQ  =  rpc  inac  ~^  HiL  *^*  +  ^*L  *^*)  i  (6.26) 

where  the  last  equality  follows  from  eq.  (6.17). 

Resolving  all  quantities  in  the  body  attached  basis,  eq.  (6.26)  becomes 

M*p  =  Fpc  R^mac  +  ^*^*  +  S*I^*w* ,  (6.27) 

where  M*p  is  the  sum  of  the  externally  applied  moments,  computed  with  respect  to 
an  arbitrary  point  P,  £*pQ  are  the  components  of  the  position  vector  of  the  center  of 
mass  with  respect  to  point  P,  and  R^a^^  the  components  of  the  acceleration  vector 
of  the  center  of  mass,  all  resolved  in  the  body  attached  basis. 
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In  section  3.4.5,  the  principle  of  work  and  energy  was  derived  for  a  system  of  parti- 
cles, see  eq.  (3.80).  For  an  arbitrary  system  of  particles,  the  work  done  by  the  internal 
forces  explicitly  appears  in  the  statement  of  the  principle,  which  is,  consequently,  of 
little  practical  use.  If  the  system  of  particles,  however,  is  a  rigid  body,  the  work  done 
by  the  internal  forces  can  be  eliminated  from  the  statement  of  the  principle  of  work 
and  energy,  making  it  a  powerful,  practical  tool. 

The  work  done  by  all  external  and  internal  forces  acting  of  the  rigid  body  is 
found  by  summing  up  the  work  done  by  all  external  and  internal  forces  acting  on 
each  particle  of  the  body 

Wu^t,=Y.         {Ff+     J2     /pdr,.  (6.28) 

The  sum  of  the  externally  applied  forces  acting  on  particle  i  is  denoted  F_^,  f . .  de- 

— *j 
notes  the  internal  forces  resulting  from  the  interaction  of  particles  i  and  j,  and  dr  ^  is 

the  differential  displacement  of  particle  i. 
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Because  the  body  is  rigid,  the  differential  displacements  of  one  of  its  points  can 
be  expressed  in  terms  of  the  differential  displacement  of  reference  point  B  of  the 
body,  drg,  and  the  differential  rotation  vector  of  the  body,  d^/",  as  dr.;  =  drg  + 

dtpSj^,  where  s^  is  the  position  vector  of  particle  i  with  respect  to  reference  point  B. 
Introducing  this  expression  for  the  differential  displacement  into  eq.  (6.28)  leads  to 
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Expanding  the  scalar  products  then  yields 
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Because  quantities  drg  and  dtfj  do  not  depend  on  the  particle  number,  the  various 
summations  appearing  in  this  expression  can  be  regrouped  in  the  following  manner 
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(6.29) 


dip. 


In  the  first  term,  the  bracketed  expression  represents  the  sum  of  all  externally  ap- 
plied forces  to  the  rigid  body,  F_  =  J2i=il^i-  ^^  '^he  second  term,  the  bracketed 
expression  represents  the  sum  of  all  moments  externally  applied  to  the  rigid  body, 
M p  =  J2i=i  'siE.i-  The  third  term  in  this  expression  vanishes  in  view  of  eq.  (3.59), 
and  eq.  (3.62)  implies  the  vanishing  of  the  last  term.  Equation  (6.29)  finally  re- 
duces to  Wti^tf  =  /(■'  F^drg  +  Jj  -^  Mj^dip.  The  principle  of  work  and  energy, 
eq.  (3.80),  applied  to  a  rigid  body  now  becomes 


F^drr,+ 


Midi  =  K{tf)  -  K{U 


'ti  Jti 

This  result  is  known  as  the  principle  of  work  and  energy. 

Principle  7  (Principle  of  work  and  energy  for  a  rigid  body)  The  work  done  by 
the  external  forces  and  moments  acting  on  a  rigid  body  equals  the  change  in  the 
rigid  body 's  kinetic  energy. 
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Example  6.1.  Rotating  disk  on  a  bent  arm 

Figure  6.9  shows  a  rotating  disk  connected  to  a  bent  arm.  Massless  arm  OAB  features 
a  bend  of  /3  rad  at  point  A.  At  point  O,  a  bearing  allows  the  arm  to  rotate  at  a  constant 
angular  velocity,  Q,  with  respect  to  ground.  A  disk  of  mass  m  and  radius  r  rotates  at 
a  constant  angular  velocity,  lu,  and  is  connected  to  the  arm  at  point  B  by  means  of  a 
massless  shaft.  The  dimensions  of  the  system  are  indicated  on  the  figure.  A  planar  ro- 
tation of  magnitude  Qt  about  axis  13  brings  inertial  frame,  T^  =  [O,  I  =  («i ,  «2 ,  *3 )] 
to  frame  T^  =  [O,  A'  =  (ai,  0,2, 03)]  that  is  attached  to  the  arm;  all  tensor  compo- 
nents resolved  in  basis  A'  are  denoted  with  superscripts  (•)'. 


=  6, 


Fig.  6.9.  Configuration  of  the  rotating  disk. 


A  second  planar  rotation  of  magnitude  f3  about  axis  0,2  brings  basis  A'  to  basis 
£+  and  frame  J^^  =  [A,£'^  =  (61,62,63)]  is  attached  to  the  arm,  with  axis  63 
pointing  along  the  bent  segment  AB;  all  tensor  components  resolved  in  basis  5+  are 
denoted  with  superscripts  ( • ) + .  Finally,  a  planar  rotation  of  magnitude  ujt  about  axis 
63  brings  basis  £+  to  basis  B*  and  frame  J^^  =  [C,B*  =  (&i,62,^3)]  is  attached 
to  the  rotating  disk;  all  tensor  components  resolved  in  basis  B*  are  denoted  with 
superscripts  (•)*. 

The  components  of  the  rotation  tensor  that  brings  inertial  basis  X  to  basis  B*, 
resolved  in  basis  I,  will  be  constructed  as  i?  =  R^R!„R^,  where  R    ,  i?'    and  R^ 

are  the  components  of  the  rotation  tensors  that  bring  basis  X  to  basis  A',  A'  to  £+, 
and  f  +  to  B*,  respectively,  resolved  in  bases  X,  A',  and  £^,  respectively.  Compute 
the  forces  and  moments  acting  in  the  shaft  at  point  B,  those  acting  in  the  arm  at  the 
same  point,  and  finally,  the  forces  and  moments  acting  in  the  bearing  at  point  O. 

The  angular  velocity  of  the  disk  is  readily  obtained  from  the  addition  theorem  as 
u  =  Qii,  +  1LJ63.  The  components  of  the  angular  velocity  and  acceleration  vectors 
then  become 
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{-QSpCu,  ^  (  QujSpSuj 

nCfj+uj]  {        0 

where  Cn  =  cos  f2t,  Cp  =  cos  (i,  and  C^j  =  cos  wt,  with  similar  expressions  for  the 
sine  functions  of  the  corresponding  angles. 

The  inertial  position  of  the  center  of  mass  of  the  disk  is  r^  =  dh^ ;  its  acceleration 
vector  then  becomes  a,^  =  d{uj  +  uju])h^ .  The  components  of  this  acceleration  vector 
in  basis  B*  then  become  a^  =  d{uj    +  u)*il)*)h'^,  or 

Body  attached  frame  J^^  is  located  at  the  center  of  mass  of  the  disk  and  is  aligned 
with  its  principal  axes  of  inertia.  Figure  6.41  gives  the  principal  mass  moments  of 
inertia  of  the  disk  as  /{^*  =  Jg^*  =  mr'^/A  and  /g^*  =  mr^/2.  With  the  help  of 
the  free  body  diagram  shown  in  fig.  6.9,  the  equations  of  motion  of  the  disk,  see 
eqs.  (6.19)  and  (6.21),  then  become 

F*B  =  mdQ"^  I     SpCpSu,  >  , 


_Q2 

Dp 


and 


(6.30) 


M*B  -  ab^Fg  =  -mr^  {  QLoSpC^  +  QSpC^iQCp 


-n{2uj  +  QCfi)Sp 


respectively.  The  resultant  of  the  externally  applied  moments  was  computed  with 
respect  to  the  center  of  mass,  as  required  by  eq.  (6.21).  In  these  equations,  F^  and 
M p  are  the  externally  applied  force  and  moment  vectors  acting  on  the  disk  at  point 
B. 

Eliminating  force  F^  from  the  equations  of  motion  yields  an  expression  for  mo- 
ment M*p , 


m 


-Q{2lo  +  nCp)Sfi  -  madn^SpCp 


The  third  component  of  moment,  Af^g,  vanishes;  this  implies  that  no  moment  needs 
to  be  applied  to  the  disk  about  unit  vector  63  to  maintain  its  constant  angular  velocity, 
u!.  Due  to  the  presence  of  the  trigonometric  functions  S^i  =  smut  and  Cu,  =  cos  ujt, 
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the  components  of  the  moment  vector,  M^ ,  acting  on  the  disk  are  time-dependent 
when  resolved  in  the  disk  attached  basis  B*.  This  impHes  that  the  shaft  will  be  sub- 
jected to  fatigue  loading  and  as  the  angular  speed,  a;,  of  the  disk  increases,  it  will 
accumulate  an  increasing  amount  of  loading  cycles  per  unit  time. 

On  the  other  hand,  the  components  of  the  same  moment  resolved  in  the  arm 
attached  basis,  £+,  denoted  M  J  =  R'^M*p.  become 


Mt 


-—Q{2uj  +  nC0)S0  -  madfi'^SpCp 


(6.31) 


Unlike  the  shaft  carrying  the  disk,  the  arm  is  subjected  to  a  constant  bending  moment. 
It  is  easily  verified  that  the  components  of  force  in  the  arm  attached  basis,  F^  = 
R^E.*,  are  also  constant  in  time. 

Figure  6.9  also  shows  a  free  body  diagram  of  the  arm;  because  this  component 
is  massless,  the  equations  of  statics  apply:  the  sum  of  both  forces  and  moments  must 
vanish.  This  yields  the  following  expressions  for  the  externally  applied  force  and 
moment  vectors  at  point  O,  denoted  F_q  and  M_q,  respectively:  F_q  =  F_g  and 
M_Q  =  M p  +  tobKb-  The  components  of  these  vectors,  expressed  in  basis  A' , 
are  Fq  =  B!c,F.b  ^^'^  M!o  =  R'aiM.B  +  ^ob£-b)'  respectively,  and  are,  of  course, 
constant  in  time. 

Finally,  the  forces  and  moments  acting  on  the  bearing  at  point  O,  resolved  in 
the  inertial  frame,  are  _Fq  =  R  Fq  and  Mq  =  R  M!o'  respectively.  The  third 
component  of  moment,  Mqs,  vanishes:  no  moment  needs  to  be  applied  to  the  arm 
about  axis  i^  to  maintain  the  constant  angular  velocity,  i7,  of  the  system.  Because 
Sn  =  sin  ilt  and  Co  =  cos  f2t,  the  other  loading  components  are  time-dependent: 
as  expected,  the  bearing  will  be  subjected  to  cyclic  loading.  The  bearing  is  subjected 
to  loads  oscillating  at  a  frequency  il,  in  contrast  with  those  acting  in  the  shaft,  which 
have  a  frequency  lj. 

Point  A  is  a  fixed  point,  or  pivot  point,  of  the  disk:  rotation  about  the  shaft  and 
rotation  of  the  bent  arm  leave  point  A  at  an  inertial  location.  Furthermore,  point  A  is 
a  material  point  of  the  disk,  consequently,  the  pivot  equation,  eq.  (6.23),  could  have 
been  used  instead  of  Euler's  equation,  eq.  (6.21).  The  mass  moment  of  inertia  tensor 
of  the  disk  with  respect  to  point  A  can  be  obtained  from  its  counterpart  about  point 
C  with  the  help  of  the  parallel  axis  theorem,  eq.  (6.9),  to  find  I^*  =  m(r^/4  +  cP), 
I2*  =  m{r'^  /A+d^),!^*  =  mr^/2.  The  pivotequationaboutpointA  now  becomes 

r  (rV4  +  d'')ujS^  +  (rV4  -  d'')S^{nCp  +  oj)  ] 
M*B  +  {d-a)blF*p  =  milSp  I  [r'^  1^  + d^)uC^  +  {r"^  j A  -  d^)C ^[nC ^  +  ^)  \  . 

This  equation  is  equivalent  to  that  derived  above.  Indeed,  introducing  the  expression 
for  the  force  F*g  from  eq.  (6.30),  leads  again  to  eq.  (6.31)  for  the  externally  applied 
moment  M_*g . 
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Example  6.2.  Swiveling  plate 

Figure  6. 10  shows  a  homogeneous,  rectangular  plate  of  height  a,  width  6,  and  mass  m 
connected  to  the  ground  by  a  rigid,  massless  link  of  length  d.  At  point  O,  a  bearing 
allows  the  link  to  rotate  with  respect  to  axis  13,  and  at  point  B,  the  plate  is  free  to 
rotate  with  respect  to  the  link  about  axis  ai. 

Three  frames  are  used  in  this  problem:  the  inertial  frame,  T^  = 
[0,X  =  (11,12,13)],  a  frame  attached  to  the  link,  J^'^  =  [0,^+  =  {0,1,(12,0,3)],  and 
finally,  a  frame  attached  to  the  plate's  center  of  mass,  J^^  =  [C,  B*  =  (61 ,  62,  ^3)]  ■ 
Tensor  components  resolved  in  bases  A'^  and  B*  are  denoted  with  superscripts  (•)"'" 
and  (•)*,  respectively.  A  planar  rotation  of  magnitude  a  about  axis  13  brings  basis  X 
to  basis  A^,  a  planar  rotation  of  magnitude  (3  about  axis  oi  brings  basis  A~^  to  basis 
B*,  and  rotation  tensors  R  and  i?„  are  associated  with  these  two  planar  rotations, 
respectively 


Fig.  6.10.  Configuration  of  the  swiveling  plate. 


The  inertial  angular  velocity  vector  of  the  plate  is  readily  found  with  the  help  of 
the  addition  theorem  as  oj  =  da,3  +  /3ai .  The  components  of  the  angular  velocity  and 
acceleration  vectors  resolved  in  basis  B*  are  then  found  to  be 


OJ 


aR 


+T-  + 
P     "3 


+  /3a+ 


and  ui* 


apCp 
a$Si3 , 


respectively.  The  inertial  position  of  the  center  of  mass  of  the  plate  is  He  =  (rf  + 
o/2)ai  and  the  acceleration  vector  a^  =  {d  +  a/2){ad2  —  d^ai);  the  components 
of  this  vector  resolved  in  basis  B*  then  become 

■2 


iiC 


Body  attached  frame  T^  is  located  at  the  plate's  center  of  mass  and  is  aligned 
with  its  principal  axes  of  inertia,  see  fig.  6.45.  The  principal  mass  moments  of  inertia 
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are  /f^*  =  mb'^/12,  /g*  =  ma'^/12,  /g*  =  Tn{a^  +  b'^)/12.  Figure  6.10  shows 
a  free  body  diagram  of  the  plate;  Fg  and  M^  are  the  externally  applied  force  and 
moment  vectors  acting  on  the  plate  at  point  B.  The  equations  of  motion  for  the  plate, 
see  eqs.  (6.19)  and  (6.21),  then  become 


F*B  +  mg  {     C^C^  J.  =  ^(d  +  ^)  {     aC^  }  ,  (6.32) 


-aSi3 


and 


(a2  +  b'^){aCfi  -  aPSp)  -  {b^  -  a'^)aiiSp_ 


m  - 1  KF*B  =  Y2  ^      «'("^^ + "'^^'5)  -  «'"^^^ 


respectively.  After  simplification,  this  last  equation  becomes 

Af^2  +  «/2  ^B3  >  =  T^  <  «'«^,9  )=m.         (6-33) 

.M^3-«/2^B2j  \[a?^b'')aC^-2b''aiiS^, 

where  Mj  represents  the  right-hand  side  of  this  equation.  The  first  component  of 
moment,  M^-^,  must  vanish  because  the  plate  is  free  to  rotate  with  respect  to  the  arm 
about  axis  b\\  this  reveals  the  first  equation  of  motion  of  the  problem,  ji^c?Sp,C^  = 
0. 

Figure  6.10  also  shows  a  free  body  diagram  of  the  massless  arm  OB;  F_q  and 
M_Q  are  the  externally  applied  force  and  moment  vectors  acting  on  the  arm  at  point 
O.  The  moment  equilibrium  equation  about  point  O,  expressed  in  basis  A^ ,  is  Mq  — 
<Ia.tE.B-Kt  =  0.  Introducing eq.  (6.33)  then  yields  MJ  =  (rf+a/2)afFj+M|. 
With  the  help  of  eqs.  (6.32)  and  (6.33),  this  applied  moment  at  point  O  becomes 

f  ° 

\^a+^  Cp{aCp  -  2apSft)  +  {d  +  a/2fa  -  g{d  +  a/2)C„ . 

Here  again,  the  configuration  of  the  system  implies  the  vanishing  of  the  third 
component  of  this  moment,  M^^.  The  equations  of  motion  of  the  system  correspond 
to  the  vanishing  of  two  components  of  moment,  MJj  =  0  and  M^^i  —  0'  ^^ 

aVl2  +  62/12  C}  +  {d  +  a/2f'\  a  -  b'^/Q  apSpCp  =  {d  +  a/2)gCa, 

P  +  d^SpCp  =  0, 

respectively.  The  two  conditions  leading  to  the  equations  of  motion  of  the  problem 
can  be  expressed  as  scalar  products:  bfM^B  =  0  and  i^Mn  =  0,  which  are  easily 
evaluated  when  the  vectors  are  expressed  in  an  appropriate  basis:  bf^Mp  =  0  and 
-tt^M+  =  0. 
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Example  6.3.  Rigid  body  connected  to  a  spring  and  dashpot 

Figure  6. 11  depicts  a  rigid  body  connected  to  the  ground  at  point  B  by  means  of  a 
spring  of  stiffness  constant  k  and  dashpot  of  constant  c.  The  rigid  body  is  of  mass 
M  and  its  moment  of  inertia  tensor  with  respect  to  the  center  of  mass  is  I_^ .  Vector 
T]  defines  the  position  of  the  center  of  mass  with  respect  to  point  B.  Frame  J^^  = 
[B,  B*  =  (6i,  &2,  ^3)]  is  attached  to  the  rigid  body;  superscript  (•)*  indicates  tensor 
components  resolved  in  basis  B* .  The  components  of  the  rotation  tensor  that  brings 
basis  X  to  basis  B*,  resolved  in  basis  X,  are  denoted  R.  Find  the  equations  of  motion 
of  the  system. 


F  =  -  F  u 


-  Mg  i, 
Free  body  diagram 


Fig.  6.11.  Configuration  of  the  rigid  body  connected  to  a  spring  and  dashpot. 


Let  Xg  and  Xq  be  the  position  vectors  of  points  B  and  C  with  respect  to  point 
Xq  —  T].  The  force  vector,  F_g,  applied  to  the  rigid  body 


O;  it  follows  that  x^ 
at  point  B  then  acts  in  the  direction  of  unit  vector  u  =  Xg/\\xg\\,  or  F^  =  —Fu, 
where  F  is  the  magnitude  of  the  applied  force.  It  then  follows  that  F  =  kA  +  cA, 
where  A  =  \\xg\\  —  io  is  the  stretch  of  the  spring  and  Iq  its  un-stretched  length. 
The  time  rate  of  change  of  the  stretch  is  easily  found  as  ^  =  u^Xg .  The  equation  of 
motion  for  the  center  of  mass  is  Mx^j  =  —Fu  —  Mgi-s.  Euler's  equation,  eq.  (6.21), 
implies  I_'-^*ui*  +  ui*I^*lS*  =  R'"  [—r]{—Fu)],  where  the  right-hand  side  represents 
the  moment  of  the  externally  applied  forces,  resolved  in  basis  B*. 

Although  it  is  convenient  to  work  with  the  components  of  all  vectors  and  tensors 
resolved  in  the  body  attached  basis,  it  is  also  possible  to  use  the  corresponding  com- 
ponents resolved  in  the  inertial  basis.  Multiplying  by  R  leads  to  I'^tj  +  uJI^io_  = 
Frju,  where  all  vectors  and  tensors  are  now  resolved  in  the  inertial  basis. 

For  numerical  solution  of  the  equations  of  motion,  it  is  convenient  to  recast  them 
as  a  set  of  first-order  equations  by  introducing  the  velocities  of  the  center  of  mass,  i;,^ , 
and  a  set  of  parameters,  q,  that  represent  the  rotation  of  the  rigid  body.  These  param- 
eters could  be  selected  as  Euler  angles  with  a  specific  sequence  of  planar  rotations, 
see  section  4.11.  The  angular  velocity  of  the  body  then  becomes  w  =  H_{q)q.  For 
Euler  angles  with  the  sequence  3-1-3  defined  in  section  4.11.1,  the  tangent  operator, 
71,  is  given  by  eq.  (4.68).  The  complete  set  of  first-order  equations  now  becomes 


222         6  Kinetics  of  rigid  bodies 

2       =  pI;'^     _  )  .  (6.34) 

He  \  -F/M  u-gi3         ' 

This  formulation  requires  the  tangent  operator,  H_,  to  be  singularity  free;  as  discussed 
in  section  4.1 1.1,  such  is  not  the  case  for  Euler  angles  with  the  sequence  3-1-3,  for 
which  H_~    is  singular  then  angle  6  =  0. 

6.6.1  Problems 

Problem  6.9.  Kinetic  energy  of  a  rigid  body 

Derive  an  expression  for  the  rotational  kinetic  energy  of  a  rigid  body.  Use  a  body  attached 
frame  with  its  origin  at  the  center  of  mass  and  orientation  that  coincides  with  the  principal 
axes  of  inertia.  The  orientation  of  the  body  attached  frame  with  respect  to  an  inertial  frame 
will  be  determined  by  Euler  angles  with  the  3-1-3  sequence,  see  section  4.11. 

Problem  6.10.  Rigid  body  connected  to  a  fixed  point 

Point  C  is  the  center  of  mass  of  a  rigid  body  of  arbitrary  shape.  This  point  is  connected  to  an 
inertial  point  O  by  means  of  a  ball  and  socket  joint.  Point  C  and  O  are  coincident.  The  only 
externally  applied  forces  are  the  gravity  forces  and  the  reactions  at  point  O.  (1)  Prove  that  the 
angular  momentum  vector  H_q  of  the  body  is  of  constant  magnitude  and  direction.  (2)  Prove 
that  the  kinetic  energy  of  the  body  remains  a  constant.  (3)  Show  that  the  magnitude  of  the 
projection  of  the  angular  velocity  vector  along  the  direction  of  the  angular  momentum  vector 
is  a  constant;  find  this  constant. 

Problem  6.11.  Rigid  body  moving  along  a  curve 

A  rigid  body  freely  slides  along  a  given  curve  C  in  three-dimensional  space.  A  point  of  the 
curve  has  a  position  vector  p  (s).  The  position  of  the  reference  point  of  the  rigid  body  isp  (s) 
and  its  orientation  is  determined  by  Frenet's  triad  R{s)  =  [i{s),  n(s),b{s)].  Find  the  equation 
of  motion  for  the  rigid  body  if  it  is  subjected  to  externally  applied  forces  and  moments.  Hint: 
the  only  degree  of  freedom  of  the  problem  is  s,  the  position  of  the  body  along  the  curve. 

Problem  6.12.  Spinning  rotor  mounted  on  a  rotating  disk 

Figure  6.12  depicts  a  homogeneous  disk  of  mass  M  and  radius  R  rotating  about  inertial  axis 
i3.  Frame  T'^  =  [O,  S^  =  (ei,  62,  63)]  is  attached  to  the  disk.  The  disk  rotates  about  unit 
vector  Ja  at  a  constant  angular  velocity,  O.  At  the  rim  of  the  disk,  a  rigid  massless  shaft  of 
length  d  extends  in  the  radial  direction  and  connects  to  a  homogeneous  disk  of  mass  m  and 
radius  r  spinning  about  unit  vector  ei  at  a  constant  angular  velocity,  cu.  (1)  Find  the  three 
components  of  the  reaction  force  in  the  bearing  at  point  B,  resolved  in  basis  £'^ .  (2)  Find  the 
three  components  of  the  reaction  moment  in  the  bearing  at  point  B,  resolved  in  basis  £^. 

Problem  6.13.  Spinning  rotor  mounted  on  a  rotating  disk 

Figure  6.12  depicts  a  homogeneous  disk  of  mass  M  and  radius  R  rotating  about  inertial  axis 
13.  Frame  T^  =  [O,  f  "*"  =  (ei,  62,  63)]  is  attached  to  the  disk.  Torque  T  is  applied  to  the 
disk  and  act  about  unit  vector  13.  At  the  rim  of  the  disk,  a  rigid  massless  shaft  of  length  d 
extends  in  the  radial  direction  and  connects  to  a  homogeneous  disk  of  mass  m  and  radius  r 
spinning  about  unit  vector  ei.  Frame  T^  =  [R,  B*  =  (fei,  62, 53)]  is  attached  to  the  rotor. 
Torque  Q  is  applied  to  the  rotor  and  act  about  unit  vector  ei.  (1)  Develop  the  equations  of 
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motion  of  tlie  system  in  terms  of  angles  cj)  and  6,  where  9  is  the  rotation  of  the  rotor  about 
unit  vector  e\ .  (2)  Find  the  three  components  of  the  reaction  moment  in  the  bearing  at  point  B, 
resolved  in  basis  £  ^ .  (3)  Find  the  three  components  of  the  reaction  force  in  the  bearing  at  point 
B,  resolved  in  basis  £^  .(4)  Find  the  three  components  of  the  reaction  moment  in  the  bearing 
at  point  O,  resolved  in  basis  £"*"  and  T.  (5)  Find  the  three  components  of  the  reaction  force  in 
the  bearing  at  point  O,  resolved  in  basis  £'^  and  X.  (6)  After  an  initial  start-up  phase,  the  disk 
and  rotor  spin  at  constant  angular  velocities,  (j)  =  Q  and  9  =  uj,  respectively.  Determine  the 
reaction  forces  and  moments  of  questions  (2)  to  (5). 


Fig.  6.12.  Spinning  rotor  mounted  on  a  rotat- 
ing disk. 


Fig.  6.13.  Plate  hinged  at  the  rim  of  a  rotating 
disk. 


Problem  6.14.  Plate  hinged  at  the  rim  of  a  rotating  disk 

Figure  6.13  depicts  a  homogeneous  disk  of  mass  M  and  radius  R  rotating  about  inertial  axis 
i3.  Frame  T^  —  [O,  £"*"  =  (ei,  eg,  ea)]  is  attached  to  the  disk.  At  point  B,  a  point  on  the 
rim  of  the  disk,  a  homogeneous  plate  of  mass  m,  length  h,  and  width  w  is  hinged  to  the  disk. 
The  hinge's  axis  is  aligned  with  unit  vector  eg;  a  torsional  spring  of  stiffness  constant  k  and 
a  torsional  dashpot  of  constant  c  are  located  at  the  hinge.  The  torsional  spring  is  un-stretched 
when  9  —  9o.  The  system  is  subjected  to  gravity  acting  in  the  direction  indicated  on  the  figure. 
(1)  Develop  the  equations  of  motion  of  the  system  in  terms  of  angles  0  and  9  indicated  on  the 
figure.  (2)  On  one  graph,  plot  angles  (f>  and  9  versus  r.  (3)  On  one  graph,  plot  angular  speeds  <j}' 
and  9' .  (4)  On  one  graph,  plot  angular  accelerations  <f)"  and  9" .  (5)  Plot  the  cumulative  energy, 
W''-  —  W'^/k,  dissipated  in  the  dashpot.  (6)  On  one  graph,  plot  the  kinetic,  K  —  K/k  and 
potential,  V  —  V/k  energies  of  the  system.  Check  that  the  energy  closure  equation  is  satisfied. 
(7)  On  one  graph,  plot  the  three  components  of  the  moment  in  the  bearing  at  point  B,  resolved 
in  basis  £^ .  (8)  On  one  graph,  plot  the  three  components  of  the  force  in  the  bearing  at  point 
B,  resolved  in  basis  £^ .  Use  the  following  data:  n  —  M/m  —  1.5,  w  =  w/b  =  0.2, 
R  =  R/b  =  0.2,  C  =  Ldc/{2k)  =  0.05,  g  =  9/{buj^)  =  2,  So  =  0.  A  non-dimensional  time 
is  defined,  r  =  ujt,  where  oj^  —  Sk/(mb'^);  notation  (•)'  indicates  a  derivative  with  respect  to 
T.  Use  the  following  initial  conditions,  0(r  —  0)  =  0,  9  —  0,  (j)'  —  1,  9'  —  —1.  Present  all 
your  results  for  r  e  [0,  20]. 

Problem  6.15.  Spinning  SatelUte 

Frame  T  =  [B,  i3*  —  (bi,b2,  63)]  is  attached  to  a  satellite.  Point  B  is  the  satellite's  center  of 
mass  and  basis  B*  is  aligned  with  its  principal  axes  of  inertia.  Tensor  components  resolved  in 


224         6  Kinetics  of  rigid  bodies 

basis  B*  are  denoted  with  a  superscript  (•)*.  The  components  of  the  angular  velocity  vector 
of  the  satellite,  resolved  in  B* ,  are  denoted  lj*.  The  mass  moments  of  inertia  are  /*  =  12, 
/I  =  16  and  /|  —  20  kg.m^.  During  a  maneuver,  thrusters  apply  a  moment  M_{t)  to  the 
satellite.  For  t  <  T,  M_*(t)  =  Q*  sin27ri/r,  and  for  t  >  T,  M*{t)  =  0,  where  T  =  5  s. 
The  initial  angular  velocity  of  the  satellite  is  Lii'^{t  =  0)  =  {0, 0.5, 0}  rad/s.  Moment  vector 
Q*  is  defined  by  its  components  in  the  body  attached  basis.  Two  cases  will  be  considered 
here:  for  case  1,  Q*^  =  {O,  5,  0}  N-m,  for  case  2,  Q*'^  =  {5,  0,  O}  N-m.  (1)  Solve  Ruler's 
equation  for  the  time  history  of  the  angular  velocity  of  the  satellite.  (2)  On  one  graph,  plot  the 
three  components  of  the  angular  velocity  vector  in  the  body  attached  frame  as  a  function  of 
time  for  t  G  [0,  30T].  Present  one  graph  for  case  1  and  one  for  case  2.  (3)  At  the  end  of  the 
maneuver,  will  the  orientation  of  the  satellite  remain  fixed  with  respect  to  an  inertial  frame  for 
case  11  What  about  case  21 

Problem  6.16.  Double  spatial  pendulum 

Figure  6.14  depicts  a  double  spatial  pendulum  consisting  of  two  bodies  subjected  to  gravity. 
The  first  body,  of  mass  ma  and  mass  moment  of  inertia  tensor  /'^° ,  is  connected  to  the  ground 
at  point  O  by  means  of  a  ball  and  socket  joint.  The  position  vectors  of  points  O  and  B  with 
respect  to  the  center  of  mass,  Ca,  of  the  body  are  denoted  -q  and  /i  ,  respectively.  The  second 
body,  of  mass  nib  and  mass  moment  of  inertia  tensor  I^*" ,  is  connected  to  the  first  body  at 
point  B  though  a  ball  and  socket  joint.  The  position  vector  of  point  B  with  respect  to  the 
center  of  mass,  Cb,  of  the  body  is  denoted  77  .  Two  frames,  T     —  [Ca,  A  —  {a\,  02,  03)] 

and  J-^  —  [Cb ,  S  =  (&i ,  62 ,  63 )] ,  are  attached  to  the  first  and  second  body,  respectively.  Let 
R  and  R  be  the  rotation  tensors  that  bring  basis  TtoA  and  basis  T  to  B,  respectively.  Tensor 
R  will  be  represented  with  Euler  angles  (j)a,  Oa,  and  tpa  using  the  3-1-3  sequence,  and  Euler 
angles  <f>t,  9^,  and  ^b,  also  using  the  3-1-3  sequence,  represent  tensor  R  .  (1)  Draw  free  body 
diagrams  for  each  of  the  bodies.  (2)  Derive  the  equations  of  motion  of  the  system.  Cai^efully 
define  all  terms  appearing  in  the  equations. 


Fig.  6.14.  Configuration  of  the  double  spatial       Fig.  6.15.  Configuration  of  the  plate  hinged 
pendulum.  at  the  rim  of  a  disk. 


Problem  6.17.  Plate  hinged  at  the  rim  of  a  disk 

The  system  depicted  in  fig.  6.15  features  a  disk  of  radius  r  rotating  at  a  constant  angular 
velocity  SI  about  inertial  axis  13.  Frame  T^  —  [O,  ^  =  (ai,  0,2,  as)]  is  attached  to  the  disk. 
At  point  B,  a  point  on  the  rim  of  the  disk,  a  homogeneous  plate  of  mass  m,  length  b,  and  width 
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w  is  hinged  to  the  disk;  the  plate  is  free  to  rotate  with  respect  to  the  disk  about  axis  122  •  Frame 
J^^  —  [C,B  =  (bi,  &2,  63)]  is  attached  to  the  plate;  point  C  is  the  center  of  mass  of  the  plate. 
Line  BC  is  at  an  angle  6  with  respect  to  the  vertical.  The  system  is  subjected  to  gravity  acting 
in  the  direction  indicated  on  the  figure.  Determine  the  angular  speed,  i7,  required  to  maintain 
a  given,  constant  angle  6. 

Problem  6.18.  Robotic  arm 

Figure  5.5  shows  a  robotic  system.  The  shaft  is  allowed  to  rotate  with  respect  to  an  inertial 
frame  T' ,  about  axis  13;  the  time-dependent  angle  of  rotation  is  denoted  a{t).  Frame  T^  — 
[S,S^  —  (si,  52,53)]  is  attached  to  the  shaft  at  a  distance /i  —  0.5  m  from  the  origin  of  the 
inertial  frame,  as  indicated  on  the  figure.  An  arm  of  length  La  =  1.2  m,  extending  along  the 
direction  of  axis  S2,  is  attached  to  the  shaft  at  point  S.  Finally,  a  rigid  manipulator  of  length 
Lb  —  0.5  m,  radius  rt  —  0.02  m,  and  mass  nib  —  10  kg  is  connected  to  the  arm  at  point 
B.  The  manipulator  is  allowed  to  rotate  with  respect  to  frame  T^ ,  about  axis  si;  the  time- 
dependent  angle  of  rotation  is  denoted /3(f).  Frame  J^^  =  [B,B*  —  {bi, 1)2,1)3)]  is  attached 
to  the  manipulator.  Superscripts  (•)*  and  (■)^  denote  tensor  components  resolved  in  bases  B* 
and  S^,  respectively.  Angles  a{t)  and  /3(i)  are  prescribed  as  a(t)  —  -k  12  (1  —  cosiit/T), 
and  /3(t)  =  2ti{1  —  cosTrt/T),  respectively,  where  T  —  2  &.  The  acceleration  of  gravity  is 
g  —  9.81  m/s^.  (1)  Compute  the  components  of  the  force  vector  F_*  and  moment  vector  M* 
applied  to  the  manipulator  at  point  B.  (2)  On  one  graph,  plot  the  components  of  the  force 
vector  F_* .  (3)  On  one  graph,  plot  the  components  of  the  moment  vector  M* .  (4)  What  is  the 
moment  required  to  rotate  the  manipulator? 

Problem  6.19.  Rotating  disk  on  a  bent  arm 

Figure  6.9  shows  a  rotating  disk  connected  to  a  bent  arm.  Massless  arm  OAB  features  a  bend 
of  13  rad  at  point  A.  At  point  O,  a  bearing  allows  the  arm  to  rotate  with  an  angular  velocity  O 
with  respect  to  ground.  A  disk  of  mass  m  and  radius  r  rotates  with  an  angular  velocity  cu  and 
is  connected  to  the  arm  at  point  B  by  means  of  a  massless  shaft.  A  planar  rotation  about  axis 
13  brings  inertial  frame  J^^  —  [0,X=  (11,12,13)]  to  frame  J^  —  [O,^'  —  (ai,  02,  a3)]  that 
is  attached  to  the  arm.  A  second  planar  rotation  of  magnitude  (3  about  axis  02  brings  frame  A' 
to  frame  T^  —  [A,  S^  —  (ei,  £2,  £3)]  that  is  also  attached  to  the  arm,  with  axis  £3  pointing 
along  the  bent  segment  AB.  Superscripts  (•)'  and  (•)"'"  denote  tensor  components  resolved 
in  basis  A'  and  £^,  respectively.  Finally,  a  planar  rotation  about  axis  63  brings  frame  f  ^  to 
frame  J^^  —  [C,B*  —  (fei,62,&3)]  that  is  attached  to  the  rotating  disk;  all  tensor  components 
resolved  in  basis  B*  are  denoted  with  superscripts  (•)*.  The  components  of  the  rotation  tensor 
that  brings  inertial  basis  I  to  basis  B*,  resolved  in  I,  is  constructed  rs  R  —  R    R'  i?"*", 

where  R    ,  Rf  ,  and  K^  are  the  components  of  the  rotation  tensors  that  bring  basis  X  to  basis 

A',  A'  to  £^,  and  £^  to  B* ,  respectively,  resolved  in  bases  X,  A',  and  £^,  respectively. 
The  angular  velocities  of  the  bent  arm  are  prescribed  to  be  J?  =  i7/(l  —  cos  2nt/T)/2  for 
0  <  t  <  r/2  and  Q  =  Qf  for  t  >  T/2.  The  angular  velocities  of  the  disk  are  prescribed 
to  be  o)  =  c^/(l  -  cos27rt/T)/2  for  0  <  i  <  T/2,  and  u  =  u;  for  t  >  T/2.  This 
represents  the  start-up  sequence  for  the  system  from  the  rest  condition  to  a  nominal  operating 
point  where  the  angular  velocities  of  the  arm  and  disk  are  stabilized  to  their  final  values,  f2[ 
and  LOf,  respectively.  These  angular  velocity  profiles  are  achieved  by  applying  to  the  bent  arm 
a  torque  Qo(i)  about  axis  13  at  point  O  and  to  the  shaft  a  torque  Qb  it)  about  axis  63  at  point 
B.  (1)  On  one  graph,  plot  the  time  history  of  angular  velocities  fi  and  uj.  (2)  On  one  graph, 
plot  angular  accelerations  Q  and  oj.  (3)  Plot  the  three  components  of  the  angular  velocity 
vector  of  the  disk,  u* .  (4)  Plot  the  three  components  of  the  angular  acceleration  vector  of  the 
disk,  oj* .  (5)  Plot  the  three  components  of  the  moment  vector  applied  to  the  shaft  at  point 
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B,  Mp.  (6)  Plot  the  three  components  of  the  moment  vector  applied  to  the  arm  at  point  B, 
M.B-  (7)  Plot  the  three  components  of  the  force  vector  applied  to  the  arm  at  point  O,  F.  (8) 
Plot  the  three  components  of  the  moment  vector  applied  to  the  arm  at  point  O,  M_q.  (9)  Plot 
the  three  components  of  the  moment  vector  applied  to  the  arm  at  point  O,  Mq-  (^^^  ^^°^  ^^^ 
cumulative  work  done  by  torques  Qo{t)  and  Qsit),  and  the  total  kinetic  energy  of  the  system. 

(11)  Demonstrate  by  a  graph  that  your  predictions  satisfy  the  principle  of  work  and  energy. 

(12)  Plot  the  instantaneous  power  required  by  the  servomotors  located  at  points  B  and  O.  (13) 
If  the  servomotors  can  deliver  a  maximum  power  of  50  Watts  each,  find  the  minimum  time 
T  required  to  bring  the  system  to  steady  angular  velocities.  Use  the  following  data:  /?  =  tt/6 
rad,  cjf  —  50  rad/s,  Of  =  10  rad/s,  r  —  0.2  m,  m  =  10  kg,  h  —  0.6  m,  d  =  0.3  ra,  a  =  0.1 
m,  and  T  =  15  s. 

Problem  6.20.  Swiveling  plate 

Figure  6.10  shows  a  homogeneous,  rectangular  plate  of  height  a,  width  b,  and  mass  m  con- 
nected to  the  ground  by  a  rigid,  massless  link  of  length  d.  At  point  O,  a  bearing  allows 
the  link  to  rotate  with  respect  to  axis  13,  and  at  point  B,  the  plate  is  free  to  rotate  with  re- 
spect to  the  link  about  axis  ai.  Three  frames  will  be  used  in  this  problem:  inertial  frame 
T'  —  [0,X=  (n,i2,  is)],  a  frame  attached  to  the  link,  J''*  =  [O,^^  —  (oi,  02,^3)],  and 
finally,  a  frame  attached  to  the  plate  at  its  center  of  mass,  J^^  —  [C,  B*  —  (fei ,  62,  ^s)] .  A 
planar  rotation  of  magnitude  a  about  axis  13  brings  basis  I  to  basis  A'^ ,  and  a  planar  rotation 
of  magnitude  /3  about  axis  ai  brings  basis  A'^  to  basis  B* .  Rotation  tensors  R  and  R  repre- 
sent these  two  planar  rotations,  respectively;  tensor  components  resolved  in  basis  A'^  and  B* 
are  denoted  with  superscripts  (•)"''  and  (•)*,  respectively.  (1)  Derive  the  equations  of  motion 
of  the  problem.  (2)  On  one  graph,  plot  the  time  histories  of  angles  a  and  /3.  (3)  Plot  a  and  /3. 
(4)  On  one  graph,  plot  the  components  of  the  angular  velocity  of  the  plate  in  basis  I.  (5)  Plot 
the  components  of  the  same  vector  in  basis  B* .  (6)  On  one  graph,  plot  the  kinetic,  potential, 
and  total  mechanical  energies  of  the  system.  Comment  on  your  results.  (7)  On  one  graph,  plot 
the  components  of  the  force  applied  to  the  plate  at  point  B  resolved  in  basis  B* .  (8)  Plot  the 
components  of  the  moment  applied  to  the  plate  at  point  B  in  basis  B*  .(9)  Plot  the  components 
of  the  moment  applied  to  the  link  at  point  O  in  basis  I.  Use  the  following  data:  a  —  0.2 
m,  b  —  0.2  m,  d  =  0.5  m,  acceleration  of  gravity  g  —  9.81  m/s^,  and  m  —  2  kg.  Present 
the  response  on  the  system  for  a  period  of  15  s.  At  first,  use  the  following  initial  conditions: 
a  =  7r/4,  /3  =  7r/12,  and  d  =  /3  =  0.  Next,  consider  a  different  set  of  initial  conditions: 
a  =  0,  /9  =  7r/4,  and  d  =  /3  =  0.  Comment  on  the  response  of  the  system  for  these  two  sets 
of  initial  conditions. 

Problem  6.21.  Rigid  body  connected  to  spring  and  dashpot 

Figure  6.11  depicts  a  rigid  body  connected  to  the  ground  at  point  B  by  means  of  a  spring  of 
stiffness  constant  k  and  dashpot  of  constant  c.  The  rigid  body  is  of  mass  M  and  its  moment 
of  inertia  tensor  with  respect  to  the  center  of  mass  is  7*^.  Vector  r\  defines  the  position  of 
the  center  of  mass  with  respect  to  point  B.  Frame  T^  —  \^,B  —  (fei ,  &2,  bs)]  is  attached  to 
the  rigid  body.  The  components  of  the  rotation  tensor  that  brings  inertial  basis  X  to  basis  B, 
resolved  in  basis  T,  are  denoted  R.  (1)  Derive  the  equations  of  motion  of  the  problem;  resolve 
the  components  of  all  vectors  and  tensors  in  the  inertial  frame.  (2)  On  one  graph,  plot  the 
time  histories  of  the  three  components  of  vector  x_^.  (3)  On  one  graph,  plot  Euler  angles  ?/), 
6,  and  (^  as  a  function  of  r.  (4)  On  one  graph,  plot  the  time  histories  of  the  three  components 
of  the  velocity  vector,  u^  —  v_q/{0£o)-  (5)  On  one  graph,  plot  the  time  histories  of  the 
three  components  of  the  angular  velocity  vector,  ui  —  io/fi.  (6)  On  one  graph,  plot  the  time 
histories  of  the  forces  in  the  elastic  spring  and  dashpot.  (7)  On  one  graph,  plot  the  kinetic  and 
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potential  energies  of  the  system  as  well  as  the  energy  dissipated  in  the  dashpot.  Show  that  the 
energy  closure  equation  is  verified.  Treat  the  problem  using  a  non-dimensional  scheme  with 

c  —  ^cl 


T  =  nt,  fi^  =  k/M  and  x^  =  £c/^o-  Use  the  following  data:  g  =  g/{lofi'^)  =  0.4 


C  =  c/{2MQ)  =  0.1,77*  =  rf/lo  =  [0.8, 1.25, -1.8]\  and  j"^*  =  r^"- /{Mil)  = 
diag(l,  2.3, 1.5).  Use  the  following  initial  conditions:  x^{t  =  0)  =  [0,  1, 0],  q'^ {t  =  0)  = 
[0,  0,  0],  and  the  system  is  at  rest.  Present  the  response  on  the  system  for  r  G  [0, 100].  Hint: 
to  avoid  singularities,  use  Euler  angles,  ^,  9,  and  (f),  with  the  3-2-1  sequence,  as  defined  in 
section  4. 11 .3,  to  represent  the  rotation  of  the  rigid  body. 


6.7  Planar  motion  of  rigid  bodies 

The  previous  sections  have  focused  on  the  three-dimensional  motion  of  rigid  bodies. 
In  some  cases,  the  motion  of  the  body  is  restricted  to  a  planar  motion:  the  center  of 
mass  of  the  body  moves  in  an  inertial  plane  and  its  angular  velocity  vector  is  at  all 
time  normal  to  this  plane. 

Let  axes  ii  and  i2  defines  the  inertial  plane  in  which  the  center  of  mass  moves; 
the  position  vector  of  the  center  of  mass  then  becomes  r_(j  =  xciH  +  xc'2^i 
and  the  angular  velocity  vector  is  w  =  0^13.  Next,  a  body  attached  frame,  T  = 
[C,B  =  (&i,^2,^3)],  is  defined,  where  point  C  is  the  body's  center  of  mass.  For 
convenience,  axes  61  and  62  are  selected  to  be  in  the  plane  of  the  motion  whereas  63 
is  normal  to  the  same  plane. 

It  follows  that  the  position  vector  of  the  center  of  mass  becomes  r^  =  XqJ)i  + 
x*Q^2  and  the  angular  velocity  vector  is  w  =  a;63.  The  components  of  the  posi- 
tion vector  of  the  mass  center  resolved  in  the  inertial  basis  are  xci  and  xc2,  and 
x*Q-^  and  x*(j2  are  their  counterparts  resolved  in  the  body  attached  basis.  The  only 
non-vanishing  component,  oj,  of  angular  velocity  vector  is  the  same  in  both  frames: 
indeed,  lu_  =  wis  =  '^*^3  implies  a;  =  w*,  since  63  =  13  is  an  inertial  direction. 

The  acceleration  vector  of  the  center  of  mass  is  now  a^  =  aciii  +  ac2*2  = 
a*(jj}i  +  a*(jr^2,  and  the  equations  of  motion  for  the  center  of  mass,  eq.  (6.19),  be- 
comes Fi  =  maci,  F2  =  mac2,  and  F3  =  0.  This  last  equation  implies  that  the 
sum  of  the  externally  applied  forces  acting  in  the  direction  normal  to  the  plane  of 
motion  must  vanish  if  the  motion  is  to  remain  planar  The  following  two  equations 
of  motion  are  sufficient  to  determine  the  motion  of  the  center  of  mass 

Fi  =  maci,      F2  =  mac2-  (6.35) 

The  second  equation  of  motion  can  be  written  in  several  different  manners  de- 
pending on  the  point  with  respect  to  which  the  externally  applied  moments  are  com- 
puted, as  discussed  in  section  6.5.  The  various  options  are  detailed  in  the  following 
sections. 

6.7.1  Euler's  equations 

First,  Euler's  equations,  see  eqs.  (6.21),  specialized  to  the  planar  motion  case  become 
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Mci  =  I?z^  -  l23*^^  (6-36a) 

Mc2  =  ^23^  +  Iis^"^^  (6.36b) 

f*      _  jC* 
'C3  —  -'33 


M53  =  lg*u.  (6.36c) 


Moment  components  M^-^  and  Mq2  must  be  applied  to  sustain  the  planar  motion; 
such  moments  are  called  gyroscopic  moments.  The  sum  of  the  externally  applied 
moments  is  computed  with  respect  to  the  center  of  mass  of  the  rigid  body. 

If  axes  hi,  62,  and  63  coincide  with  the  principal  axes  of  inertia  of  the  body, 
the  equations  of  motion  further  simplify  since  the  cross  products  of  inertia  vanish, 
Jj^*  =  /g*  =  0,  leading  to 

Mc3  =  It^-  (6-37) 

In  this  case,  the  two  components  of  moment  in  the  plane  of  motion  must  vanish, 
M^2  =  M^^  =  0.  The  only  non-vanishing  force  components  are  those  in  the  plane 
of  motion,  Fi  and  F2.  A  single  component  of  moment  remains,  Mcs;  of  course, 
M  =  Mcd.13  =  M^^^  implies  Mc3  =  M'^^,  because  63  =  1^. 

When  a  rigid  body  is  in  planar  motion,  its  configuration  is  defined  by  three  pa- 
rameters only:  two  displacement  components  locate  its  center  of  mass,  and  a  single 
rotation  component  determines  its  orientation.  Equations  of  motion  (6.35)  and  (6.37) 
provide  the  three  equations  necessary  to  solve  the  problem. 

6.7.2  The  pivot  equations 

When  the  rigid  body  undergoes  pwre  rotation  about  an  inertial  point  O,  eqs.  (6.23) 
were  shown  to  hold.  Specializing  these  equations  to  the  case  of  planar  motion  leads 
to 

(6.38a) 
(6.38b) 
(6.38c) 

where  M*^  =  {M^i,  Mq2,  -^^03}  i^  '■'^^  ^^"^  °f  '■^^  externally  applied  moments 
computed  with  respect  to  a  pivot  point  O,  resolved  in  the  body  attached  basis.  If  axes 
61,  1)2,  and  63  coincide  with  the  principal  axes  of  inertia,  the  equations  of  motion 
further  simplify  since  the  cross  products  of  inertia  vanish,  leading  to  M03  =  I^*i^- 

6.7.3  Equations  of  motion  witli  respect  to  a  material  point  of  tlie  body 

Let  point  B  be  a  material  point  of  the  rigid  body;  eqs.  (6.25)  then  govern  the  mo- 
tion of  the  rigid  body.  Introducing  the  assumption  of  planar  motion,  these  equations 
become 

(6.39a) 
(6.39b) 
(6.39c) 


01 

-'13  ^ 

tO* 
-'23 

UJ^ 

02 

-'23  ^ 

,     7-0* 

+  -'13 

LO^ 

03 

jO*- 

-'33  ^■ 

Bl 

—   jB*,\        tB*,  ,2 

B2 

—   jB*,\    1     jB*,  ,2 

B3 

=  [fsc  JTiasla  +  ^3^ 
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where  notation  [v]^  indicates  the  third  component  of  vector  w.  Because  vectors  r^^ 
and  R  mag  both  lie  in  the  plane  of  the  motion,  the  vector  product  r^f-.  R  mag 
appearing  in  eq.  (6.25)  is  normal  to  the  plane  of  motion  and  it  follows  that 


[r*BC  E^rnag] 


0.  It  is  also  easy  to  verify  that 
=  { Mgj^,  Mg2 1  Mg^ }  Is  the  sum 


3T —    1      _   0  and  [r*gcE^mag\^    = 

^^™"  ]g  =  [rgc  mag]^.  Moment  M^^ 
of  the  externally  applied  moments  computed  with  respect  to  material  point  B  of  the 
rigid  body.  If  axes  bi,b2,  and  63  coincide  with  the  principal  axes  of  inertia,  the  equa- 
tions of  motion  further  simplify  because  the  cross  products  of  inertia  vanish. 


6.7.4  Equations  of  motion  with  respect  to  an  arbitrary  point 

Let  point  P  be  an  arbitrary  point,  i.e.,  point  P  is  neither  inertial,  nor  a  material  point 
of  the  rigid  body;  the  motion  of  the  body  is  then  governed  by  eq.  (6.27).  Introducing 
the  assumption  of  planar  motion,  these  equations  become 


A/ 
M 


PI 


P2 


'13 


'23 


rC*,  ,2 
'23   ^    1 


'13 


Mp2,  =  [rpc  mafj]^  +  /; 


33 


(6.40a) 
(6.40b) 
(6.40c) 


where  M*p  is  the  sum  of  the  externally  applied  moments,  computed  with  respect  to 

an  arbitrary  point  P. 

Example  6.4.  Rolling  disk  with  bar 

A  homogeneous  cylinder  of  mass  M  and  radius  R  rolls  without  sliding  on  a  hori- 
zontal plane  under  the  effect  of  gravity.  A  homogeneous  bar  of  mass  m  and  length 
I  is  rigidly  attached  to  the  center  of  the  cylinder,  as  shown  in  fig.  6.16.  Angle  6  de- 
notes the  orientation  of  the  bar  with  respect  to  the  vertical  axis.  At  the  tip  of  the  bar, 
denoted  point  T,  a  spring  of  stiffness  constant  k  connects  the  bar  to  inertial  point  A; 
the  un-stretched  length  of  the  spring  vanishes.  Derive  the  equations  of  motion  of  the 
system  in  terms  of  angle  0. 


P  -  e, 

Fig.  6.16.  Configuration  of  the  rolling  cylinder. 


The  center  of  mass  of  the  system  is  located  on  the  line  joining  the  centers  of  the 
disk  and  bar,  at  a  distance  d  =  m,l/  \2{M  +  m)]  from  the  center  of  the  disk.  Let  axes 


230         6  Kinetics  of  rigid  bodies 

ei  and  62  be  a  system  of  body  attached  axes,  as  indicated  in  fig.  6.16.  The  position 
of  the  center  of  mass  of  the  system  now  becomes  r^  =  —  R6  ii  +  Ri2  +  d  ei  and  its 
acceleration  is  then  a,^  =  {—R6  —  dOCg  +  d6^So)ii  +  {—dOSg  —  d9'^Cg)i2,  where 
Se  =  s\n9  and  Cg  =  cos 9.  Equation  (6.35)  governing  the  motion  of  the  center  of 
mass  of  the  system  now  becomes  fii  +  N12  +  E.s~  {^  +  "^)5^2  =  {M  +  m)  a^, 
where  F^  =  k[{R6  +  lSg)ii  +  £(1  —  Cg)i2\  is  the  elastic  force  the  spring  applies  at 
the  tip  of  the  bar,  and  N  and  /  are  the  normal  reaction  and  friction  forces  the  plane 
applies  to  the  disk,  respectively. 

The  following  two  scalar  equations  of  motion  are  obtained 

/  +  k{Re  +  ISg)  =  -{M  +  m)Re  -  —{9Cg  -  e^Sg),  (6.41a) 

N-{M  +  m)g  +  ki{l  -  Cg)  =  -  —  {9Sg  +  B'^Cg).  (6.41b) 

Equation  (6.40)  will  be  used  to  derive  the  third  equation  of  motion  governing  the 
angular  behavior  of  the  rigid  body.  It  is  convenient  to  compute  the  sum  of  the  exter- 
nally applied  moments  with  respect  to  point  P,  the  instantaneous  point  of  contact  of 
the  cylinder  with  the  ground  because  the  normal  reaction  and  friction  forces  will  be 
eliminated  from  the  equation,  as  their  lines  of  action  pass  through  point  P, 


VptKs  -  rpGmgi2]3  =  [rpc  {m  +  M)ac:]^  +  L 


where  ZpQ  =  Ri2  +  dei  is  the  position  vector  of  the  center  of  mass  with  respect  to 
point  P.  The  position  vectors  of  points  T  and  G  with  respect  to  point  P  are  denoted 
ZpT  and  ZpG^  respectively. 

The  moment  of  inertia  of  the  system  with  respect  to  the  center  of  mass  is  found 
by  adding  the  contributions  of  the  cylinder  and  bar  to  find 


tC* 

^33 


MR^       ,,,2 


hm( dV 

12  ^2         ' 


Note  the  use  of  the  parallel  axis  theorem:  the  moment  of  inertial  of  the  cylinder  with 
respect  to  its  own  center  of  mass  is  MR^ /2,  see  fig.  6.40,  and  the  transport  term  is 
Md^.  The  rotational  equation  now  becomes 

mg^Sg  -  k  [R^d  +  Rl{Sg  +  OCg)  +  ^Sg] 


+  m{R^  +  —  +  R£Cg) 


9-m^e'Sg. 


Given  initial  conditions,  this  differential  equation  can  be  solved  to  find  the  re- 
sponse of  the  system.  Introducing  9  into  eqs.  (6.4Ia)  and  (6.41b)  then  yields  the 
friction  and  normal  forces,  respectively. 

The  derivation  presented  here  assumes  that  at  all  times,  the  cylinder  is  rolling 
without  slipping.  To  make  sure  the  analysis  is  consistent,  it  is  then  important  to  check 
that  A^  >  0  and  |/|  <  /i^iV  at  all  times,  where  fig  is  the  static  friction  coefficient 
between  the  cylinder  and  the  ground. 
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Example  6.5.  The  double  pendulum  with  elastic  joint 

Figure  6.17  depicts  a  double  pendulum  comprising  bar  1,  of  mass  mi  and  length  ii, 
and  bar  2,  of  mass  m2  and  length  £2-  Let  frame  T^  =  [A,  A=  (ai,  02)]  be  attached 
to  bar  1  and  frame  T^  =  [E,  f  =  (ei,  62)]  be  attached  to  bar  2.  A  massless  tube 
allows  bar  2  to  slide  in  the  direction  of  02 ;  the  slider  is  of  mass  M  and  is  connected  to 
bar  1  at  point  A  by  means  of  a  spring  of  stiffness  constant  k.  The  position  of  the  slider 
is  determined  by  its  distance,  x,  from  point  A,  the  tip  of  bar  1 ;  the  angular  positions 
of  the  two  bars  with  respect  to  the  vertical  are  denoted  9i  and  6*2,  respectively.  The 
system  is  subjected  to  gravity  along  the  inertial  zi  direction.  Find  the  equations  of 
motion  of  the  system. 


Free  body 

3    diagram  of 

E     -^      '  barl 

F. 


Free  body 

d       diagram  of 

bar  2 


mjg 


Fig.  6.17.  Configuration  of  the  double  pendulum  with  elastic  joint. 


First,  the  equations  of  motion  of  bar  2,  including  the  concentrated  mass  of  the 
slider,  M,  will  be  derived.  The  center  of  mass  of  the  combined  body  is  at  a  distance 
d  from  point  E,  where  (M  +  m2)d  =  miiij^;  for  simplicity,  the  following  notation 
is  used,  /i2  =  M  +  m^.  Considering  the  free  body  diagram  shown  in  fig.  6.17, 
eq.  (6.39)  gives  the  sum  of  the  moments  computed  with  respect  to  point  E  as 


m24 


9S2  =  —^^2  +  [rfeiM2a_E] 


where  the  following  notation  was  introduced:  S\  =  sin  9i  and  Ci  =  cos  9i ,  with 
similar  conventions  for  angle  62-  Point  E  was  selected  as  the  point  about  which 
moments  were  computed  because  this  choice  automatically  eliminates  the  reaction 
force,  R,  and  spring  force,  Fg,  from  the  resulting  equation  of  motion. 

The  acceleration,  a^,  of  point  E  is  readily  computed  as  the  second  time  derivative 
of  the  position  vector  of  point  E,  r^  =  iidi  +  xa2.  The  first  equation  of  motion  is 
now 
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1712(1 


02  + 


m2^5 


9S2  + 


m2f-2 


(x  +  eA)C2i  +  {x  +  £i0i)9iS2i 


+ixei  +  x9i)S2i  -  xeiC2i\  =0 


(6.42) 


where  the  following  notation  was  introduced:  S21    =   sin(02  —  ^1)  and  C21    = 

COS(02  -  Oi). 

The  acceleration  of  the  center  of  mass  of  bar  2  is  found  by  taking  two  derivatives 
of  its  position  vector,  Tq  =  £iai+  xa2  +  dei ;  hence,  the  equations  of  motion  for  the 
center  of  mass  becomes  —Rai  —  Fsa2  +  ^29*1  =  M2[— (Si^i  +  f-iOf  +  x9i)ai  + 
{x  +  £161  —  x6l)a2  +  d^2  —  dOlei].  Taking  a  scalar  product  of  this  relationship  by 
fli  and  0,2  yields  the  reaction  force 


and  the  spring  force 

Fs  =  -1^^2981  -  ii2{x  +  (.I'Oi  -  xOl) 


777,2^2 


^2^2 


2'S'21 


92C21) 


92C'21  —  ^2'5'21 


(6.43) 


(6.44) 


respectively. 

Next,  the  equations  of  motion  for  bar  1  are  derived  from  the  free  body  diagram 
shown  in  fig.  6.17.  The  pivot  equation,  eq.  (6.38),  is  applied  about  point  O  to  find 


mill  .. 


mi£i 


gSi  +  £iFs  -  xR. 


(6.45) 


The  three  equations  of  motion  of  the  problem  can  now  be  summarized.  The  first 
equation  is  eq.  (6.45),  where  the  reaction  and  spring  forces  are  eliminated  by  means 
of  eqs.  (6.43)  and  (6.44),  respectively;  the  second  equation  is  eq.  (6.42);  finally,  the 
last  equation  is  the  constitutive  equation  for  the  elastic  spring,  Fg  =  kx,  where  the 
elastic  force  is  eliminated  with  the  help  of  eq.  (6.44).  These  three  equations  are  recast 
in  a  matrix  form,  leading  to 


"m-l     .     .,    \n2    ,  2    "^2^2 
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982 


These  equations  form  a  set  of  coupled,  nonlinear,  second-order,  ordinary  differ- 
ential equations  in  time  for  the  three  unknowns  of  the  problem,  0i,62,  and  x. 
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The  equations  of  motion  for  the  center  of  mass  of  bar  1  are  readily  found  as 

"^^{-diSi  -  BlCi)  =  migii  +  Rai  +  F,a2  +  VqIi  +  Hot2- 

Projection  of  this  relationship  along  unit  vectors  ii  and  i2  yields  the  components 
of  the  reaction  force  at  point  O  in  the  vertical  and  horizontal  directions  as  Vq  = 

FsSi- RCi-mig-miei{0iSi+9lCi) /2  and  Ho  =  -FsCi-RSi+mi£i{eiCi- 
6\Si)/2,  respectively. 

Example  6.6.  Pendulum  with  sliding  mass 

Figure  6.18  shows  a  pendulum  comprising  a  bar  of  mass  m  and  length  I  and  a  rigid 
body  of  mass  M.  Frame  T^  =  [O,  £  =  (ei,  62)]  is  attached  to  the  bar.  The  rigid 
body  is  connected  at  point  B  to  the  tip  of  the  bar  at  point  A  by  means  of  a  spring  of 
stiffness  constant  k  and  a  dashpot  of  constant  c.  The  stretch  of  the  spring  is  denoted 
X  and  its  un-stretched  length  vanishes.  The  center  of  mass  of  the  rigid  body  is  located 
at  point  C  and  vector  ry  defines  the  position  of  the  center  of  mass  with  respect  to  point 
B;  the  moment  of  inertia  of  the  body  with  respect  to  center  of  mass  is  denoted  l'~^ . 
The  angular  position  of  the  bar  with  respect  to  the  vertical  is  defined  by  angle  9.  The 
system  is  subjected  to  gravity  along  unit  vector  ii.  Find  the  equations  of  motion  of 
the  system. 


F^       Free  body 
diagram 
of  the  bar 
Q 


Free  body 
C      diagram 
of  the  mass 


Fig.  6.18.  Configuration  of  the  pendulum  with  sliding  mass. 

First,  the  equations  of  motion  of  the  bar  will  be  derived  based  on  the  free  body 
diagrams  depicted  in  fig.  6.18.  Because  point  O  is  a  pivot  point,  eq.  (6.38)  yields 


'^e  =  Q  +  iF,-^gSe 


(6.46) 
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where  the  notation  So  =  sin  6  and  Cg  =  cos  9  was  introduced.  Because  the  angular 
orientations  of  the  bar  and  rigid  body  must  remain  identical,  equal  and  opposite 
moments  of  magnitude  Q  must  be  applied  to  the  bar  and  rigid  body,  as  shown  in 
fig.  6.18.  Similarly,  equal  and  opposite  forces  of  magnitude  Fa  must  be  applied  to 
the  tip  of  the  bar  at  point  A  and  to  the  rigid  body,  along  a  common  line  of  action 
normal  to  the  bar  and  passing  through  point  A. 

The  position  of  the  center  mass  of  the  bar  is  r  =  1/2  e\,  and  hence,  the  equation 
of  motionforthecenter  of  mass  becomes  m£(—^^ei +6'e2)/2  =  — Vb«i  — i?o*2  + 
mgii+Fsd  gi+Fa  62,  where  Vq  and  i^o  are  the  vertical  and  horizontal  components 
of  the  reaction  force  at  point  O,  and  Fgd  the  sum  of  the  forces  acting  in  the  spring 
and  dashpot.  The  equation  of  motion  for  the  center  of  mass  can  be  projected  along 
axes  ii  and  12  to  obtain  the  reaction  forces  at  point  O 

Vo=mg  +  (F,d  +  ^^2)Ce  -  {Fa  -  "^6)80,  (6.47a) 

Ho=  {F,d  +  ^e^)So  +  {FA-^e)Ce,  (6.47b) 

respectively. 

Next,  the  equations  of  motion  of  the  rigid  body  will  be  derived.  Because  point 
B  is  a  fixed  point  of  the  body,  eq.  (6.39)  gives  the  sum  of  the  moments  computed 
with  respect  to  point  B  as  —  Q  +  xFa  +  7j  Mgii  =  rj  Mag  +  1^6.  The  moment  of 
inertia  of  the  body  with  respect  to  point  B  is  found  with  the  help  of  the  parallel  axis 
theorem,  eq.  (6.8),  as  I^  =  /*-^  +  M(7]^^  +  7^2^),  where  tjI  and  773  are  the  components 
of  vector  77  resolved  in  basis  £.  The  position  vector  of  point  B  is  r^  =  (£  +  x)ei  and 
its  acceleration,  ag,  is  then  readily  obtained.  Expanding  the  various  terms  then  leads 
to 

-Q  +  xFa-  MgrjlSe  -  Mgrj;C0 

r     •  -1  r  •<,!        n-  (6-48) 

=  Mt^I  \2xe  +  (£  +  x)e\  - Mr]*2  \x -  (e  +  x)e^\  +1^0. 

The  acceleration  of  the  center  of  mass  of  the  rigid  body  is  found  by  taking  two 
time  derivatives  of  its  position  vector,  r  =  (£ + a; + 77^)  ei  +  ryj  62 ;  hence,  the  equations 
of  motion  for  the  center  of  mass  become 

-  FAe2-  FsdCi  +  Mgii 

=  M  [(x  -  ri*J)  -{t  +  x  +  ry*)^2]  ei  +  M  \pxe  -  f]*^^)  +  {£  +  x  +  r;*)6l']  62- 

Projecting  this  equation  along  unit  vectors  62  and  ei  yields 

Fa  =  MgSe  -  M  \{2xe  -  r^ie"^)  +  [l  +  x  +  ril)6\  ,  (6.49a) 

M{x  -  r];e)  -  M{e  +  x  +  rj^e^  +  kx  +  cx-  MgCe  =  0.  (6.49b) 

The  first  equation  gives  the  interaction  force  acting  at  point  A.  The  constitutive  law 
for  the  spring  dashpot  assembly  is  Fgd  =  kx  +  ex. 
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Equation  (6.49b)  is  the  first  equation  of  motion;  the  second  equation  of  motion  is 
found  by  introducing  into  eq.  (6.46)  the  expression  for  the  interaction  moments  from 
eq.  (6.48),  and  interaction  force  from  eq.  (6.49a)  to  find 


me 


+  1^  +  Mrjf  +  M{i  +  7y*  +  x)= 


+  2M{e  +  r)l+  x)x0  + 


f +  M(^ 


Vi 


M-q^x 

gSe  +  Mgri^Ce 


(6.50) 


0. 


In  summary,  the  equations  of  motion  can  be  recast  as  a  system  of  coupled,  ordi- 
nary differential  equations  by  combining  eqs.  (6.50)  and  (6.49b)  to  find 

mf 2/3  +  1^  +  Mr]f  +  M{£  +  ryj;  +  x)^  -Mr]^]    (  0 
-Mr]^  M        [x 

2M{i  +  r/*  +  x)xe  +  [ml/2  +  M{£  +  r]^  +  x)]  gSe  +  Mgi^^Ce 
-M{i  +  x  +  r]l)e'^  +  kx  +  cx-  MgCe 

Once  the  solution  of  these  equations  has  been  obtained,  the  vertical  and  horizon- 
tal components  of  the  reaction  force  at  point  O  can  be  obtained  by  eqs.  (6.47a) 
and  (6.47b),  respectively;  next,  the  interaction  moment  Q  is  obtained  from  eq.  (6.48) 
and  the  interaction  force  at  point  A  by  eq.  (6.49a). 

Example  6.7.  The  unbalanced  rotor 

Figure  6.19  shows  a  rigid  rotor  of  length  L  and  mass  M  supported  by  two  end  bear- 
ings at  points  B  and  D.  A  torque,  T,  is  applied  to  the  rotor  at  point  D.  Let  frame 
J^^  =  [B,  B*  =  (bi,  62,  ^3)]  be  attached  to  the  body;  superscript  (•)*  denotes  com- 
ponents resolved  in  basis  B*.  Point  G  is  located  at  the  intersection  of  the  shaft's  axis 
with  the  plane  passing  through  the  center  of  mass  of  the  rotor  and  normal  to  the 
shaft's  axis.  The  coordinates  of  the  center  of  mass  of  the  rotor,  resolved  in  basis  B*, 
are  denoted  xl^,  x^^,  and  x^c-  At  point  B,  three  reaction  forces,  denoted  B^,  B2,  and 
Bj  are  applied  to  the  shaft;  at  point  D,  two  reaction  forces,  Dl  and  D2 ,  are  applied  to 
the  shaft  together  with  the  torque  T.  Find  the  reactions  forces  applied  to  the  bearings. 


\^'    ^^> 


Fig.  6.19.  Configuration  of  a  rotor  with  an  imbalance. 
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The  components  of  tensor  of  moment  of  inertia  of  the  rigid  rotor  with  respect  to 
point  B,  resolved  in  basis  B*,  are  denoted  /  *.  The  position  vector  of  the  center  of 
mass  is  r^  =  x\J)i  +  2:2^62  +  xzJ>z  and  the  corresponding  acceleration  is  readily 
found.  Equation  (6.35)  then  yields  the  first  three  equations  of  motion  of  the  rotor 
BI+  D'l  =  -M{io'^x\^  +  ioxl^),  BI+  Dl=  -M{u}'^x^^  -  cJa;|J,  and  B3  =  0. 
Because  point  B  is  a  material  point  of  the  body  and  is  inertial,  it  is  a  pivot  point  for  the 
rigid  body  and  eq.  (6.39)  leads  to  -LD'^  =  I^^lu  -  li^uj'^,  LD'l  =  I§^*Cj  +  Ii'^^uj'^, 
and  T  =  J;g*w. 

Given  the  applied  torque,  this  last  equation  can  be  integrated  to  find  the  angular 
velocity  and  acceleration  of  the  system.  The  remaining  equations  then  yield  expres- 
sions for  the  reaction  forces  at  the  bearing 

ML{uj'^x\^  +  L0X2c)^ 

ML{uj'^x*2^  —  ujx\^), 


LBl 

_       jB*  ■         jB*     2 

lb; 

-    >tB*,;        tB*,,2 

LDl 

=  lg*uj  +  I§,*u;^ 

LD*2 

=  -I^,*u;  +  li*co' 

If  the  rotor  rotates  at  a  constant  angular  speed,  uj  =  f2,uj  =  0,  the  reaction  forces 
at  the  bearing  will  be  constant  when  resolved  in  the  body  attached  basis.  Of  course, 
in  the  inertial  system,  these  reaction  forces  will  be  harmonic  forces  at  frequency  il, 
as  expected.  It  is  often  desirable  to  minimize  or  eliminate  the  reaction  forces  at  the 
bearing.  To  eliminate  these  reaction  forces,  two  conditions  must  be  satisfied:  (1)  the 
rotor  center  of  mass  must  be  located  on  the  axis  of  the  shaft,  ('.  e.,xl^  =  x'^^  =  0,  and 
(2)  axis  63  must  be  a  principal  axis  of  inertia,  i.e.,  I^^*  =  /^*  =  0. 

Example  6.8.  The  cam-valve  system 

Figure  6.20  shows  a  planar  cam-valve  system.  The  cam  rotates  at  a  constant  angular 
velocity,  Q,  about  fixed  inertial  point  O.  Frame  T^  =  [0,I  =  {11,12)]  is  inertial 
and  frame  T^  =  [O,  £  =  (ei ,  62)]  is  attached  to  the  cam.  The  external  shape  of  the 
cam  is  defined  by  curve  C  and  the  valve  of  mass  m  slides  over  this  curve;  the  contact 
point  between  the  cam  and  valve  is  denoted  P.  The  motion  of  the  valve  is  constrained 
to  be  along  axis  12  and  its  displacement  is  denoted  x.  A  spring  of  stiffness  constant 
k  is  connected  to  the  valve  and  is  pre-compressed  by  a  distance  d.  The  kinematics  of 
this  problem  have  been  treated  in  example  5.4  on  page  182.  Find  the  contact  force 
acting  between  the  cam  and  the  valve. 

Assuming  that  the  cam  and  valve  are  in  contact  at  all  times,  the  motion  of  the 
valve  is  known  once  the  shape  of  curve  C  is  given:  this  problem  has  no  degrees  of 
freedom.  The  right  portion  of  fig  6.20  depicts  a  free  body  diagram  of  the  valve  and 
its  equation  of  motion  is  mx  =  k(d  —  x)  —  N,  where  k{d  —  x)  is  the  force  the  spring 
applies  on  the  valve  and  N  the  desired  contact  force.  Solving  for  the  contact  force 
yields 

N  =  k(d  —  x)  —  mx  =  k{d  —  h  +  rS^)  —  raQ  {rS-^  —  p). 

To  obtain  the  second  equality,  the  valve's  position  was  evaluated  using  elementary 
trigonometry  as  x  =  /i  —  r  sin(6'  +  a),  its  acceleration  was  found  using  eq.  (5.32), 
and  the  following  notation  was  defined,  S*^  =  s\n{9  +  a). 
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Fig.  6.20.  Configuration  of  the  cam-valve  system. 


In  non-dimensional  form,  the  contact  force  becomes 
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l)rS^  +  j^id-h), 


where  vq  is  a  reference  length,  r  =  t/tq,  p  =  p/tq,  d  =  d/ro,  and  h  =  h/rQ.  The 
natural  frequency  of  the  spring-valve  system  was  defined  as  w^  =  k/m. 


6.7.5  Problems 

Problem  6.22.  Retraction  of  a  landing  gear 

Figure  5.8  shows  a  simple  landing  gear  system.  It  consists  of  a  uniform  link  of  mass  tul  and 
length  L,  and  a  wheel  of  mass  mw  (a  point  mass).  The  length  £{t)  of  the  hydraulic  actuator  is 
given  as  function  of  time:  £{t)  —  h  +  g[l  —  cos(7rt/r)],  where  g  —  [^{L^ /2  +  hL  +  h^)  — 
h\/2.  (1)  Compute  the  magnitude  F  of  the  force  that  the  actuator  must  apply  to  generate 
the  desired  motion.  Plot  F  versus  time  r  —  t/T.  (2)  Compute  the  vertical  and  horizontal 
components  of  reaction  at  point  O,  denoted  V  and  H  respectively.  Plot  V  and  H  versus  r. 
Use  the  following  data:  h  —  0.6  m,  L  —  1.2  m,  T  =  1.5  s,  rriL  ~  120  kg,  mw  ~  80  kg,  and 
gravity  =  9.81  m/s^. 

Problem  6.23.  Locking  mechanism 

Figure  5.11  shows  a  locking  mechanism  used  in  the  deployment  of  large  space  structures. 
When  the  homogeneous  disk  of  radius  R  and  mass  AI  rotates  about  its  fixed  point  O,  bar  PT 
of  length  L  and  mass  mt  slides  at  point  A  through  a  collar  that  is  allowed  to  swivel  about  the 
pin  at  point  A.  The  mechanism  is  spring  loaded  by  connecting  a  spring  of  stiffness  k  between 
the  tip  of  the  bar  at  point  T  and  the  collar  at  point  A.  The  spring  is  un-stretched  when  ^  =  90 
deg.  The  bar  has  a  length  L,  and  w{t)  denotes  the  portion  of  the  bar  between  points  P  and 
A.  The  time  history  of  angle  9  is  prescribed  as  6{t)  —  7r/4  (1-1-  cos  nt/T).  (1)  Compute  the 
reaction  forces  S  and  Q  at  point  A.  Force  S  is  oriented  in  the  direction  parallel  to  the  bar,  and 
Q  is  perpendicular  to  the  bar.  On  the  same  graph,  plot  S  and  Q  as  a  function  of  time  r  —  t/T. 
(2)  Compute  the  horizontal  and  vertical  components  of  force,  denoted  H  and  V,  respectively, 
at  point  P.  Plot  H  and  V.  (3)  Compute  and  plot  the  torque  required  to  rotate  the  disk.  Use  the 
following  data:  R  =  0.15  m,  M  =  1.2  kg,  d  =  0.2  m,  fc  =  1.5  kN/m,  L  =  0.4  m,  nib  =  0.5 
kg,  r  =  2  s,  and  g  =  10  m/s^ 
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Problem  6.24.  Deployment  of  a  satellite 

The  satellite  depicted  in  fig.  6.21  is  powered  by  solar  panels.  Initially,  the  three  articulated 
solar  panels  are  in  the  stowed  configuration  indicated  on  the  figure.  To  become  operational, 
these  panels  are  deployed  by  means  of  motors  located  at  points  A,  B,  and  C.  These  motors 
provide  torques  that  will  deploy  the  system  in  such  a  way  that  the  time  schedule  of  angle 
6  is  6{t)  =  TT  [1  —  cos(7rf/r)]/4,  where  T  is  the  total  time  required  for  the  deployment. 
Each  panel  of  the  solar  array  is  uniform,  has  a  mass  mp  —  120  kg  and  a  length  ip  —  5 
m.  The  total  time  to  complete  the  deployment  is  T  =  5  s.  Let  Ma,  Mb,  and  Mc  be  the 
torques  that  the  motors  located  at  points  A,  B,  and  C,  respectively,  must  apply  to  complete  the 
desired  schedule  of  deployment.  Let  Ha,  Hb,  and  He  be  the  horizontal  components  of  force 
at  the  joint  located  at  points  A,  B,  and  C,  respectively;  Va,Vb,  and  Vc  are  the  corresponding 
vertical  force  components.  Finally,  Fa,  Fb,  and  Fc  are  the  magnitudes  of  the  force  at  each 
joint.  (1)  Plot  9,  9,  and  9  versus  time.  (2)  Draw  free  body  diagrams  for  each  of  the  three 
panels  and  the  corresponding  dynamic  equations  of  motion.  (3)  Plot  Ma,  Mb,  and  Mc-  Find 
the  instant  at  which  each  torque  is  maximum.  Which  motor  will  have  to  produce  the  highest 
torque?  Why?  (4)  On  one  graph,  plot  Ha,  Hb,  and  He  versus  time.  (5)  Plot  Va,Vb,  and  Vc- 
(6)  Plot  Fa,  Fb,  and  Fc-  Find  the  instant  at  which  each  force  component  is  maximum.  Which 
joint  is  the  most  heavily  loaded?  Why?  (7)  If  the  maximum  torque  the  motors  can  produce  is 
Mmax  =  100  N-m,  what  is  the  minimum  time  in  which  the  deployment  can  be  completed? 
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Fig.  6.21.  Satellite  in  the  stowed  and  partially 
deployed  configurations. 
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Fig.  6.22.  Satellite  release  configuration. 


Problem  6.25.  Satellite  release 

A  satellite  is  released  from  a  launch  vehicle,  as  depicted  in  fig.  6.22.  The  satellite  is  composed 
of  a  rigid  body  and  of  two  solar  panels  of  length  L  —  5m-  During  release,  force  F(i)  imparts 
to  the  satellite  the  following  vertical  motion  (rectilinear  motion  along  12):  u{t)  —  Ao{l  — 
cosTvt/T)/2  for  t  <  T/2  and  u{t)  =  Ao  [Tr{2t/T  -  l)/2  +  1]  /2  for  t  >  T/2,  where 
Z\o  =  0.5  m  and  T  =  0.5  s  is  the  characteristic  release  time.  Due  to  the  impulsive  nature  of 
the  applied  force,  the  solar  panel  will  start  to  vibrate.  Each  panel  is  uniform  and  has  a  mass 
■nip  —  100  kg.  The  elasticity  of  the  panels  will  be  represented  by  torsional  springs  of  stiffness 
k  —  5  kN-m/rad  at  their  root.  In  view  of  the  symmetry  of  the  problem,  the  motions  of  the  two 
solar  panels  will  be  identical.  Consequently,  the  sole  right  panel  will  be  investigated  here.  (1) 
Draw  a  free  body  diagram  for  the  right  panel.  (2)  Derive  the  differential  equation  of  motion 
of  the  panel.  (3)  Solve  this  equation  numerically.  (4)  On  three  separate  graphs,  plot  (p,  4>,  and 
(ji  as  a  function  of  time,  for  t  e  [0,  5]  s.  (5)  Plot  the  horizontal  and  vertical  components  of 
reaction  at  point  A.  (6)  Plot  the  torque  in  the  torsional  spring  as  a  function  of  time. 
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Problem  6.26.  Quick  return  mechanism 

Tlie  quick  return  meclianism  sliown  in  fig.  5.9  consists  of  a  uniform  cranlc  of  lengtli  ia  =  0.30 
m  and  mass  rric  —  12  kg,  and  of  a  uniform  bar  of  length  It  ~  1-6  m  and  mass  mt  =  60  kg. 
The  crank  is  pinned  at  point  R  and  the  bar  is  pinned  at  point  O.  The  distance  between  these 
two  points  is  d  =  0.35  m.  At  point  P,  a  slider  allows  the  tip  of  the  crank  to  slide  along  the 
bar.  Gravity  acts  in  the  vertical  direction,  g  =  9.81  m/s^.  The  system  is  driven  by  a  torque  M 
applied  to  the  crank  at  point  R.  The  time  history  of  angle  9  is:  9(t)  =  n{l  —  cosnt/T)/2, 
where  T  =  5  s  is  the  time  required  for  the  crank  to  rotate  180  degrees.  (1)  Draw  free  body 
diagrams  of  the  bar  and  crank.  Write  the  equations  of  motion  of  the  system.  (2)  Plot  the  time 
history  of  the  contact  force  at  the  slider.  (3)  On  the  same  graph,  plot  the  horizontal  and  vertical 
components  of  the  reaction  force  at  point  O.  (4)  Plot  the  time  history  of  the  torque  M  required 
to  drive  the  system.  (5)  On  the  same  graph,  plot  the  horizontal  and  vertical  components  of  the 
reaction  force  at  point  R. 

Problem  6.27.  Bar  hinged  at  rim  of  rotating  disk 

Figure  6.23  shows  a  homogeneous  disk  of  radius  R 
and  mass  Af  rotating  in  a  vertical  plane  around  iner- 
tial  point  O.  Frame  J"^  —  [0,£+  —  (61,62,63)]  is 
attached  to  the  disk.  At  point  B,  a  homogeneous  bar 
of  length  i  and  mass  m  is  hinged  to  the  disk.  A  tor- 
sional spring  of  stiffness  constant  k  and  a  torsional 
dashpot  of  constant  c  are  located  at  the  hinge.  The 
spring  is  un-stretched  when  (j)  —  4>o.  (1)  Derive  the 
equations  of  motion  of  the  system  in  terms  of  angles 

e  and  (j).  (2)  On  one  graph,  plot  angles  9  and  <^  versus  Fig-  6-23.  Bar  hinged  at  rim  of  rotat- 
r.  (3)  On  one  graph,  plot  angular  velocities  9'  and      it^g  disk. 

(j)'-  (4)  On  one  graph,  plot  angular  accelerations  9"  and  0".  (5)  Plot  the  cumulative  energy 
dissipated  in  the  dashpot,  Wd  ~  Wd/k.  (6)  Plot  the  system's  kinetic,  K  —  K/k,  potential, 
V  =  V/k,  energies.  Check  that  the  energy  closure  equation  is  satisfied.  (7)  Plot  the  compo- 
nents of  the  force,  F_g  =  F_g/{mtuj^),  in  the  hinge,  resolved  in  basis  8^ .  Use  the  following 
data:  /i  =  M/m  =  ?,,  R  =  R/t  =  I,  g  =  g/iluj'^)  =  1.2,  C,  =  ojc/{2k)  =  0.05,  and 
(j>o  ~  0.  Use  the  following  non-dimensional  time  r  —  ujt,  where  uj^  —  3k/{m£'^)  and  (•)' 
indicates  a  derivative  with  respect  to  r.  Plot  all  results  for  r  G  [0,  30].  The  initial  conditions 
are  61  =  (j!)  =  0,  61'  =  1,  and  </)'  =  -1. 

Problem  6.28.  Robotic  arm  in  space 

Consider  a  robotic  arm  in  space  depicted  in  fig.  6.24.  The  flexibility  of  the  arm  will  be  rep- 
resented in  a  crude  manner  by  a  mid-span  torsional  spring  of  stiffness  kt  —  1,  500  N-m/rad. 
The  first  segment  of  the  robotic  arm  is  of  length  La  ~  2.4  m  and  its  orientation  is  prescribed 
as  9{t)  =  7r(l  -  cos7ri/r)/6  for  i  <  T  and  9{t)  =  n/3  for  t  >  T,  where  T  =  25  s.  The 
second  segment  of  the  robotic  arm  is  of  length  Lf,  —  2.4  m  and  mass  nib  ~  60  kg.  The  system 
is  used  to  manipulate  a  payload  of  mass  Mp  =  1, 000  kg  and  moment  of  inertia  Ip  =  250 
kg-m'^  connected  to  the  tip  of  the  second  segment  of  the  robotic  arm.  (1)  Derive  the  equation 
of  motion  for  the  orientation  angle  (j)  of  the  second  segment  of  the  robotic  arm.  (2)  Solve  this 
differential  equation  numerically  assuming  initial  conditions  at  rest.  (3)  On  the  same  graph, 
plot  9  and  (^  as  a  function  of  time.  What  is  the  maximum  overshoot,  ((jimax  —  5max)/^max,  of 
(j)  with  respect  to  the  command  signal  97  (4)  Plot  the  angular  velocity  <;/)  as  a  function  of  time. 
(5)  Plot  the  torque,  Q,  in  the  torsional  spring  as  a  function  of  time.  (6)  Find  the  components  of 
force  through  the  pin  at  point  A.  (7)  On  the  same  graph,  plot  the  horizontal  and  vertical  com- 
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ponents  of  this  force  and  its  magnitude  as  a  function  of  time.  For  all  graphs,  use  t  e  [0, 100] 
s. 


Initial 

configuration 

? J 


M„,I 


Fig.  6.24.  Robotic  arm  configuration. 


Fig.  6.25.  Satellite  capture  configuration. 


Problem  6.29.  Satellite  capture 

A  satellite  is  to  be  brought  to  the  cargo  bay  of  the  space  shuttle.  Figure  6.25  shows  the  ini- 
tial configuration  of  the  system,  with  the  satellite  connected  to  the  end  of  the  shuttle  robotic 
system.  The  first  part  of  the  robotic  system,  bar  1,  is  a  uniform  bar  of  length  Li  —  Am  and 
mass  mi  —  100  kg.  The  second  part  of  the  robotic  system,  bar  2,  is  a  uniform  bar  of  length 
L2  =  3  m,  and  mass  m2  —  65  kg.  The  satellite  has  a  mass  nipi  =  1,  500  kg  and  a  moment 
of  inertia  Ipi  —  1,  200  kg-m^.  Torques  To  and  Ta  are  applied  at  the  joints  located  at  points 
O  and  A,  respectively,  in  such  a  way  that  the  time  histories  of  angles  6  and  <f>  are  as  follows: 
9{t)  =  7r(l  +  cosnt/T)  and  (t>{t)  =  7r(l  -  3cos7rt/r)/4,  respectively,  where  T  =  10  s  is 
the  total  time  needed  bring  the  satellite  into  the  cargo  bay.  (1)  On  the  same  graph,  plot  the  time 
history  of  angles  6  and  (ji.  (2)  Plot  the  angular  velocities  of  bars  1  and  2.  (3)  Plot  the  angular 
accelerations  of  bars  1  and  2.  (4)  Plot  the  trajectory  of  the  satellite  as  it  is  brought  into  the 
cargo  bay.  (5)  Draw  free  body  diagrams  for  bars  1  and  2.  (6)  Plot  the  horizontal  and  vertical 
components  of  the  reaction  force  at  point  A,  denoted  Ha  and  Va,  respectively.  (7)  Plot  the 
horizontal  and  vertical  components  of  the  reaction  force  at  point  O,  denoted  Ho  and  Vb,  re- 
spectively. (8)  Plot  the  torques  To  and  Ta  applied  at  points  O  and  A,  respectively.  (9)  If  the 
actuators  at  points  O  and  A  can  generate  a  maximum  torque  of  1,000  N-m,  find  the  minimum 
maneuver  time,  Tmin. 

Problem  6.30.  Rolling  cylinder  with  bar 

Figure  6.26  shows  a  homogeneous  cylinder  of  mass  M  and  radius  r  rolling  without  sliding  on 
a  horizontal  plane  under  the  effect  of  gravity.  A  homogeneous  bar  of  mass  m  and  length  £  is 
rigidly  attached  to  the  center  of  the  cylinder.  Angle  6  denotes  the  orientation  of  the  bar  with 
respect  to  the  vertical  axis.  At  the  tip  of  the  bar,  denoted  point  T,  a  spring  of  stiffness  constant 
k  connects  the  bar  to  fixed  point  A;  the  un-stretched  length  of  the  spring  vanishes.  (1)  Derive 
the  equations  of  motion  of  the  system  in  terms  of  angle  6.  (2)  Plot  6  as  a  function  of  time.  (3) 
Plot  0  as  a  function  of  time.  (4)  On  one  graph,  plot  the  kinetic,  potential  and  total  mechanical 
energies  of  the  system.  (5)  On  one  graph,  plot  the  normal  reaction  and  friction  forces  acting 
on  the  disk.  (5)  If  the  friction  coefficient  between  the  disk  and  the  horizontal  plane  is  /i  =  0.3, 
will  the  disk  start  sliding?  Use  the  following  data:  r  —  0.25,  i  =  1.25  m,  M  —  5,m  —  1.25 
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kg,  fc  =  10  N/m,  and  g  =  9.81m/s^.  At  time  t  ^  0,  9  ^  47r/5  rad,  and  9  =  0.  Present  all 
your  results  for  t  G  [0,  5]  s. 


Fig.  6.26.  Configuration  of  the  rolling  cylin-       Fig.  6.27.  Configuration  of  the  rolling  cylin- 
der, der  with  an  articulated  bar 


Problem  6.31.  Rolling  cylinder  with  articulated  bar 

Figure  6.27  shows  a  homogeneous  cylinder  of  mass  A/  and  radius  r  rolling  without  sliding 
on  a  horizontal  plane  under  the  effect  of  gravity.  A  homogeneous  bar  of  mass  m  and  length  £ 
is  articulated  to  the  rim  of  the  cylinder.  Angle  9  denotes  the  rolling  angle  of  the  cylinder  and 
angle  cf}  the  orientation  of  the  bar  with  respect  to  the  vertical  axis.  At  the  tip  of  the  bar,  denoted 
point  T,  a  spring  of  stiffness  constant  k  connects  the  bar  to  inertial  point  A;  the  un-stretched 
length  of  the  spring  vanishes.  A  torsional  spring  of  constant  k,j,  acts  at  the  connection  between 
the  cylinder  and  the  bar;  the  spring  is  un-stretched  when  the  bar  point  radially  outwards.  (1) 
Derive  the  equations  of  motion  of  the  system  in  terms  of  angles  6  and  <j).  (2)  On  one  graph, 
plot  9  and  </>  as  a  function  of  time.  (3)  On  one  graph,  plot  9  and  (/>  as  a  function  of  time.  (4) 
On  one  graph,  plot  the  kinetic,  potential  and  total  mechanical  energies  of  the  system.  Use  the 
following  data:  r  =  0.25,  £  =  1.25  m,  M  =  5,  m  =  1.25  kg,  fc  =  10  N/m,  k^  =  15 
N-m/rad,  and  g  =  9.81m/s^.  At  time  t  =  0,  6  =  n/2,  0  =  0  rad,  and  9  =  ^  =  0.  Present  all 
your  results  for  t  e  [0,  5]  s. 

Problem  6.32.  Balancing  a  rotor 

Consider  the  rigid  rotor  of  length  L  and  mass  M  supported  by  two  end  bearings  at  points  B  and 
D,  as  depicted  in  fig.  6.19  and  discussed  in  example  6.7.  Due  to  manufacturing  imperfections, 
the  rotor  is  not  balanced,  i.e.,  the  coordinates  of  the  center  of  mass  do  not  vanish,  x'^  ^  0  and 
a^2c  7^  0,  and  axis  63  is  not  a  principal  axis  of  inertia  of  the  rotor,  /^*  /  0  and  /^*  7^  0.  To 
estimate  these  unknown  parameters,  the  rotor  is  spun  at  a  constant  angular  velocity,  Q,  and  the 
bearing  reactions  B\,  BJ,  _D*,  and  D%  are  measured.  To  balance  the  rotor,  i.e.,  to  eliminate 
the  reaction  forces  at  the  bearings,  it  is  proposed  to  add  two  point  masses  to  the  rotor  The  first 
point  mass  is  located  at  point  (xi„  =  Ra  cos  9a,  x^a  ~  Ra  sin  9a,x^a)  and  is  of  mass  ma', 
similarly,  the  second  point  mass  is  located  at  point  (x^j,  =  Ri,  cos  9i,,X2i,  =  Rb  sin 9i, ,  xsb ) 
and  is  of  mass  mi,.  This  implies  that  the  balancing  masses  rria  and  m^  are  located  on  circles 
of  radii  Ra  and  -Rb,  respectively,  at  angular  locations  9a  and  6;,,  respectively.  (1)  Based  on  the 
measured  reactions,  evaluate  Jj^*  =  I^^ /{ML^)  and  /^*  =  I23  /{ML  ).  (2)  Based  on  the 
measured  reactions,  evaluate  x*c  =  xl^/L  and  2:2c  =  X2c/L.  (3)  Find  the  magnitude  of  the 
balancing  masses,  m,a  and  rrib,  and  the  angular  locations,  9a  and  9b.  Use  the  following  data: 
Bi*  =  Bl/{Mn^L)  =  -0.0005;  BJ  =  Bi/{Mn^L)  =  .0008;  Dt  =  Dt/{Mf2^L)  = 
0.0005;  D'2  =  Dy{Mf2^L)  =  -.0004.  L  =  0.5  m;  M  =  10  kg;  xsa  =  0.2  and  X3b  =  0.3 
m;  Ra  =  0.2  and  Rb  =  O.l  m. 
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Problem  6.33.  Double  pendulum  with  elastic  joint 

Figure  6.17  depicts  a  double  pendulum  comprising  bar  1,  of  mass  mi  and  length  li,  and  bar 
2,  of  mass  m2  and  length  £2-  Let  frame  T  —  [A,  A  —  (ai,  0,2)]  be  attached  to  bar  1  and 
frame  J^^  =  [E,£  =  (ei,  62)]  be  attached  to  bar  2.  A  massless  tube  allows  bar  2  to  slide  in 
the  direction  of  02;  the  slider  has  a  mass  M  and  is  connected  to  bar  1  at  point  A  by  means 
of  a  spring  of  stiffness  constant  k.  The  position  of  the  slider  is  determined  by  its  distance,  x, 
from  point  A,  the  tip  of  bar  1;  the  angular  positions  of  the  two  bars  with  respect  to  the  vertical 
are  denoted  9i  and  62,  respectively.  The  system  is  subjected  to  gravity  along  the  inertial  ii 
direction.  (1)  Derive  the  equations  of  motion  of  the  system  in  terms  of  9i,  62  and  x.  (2)  On 
one  graph,  plot  61  and  62  as  a  function  of  time.  (3)  Plot  x  as  a  function  of  time.  (4)  On  one 
graph,  plot  the  angular  velocities  of  the  two  bars.  (5)  Plot  i  as  a  function  of  time.  (6)  On 
one  graph,  plot  the  kinetic,  potential  and  total  mechanical  energies  of  the  system.  (7)  On  one 
graph,  plot  the  reaction  and  elastic  forces  at  the  joint.  (8)  On  one  graph,  plot  the  vertical  and 
horizontal  components  of  the  reaction  force  at  point  O.  Use  the  following  data:  M  =  1, 
mi  =  1  and  m2  =  1  kg;  h  =  0.4  and  I2  =  0.5  m;  k  =  400  N/m;  g  =  9.81  m/s^.  At  the 
initial  time  t  =  0,  9i  —  62  —  n/2  and  x  =  0.  Present  all  the  results  of  the  simulation  for 

t  e  [0, 15]  s. 

Problem  6.34.  Pendulum  with  sliding  mass 

Figure  6.18  shows  a  pendulum  comprising  a  bar  of  mass  m.  and  length  £  and  a  rigid  body 
of  mass  M,  as  discussed  in  example  6.6.  Let  frame  J^^  —  [(O,  £  —  (ei,  62)]  be  attached 
to  the  bar.  The  rigid  body  is  connected  at  point  B  to  the  tip  of  the  bar  at  point  A  by  means 
of  a  spring  of  stiffness  constant  k  and  a  dashpot  of  constant  c.  The  stretch  of  the  spring  is 
denoted  x  and  its  un-stretched  length  vanishes.  The  center  of  mass  of  the  rigid  body  is  located 
at  point  C  and  vector  7]  defines  the  position  of  the  center  of  mass  with  respect  to  point  B; 
the  moment  of  inertia  of  the  body  with  respect  to  center  of  mass  is  denoted  !_'-'.  The  angular 
position  of  the  bar  with  respect  to  the  vertical  is  denoted  6.  The  system  is  subjected  to  gravity 
along  the  inertial  n  direction.  (1)  Derive  the  equations  of  motion  of  the  system  in  terms  of  9 
and  X.  (2)  Plot  S  as  a  function  of  time.  (3)  Plot  x  as  a  function  of  time.  (4)  Plot  the  angular 
velocity  of  the  bar.  (5)  Plot  i  as  a  function  of  time.  (6)  On  one  graph,  plot  the  kinetic  and 
potential  energies  of  the  system  as  well  as  the  energy  dissipated  in  the  dashpot.  Verify  the 
energy  closure  equation.  (7)  On  one  graph,  plot  the  interaction  force  at  point  A  and  the  total 
force  in  the  spring  and  dashpot  assembly.  (8)  On  one  graph,  plot  the  vertical  and  horizontal 
components  of  the  reaction  force  at  point  O.  (9)  Plot  the  interaction  moment  between  the  bar 
and  the  rigid  body.  Use  the  following  data:  m  =  0.4,  M  =  2.5  kg,  £  =  0.45  m,  k  =  10  N/m, 
c  —  0.05  N-s/m,  J*^*  —  0.75  kg-m^,  r)i  —  0.2,  and  77!  —  0.3  m  are  the  components  of  vector 
rj  in  basis  £,  and  g  —  9.81  m/s^.  At  the  initial  time  t  —  0,9  =  7t/2  and  x  —  0.  Present  all  the 
results  of  the  simulation  for  t  e  [0,  50]  s. 

Problem  6.35.  Milling  machine 

Consider  the  simplified  model  of  a  milling  machine  as  depicted  in  fig.  6.28.  The  tool  support 
is  a  rigid  body  of  mass  m,  and  moment  of  inertia  J*^  with  respect  to  point  O  connected  to 
the  ground  at  point  O.  Its  center  of  mass  is  located  at  point  A,  which  is  at  a  distance  £1  from 
point  O.  A  torsional  spring  of  stiffness  constant  kg,  the  un-stretched  rotation  of  the  spring  is 
denoted  9o,  and  a  torsional  dashpot  of  constant  cg  act  at  point  O.  Let  frame  J^^  —  {0,£), 
£  —  (ei,  62),  be  attached  to  the  tool  support;  the  angle  between  axes  ii  and  ei  is  denoted  9.  A 
massless,  rigid  bar  DB  of  length  £2  is  free  to  slide  inside  the  tool  support.  A  spring  of  stiffness 
constant  kx,  the  un-stretched  length  of  the  spring  is  denoted  xq,  and  a  dashpot  of  constant 
Cx  connect  the  tool  support  at  point  A  to  the  bar  at  point  D.  At  point  B,  the  bar  connects  to 
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tiie  milling  machine  tool,  which  is  free  to  rotate  about  point  B.  Let  frame  T^  =  (B,S), 
B  —  (61,  62),  be  attached  to  the  tool,  whose  center  of  mass  C  is  located  a  distance  d  along 
axis  bi.  The  tool  rotates  at  a  constant  angular  velocity,  O,  with  respect  to  the  bar,  such  that  the 
angle  between  axes  ei  and  bi  is  (f>  —  Qt.  The  tool  is  of  mass  M  and  moment  of  inertia  I^ 
with  respect  to  point  B.  (1)  Derive  the  equations  of  motion  of  the  system  in  terms  of  angle  6 
and  X,  the  distance  from  point  A  to  D.  (2)  Plot  S  as  a  function  of  time.  {3}  Plot  2;  as  a  function 
of  time.  (4)  Plot  the  angulai-  velocity  of  the  tool  support.  (5)  Plot  i  as  a  function  of  time.  (6) 
Plot  the  torque  Tb  applied  to  the  tool  at  point  B.  (7)  On  one  graph,  plot  the  cumulative  work 
dissipated  in  the  two  dashpots  and  that  done  by  torque  Tb-  (8)  On  one  graph,  plot  the  kinetic 
and  potential  energies  of  the  system.  Verify  the  energy  closure  equation.  Use  the  following 
data:  h  =  0.25,  I2  =  0.3,  d  =  0.002  m,  m  =  2,  Af  =  4  kg,  1°  =  0.2,  I^  =  0.0125  kg•m^  O  = 
400  rad/s,  k^  =  10  kN/m,  ke  =  15  kN-m/rad,  c^  =  10  N-s/m,  ce  =  10  N-m-s/rad,  60  =  7r/4,  xo 
=  0.1  m,  and  g  =  9.81  m/s^.  At  the  initial  time  t  =  0,  6  —  tt/4  and  x  =  0.1  m.  Present  all  the 
results  of  the  simulation  for  t  G  [0,  0.5]  s. 


Fig.  6.28.  Configuration  of  the  milling  ma-       Fig.  6.29.  Configuration  of  the  simplified 
chine.  suspension  system. 


Problem  6.36.  Suspension  system 

Figure  6.29  shows  the  configuration  of  a  simplified  planar  suspension  system.  A  rigid  body  of 
mass  M  is  connected  to  the  ground  at  point  A  by  means  of  a  massless  rigid  bar  of  length  £  and 
at  point  B  by  means  of  a  spring  of  stiffness  constant  k  and  dashpot  of  constant  c.  Reference 
frame  T^  [A,  B  —  (bi,  62)]  is  attached  to  the  rigid  body  at  point  A;  the  center  of  mass  of  the 
rigid  body  is  located  at  distance  d  from  point  A,  along  axis  &i.  The  coordinates  of  point  B, 
resolved  in  B,  are  (s* ,  sj ) .  Point  D  is  located  a  distance  w  from  point  O.  The  configuration  of 
the  system  is  represented  by  angles  6  and  (j>,  as  indicated  in  the  figure.  (1)  Draw  a  free  body 
diagram  of  the  system.  (2)  Derive  the  two  equations  of  motion  of  the  system.  (3)  Find  the  load 
in  the  bar 


Problem  6.37.  Bar  rocking  on  top  of  a  curve 

A  homogeneous  bar  a  length  L,  thickness  h,  and  mass  Af  is  rocking  without  sliding  on  top 
of  a  fixed  curve,  as  depicted  in  fig.  6.30.  At  contact  point  P,  a  normal  contact  force,  A^,  and 
a  friction  force,  F,  are  acting  on  the  bar.  (1)  Find  the  work  done  by  the  normal  contact  force, 
A^.  Under  what  condition  will  this  force  perform  work?  (2)  Find  the  work  done  by  the  friction 
force,  F.  Under  what  condition  will  this  force  perform  work?  (3)  By  means  of  high-speed 
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cameras,  an  experimentalist  is  monitoring  the  elevation,  d,  of  the  bar's  center  of  mass  above 
the  apex  of  the  curve.  At  times  ii  and  t2,  the  elevations  of  the  center  of  mass  were  measured 
to  be  di  and  d2,  respectively.  What  can  be  said  about  the  evolution  of  the  bar's  kinetic  energy 
during  that  time.  (4)  Is  the  system's  total  mechanical  energy  preserved?  (5)  Does  the  bar's 
angular  momentum  remain  constant?  Justify  all  your  answers. 

Problem  6.38.  Bar  rocking  atop  a  curve 

Figure  6.30  depicts  a  homogeneous  bar  a  length  L,  thickness  h,  and  mass  M  rocking  without 
sliding  on  top  of  a  fixed  curve.  The  curve  is  defined  by  its  intrinsic  parametrization,  r(s), 
where  s  is  the  curvilinear  variable  measuring  length  along  the  curve.  (1)  Find  the  equation  of 
motion  of  the  system.  (2)  Evaluate  the  normal  contact  and  friction  force  at  point  P.  (3)  If  the 
curve  is  a  circle  of  radius  R,  what  is  the  form  of  the  equation  of  motion? 


Fig.  6.30.  Homogeneous  bar  rocking  without       Fig.  6.31.  Pendulum  connected  to  a  plunging 
sliding  atop  a  curve.  mass. 


Problem  6.39.  Pendulum  connected  to  a  plunging  mass 

A  pendulum  of  mass  m  and  length  L  is  connected  to  a  mass  M  that  is  allowed  to  slide  ver- 
tically, as  depicted  in  fig.  6.31.  Mass  M  is  connected  to  the  ground  be  means  of  a  spring  of 
stiffness  constant  k  and  dashpot  of  constant  c.  The  spring  is  un-stretched  when  a;  =  0.  (1)  Find 
the  equations  of  motion  of  the  system.  (2)  Plot  the  time  history  of  the  plunging  motion,  x{t). 
(3)  Plot  the  time  history  of  angle  6{t).  (4)  Plot  the  velocity  of  the  plunging  mass,  x'{t).  (5) 
Plot  the  angular  velocity  of  the  pendulum,  0'  (t).  (6)  On  one  graph,  plot  the  non-dimensional 
horizontal  and  vertical  components  of  the  force  applied  to  the  plunging  mass  at  point  A,  de- 
noted Ha  ~  HA/(kL)  and  Va  ~  VA/{kL),  respectively.  (7)  Plot  the  cumulative  energy 
dissipated  in  the  damper,  W'^  —  W^ /{kL^).  (8)  On  one  graph,  plot  the  system's  kinetic  en- 
ergy, K  =  K/{kL^),  potential  energy,  V  —  V/kL^,  and  the  energy  closure  equation.  Use 
the  following  data:  non-dimensional  time,  r  —  cjt,  where  uj"^  —  k/(M  +  m),  (•)'  indicates  a 
derivative  with  respect  to  r,  x  =  x/L,  /i  =  ra/[M  +  m)  —  0.5,  C  =  ca;/(2fc)  —  0.05,  and 
(?  =  (M  +  7n)g/(kL)  =  1.5.  At  the  initial  time  (r  =  0),  x  =  0.5,  x  ^  0,  6  ^  7r/3,  and 
e'  =  0.  Present  all  results  for  r  G  [0,  20]. 

Problem  6.40.  Two-bar  mechanism 

The  two  bar  mechanism  shown  in  fig.  6.32  comprises  bar  OB  of  length  Li  and  mass  mi, 
and  bar  BAT  of  length  L2  and  mass  m2.  Bar  BAT  passes  through  a  slider  located  at  fixed 
point  A  but  free  to  swivel  about  that  point.  A  spring  of  stiffness  constant  k  connects  the  tip  of 
the  bar  at  point  T  to  the  slider  at  point  A  and  is  of  vanishing  un-stretched  length.  A  viscous 
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friction  force,  F-^  —  —cw,  acts  at  the  interface  between  the  bar  and  the  shder.  (1)  Derive 
the  equation  of  motion  of  the  system  using  generahzed  coordinate  9i .  (2)  On  one  graph,  plot 
angles  6i  and  02  as  functions  of  the  non-dimensional  time  r.  (3)  On  one  graph,  plot  angular 
velocities  9'i  and  62.  (4)  On  one  graph,  plot  angular  accelerations  O"  and  62.  (5)  Plot  the 
spring  stretch,  A  =  A/Li.  (6)  On  one  graph,  plot  the  friction  force,  F^  —  F^ /{kLi), 
and  reaction  force  at  the  slider,  S  —  S/{kLi).  (7)  Plot  the  cumulative  energy  dissipated  at 
the  slider,  W  =  W^/ikLJ).  (8)  On  one  graph,  plot  the  kinetic  energy,  K  =  K/{kLl), 
potential  energy,  V  —  V/{kL\),  and  the  energy  closure  equation.  Use  the  following  data: 
/ii  =  mi/(mi  +  7712)  —  0.6,  jj.2  —  m2/(mi  +  7712)  =  1  —  jii,  d  —  d/L\  —  3,  L2  — 
L2/L1  —  5,  and  g  —  {mi  +  m2)g/{kL\)  —  0.2.  Use  the  non-dimensional  time  r  —  ujt, 
where  oj^  —  k/(mi  +1712).  The  viscous  friction  coefficient  is  written  as  c  =  2{mi  +m2)uj^, 
where  (  —  0.02.  At  the  initial  time,  9i  —  0  and  9'i  =  2.4,  where  (•)'  indicates  a  derivative 
with  respect  to  r.  Present  all  your  results  for  r  £  [0, 40]. 


B 

a,^^ 

/A/2      MDi, 

L/2      /, 

/,,      L/2        ■' 

Fig.  6.32.  Two-bar  mechanism. 


/r/2 


Fig.  6.33.  Rotor  with  skewed  bar. 


Problem  6.41.  Rigid  bar  connected  to  a  rotor 

Figure  6.33  shows  rigid  rotor  of  length  L  and  mass  M.  Basis  £  —  (ei,  62,  63)  is  attached 
to  the  rotor;  unit  vector  63  is  aligned  with  the  shaft.  A  rigid  bar  of  length  r  and  mass  m  is 
rigidly  connected  to  the  shaft.  Basis  A  —  (ai,  (12,0.3)  is  attached  to  the  bar,  (=3  =  dg  and 
a  —  (e2,ai);  unit  vector  di  is  aligned  with  the  bar  The  shaft  and  bar  are  homogeneous 
slender  rods,  see  fig.  6.42,  and  their  centers  of  mass  coincide  at  point  C.  The  rotor  rotates  at 
a  constant  angular  velocity,  i7,  about  axis  es,  and  is  supported  by  bearings  at  points  B  and 
D.  (1)  Compute  the  components  of  the  reaction  forces  at  points  B  and  D  resolved  in  basis  £. 
(2)  Compute  the  components  of  the  reaction  forces  at  points  B  and  D  resolved  in  the  inertial 
basis. 

Problem  6.42.  Rigid  disk  connected  to  a  rotor 

Figure  6.33  shows  rigid  rotor  of  length  L,  radius  R,  and  mass  M .  Basis  £  —  (ei,  62,  £3)  is 
attached  to  the  rotor;  unit  vector  63  is  aligned  with  the  shaft.  A  rigid  disk  of  radius  r  and  mass 
m  is  rigidly  connected  to  the  shaft.  Basis  A  —  (ai, 02, as)  is  attached  to  the  disk,  e^  —  dg 
and  a  =  (e2,  ai);  unit  vector  02  is  normal  the  disk.  The  shaft  is  a  homogeneous  cylinder,  see 
fig.  6.40,  and  the  disk  a  homogeneous  thin  disk,  see  fig.  6.41.  Their  centers  of  mass  coincide 
at  point  C.  The  rotor  rotates  at  a  constant  angular  velocity,  il,  about  axis  (=3,  and  is  supported 
by  bearings  at  points  B  and  D.  (1)  Compute  the  components  of  the  reaction  forces  at  points  B 
and  D  resolved  in  basis  £.  (2)  Compute  the  components  of  the  reaction  forces  at  points  B  and 
D  resolved  in  the  inertial  basis. 
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Problem  6.43.  Particle  sliding  in  a  rolling  wheel 

Figure  6.34  shows  a  homogeneous  wheel  of  mass  M  and  radius  R  rolhng  without  shding  on 
a  horizontal  plane  under  the  effect  of  gravity.  A  particle  of  mass  m  slides  in  a  radial  slot  of 
the  wheel  and  is  connect  to  its  center  by  means  of  a  spring  of  stiffness  constant  k  and  dashpot 
of  constant  c.  The  un-stretched  length  of  the  spring  is  xq-  (1)  Derive  the  system's  equations  of 
motion  using  the  generalized  coordinates  x  and  6  indicated  on  the  figure.  (2)  Plot  the  position 
of  mass  m,  X  —  x/R,  versus  r.  (3)  Plot  angle  6  versus  r.  (4)  Plot  the  velocity  of  mass  m, 
X  .  (5)  Plot  the  wheel's  angular  velocity,  6' .  (6)  Plot  the  acceleration  of  mass  m,  x".  (7)  Plot 
the  wheel's  angular  acceleration,  6" .  (8)  Plot  the  cumulative  energy  dissipated  in  the  dashpot, 
Wd  =  Wd/{muj'^R'^).  (9)  On  one  graph,  plot  the  kinetic,  K  =  K/{muj^R^),  and  potential, 
V  =  V/{mu}'^R^),  energies  of  the  system.  Verify  that  the  energy  closure  equation  is  satisfied. 
(10)  On  one  graph,  plot  the  force  in  the  spring-dashpot  system,  Fsd  =  Fsd/{muP'R),  and 
the  contact  force  between  the  particle  and  slot,  F'^  —  F'^'/(muj'^R).  (11)  On  one  graph,  plot 
the  normal  and  tangential  force  components  at  the  point  of  contact  of  the  wheel  with  the 
plane,  N  —  N/{mupR)  and  F^  —  F^ /{uujj^R),  respectively.  (12)  What  is  the  minimum 
required  friction  coefficient  if  the  wheel  is  to  roll  without  sliding.  Use  the  following  data: 
H  =  M/m  =  5,  C  =  c/(2maj)  =  0.01,  g  =  g/iRoj^)  =  0.2,  xq  =  xo/R  =  0.5.  Use 
the  following  non-dimensional  time  r  =  ojt,  where  u^  —  k/m  and  (•)'  indicates  a  derivative 
with  respect  to  r.  Plot  all  results  for  r  G  [0,  200].  The  initial  conditions  are  x  —  9  —  x'  —  0, 
andS'  =  0.1. 


O* 


Fig.  6.34.  Particle  sliding  in  a  rolling  wheel.       Fig.  6.35.  Particle  in  a  slot  on  a  rotating  disk. 


Problem  6.44.  Particle  in  a  slot  on  a  rotating  disk 

Figure  6.35  depicts  a  homogeneous  disk  of  mass  M  and  radius  R  rotating  in  a  vertical  plane 
around  inertial  point  O.  Mass  m  is  free  to  slide  in  a  radial  slot  on  the  disk  and  is  connected  to 
the  center  of  the  disk  by  means  of  a  spring  of  stiffness  constant  k  and  a  dashpot  of  constant 
c.  The  system  is  subjected  to  gravity  and  a  torque,  Q,  is  applied  to  the  disk.  The  spring's 
un-stretched  length  is  denoted  xq.  (1)  Derive  the  equations  of  motion  of  the  system  in  terms 
of  angle  </>  and  distance  x  from  point  O  to  the  particle.  (2)  Find  the  horizontal  and  vertical 
components  of  the  reaction  force  at  point  O.  (3)  If  the  disk  is  to  rotate  at  a  constant  angular 
velocity,  (j>  =  Q,  find  the  equation  of  motion  for  the  particle.  (4)  Find  the  applied  torque,  Q, 
required  to  maintain  this  constant  angular  speed. 

Problem  6.45.  Pendulum  connected  to  horizontal  piston 

Figure  6.36  shows  a  pendulum  of  length  I  with  a  tip  mass  ra.  A  piston  of  mass  M  is  rigidly 
connected  to  a  horizontal  rod  sliding  along  the  pendulum  by  means  of  a  slider  at  point  S. 
A  spring  of  stiffness  constant  k  and  dashpot  of  constant  c  connect  the  piston  to  the  ground. 
The  spring  is  un-stretched  when  angle  9  =  0.  The  distance  from  the  vertical  to  point  S  is 
denoted  x.  (1)  Derive  the  system's  equation  of  motion  in  terms  of  angle  9  indicated  on  the 


6.7  Planar  motion  of  rigid  bodies         247 

figure.  (2)  Plot  angle  6  versus  time  r.  (3)  Plot  the  rod's  angular  velocity,  8' .  (4)  Plot  the 
rod's  angular  acceleration,  9".  (5)  Plot  distance  x  —  x/£.  (6)  Plot  the  piston's  speed  x  .  (7) 
Plot  the  piston's  acceleration  x" .  (8)  Plot  the  cumulative  energy  dissipated  in  the  dashpot, 
Wd  =  Wd/{muj'^£'^).  (9)  On  one  graph,  plot  the  kinetic,  K  =  K/{mLu^i^),  and  potential, 
V  —  V jimuP'l?'),  energies  of  the  system.  Verify  that  the  energy  closure  equation  is  satisfied. 
(10)  Plot  the  normal  slider  force,  S  =  S/{muPt).  Use  the  following  data:  /i  —  M/m  =  2, 
h  =  h/l  =  0.25,  g  =  g/{£(^'^)  =  0.1,  C  =  c/(2ma;)  =  0.01.  Use  the  following  non- 
dimensional  time  r  —  tot,  where  uj^  —  k/m  and  (■)'  indicates  a  derivative  with  respect  to  t. 
Plot  all  results  for  r  e  [0,  50].  The  initial  conditions  are  ^  =  0,  and  6'  —  1. 


Fig.  6.36.  Pendulum  connected  to  horizontal       Fig.  6.37.  Inverted  pendulum  mounted  on  a 
piston.  cart. 


Problem  6.46.  Inverted  pendulum  mounted  on  a  cart 

Figure  6.37  depicts  an  inverted  homogeneous  pendulum  of  mass  m  and  length  I.  The  pen- 
dulum is  mounted  on  a  cart  of  mass  M  free  to  translate  along  a  horizontal  track.  A  torsional 
spring  of  stiffness  constant  k  restrains  the  pendulum  at  its  attachment  point.  The  spring  is 
un-stretched  when  angle  9  —  Bq.  (1)  Derive  the  two  equations  of  motion  of  the  system.  (2) 
Plot  the  cart's  position,  x  —  x/£  versus  r.  (3)  Plot  angle  6.  (4)  Plot  the  cart's  velocity,  x'. 
(5)  Plot  e'.  (6)  Plot  the  cart's  acceleration,  x".  (7)  Plot  9".  (8)  Plot  the  system's  kinetic, 
K  —  K/mf'uj^,  potential,  V  —  V/{mPu)^),  and  total  mechanical  energies.  (9)  Plot  the 
horizontal  and  vertical  components  of  the  internal  force  at  point  A,  denoted  H  —  H/{mluj^) 
and  V  —  V/{m(.iJ^),  respectively.  (10)  Plot  the  vertical  force  components  in  the  front  and 
rear  wheels,  denoted  Ff  =  Fj /{miui^)  and  Fr  —  Fr/{m(.uP),  respectively.  Use  the  fol- 
lowing data:  /i  =  Mjm,  —  1.5,  9o  =  0,  and  d  —  d/£  —  1.  Use  non-dimensional  time 
T  =  ujt,  where  uj  =  k/{m£^)  and  (•)'  denotes  a  derivative  with  respect  to  r.  At  the  initial 
time,  X  =  Q,  X    =  1,  9  =  7r/4,  9'  =  0.  Present  all  your  results  for  r  e  [0,  20].  Study  two 


cases,  g  = 


—  0.8  and  0  =  4,  and  comment  on  the  differences. 


Problem  6.47.  Geneva  wheel  mechanism 

Figure  6.38  depicts  the  Geneva  wheel  mechanism,  which  consists  of  a  disk  and  slotted  arm. 
The  disk  of  radius  R  and  mass  M  is  free  to  rotate  about  inertial  point  O.  A  pin  is  located  at  the 
rim  of  the  disk  at  point  P.  The  slotted  arm  of  length  £  and  mass  m  is  hinged  at  point  A  and  the 
pin  slides  inside  the  slot.  The  distance  from  point  A  to  the  pin  is  denoted  w.  At  point  A,  the  arm 
is  restrained  by  a  torsional  spring  of  stiffness  constant  k  and  a  torsional  dashpot  of  constant 
ci.  The  spring  is  un-stretched  when  9  —  0.  A  viscous  friction  force,  F^  =  —C2W,  acts  at 
the  interface  between  the  pin  and  the  slot.  (1)  On  one  graph,  plot  angles  (f>  and  9  versus  r.  (2) 
On  one  graph,  plot  angular  velocities  (j)'  and  9' .  (3)  On  one  graph,  plot  angular  accelerations 
(f)"  and  6" .  (4)  Plot  the  cumulative  energy  dissipated  in  the  dashpot  and  friction  mechanism. 
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Wd  ~  Wd/k.  (5)  Plot  the  system's  kinetic,  K  =  K/k,  potential,  V  —  V/k,  energies.  Check 
that  the  energy  closure  equation  is  satisfied.  (6)  On  one  graph,  plot  the  noiTnal  contact  force, 
F"^  —  F'^ /irnRiu^),  and  viscous  friction  force,  F^  —  F^ /irnRiu^),  at  the  pin.  Use  the 
following  data:  /i  =  M/m  =  2,  L  =  L/R  =  1.5,  I  =  i/R  =  2,g  =  g/{li^'^)  =  0.2, 
C^i  —  u]ci/(2k)  —  0.02,  and  C,2  ~  loc2R^ / {2k)  =  0.01.  Use  the  following  non-dimensional 
time  r  —  ujt,  where  uj^  —  3k/{inP)  and  (•)'  indicates  a  derivative  with  respect  to  r.  Plot  all 
results  for  r  G  [0,  5].  The  initial  conditions  are  6  —  0  and  9'  —  1.5. 


Fig.  6.38.  Geneva  wheel  mechanism. 


Fig.  6.39.  Scotch  yoke  mechanism. 


Problem  6.48.  Scotch  yoke  mechanism 

Figure  6.39  depicts  the  Scotch  yoke  mechanism,  which  consists  of  a  disk  and  slotted  yoke. 
The  disk  of  radius  R  and  mass  AI  is  free  to  rotate  about  inertial  point  O.  A  pin  is  located  at 
a  distance  r  from  the  center  of  the  disk.  The  slotted  yoke  of  length  £  and  mass  m  is  allowed 
to  move  horizontally  and  the  pin  slides  inside  the  slot.  At  point  A,  the  yoke  is  restrained  by 
a  spring  of  stiffness  constant  k  and  a  dashpot  of  constant  ci .  The  spring  is  un-stretched  when 
6  =  O.A  viscous  friction  force,  F^  =  —C2Vr,  acts  at  the  interface  between  the  pin  and  the  slot; 
Vr  is  the  relative  velocity  of  the  pin  with  respect  to  the  slot.  (1)  Plot  angle  6  versus  r.  (2)  Plot 
angular  velocity  6' .  (3)  Plot  angular  acceleration  6" .  (4)  Plot  the  cumulative  energy  dissipated 
in  the  dashpot  and  friction  mechanism,  Wd  ~  Wd/{rnu]^r^).  (5)  Plot  the  system's  kinetic, 
K  =  K/{muj'^r'^),  potential,  V  —  V/ijnuj^r'^),  energies.  Check  that  the  energy  closure 
equation  is  satisfied.  (6)  On  one  graph,  plot  the  normal  contact  force,  F"^  =  F'^/{mru}'^),  and 
viscous  friction  force,  F-^  =  F-^ /(mruj^),  at  the  pin.  Use  the  following  data:  /i  —  M/m  —  2, 
R  =  R/r  =  0.8,  Ci  =  ujci/{2k)  =  0.01,  and  C2  =  ujC2/{2k)  =  0.01.  Use  the  following 
non-dimensional  time  r  —  ujt,  where  w^  =  k/m  and  (•)'  indicates  a  derivative  with  respect 
to  T.  Plot  all  results  for  r  e  [0,  30].  The  initial  conditions  are  9  =  0  and  9'  =  1.5. 


6.8  Inertial  characteristics 


The  inertial  characteristics  of  rigid  bodies  with  simple  shapes  are  presented  below. 
For  each  rigid  body,  the  volume,  V,  of  the  body  and  the  principal  mass  moments  of 
inertia  I'li,  I22,  and  J33  are  given.  The  figures  also  indicate  the  location  of  the  center 
of  mass  and  the  orientation  of  the  principal  axes  of  inertia. 


•     Cylinder  (Figure  6.40):  volume,  V  = 


■kR^L;  principal  mass  moments  of  inertia, 

=  mR^/2. 
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Thin  disk  (Figure  6.41):  volume,  V  =  ttR^L;  principal  mass  moments  of  iner- 
tia, III  =  ^22  =  mE? /A,  /gj  =  mE? /2.  These  results  are  obtained  from  their 
counterparts  for  a  cylinder  when  L/R  ^  1. 


Fig.  6.40.  Cylinder. 


Fig.  6.41.  Thin  disk. 


Slender  rod  (Figure  6.42):  volume,  V  =  AL;  principal  mass  moments  of  inertia, 


T* 


mL^/12,  /^g  «  0.  These  results  are  obtained  from  their  counter- 


parts for  a  cylinder  when  d/R  ^  1,  where  d  is  a  representative  dimension  of 

area^. 

Half  cylinder  (Figure  6.43):  volume,  V  =  t:R^L/2;  principal  mass  moments 

of  inertia,  /*i  =  m(i?V4  -  cP)  +  mL^ /12,  I*^  =  mR^/A  +  rriL^ /12,  /fg  = 
m{R^/2  —  cP);  center  of  mass  location,  d  =  AR/Stt. 


ij     V  Area  A 
Fig.  6.42.  Slender  rod. 


Fig.  6.43.  Half  cylinder. 


Parallelepiped  (Figure  6.44):  volume,  V  =  abc;  principal  mass  moments  of 
inertia,  /*i  =  m{b^  +  c'^)/l2,  I*^  =  m{a^  +  c2)/12,  /*3  =  m{a'^  +  IP)/12. 
Thin  plate  (Figure  6.45):  volume,  V  =  ahc;  principal  mass  moments  of  inertia, 
/*^  =  m6^/12,  I22  =  vnc? I\2,  /gg  =  ■m[c?  +  6^)/12;  center  of  mass  location, 
d  =  AR/?,TT. 
Sphere  (Figure  6.46):  volume,  V  =  47r7?'^/3;  principal  mass  moments  of  inertia. 


1*11 


'33 


2mi?75. 


Half  sphere  (Figure  6.47):  volume,  V  =  2ttR^ /?,;  principal  mass  moments  of 


inertia,  I 


11 


T* 
-^22 


83mi?7320,  /g*g  =  2mR^  jh. 
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Fig.  6.44.  Parallelepiped. 


Fig.  6.45.  Thin  plate. 


3R/8 


Fig.  6.46.  Sphere. 


Fig.  6.47.  Half  sphere. 


•  Ellipsoid  (Figure  6.48):  volume,  V  =  47ra6c/3;  principal  mass  moments  of 

inertia,  I^^  =  1/5  m{b'^  +  c^),  I*^  =  1/5  m{a^  +  c^),  7*3  =  1/5  m{a'^  +  fe^). 

•  Hollow  cylinder  (Figure  6.49):  volume,  V  =  7r(i?o  —  R^)L\  principal  mass 
moments  of  inertia,  I^i  =  1^2  =  m^Rl  —  i?f)/4  +  mL^/12, 133  =  m{Rl  — 


Fig.  6.48.  ElUpsoid. 


Fig.  6.49.  Hollow  cylinder. 


Part  III 


Concepts  of  analytical  dynamics 


Basic  concepts  of  analytical  dynamics 


Newtonian  mechanics  deals  with  the  response  of  particles  to  externally  applied  loads 
and  Euler  generalized  these  concepts  to  systems  of  particles.  For  simple  systems  of 
particles,  it  is  convenient  to  use  Cartesian  coordinates  to  represent  the  configuration 
of  the  system,  but  more  often  than  not,  other  types  of  coordinates  are  used  as  well.  For 
instance,  path  or  surface  coordinates  were  introduced  in  chapter  2.  The  manipulation 
of  finite  rotation  also  plays  an  important  role  in  dynamics  and  was  studied  in  depth 
in  chapter  4. 

In  fact,  the  ability  to  use  various  types  of  coordinates  considerably  simplifies 
the  description  of  dynamical  systems  and  the  analysis  of  their  response  to  externally 
applied  loads.  The  concepts  of  generalized  coordinates,  kinematic  constraints,  and 
degrees  of  freedom  are  introduced  in  section  7.2.  Next,  the  important  concepts  of 
virtual  displacements  and  rotations  presented  in  section  7.3  lead  to  the  definition  of 
a  scalar  quantity  of  fundamental  importance  to  dynamics,  the  virtual  work  presented 
in  section  7.4. 

The  principle  of  virtual  work  for  static  problems  is  introduced  in  section  7.5  and 
is  shown  to  be  equivalent  to  Newton's  first  law.  Examples  of  application  of  this  im- 
portant principle  are  presented  using  both  arbitrary  virtual  displacements  and  kine- 
matically  admissible  virtual  displacements.  Finally,  in  the  presence  of  conservative 
forces,  the  statement  of  the  principle  of  virtual  work  is  shown  to  simplify  remarkably. 
The  first  section  introduces  the  mathematical  tools  required  for  the  comprehension 
of  this  chapter. 


7.1  Mathematical  preliminaries 

In  this  section,  the  stationarity  conditions  of  a  function  of  several  variables  are  ex- 
pressed as  both  differential  and  variational  conditions.  These  concepts  will  play  a 
fundamental  role  in  the  remainder  of  the  chapter. 
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7.1.1  Stationary  point  of  a  function 

Consider  a  function  of  n  variables,  F  =  F{ui,U2, . . . ,  ««)•  By  definition,  the  sta- 
tionary points  [2]  of  this  function  are  defined  as  those  for  which 


dF 
dui 


0,     J  =  l,2,. 


(7.1) 


For  a  function  of  a  single  variable,  this  condition  corresponds  to  a  horizontal 
tangent  to  the  graph  of  the  function,  as  illustrated  in  fig.  7.1.  At  a  stationary  point, 
the  function  can  present  a  minimum,  a  maximum,  or  a  saddle  point. 


F        9F/au,  =  0 


-►". 


Minimum  Maximum  Saddle  point 

Fig.  7.1.  Stationaiy  points  of  a  function. 


If  a  function  is  stationary  at  a  point,  conditions  (7.1)  hold  and  the  following 
statement  is  then  true 


dF 


dF 


"5 —  wi  +  t; —  W2  ■ 


dF 

dUn 


0, 


where  wi,W2,  . . .,  Wn  are  arbitrary  quantities.  It  is  convenient  to  use  a  special  nota- 
tion for  these  arbitrary  quantities,  Wi  =  6ui,  where  6ui  are  called  virtual  changes  in 
Ui .  The  above  statement  now  becomes 


dF  ^  dF   ^  dF   ^ 

dui  + dU2  +  ...+ OUr, 

dui  dU2  dUn 


0. 


Comparison  of  this  result  with  a  similar  expression  for  the  differential,  dF,  of  the 
same  function  expanded  using  the  chain  rule  for  derivatives  implies  that  virtual 
changes,  Sui,  are  similar  to  differentials  in  the  variables,  du^.  Consequently,  the  vir- 
tual change  operator,  denoted  "^,"  behaves  in  a  manner  similar  to  the  differential 
operator,  denoted  "d".  This  relationship  between  the  two  operators  will  be  further 
investigated  in  later  sections. 

The  variation  in  function  F,  noted  5F,  is  defined  as 


5F 


dF 


Sui 


dF 


6U2 


dF 


6Un 


dui  du2  dur, 

If  follows  that  the  stationarity  conditions,  eq.  (7.1),  now  become 


(7.2) 


<5F  =  0, 


(7.3) 
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for  all  arbitrary  variations  Sui,  Su2,  . . .,  (5u„.  The  differential  conditions,  eq.  (7.1), 
and  the  variational  condition,  eq.  (7.3),  both  express  the  necessary  and  sufficient  con- 
ditions for  the  stationarity  of  function  F  at  a  point.  From  the  above  developments,  it 
is  clear  that  eq.  (7.1)  implies  eq.  (7.3)  and  since  the  above  reasoning  can  be  reversed, 
it  is  simple  to  prove  that  eq.  (7.3)  implies  eq.  (7.1).  Hence,  the  two  conditions  are 
equivalent. 

The  process  defined  by  a  "variation  of  function  F"  can  be  thought  of  as  a  "math- 
ematical experiment,"  or  "what  if?"  scenario.  The  condition  6F  =  0  for  all  arbitrary 
variations  5ui,  du2,  ■  ■ .,  Sun  at  a  stationary  point  means  "the  change  in  function  F 
would  vanish  if  1  were  to  change  the  values  of  all  variables  at  the  stationary  point." 
Or,  "if  1  were  to  experiment  with  changes  in  all  variables  about  a  stationary  point,  I 
would  find  no  corresponding  change  in  function  F."  Because  the  changes  in  variable 
values  defined  by  such  a  mathematical  experiment  are  not  actual  changes,  the  words 
"virtual  change"  are  used.  The  symbol  "(5"  is  associated  with  such  virtual  changes  as 
opposed  to  the  symbol  "d"  that  refers  to  actual,  infinitesimal  changes. 

To  determine  whether  a  stationary  point  is  a  minimum,  a  maximum,  or  a  saddle 
point  it  is  necessary  to  consider  the  second  derivatives  [2]  of  the  function.  If 

x^     d^F 

duiduj  >  0  (7.4) 


^^-^  duiduj 

at  a  stationary  point  for  all  differentials  duj  and  Auj,  the  function  presents  a  mini- 
mum. If,  on  the  other  hand,  the  same  quantity  is  negative  for  all  duj  and  Auj ,  the 
function  presents  a  maximum.  Finally,  if  the  same  quantity  can  be  positive  or  nega- 
tive depending  on  the  choice  of  the  differentials,  the  function  presents  a  saddle  point. 
From  the  definition  of  the  variation  of  a  function,  eq.  (7.2),  it  follows  that 

It  is  now  clear  that  a  stationary  point  is  a  minimum  if 

5'^F  >  0,  (7.5) 

for  all  arbitrary  variations  Sui  and  6uj .  It  is  a  maximum  iiS^F  <  0  for  all  variations, 
and  a  saddle  point  occurs  if  the  sign  of  the  second  variation  depends  on  the  choice  of 
the  variations  of  the  independent  variables. 

7.1.2  Stationary  point  of  a  definite  integral 

Next,  consider  the  determination  of  the  stationary  point  of  the  following  definite 
integral 


/  Fiy,y', 

J  a 


x)  dx,  (7.6) 
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where  notation  (•)'  indicates  a  derivative  with  respect  to  variable  x.  The  integrand 
involves  an  unknown  function,  y{x),  which  is  subjected  to  boundary  conditions 
y{a)  =  a  and  y{b)  =  f3. 

This  problem  seems  to  be  of  a  completely  different  nature  from  that  treated  in  the 
previous  section.  Indeed,  integral  J  is  a  "function  of  a  function,"  i.e.,  the  value  of  the 
definite  integral,  /,  depends  on  the  choice  of  the  unknown  function,  y{x).  Because 
there  are  an  infinite  number  of  values  of  function  y{x)  for  a;  G  [a,  &] ,  definite  integral, 
/,  is  equivalent  to  a  function  of  an  infinite  number  of  variables. 

This  problem  will  be  treated  using  the  varia- 
tional formalism  introduced  in  the  previous  sec- 
tion. The  concept  of  variation  of  a  variable,  Su, 
is  extended  to  the  concept  oi  variation  of  a  func- 
tion, denoted  Sf.  Figure  7.2  shows  two  func- 
tions, f{x)  and  f{x),  such  that 


Sf  =  fix)  -  fix)  =  (l>ix),         (7.7) 


Fig.  7.2.  The  concept  of  variation  of 
a  function. 


where    tpix)    is    a   continuous    and   differen- 
tiable,  but  otherwise  arbitrary  function  such  that 
0(a)  =  0(6)  =  0.  In  other  words,  6f  is  a  virtual  change  that  brings  the  function  /(x) 
to  a  new,  arbitrary  function  fix).  Note  that  (5/(a)  =  (5/(6)  =  0. 
The  stationarity  of  /  requires 

pb  pb 

61  =  6        Fiy,y',x)dx=        dFiy,y' ,x)  dx  =  0. 


With  the  help  of  eq.  (7.2),  this  becomes 

rb 


61  ■ 


dF  ^  dF  ^  , 
-^-  Sy  +  ^^  oy 
dy  ay' 


da;  =  0. 


Functions  yix)  and  y'ix)  are  not  independent  of  each  other;  hence,  variations  6y 
and  5y'  are  not  independent,  making  it  difficult  to  draw  any  conclusion  from  this 
statement.  To  eliminate  the  variation  6y' ,  an  integration  by  parts  is  performed  on  the 
second  term  in  the  square  bracket 


f^  dF  ,,dy,  , 


dF    d 

a    dy'  dx 


i6y)  dx 


—  i  —  ] 


6y  dx  - 


dF 
dy 


7  Sy 


The  boundary  terms  vanish  because  6yia)  =  6yib)  =  0,  and  the  stationarity  condi- 
tion now  becomes 


61 


dF_      _d_.5F 
dy       dx   dy' 


6y  dx  =  0. 


The  bracketed  term  must  vanish  because  the  integral  must  vanish  for  all  arbitrary 
variations  6y.  This  yields 
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dF 
dy 


-(-) 
dx^dy'' 


0. 


(7.8) 


Here  again,  the  above  reasoning  can  be  reversed.  Starting  from  eq.  (7.8),  and  per- 
forming the  integration  by  parts  in  the  reverse  order  implies  SI  =  0.  In  summary,  the 
necessary  and  sufficient  condition  for  the  definite  integral  to  be  at  a  stationary  point 
is  that  eq.  (7.8)  be  satisfied.  This  differential  equation  is  called  the  Euler-Lagrange 
equation  of  the  problem. 

The  variational  formalism  introduced  in  this  section  will  be  systematically  ap- 
plied to  dynamics  problem.  It  will  be  shown  that  the  equations  of  motions  of  dynam- 
ics can  be  viewed  as  the  Euler-Lagrange  equations  associated  with  the  stationarity 
condition  of  definite  integrals.  Various  forms  of  the  equations  of  dynamics  can  be 
easily  obtained  by  direct  manipulations  of  these  definite  integrals.  It  is  therefore  im- 
portant to  understand  the  variational  formalism  and  its  implications. 

A  crucial  difference  exists  between  a  dif- 
ferential, d/,  of  function  f{x)  and  a  variation, 
5f,  of  the  same  function,  as  depicted  in  fig.  7.3. 
A  differential,  d/,  is  an  infinitesimal  change  in 
f{x)  resulting  from  an  infinitesimal  change,  da;, 
in  the  independent  variable;  dj/dx  represents 
the  tangent  at  the  point.  On  the  other  hand,  5f 
is  an  arbitrary  virtual  change  that  brings  f{x)  to 
f{x).  The  two  quantities,  d/  and  &f ,  are  clearly 
unrelated,  the  former  is  positive  in  fig.  7.3,  but 
the  latter  is  negative. 

Although  the  concepts  associated  with  a  differential  of  a  function,  d/,  and  a 
variation  of  the  same  function,  5f,  are  clearly  distinct,  manipulations  of  the  two 
symbols  are  quite  similar.  For  instance,  the  order  of  application  of  the  two  operations 
can  be  interchanged.  Indeed, 


rig.  7.3.  The  difference  between  a 
differential,  d/,  and  a  valuation,  5f. 


-isf) 


-if-f) 


da;       da; 


^<g)- 


da;  da; 

Similarly,  the  order  of  the  integration  and  variation  operations  commutes 


i^da; 


fdx 


Fdx 


{f-F)dx 


6Fdx. 
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Consider  a  system  consisting  of  N  particles  that  are  free  to  move  in  three- 
dimensional  space.  The  position  vector  of  particle  i  will  be  expressed  in  terms  of 
its  Cartesian  coordinates  as  r,  =  Xiii  +  yii2  +  Zit^.  The  total  number  of  parameters 
required  to  define  the  configuration  of  the  system  is  3iV,  three  parameters  for  each  of 
the  N  particles.  The  solution  of  the  problem  involves  the  determination  of  the  time 
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history  of  these  3N  Cartesian  coordinates  when  the  system  is  subjected  to  a  set  of 
time-dependent  forces. 

Of  course,  Cartesian  coordinates  are  not  the  only  way  to  determine  the  posi- 
tion of  a  particle  in  space;  for  instance,  the  spherical  coordinates  introduced  in  sec- 
tion 2.7.2  could  be  used,  and  the  Cartesian  coordinates  of  particle  i  would  then  be 
expressed  in  terms  of  the  spherical  coordinates  Vi,  (pi,  and  9i  as  Xi  =  tj  sin  (f>i  cos  6i , 
yi  =  Ti  sin  (pi  sin  9i,  and  Zi  =  Vi  cos  (pi.  As  discussed  in  section  2.6,  this  coordinate 
transformation  corresponds  to  a  mapping  of  the  three-dimensional  space  onto  itself. 

Generalized  coordinates 

In  general,  the  Cartesian  coordinates  of  particle  i  could  be  expressed  in  terms  of 
n  =  3N  parameters,  called  generalized  coordinates,  as 

Xi=Xi{qi,q2,...qn),  (7.9a) 

yi  =  yi{qi,q2,---qn),  (7.9b) 

Zi  =  Zi{qi,q2,...qn)-  (7.9c) 

The  solution  of  the  problem  now  involves  the  determination  of  the  time  history 
of  the  n  generalized  coordinates,  qi,  i  =  1,  2, ...  n.  Presumably,  the  choice  of  ap- 
propriate generalized  coordinates  will  ease  the  solution  of  the  problem.  For  instance, 
the  solution  of  a  problem  involving  spherical  symmetry  is  often  simplified  by  using 
spherical  coordinates.  It  is  assumed  here  that  eqs.  (7.9)  define  a  one  to  one  map- 
ping between  Cartesian  and  generalized  coordinates;  this  implies  that  the  Jacobian 
of  the  coordinate  transformation,  see  eq.  (2.72),  has  a  non  vanishing  determinant  at 
all  points  in  space. 

Cartesian  coordinates  determine  the  position  of  a  particle  in  space:  the  three  pa- 
rameters X,  y,  and  z  are  the  projections  of  the  position  vector  of  the  particle  along 
the  axes  of  an  orthonormal  basis  in  three-dimensional  space.  Let  the  position  of  the 
particle  be  determined  by  spherical  coordinates,  qi  =  r,  q2  =  (p,  and  93  =  9.  It  now 
becomes  possible  to  consider  the  three  numbers,  qi,  q2,  and  q^,  to  be  the  rectangular 
coordinates  of  a  point  in  a  three-dimensional  space,  called  the  configuration  space. 

Figure  7.4  depicts  this  concept:  on  the  left,  the  particle  is  shown  in  the  geometric 
space  defined  by  Cartesian  coordinates  x,  y,  and  z;  on  the  right,  is  it  shown  in  the 
configuration  space  defined  by  generalized  coordinates  qi,  q2,  and  (73 .  The  geometry 
of  the  problem  is  distorted  in  the  configuration  space;  if  the  particle  is  constrained 
to  move  on  a  spherical  surface  in  the  geometric  space,  it  must  remain  in  the  shaded 
rectangular  area  shown  on  the  right  portion  of  fig.  7.4. 

The  concept  of  configuration  space  can  be  generalized  to  higher-dimensional 
problems.  If  the  system  is  defined  by  n  generalized  coordinates,  qi,q2,  . . .,  qn,  these 
n  numbers  become  the  rectangular  coordinates  of  a  point  in  the  n  dimensional  con- 
figuration space.  The  trajectory  of  a  particle  is  defined  by  three  functions,  Xi  =  Xi  (t) , 
Vi  =  yi(^)>  and  Zi  =  Zi{t),  a  curve  in  three-dimensional  space.  In  the  configuration 
space,  the  trajectories  of  all  particles  are  defined  by  a  single  curve  in  the  n  dimen- 
sional configuration  space,  qi  =  qi{t),  q2  =  q2{t),  ■  ■ .,  qn  =  qn{t)- 
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Fig.  7.4.  Geometric  and  configuration  spaces  for  n  =  2>. 


Kinematic  constraints 

The  concept  of  generalized  coordinates  is  intimately  linked  to  that  of  kinematic  con- 
straints. For  instance,  fig.  7.5  depicts  a  dumbbell  consisting  of  two  masses  moving 
in  two-dimensional  space  and  linked  by  a  rigid  bar.  At  first,  the  configuration  of  the 
system  will  defined  by  four  generalized  coordinates  consisting  of  the  Cartesian  co- 
ordinates of  the  two  particles:  gi  =  xi  and  (72  =  Vi  for  the  first  particle,  and  q^  =  X2 
and  (74  =  j/2  for  the  second. 

This  representation,  however,  ignores  the  fact  that  the  rigid  bar  imposes  a  kine- 
matic constraint  on  the  system:  at  all  times,  the  two  particles  must  remain  at  a  dis- 


tance £  from  each  other,  and  hence,  ((73  —  gi)^  -|-  ((74 
generalized  coordinates,  three  only  are  independent. 

Next,  the  configuration  of  the  system  will  be  . 

defined  by  the  Cartesian  coordinates  of  its  cen- 
ter of  mass,  point  C,  qi  =  xc  and  (72  =  yc,  and 
the  orientation,  (73  =  9,  of  the  rigid  bar  with 
respect  to  axis  ii,  as  shown  in  fig.  7.5.  This  sec- 
ond approach  bypasses  the  need  for  kinematic 
constraints.  Clearly,  the  number  of  generalized 
coordinates  is  not  a  characteristic  of  the  system: 
the  dumbbell  system  can  be  represented  alterna- 
tively by  three  or  four  generalized  coordinates. 


92  j 


e.  Of  the  four 


Fig.      7.5.      Dumbbell 
dimensional  space. 


two- 


Degrees  of  freedom 

This  discussion  also  leads  to  the  concept  of  degree  of  freedom:  the  system  depicted 
in  fig.  7.5  presents  three  degrees  of  freedom  because  three  parameters  are  required 
to  uniquely  define  its  configuration.  Let  n  denote  the  number  of  generalized  coor- 
dinates, m  the  number  of  kinematic  constraints,  and  d  the  number  of  degrees  of 
freedom;  it  then  follows  that 

d  =  n  —  m.  (7.10) 
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The  first  approach  discussed  above  involves  4  generalized  coordinates  -  1  kinematic 
constraint  =  3  degrees  of  freedom.  The  second  approach  features  3  generalized  coor- 
dinates -  0  kinematic  constraint  =  3  degrees  of  freedom. 

The  number  of  degrees  of  freedom  is  an  intrinsic  characteristic  of  the  system.  On 
the  other  hand,  the  choice  of  the  number  of  generalized  coordinates  is  left  to  analyst. 
If  the  number  of  generalized  coordinates  exceeds  that  of  degrees  of  freedom,  in  = 
n  —  d  kinematic  constraints  must  exist  among  the  n  generalized  coordinates.  If  the 
number  of  generalized  coordinates  equals  that  of  degrees  of  freedom,  all  generalized 
coordinates  are  independent  and  no  kinematic  constraints  are  involved.  Finally,  if 
the  number  of  generalized  coordinates  is  less  than  that  of  degrees  of  freedom,  the 
configuration  of  the  system  cannot  be  fully  defined. 

The  number  of  degrees  of  freedom  is  an  invariant  characteristic  of  a  given  me- 
chanical system;  it  is  defined  as  the  minimum  number  of  parameters  necessary  to 
determine  the  configuration  of  the  system. 

Here  are  a  few  sample  mechanical  systems  involving  various  numbers  of  degrees 
of  freedom. 

1.  One  degree  of  freedom:  a  particle  moving  along  a  fixed  curve  in  space,  a  rigid 
body  rotating  about  a  fixed  axis  in  space  while  one  of  its  points  remains  a  fixed 
inertial  point. 

2.  Two  degrees  of  freedom:  a  particle  moving  on  a  surface,  a  planar  double  pendu- 
lum. 

3.  Three  degrees  of  freedom:  a  particle  moving  in  three-dimensional  space,  the  pla- 
nar motion  of  a  rigid  body,  the  three-dimensional  motion  of  a  rigid  body  rotating 
about  a  fixed  inertial  point. 

4.  Four  degrees  of  freedom:  a  double  pendulum  moving  in  three-dimensional  space. 

5.  Five  degrees  of  freedom:  two  particles  linked  by  a  rigid  bar  and  moving  in  three- 
dimensional  space. 

6.  Six  degrees  of  freedom:  the  arbitrary  motion  of  a  rigid  body  in  three-dimensional 
space. 

The  time  derivatives  of  the  generalized  coordinates  are  called  the  generalized 
velocities.  The  2n  dimensional  space  defined  by  the  generalized  coordinates  and  ve- 
locities is  called  the  state  space. 

Example  7.1.  The  rigid  body 

Consider  a  rigid  body  consisting  of  N  particles,  where  A^  is  a  very  large  number. 
In  the  first  approach,  the  configuration  of  the  rigid  body  will  be  defined  by  the  3iV 
Cartesian  coordinates  of  its  N  particles.  This  representation  involves  a  large  number 
of  kinematic  constraints  that  enforce  the  rigidity  of  the  body:  the  distance  between 
any  two  particles  of  the  body  must  remain  constant. 

To  evaluate  the  number  of  kinematic  constraints,  consider  four  particles  of  the 
body  located  at  the  vertices  of  a  tetrahedron.  This  simplified  configuration  features 
4x3  =  12  generalized  coordinates,  the  positions  of  the  four  particles,  linked  by  the 
six  kinematic  constraints  enforcing  to  the  constant  length  conditions  for  the  six  edges 
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of  the  tetrahedron.  The  fifth  particle  of  the  system  adds  three  new  generalized  coordi- 
nates, the  Cartesian  coordinates  of  the  particle,  and  three  new  kinematic  constraints, 
three  constant  length  constraints  linking  the  particle  to  the  previous  four.  The  com- 
plete rigid  body  is  then  constructed  by  adding  the  particles  one  at  a  time;  each  new 
particle  adds  three  new  generalized  coordinates  and  three  new  constraints. 

The  complete  system  involves  n  =  ZN  generalized  coordinates  and  in  =  6  + 
3(7V  -  4)  =  37V  -  6  kinematic  constraints,  for  a  total  oi  d  =  SN  -  {3N  -  6)  =  6 
degrees  of  freedom.  This  reasoning  establishes  the  fact  that  a  rigid  body  involves  six 
degrees  of  freedom  only,  a  very  intuitive  fact. 

A  second  approach  to  the  representation  of  a  rigid  body  takes  advantage  of  the  of 
the  fact  that  six  parameters  only  are  required  to  define  the  configuration  of  the  body. 
Such  a  representation  could  use  the  Cartesian  coordinates  of  one  arbitrary  reference 
point  of  the  body,  and  three  rotation  components  to  define  the  orientation  of  the  body ; 
Euler  angles,  for  instance,  could  be  used  for  this  purpose. 

The  last  approach  to  be  discussed  here  is  one  that  involves  12  generalized  coor- 
dinates, selected  to  be  the  4x3  =12  Cartesian  coordinates  of  four  points  on  the  body 
forming  a  tetrahedron  and  6  kinematic  constraints,  imposing  the  constant  length  con- 
straint for  the  six  edges  of  the  tetrahedron.  One  advantage  of  this  formulation  is  that 
it  bypasses  the  need  for  the  nonlinear  kinematics  associated  with  rotations:  this  is  a 
rotationless  formulation . 

Example  7.2.  The  slider-arm  mechanism 

Figure  7.6  depicts  a  mechanism  consisting  of  a  slider  free  to  move  along  unit  vector 
ii  and  connected  to  arm  AP  of  length  (,.  The  arm  is  free  to  rotate  in  the  plane  normal 
to  ii .  This  mechanical  system  features  two  degrees  of  freedom:  the  position  of  the 
slider  gi  =  xi,  and  angle  q2  =  0  between  the  arm  and  the  horizontal  plane,  for 
instance.  Indeed,  the  configuration  of  the  system  is  unequivocally  defined  once  these 
generalized  coordinates  are  known. 

Although  the  number  of  degrees  of  freedom,  d,  is  an  inherent  property  of  the  sys- 
tem, the  choice  of  a  specific  set  of  generalized  coordinates  is  far  from  being  unique. 
Consider  the  following  choice  of  generalized  coordinates:  qi  =  xi  and  (72  =  X2.  In 
this  case,  the  number  of  generalized  coordinates  still  equals  the  number  of  degrees  of 
freedom  and  there  are  no  kinematic  constraints.  This  simple  choice,  however,  might 
not  be  the  most  appropriate:  for  a  given  value  of  q2,  two  configurations  of  the  system 
are  possible,  corresponding  to  arm  positions  above  and  below  the  horizontal  plane, 
respectively. 

Alternatively,  it  is  possible  to  select  more  generalized  coordinates  than  strictly 
necessary.  For  instance,  three  generalized  coordinates  could  be  used  to  define  this 
system,  the  Cartesian  coordinates  of  point  P:  qi  =  xi,  q2  =  X2,  and  q^  =  X3. 
Clearly,  this  choice  does  not  increase  the  number  of  degrees  of  freedom  to  three; 
rather,  it  implies  that  a  single  relationship  or  kinematic  constraint  must  exist  between 
the  three  generalized  coordinates.  Indeed,  (72  and  q^  must  be  such  that  <?!  +  gf  =  i'^- 
Hence,  the  system  presents  two  degrees  of  freedom:  3  generalized  coordinates  -  I 
constraint  =  2  degrees  of  freedom. 
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Example  7.3.  The  crank-slider  mechanism 

Figure  7.7  depicts  a  crank  slider  mechanism.  An  experienced  analyst  will  correctly 
identify  this  system  as  presenting  a  single  degree  of  freedom;  indeed,  selecting  a 
single  generalized  coordinate,  qi  =  9i,  unequivocally  defines  the  configuration  of 
the  system. 


Fig.  7.6.  Slider  with  arm  mechanism. 


Fig.  7.7.  Crank  slider  mechanism. 


A  less  experimented  analyst  might  select  four  generalized  coordinates,  qi  =  6i, 
(l2  =  6'2,  (?3  =  0,  and  q^  =  x.  A  second  look  at  the  system,  however,  reveals  that 
these  generalized  coordinates  are  linked  by  a  number  of  constraints 


53  =  91+92,      ^icos(?i +^2Cosg2  =  94, 


4 


94 


sm  gi        sm  (72 


smgs 


(7.11) 


The  first  constraint  is  an  angle  equality  in  triangle  OAB;  the  second  stems  from 
the  projection  of  segments  OA  and  AB  along  unit  vector  ii,  finally,  the  last  two 
constraints  express  the  laws  of  sines  in  triangle  OAB.  Consequently,  the  number 
of  degrees  of  freedom  is:  4  generalized  coordinates  -  4  constraints  =  0  degrees  of 
freedom. 

This  reasoning  is  erroneous  because  the  four  kinematic  constraints  are  not  in- 
dependent. Indeed,  the  law  of  sine  constraint  implies  ti  =  (74  sin  <7i  /  sin  (73  and 
(■2  =  94  sin  (72/  sin  q^;  introducing  these  expressions  in  the  second  constraint  leads  to 
sin((7i  +  (72)/  sin  (73  =  1,  a  result  that  is  implied  by  the  first  constraint.  Consequently, 
three  constraints  only  are  independent,  and  hence,  the  system  presents  a  single  de- 
gree of  freedom:  4  generalized  coordinates  -  3  independent  constraints  =  1  degree  of 
freedom. 

Here  again,  the  choice  of  a  specific  set  of  generalized  coordinates  is  far  from  be- 
ing unique.  Clearly,  each  one  of  the  three  angles  61,62,0^  4>  would  be  a  valid  choice 
for  the  generalized  coordinate.  Position  x  of  the  piston  could  be  another  possible 
choice  for  the  generalized  coordinate,  although  not  a  very  desirable  choice.  Indeed, 
two  possible  configurations  of  the  system  are  associated  with  the  same  value  of  x: 
the  two  configurations  are  mirror  images  about  unit  vector  ii. 

Furthermore,  when  x  reaches  its  maximum  value,  £1  +  (-2,  'e.,  when  the  two 
linkages  become  collinear,  the  value  of  x  does  not  accurately  determine  the  position 
of  the  system.  Let  y  be  the  position  of  point  A  above  unit  vector  ii,  see  fig.  7.7; 
kinematic  arguments  yield  the  following  relationship 
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where  x  =  x/{£i  +  £2)  and  y  =  y/{£i  +  £2)-  It  then  follows  that  dx/dy  =  —2cy. 
When  y  — >  0,  dx/dy  — >  0;  this  means  that  when  y  becomes  small,  generalized 
coordinate  x  does  not  accurately  define  the  configuration  of  the  system. 


7.3  The  virtual  displacement  and  rotation  vectors 

Consider  a  particle  whose  displacement  vector  is  given  as  r{t)  =  xi  (t)ii  +  X2  {t)i2  + 
X3  {t)i3  in  a  Cartesian  coordinate  system.  The  variation  of  the  position  vector  is  then 
Sr  =  Sxiii  +  5x2i2  +  5x3i2.,  where  dxi{t),  i  =  1,2,3,  are  the  variations  of  the 
corresponding  Cartesian  coordinates,  as  defined  by  eq.  (7.7)  for  an  arbitrary  function. 

The  virtual  displacement  vector 

Next,  the  Cartesian  coordinates  of  the  particle  are  assumed  to  be  expressed  in  terms 
of  generalized  coordinates,  Xi  =  Xi{qi,q2, . . .  ,qn),  i  =  1,  2,  3.  The  variation  of  this 
Cartesian  coordinate  then  follows  from  the  definition  of  the  variation  of  a  function, 
eq.  (7.2), 

dxi  dx^  dxi 

dqi  dq2  aq-n 

Applying  the  same  treatment  to  each  coordinate  leads  to  the  following  expression  for 
the  variation  of  the  position  vector, 

dr  dr  dr 

Sr  =  -^dqi  +  -^dq2  +  ...  +  T;^Sq^.  (7.12) 

oqi  oq2  oqn 

The  terms  variation  of  position  vector,  virtual  change  of  the  position  vector  or 
virtual  displacement  vector  are  used  interchangeably,  because  a  virtual  change  in 
position  is,  in  fact,  a  virtual  change  in  displacement. 

The  study  of  constrained  dynamical  systems  will  be  delayed  up  to  chapter  10. 
For  the  remainder  of  this  chapter,  it  is  assumed  that  the  number  of  generalized  co- 
ordinates used  to  represent  the  system  is  equal  to  its  number  of  degrees  of  freedom, 
hence,  the  systems  is  not  subjected  to  any  kinematic  constraints.  Under  this  restric- 
tion, the  virtual  displacements  defined  by  eq.  (7.12)  are  called  virtual  displacements 
compatible  with  the  constraints,  or  kinematically  admissible  virtual  displacements. 

Comparing  the  differential  and  virtual  displacement  vectors 

It  is  interesting  to  compare  eq.  (7.12)  with  its  counterpart  for  the  differential  position 
vector  or  differential  displacement  vector 

dr  ,  dr  ,  dr   ,  dr  ,  ,    ,^ 

dr  =  TT^dgi  +  TT^dga  +  . . .  +  ^Mr.  +  -^dt.  (7.13) 

dqx  dq2  dq-n  dt 
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If  the  position  vector  is  an  explicit  function  of  time,  the  last  term,  involving  the  partial 
derivative  with  respect  to  time,  appears  in  the  expression  for  the  differential  displace- 
ment. This  contrasts  with  the  expression  for  the  virtual  displacement  vector  that  does 
not  involve  partial  derivatives  with  respect  to  time.  This  important  difference  stems 
from  the  fact  that  a  virtual  displacement  is  an  arbitrary  change  in  displacement  at 
a  given,  fixed  instant.  Consequently,  when  evaluating  virtual  displacements,  time  is 
held  constant,  and  partial  derivatives  with  respect  to  time  vanish. 

Dividing  eq.  (7. 1 3)  by  a  time  increment,  di,  yields  the  expression  for  the  velocity 

vector 

dr  dr  dr  dr 

dqi  dq2  oqn  at 

A  comparison  between  eqs.  (7.12),  (7.13)  and  (7.14)  for  the  virtual  displacement, 
differential  displacement  and  velocity  vectors,  respectively,  reveals  close  similarities, 
but  also  important  differences  among  these  three  concepts. 

The  velocity  vector  is  simply  the  time  derivative  of  the  position  vector,  a  familiar 
concept.  The  differential  displacement  vector  is  the  infinitesimal  change  in  position 
resulting  from  infinitesimal  changes  in  the  generalized  coordinates  and  time.  Finally, 
the  virtual  displacement  vector  corresponds  to  the  change  in  displacement  associated 
with  virtual  changes  in  the  generalized  coordinates  at  a  fixed  instant  in  time.  The  dif- 
ferential displacement  is  the  actual  displacement  resulting  from  actual  infinitesimal 
changes  in  generalized  coordinates  and  time.  In  contrast,  a  virtual  displacement  is 
associated  with  an  arbitrary  virtual  changes  that  bring  the  configuration  of  the  sys- 
tem described  by  generalized  coordinates  qi  to  a  new  configuration  described  by 
generalized  coordinates  qi,  at  a  given,  fixed  instant  in  time. 

While  it  is  important  to  keep  in  mind  the  fundamental  differences  between  these 
concepts,  the  similarities  between  eqs.  (7.12)  and  (7.14)  can  be  used  to  expeditiously 
evaluate  virtual  displacement  vectors.  Consider,  for  instance,  the  velocity  vector  ex- 
pressed in  cylindrical  coordinates,  see  eq.  (2.91b),  and  the  corresponding  expression 
for  virtual  displacements 

y_  =  r  ei  -\-  rO  6,2  -\-  z  E'i  <^=^  5r_  =  6r  ei  +  r66  62  +  6z  63. 

The  velocity  vector,  v,  is  replaced  by  the  virtual  displacement  vector,  Sr,  and  the 
time  derivatives  of  the  generalized  coordinates,  r,  9,  and  z  are  replaced  by  the  corre- 
sponding virtual  changes  in  generalized  coordinates,  dr,  60,  and  6z,  respectively. 

Similar  guidelines  are  used  to  obtain  the  expression  for  the  the  virtual  displace- 
ment vector  in  spherical  coordinates  from  the  corresponding  expression  for  the  ve- 
locity vector,  eq.  (2.95b), 

V  =  f  ei  +  r(J3  62  +  r6  sin  (p  63  <^=^  6r  =  dr  ei  +  rScf)  62  +  r59  sin  (p  63. 


The  virtual  rotation  vector 

A  striking  example  of  the  analogy  between  velocity  and  virtual  displacement  vectors 
is  the  concept  of  virtual  rotation  vector.  The  angular  velocity  vector  was  defined  by 
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eq.  (4.56)  as  oj  =  axial(^_R  );  the  virtual  rotation  vector,  5^,  is  defined  in  an 
analogous  manner  as 

5tP_=  axial{SEE^)-  (7.15) 

In  section  4.12.4,  the  differential  rotation  vector  itself  was  introduced  by  analogy 
to  the  angular  velocity  vector,  underlining  the  close  connection  between  the  three 
concepts. 

Here  again,  it  is  crucial  to  understand  that  there  exist  no  vector  ip  such  that  d{ip) 
is  the  virtual  rotation  vector;  to  emphasize  is  important  fact,  the  notation  (5^,  rather 
than  6ip,  is  used  denote  the  virtual  rotation  vector.  Note  the  parallel  between  the 
virtual  rotation  vector  defined  here  and  the  differential  rotation  vector  defined  in 
section  4.12.4. 

Developments  identical  to  those  presented  in  section  4. 12.4  lead  to  the  following 
important  relationship  between  virtual  changes  in  angular  velocity  and  the  virtual 
rotation  vector 

6ui  =  6i^-Zj5_ip_.  (7.16) 

Virtual  changes  in  the  components  of  the  angular  velocity  vector  expressed  in  the 
rotating  frame  can  also  be  obtained  in  a  similar  manner 

5ui  =  6jp_-uj6j^,  Su  =  gSJl,  (7.17a) 

(5a;*  =5jl  +  Zj*5_£,      Suf  =  ^  5j^.  (7.17b) 

Example  7.4.  The  two-bar  linkage  with  slider  system 

Figure  7.8  shows  a  single  degree  of  freedom  planar  mechanism.  The  system  is  repre- 
sented by  a  single  generalized  coordinate,  9.  Determine  the  kinematically  admissible 
virtual  displacement  vector  at  point  T  in  terms  of  the  virtual  rotation  component,  59. 

The  position  vector  of  point  T  is  r^  =  Lf,  ei,  where  T^  =  [A,  £  =  (ei ,  62)]  is  a 
frame  attached  to  bar  AT  at  point  A.  A  virtual  change  is  the  position  vector  of  point 
T  then  becomes  5r_T  =  L^Sei  =  Li,S(pe2-  This  relationship  should  be  compared 
with  its  counterpart  for  velocities,  fj.  =  L^  ei  =  Li,(j)  62,  where  <j)  is  the  angular 
velocity  of  bar  AT. 

The  problem  now  reduces  to  finding  a  relationship  between  virtual  rotations  6(f> 
and  50,  or  equivalently,  between  the  angular  velocities  of  bars  AT  and  OB,  denoted 
0  and  6,  respectively.  To  that  effect,  the  position  vector  of  point  B  is  written  in  two 
alternative  manners:  rg  =  wei  =  Lcai,  where  J^*^  =  [O,  A=  (ai,  02)]  is  a  frame 
attached  to  bar  OB  at  point  O.  A  virtual  change  in  the  position  vector  of  point  B  then 
becomes  5rg  =  Swei  +  w5(()  e^  =  LcS9  0,2.  Here  again,  it  is  interesting  to  compare 
this  expression  with  its  counterpart  relating  velocities:  rg  =  wei  +  w(j)e2  =  Lc0a2- 

The  desired  result  is  then  obtained  by  evaluating  the  scalar  product  of  the  virtual 
displacement  by  62  to  find  w  5(j>  =  Lc59  62^02  =  Lc56cos{9  +  </>).  The  virtual 
displacement  at  point  T  then  follows  as 

5rj,  =  cos(9  +  <j))59  62- 

w 

If  so  desired,  the  components  of  the  virtual  displacement  vector  could  be  evaluated 
in  the  fixed  basis  I  =  {11,12)  by  projecting  vector  62  along  that  basis. 
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Fig.  7.8.  Two  bar  linkage  with  slider. 


rig.  7.9.  Configuration  of  the  rigid  body  con- 
nected to  a  universal  joint. 


Example  7.5.  The  rigid  body /universal  joint  system 

Figure  7.9  depicts  a  rigid  body  attached  to  the  ground  by  means  of  a  universal  joint. 
This  common  mechanical  joint,  shown  in  detail  in  fig.  7.10,  consists  of  a  rigid  cru- 
ciform articulated  to  two  rigid  components,  denoted  components  k  and  £.  The  cru- 
ciform consists  of  two  orthogonal  bars,  and  unit  vectors  bi  and  62  are  aligned  with 
those  bars.  Component  k  is  articulated  with  respect  to  the  cruciform  and  is  allowed  to 
rotate  about  unit  vector  61 .  Similarly,  component  £  is  also  articulated  to  the  cruciform 
and  rotates  about  unit  vector  62. 

Component  k  of  the  universal  joint  is  connected  to  the  ground  at  point  O  by 
means  of  a  bearing  allowing  rotation  about  axis  ¥3.  Component  £  is  connected  to  a 
rigid  body  at  point  O'.  A  first  planar  rotation  about  axis  23,  of  magnitude  (/),  brings 
inertial  basis  X  =  («i ,  «2 ,  *3 )  to  basis  A  =  (ai ,  02 ,  03 ) ,  where  ai  is  aligned  with  unit 
vector  61  of  the  cruciform.  A  second  planar  rotation  about  axis  ai,  of  magnitude  6, 
brings  basis  A  to  basis  B  =  (61,  62,  ^3),  where  62  is  the  second  unit  vector  aligned 
with  the  cruciform.  Finally,  a  third  planar  rotation  about  axis  62,  of  magnitude  ip, 
bring  basis  B  to  basis  £  =  (ei,  62,  63)  that  is  attached  to  the  rigid  body.  Points  O  and 
O'  are  coincident.  These  three  planar  rotations  describe  the  orientation  of  the  rigid 
body  using  Euler  angles  with  the  3-1-2  sequence,  see  eq.  (4.78). 

The  first  planar  rotation  is  prescribed  to  be  (/>  =  ilt.  Compute  the  velocity  of  point 
C,  the  center  of  mass  of  the  rigid  body.  The  position  vector  of  point  C  with  respect 
to  point  O  is  denoted  77.  Because  angle  0  is  a  known  function  of  time,  the  system 
features  two  degrees  of  freedom.  Evaluate  the  kinematically  admissible  virtual  dis- 
placement vector  of  the  center  of  mass  in  terms  of  the  virtual  rotation  components 
69  and  Sij.'. 

Let  R  denote  the  rotation  tensor  that  brings  basis  X  to  basis  £.  The  components 
of  the  inertial  position  of  point  C  in  basis  X  are  Vq  =  Rf]*,  where  77*  are  the  com- 
ponents of  the  vector  rj  in  the  body  attached  basis,  £.  The  components  of  the  inertial 
velocity  of  point  C  now  become  Vc  =  i?S*?7*,  where  uf  are  the  components  of 
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the  angular  velocity  vector  of  the  rigid  body  resolved  in  basis  £.  The  relationship 
between  the  components  of  the  angular  velocity  vector  and  the  time  derivatives  of 
the  Euler  angles  is  given  by  eq.  (4.80),  and  hence. 


Rv* 


CeS^ 

C^G 

Se 

0    1 

CgC^ 

S^  0 

where  (j>  =  f2  and  the  components  of  the  rotation  tensor  expressed  in  terms  of  Euler 
angles  are  given  by  eq.  (4.78). 
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Fig.  7.10.  Configuration  of  the  uni- 
versal joint. 


Fig.  7.11.  Two  bar  linkage. 


Next,  the  components  of  the  virtual  displacement  vector  of  point  C  are  evaluated 

as  Svq  =  RSip  rf ,  where  Sij.'*  are  the  components  of  the  virtual  rotation  vector  of 
the  rigid  body  resolved  in  basis  £.  Using  eq.  (4.80)  once  again  leads  to 
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Because  virtual  changes  are  taken  at  a  given,  fixed  instant  in  time,  Scfi  =  5{Qt)  =  0. 
The  virtual  displacement  vector  now  becomes 
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The  components  of  the  velocity  or  virtual  displacement  vectors  can  be  evaluated  in 
any  basis;  for  instance,  their  components  in  the  body  attached  basis  £  are  R  Vq  and 
R  5r_f^,  respectively.  This  example  illustrates  an  important  difference  between  the 
velocity  and  virtual  displacement  vectors.  In  contrast  with  the  velocity  vector  that 
does  depends  on  the  prescribed  angular  velocity,  (f)  =  fi,  the  virtual  displacement 
vector  is  independent  of  this  quantity. 
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7.3.1  Problems 

Problem  7.1.  Virtual  displacement  of  a  two-bar  linkage  system 

The  two  bar  linkage  shown  in  fig.  7.11  comprises  bar  OB  of  length  Lt  and  bar  BAT  of  length 
Lc.  Bar  BAT  passes  through  fixed  point  A  but  is  free  to  swivel  about  that  point.  (1)  Compute 
the  virtual  displacement  vector  of  point  T  in  terms  of  the  virtual  rotation  component,  56. 

7.4  Virtual  work  and  generalized  forces 

The  differential  work  done  by  a  force  was  defined  as  the  scalar  product  of  the  force 
vector  by  the  differential  displacement  vector  of  its  point  of  application,  see  eq.  (3.8). 
By  analogy,  the  virtual  work  done  by  a  force  is  defined  in  this  section  as  the  scalar 
product  of  the  force  vector  by  the  virtual  displacement  vector  of  its  point  of  applica- 
tion. The  concept  of  virtual  work  then  gives  rise  to  that  of  generalized  forces. 

7.4.1  Virtual  work 

The  virtual  work  done  by  the  forces  externally  applied  to  a  particle  is  defined  as 

SW  =  F^Sr.  (7.18) 

Note  the  parallel  between  the  definition  of  the  virtual  work  and  that  of  the  differ- 
ential work,  see  eq.  (3.8).  The  virtual  work  corresponds  to  the  work  that  would  be 
performed  by  the  externally  applied  forces  if  the  particle  were  to  undergo  virtual  dis- 
placement 6r.  This  contrasts  with  the  differential  work  that  corresponds  to  the  work 
performed  by  the  same  forces  when  the  particle  undergoes  an  actual,  infinitesimal 
displacement  dr. 

Notation  6W  denotes  the  virtual  work,  but  this  does  not  imply  the  existence  of  a 
work  function,  W,  such  that  S{W)  is  the  virtual  work.  In  general,  the  virtual  work  is 
a  nonholonomic  quantity,  i.e.,  a  quantity  that  cannot  be  integrated. 

For  a  system  of  N  particles,  the  virtual  work  is  found  by  summing  the  contri- 
butions of  all  particles,  each  undergoing  its  own  virtual  displacement  5r_^ :  SW  = 

7.4.2  Generalized  forces 

As  discussed  in  section  7.2,  it  is  often  convenient  to  represent  the  configuration  of  a 
system  by  a  set  of  generalized  coordinates,  q^  =  {qi,q2,  ■  ■  ■  ,qn}-  Let  the  position 
vector  of  a  particle  be  a  function  of  generalized  coordinates:  r  =  r{q).  The  virtual 
work  done  by  the  externally  applied  forces  now  becomes 

SW  =  F^Sr  =  F^  (^Sqi  +  ^6q2  +  ...  +  ^H.) 

\dqi  dq2  dqn        J  (7.19) 

=  Ql5qi  +  Q2<5(72  +  •  •  •  +  QnSqn, 
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where  the  quantities, 

Q^  =  F^^,  (7.20) 

are  called  the  generalized  forces. 

In  section  3.1.4,  the  forces  applied  to  a  particle  were  shown  fall  into  two  cat- 
egories: conservative  forces,  i.e.,  those  that  can  be  derived  from  a  potential,  and 
non-conservative  forces,  i.e.,  those  for  which  no  potential  function  exists.  Similarly, 
generalized  forces  that  can  be  derived  from  a  potential  are  called  conservative  gen- 
eralized forces;  in  this  case,  a  potential  function,  V,  exists  such  that 

dV 
oqi 

The  virtual  work  done  by  a  generalized  conservative  force,  denoted  6Wc,  can  now 
be  computed  as 

dV  dV  dV 

^^-  =  -l^^l^  -  7^^1^  -■■■-  T^'^^n  =  -SiV).  (7.22) 

oqi  oq2  aqn 

The  virtual  work  done  by  a  generalized  conservative  force  can  be  evaluated  as  the 
variation  of  a  potential  function,  V,  and  becomes  an  integrable  expression. 

7.4.3  Virtual  work  done  by  internal  forces 

It  is  of  interest  to  compute  the  virtual  work  done  by  the  internal  forces  of  a  system. 
Consider  the  single  degree  of  freedom,  planar  mechanism  shown  in  fig.  7.12;  the 
system  is  represented  by  a  single  generalized  coordinate,  6.  At  first,  the  virtual  work 
done  by  the  internal  force  at  point  B  will  be  computed.  To  that  effect,  bar  OB  is 
separated  from  the  slider  at  point  B  and  the  corresponding  free  body  diagram  is 
shown  in  fig.  7. 12a,  revealing  the  internal  force  vector,  F_   . 

The  virtual  work  done  by  this  internal  force  is  6W^  =  Sr^F_  +  Sr%,  {—£_  ). 
In  view  of  Newton's  third  law,  the  internal  forces  acting  at  points  B  and  B'  are  of 
equal  magnitudes,  opposite  directions,  and  share  a  common  line  of  action;  on  the 
other  hand,  because  the  virtual  displacements  are  kinematically  admissible,  they  do 
not  violate  the  kinematic  constraints  of  the  system,  and  hence,  Sr^  =  Sr^, .  The 
virtual  work  done  by  the  internal  force  at  point  B  now  becomes 

6W^  =  SrlFf  -  6rlF^  =  0.  (7.23) 

The  virtual  work  done  by  internal  forces  vanishes.  This  important  result  will  be  used 
extensively  in  many  methods  of  analytical  dynamics. 

The  evaluation  of  the  work  done  by  the  internal  force  at  point  B  will  now  be 
contrasted  with  that  done  by  the  friction  force,  Ff ,  acting  between  the  slider  and  bar 
AT.  The  virtual  work  done  by  the  friction  force  is  6W^  =  6r^F/  -\-  Sr^,,{—F/). 
Here  again,  in  view  of  Newton's  third  law,  the  friction  forces  acting  at  points  B  and 
B"  are  of  equal  magnitudes,  opposite  directions,  and  share  a  common  line  of  action; 


270         7  Basic  concepts  of  analytical  dynamics 
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a)  Internal  force    — 
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b)  Friction  force  >0v 


at  point 


r»ee^^ 


Fig.  7.12.  Two  bai-  linkage  with  slider,  a)  Internal  force  at  point  B.  b)  Friction  force  in  the 
slider. 


the  work  done  by  the  friction  force  becomes  SW-^  =  FfeJ{—6rQ  +  Sr^,,),  where 
pf  is  the  magnitude  of  the  friction  force. 

On  bar  AT,  the  point  of  application  of  the  friction  force  is  point  B",  the  material 
point  on  bar  AT  that  is  at  a  distance  w  from  point  A.  Point  B"  is  the  material  point 
of  bar  AT  located  at  the  instantaneous  point  of  contact  between  the  slider  and  bar 
AT,  see  section  5.4.  The  position  vector  of  this  point  is  rg„  =  w  ei  and  the  virtual 
displacement  vector  become  6r^,,  =  w  Sei  =  wScj)  62,  because  w  remains  a  constant 
for  material  point  B".  With  this  result,  the  virtual  work  done  by  the  friction  force 
becomes  dW-^  =  F-^(f[{—Srg  +  ■wS(pe2)  =  —F^el&ZB- 

The  position  vector  of  point  B  is  r^  =  w  ei,  and  the  virtual  displacement  vector 
of  this  point  is  then  fr^  =  5w  ei  +  w  5(j)  €2',  the  virtual  work  now  becomes  SW^  = 
—F^e\{5w  ei+w  5(1)  62)  =  —F^Sw.  This  result  is  rather  intuitive:  the  virtual  work 
done  by  the  friction  force  equals  the  product  of  the  magnitude  of  the  friction  force  by 
the  virtual  displacement  of  its  point  of  application.  Since  the  friction  force  is  directed 
along  ei,  any  virtual  displacement  along  the  direction  perpendicular  to  the  bar,  62, 
does  not  contribute  to  the  virtual  work. 

The  law  of  cosines  applied  to  triangle  OBA  reveals  that  w^  =  cP  +  L"^  — 
2dLcCos6,  and  hence,  wSw  =  dLcdOsinO.  Finally,  the  virtual  work  done  by  the 
friction  force  becomes 


SW 


-F^5i 


.pf^  sine  69. 


(7.24) 


The  work  done  by  the  internal  force  at  point  B  vanishes,  see  eq.  (7.23),  but  the 
work  done  by  the  friction  force  does  not,  see  eq.  (7.24).  The  force  at  point  B  is  a  con- 
straint force:  it  imposes  the  kinematic  constraint  that  the  displacement  of  the  slider 
must  equal  that  of  the  tip  of  bar  AB  at  all  times.  The  virtual  work  done  by  the  con- 
straint forces  vanishes  because  the  virtual  displacements  of  the  points  of  application 
of  constraint  forces,  F_    and  —F_   ,  are  identical. 

The  work  done  by  iht  friction  force  does  not  vanish  because  the  virtual  displace- 
ments of  the  points  of  application  of  friction  forces,  F/  and  —FJ,  are  different. 
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Indeed,  although  the  position  vectors  of  points  B  and  B"  are  identical,  Zb  =  Lb"  = 
wei ,  the  corresponding  virtual  displacement  vectors  are  not,  St^b  =  Sw  ei  +  w  S(p  62 
and  Sr^,,  =  w  Sep  62-  Point  B"  is  the  material  point  of  bar  AT  that  is  at  the  location 
of  the  point  of  contact  of  the  slider  with  the  bar.  Because  point  B"  is  a  material  point 
of  bar  AT,  the  value  of  w  that  defines  its  location  remains  constant,  i.e.,  Sw  =  0 
when  computing  the  virtual  displacement  Sr^,, .  Here  again,  it  is  important  to  distin- 
guish the  contact  point  from  the  material  points  that  instantaneously  coincide  with 
this  contact  point,  see  section  5.4. 


7.4.4  Problems 

Problem  7.2.  Virtual  work  done  by  friction  force 

The  two  bar  linkage  shown  in  fig.  7.11  comprises  bar  OB  of  length  Lb  and  bar  BAT  of  length 
Lc.  Bar  BAT  passes  through  fixed  point  A  but  is  free  to  swivel  about  that  point.  (1)  Assuming 
that  a  friction  torque,  M-^,  is  acting  in  the  joint  at  point  B,  compute  the  virtual  work  done  by 
this  torque.  (2)  Assuming  that  a  friction  force,  F^ ,  is  acting  in  the  sliding  joint  at  point  A, 
compute  the  virtual  work  done  by  this  force.  In  both  cases,  express  the  virtual  work  in  terms 
of  the  virtual  rotation  component,  59. 

Problem  7.3.  Two  rigid  bodies  connected  by  an  actuator 

Figure  7.13  depicts  two  rigid  bod- 
ies, denoted  bodies  k  and  £,  re- 
spectively, connected  by  an  actuator. 
Frame  .F*"  =  [K,  f'-' =  (e^  e^,  e^)] 
is  attached  to  body  k  and  a  similarly 
defined  frame,  T^,  is  attached  to  body 
£.  The  configuration  of  frame  T'^ 
determined  by  the  position  vector,  u 
of  its  reference  point  K  and  rotation 
tensor  R''  that  brings  triad  X  to  triad 
S''.  The  configuration  of  frame  T^  is 
defined  by  corresponding  quantities, 
yf  and  Bf.  The  actuator  is  connected 
at  points  P*^  and  P*  to  bodies  k  and  £ 
points  P''  and  P*  with  respect  to  the  reference  points  K  and  L,  respectively.  The  actuator  ap- 
plies known  forces  F  of  equal  magnitudes  and  opposite  signs  to  bodies  k  and  £,  respectively, 
as  indicated  on  the  figure.  (1)  Find  the  virtual  work  done  by  the  actuator.  (2)  Find  the  general- 
ized forces  applied  to  body  k  and  £,  respectively.  (3)  Discuss  the  physical  interpretation  of  the 
various  generalized  force  components. 


is 


Body 


^  ^V^^/P 


Body  (: 


Fig.  7.13.  Two  rigid  bodies  connected  connected  by 
an  actuator. 

respectively.  Let  d^  and  df  be  the  position  vectors  of 
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As  discussed  in  section  3.1.2,  the  static  equilibrium  condition  for  a  particle,  as  stated 
by  Newton's  first  law,  is  written  as  a  vector  equation  that  imposes  the  vanishing  of 
the  externally  applied  forces.  In  the  present  section,  an  alternative  formulation  will 
be  developed,  which  results  in  the  principle  of  virtual  work.  Although  expressed  in 
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terms  of  work  rather  than  force  vectors,  the  principle  of  virtual  work  will  be  shown 
to  be  equivalent  to  Newton's  first  law.  In  this  section,  the  principle  of  virtual  work  is 
develop /or  static  problems  only;  applications  of  this  principle  to  dynamical  system 
will  be  treated  in  chapter  8.  The  principle  will  be  developed  first  for  a  single  particle; 
next,  it  will  be  generalized  to  systems  of  particles. 

The  principle  of  virtual  work  introduces  the  fundamental  concept  of  "arbitrary 
virtual  displacements"  sometimes  called  "arbitrary  test  displacements,"  or  also  "arbi- 
trary fictitious  displacements,"  and  all  of  these  expressions  will  be  used  interchange- 
ably. The  word  "arbitrary"  is  easily  understood:  it  simply  means  that  the  displace- 
ments can  be  chosen  in  an  arbitrary  manner  without  any  restriction  imposed  on  their 
magnitudes  or  orientations.  More  difficult  to  understand  are  the  words  "virtual," 
"test,"  or  "fictitious."  All  three  imply  that  these  are  not  real,  actual  displacements. 
More  importantly,  these  fictitious  displacements  do  not  affect  the  forces  acting  on 
the  particle.  These  important  concepts  will  be  explained  in  the  following  sections. 

7.5.1  Principle  of  virtual  vf  ork  for  a  single  particle 

4p  Consider  a  particle  in  static  equilibrium  under  a  set  a 

/  ~'  externally  applied  loads,  as  depicted  in  fig.  7.14.  Ac- 

/        s  cording  to  Newton's  first  law,  the  sum  of  the  exter- 

^^-^"^C  nally  applied  load  must  vanish.  Next,  consider  a  fic- 

■^r-p  \.  titious  displacement  of  arbitrary  magnitude  and  orien- 

F|\  tation,  denoted  s.  Although  the  problem  appears  to  be 

two-dimensional  in  the  figure,  both  forces  and  fictitious 

Fig.  7.14.  A  particle  with     displacements  are  three-dimensional  quantities. 

applied  forces  subjected  to  a  rT,i         •  ^     ,  ,      i  u     .^u         »         n  i-   j 

J^^.  .  ,.    ,  The  virtual  work  done  by  the  externally  applied 

fictitious  test  displacement.        ^  .  ,  ,,  .,  ,, 

forces  is  now  evaluated  by  computing  the  scalar  prod- 
uct of  the  externally  applied  load  by  the  fictitious  displacement  vector  to  find 

W  =  s^  [X!-]  =^-  '^'^■^^^ 

Because  the  particle  is  in  static  equilibrium,  Newton's  first  law  implies  the  vanishing 
of  the  bracketed  term.  It  follows  that  the  scalar  product  vanishes  for  any  arbitrary 
fictitious  displacement. 

This  result  sheds  some  light  on  the  special  nature  of  the  fictitious,  or  virtual  dis- 
placements. If  the  particle  is  in  static  equilibrium  in  a  given  configuration,  the  sum 
of  the  forces  vanishes,  ('.  e. ,  J^  £  =  0.  Assume  now  that  one  of  the  externally  applied 
forces,  say  F_i ,  is  the  force  acting  in  an  elastic  spring  connected  to  the  particle.  If 
the  particle  undergoes  a  real,  but  arbitrary  displacement,  d,  the  force  in  the  spring 
will  change  to  become  F^i .  All  displacement-dependent  forces  applied  to  the  parti- 
cle will  change,  and  the  sum  of  the  externally  applied  loads  becomes  ^F_' .  In  the 
new  configuration  resulting  from  the  application  of  the  real  displacement,  d,  static 
equilibrium  will  not  be  satisfied,  i.e.,  ^F'  y^  0.  Indeed,  if  the  particle  is  in  static 
equilibrium  in  the  configuration  resulting  from  the  application  of  an  arbitrary  dis- 
placement, it  would  be  in  static  equilibrium  in  any  configuration,  which  makes  little 
sense. 
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In  contrast  with  real  displacements,  virtual  or  fictitious  displacements  do  not 
affect  the  forces  applied  to  the  particle.  This  means  that  even  in  the  presence  of 
displacement-dependent  loads  such  as  those  arising  within  an  elastic  spring,  if  the 
particle  is  in  static  equilibrium,  it  remains  in  static  equilibrium  when  virtual  or  fic- 
titious displacements  are  applied.  This  is  the  reason  why  eq.  (7.25)  remains  true  for 
all  arbitrary  virtual  displacements.  The  discussion  thus  far  has  thus  established  that 
if  the  particle  is  in  static  equilibrium,  eq.  (7.25)  holds  for  all  arbitrary  fictitious  dis- 
placements. 

Next,  the  following  question  is  asked:  if  eq.  (7.25)  holds,  is  the  particle  in  static 
equilibrium?  Consider  fig.  7.14,  and  let  the  components  of  the  applied  forces  be 
^1  =  Fiiii  +  Fi2i2  +  Fi3i3,  £2  =  F2iti  +  F22i2  +  i^23«3,  and  £3  =  F^iii  + 
-f32«2  +  -^33*3,  while  the  components  of  the  virtual  displacement  are  s  =  siii  + 
S2I2  +  53*3,  where  I  =  (ii,i2,*3)  is  an  orthonormal  basis.  Equation  (7.25)  now 
states  [Fii  +  F21  +  F^i)si  +  (F12  +  i=^22  +  ^=^32)^2  +  (F13  +  i^23  +  ^^33)53  =  0. 

At  first,  assume  that  the  particle  is  not  in  static  equilibrium,  i.e.,  J]  :E  7^  0.  It  is 
always  possible  to  find  a  particular  virtual  displacement  for  which  eq.  (7.25)  will  be 
satisfied.  Indeed,  for  a  given  set  of  forces,  select  si  and  S2  in  an  arbitrary  manner, 
then  solve  eq.  (7.25)  for  S3  to  find  S3  =  -[(Fn  +  F21  +  i^3i)si  +  (^12  +  i^22  + 
F32)s2\/{Fi^  +  -F23  +  -F33).  Consequently,  the  fact  that  eq.  (7.25)  is  satisfied  /or 
a  particular  virtual  displacement  does  not  imply  that  it  is  in  static  equilibrium.  In 
fact,  even  if  it  is  satisfied /or  many  virtual  displacements,  static  equilibrium  is  still 
not  guaranteed.  Indeed,  for  each  new  arbitrary  choice  of  si  and  S2,  it  is  possible  to 
compute  an  S3  for  which  eq.  (7.25)  is  satisfied. 

Different  conclusions  are  reached  if  eq.  (7.25)  is  satisfied /or  all  arbitrary  virtual 
displacements.  Indeed,  if  {Fn  +  F21  +  F3i)si  +  (F12  +  i^22  +  ^32)^2  +  (-F13  + 
-F23  +  ^33)53  =  0  for  all  independently  chosen  quantities  si,  S2,  and  S3,  it  follows 
that  Fn  +  F21  +  F31  =  0,  F12  +  F22  +  F32  =  0,  and  F13  +  i^23  +  -F33  =  0,  is 
the  only  solution  of  eq.  (7.25).  In  turn,  this  can  be  written  as  (Fn  +  F21  +  -Fsi)*!  + 
(F12  +  F22  +  F32)^2  +  (Fi3  +  F23.  +  F33)«3  =  0,  and  finally,  J]  £  =  0.  Thus,  if 
eq.  (7.25)  is  satisfied /or  aZ/  arbitrary  virtual  displacements,  then  5^£  =  0,  and  the 
particle  is  in  static  equilibrium. 

In  conclusion,  if  a  particle  is  in  static  equilibrium,  the  virtual  work  done 
by  the  externally  applied  forces  vanishes  for  all  arbitrary  virtual  displacements. 
Furthermore,  it  is  also  true  that  if  the  virtual  work  vanishes  for  all  arbitrary  fictitious 
test  displacements,  the  sum  of  the  externally  applied  forces  vanishes,  and  hence,  the 
particle  is  in  static  equilibrium.  These  two  facts  can  be  combined  into  the  statement 
of  the  principle  of  virtual  work  for  a  particle. 

Principle  8  (Principle  of  virtual  work  for  a  particle)  A  particle  is  in  static  equi- 
librium if  and  only  if  the  virtual  work  done  by  the  externally  applied  forces  vanishes 
for  all  arbitrary  virtual  displacements. 

Because  the  condition  for  static  equilibrium  is  nothing  but  Newton's  first  law,  it 
follows  that  the  principle  of  virtual  work,  which  states  the  condition  for  static 
equilibrium,  is  equivalent  to  Newton's  first  law,  and  either  statement  provides  a 
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fundamental  definition  of  static  equilibiium.  Simple  examples  will  now  be  used  to 
illustrate  the  principle  of  virtual  work. 

Example  7.6.  Equilibrium  of  a  particle 

Consider  the  particle  depicted  in  fig.  7.15,  which  is  subjected  to  two  vertical  forces 


F_i  =  111  and  £2 


-3ii.  The  following  question  is  asked:  is  the  particle  in  static 


equilibrium?  Rather  than  relying  on  Newton's  first  law,  the  principle  of  virtual  work 
will  used  to  answer  the  question.  Consider  the  following  arbitrary  virtual  displace- 
ment, s  =  Sill  +  S2I2,  and  the  associated  virtual  work 

W  =  (III  -  Siifisiii  +  8212)  =  -2if  (si«i  +  8212)  =  -2si  ^  0. 

The  fact  that  s  is  an  arbitrary  virtual  displacement  implies  that  si  and  82  are  arbitrary 
scalars,  and  hence,  W  =  —2si  7^  0.  Because  the  virtual  work  done  by  the  externally 
applied  forces  does  not  vanish  for  all  virtual  displacements,  the  principle  of  virtual 
work,  principle  8,  implies  that  the  particle  is  not  in  static  equilibrium. 
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Fig.  7.15.  A  paiticle  under  the  action  of  two       Fig.  7.16.  A  particle  suspended  to  an  elastic 
forces.  spring. 


It  is  important  to  understand  the  implications  of  the  last  part  of  the  principle  of 
virtual  work,  "for  all  arbitrary  virtual  displacements."  Consider  the  following  arbi- 
trary virtual  displacement,  s  =  82I2,  and  the  associated  virtual  work 


W  =  (Hi 


3li)'^S2«2 


-2l^S2l2 


0. 


This  result  is  due  to  the  fact  that  the  sum  of  the  externally  applied  loads,  —2ii,  is 
orthogonal  to  the  virtual  displacement,  8212,  and  hence,  the  virtual  work  vanishes. 
One  might  be  tempted  to  conclude  from  the  above  result  that  the  particle  is  in  static 
equilibrium  because  the  virtual  work  vanishes.  To  satisfy  the  principle  of  virtual 
work,  however,  the  virtual  work  must  vanish /or  all  arbitrary  virtual  displacements. 
The  above  result  shows  that  the  virtual  work  may  vanish  for  "a  particular  virtual 
displacement,"  but  this  is  not  a  sufficient  condition  to  guarantee  static  equilibrium. 
For  the  two-dimensional  problem  shown  in  fig.  7.15,  an  arbitrary  fictitious  displace- 
ment must  span  the  plane  of  the  problem,  i.e.,  must  be  of  the  form  s  =  8iii  +  8212- 
For  three-dimensional  problems,  a  three-dimensional  virtual  displacement  must  be 
selected,  s  =  siii  +  82I2  +  S3*3,  where  81,  82,  and  S3  are  three  arbitrary  scalars,  and 
I  =  (ii,  i2,  «3)  a  basis  that  spans  the  three-dimensional  space. 
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Example  7.7.  Equilibrium  of  a  particle  connected  to  an  elastic  spring 

Consider  next  a  particle  in  static  equilibrium  under  the  effect  of  gravity  and  the 
restoring  force  of  an  elastic  spring  of  stiffness  constant  k,  as  depicted  in  fig.  7.16. 
Find  the  displacement  of  the  particle  in  its  actual  static  equilibrium  configuration. 

For  this  two-dimensional  problem,  assume  that  the  particle  is  at  position  u.  An 
arbitrary  fictitious  displacement  is  selected  as  s  =  siii  +  S2*2,  where  S2  and  S2  are 
two  arbitrary  scalars.  The  virtual  work  done  by  the  externally  applied  loads  becomes 

W  =  (mgii  —  kuii)    {siii  +  8212)  =  [mQ  —  ku]si. 

The  principle  of  virtual  work  now  implies  that  the  particle  is  in  static  equilibrium 
at  position  u  if  and  only  if  the  virtual  work  done  by  the  externally  applied  loads 
vanishes  for  all  arbitrary  virtual  displacements,  i.e.,  if  and  only  if  [mg—ku]si  =  0  for 
all  values  of  si.  Equation  [rag  —  ku]si  =  0  possesses  two  solutions,  [mg  —  ku]  =  0 
or  si  =  0;  the  second  solution,  however,  is  not  valid  because,  as  implied  by  the 
principle  of  virtual  work,  si  is  arbitrary. 

In  conclusion,  the  vanishing  of  the  virtual  work  for  all  arbitrary  virtual  displace- 
ments implies  that  mg  —  ku  =  0,  and  the  equilibrium  configuration  of  the  system 
is  found  as  u  =  mg/k.  Of  course,  the  same  conclusion  can  be  drawn  more  expedi- 
tiously from  a  direct  application  of  Newton's  first  law,  which  requires  the  sum  of  the 
externally  applied  forces  to  vanish,  i.e.,  mgii  —  kuii  =  0,  or  {rag  —  ku)ii  =  0,  and 
finally,  rag  —  ku  =  0. 

This  example  involves  the  restoring  force  of  an  elastic  spring,  a  displacement- 
dependent  force.  Indeed,  the  elastic  force  in  the  spring  is  —kuii,  and  if  the  particle 
undergoes  a  real  downward  displacement  of  magnitude  d,  the  restoring  force  be- 
comes —  k{u  +  d)ii.  In  contrast,  if  the  particle  undergoes  a  virtual  downward  dis- 
placement of  magnitude  si,  the  restoring  force  remains  unchanged  as  —kuii.  This 
difference  has  profound  implications  on  the  computation  of  work.  First,  consider  the 
work  done  by  the  elastic  force,  —kui^du  ii,  under  a  virtual  displacement,  si, 

j'U+si  ru+si 

W  =  —ku  du  =  —ku  /  du  =  —ku  [u]^   '^  =  —kusi.         (7.26) 

J  u  J  u 

It  is  possible  to  factor  out  the  elastic  force,  —ku,  from  the  integral  because  this  force 
remains  unchanged  by  the  virtual  displacement,  and  hence,  it  can  be  treated  as  a 
constant. 

In  contrast,  the  work  done  by  the  same  elastic  force  under  a  real  displacement, 
d,  is 

fu+d 


W  =  —ku  du  ■ 


--ku^ 
2 


-    U-\-d  ^ 

=  -kud--kd^.  (7.27) 


In  this  case,  the  real  work  includes  an  additional  term  that  is  quadratic  in  d  and 
represents  the  work  done  by  the  change  in  force  that  develops  due  to  the  stretching 
of  the  spring.  Even  if  the  magnitude  of  the  real  displacement  is  equal  to  that  of  the 
virtual  displacement,  i.e.,  even  if  d  =  si,  the  two  expressions  for  the  work  done  by 
the  elastic  restoring  force  differ. 
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These  observations  help  explain  the  terminology  used  when  dealing  with  the 
principle  of  virtual  work.  The  concept  of  virtual  displacement  is  key  to  the  cor- 
rect use  of  the  principle  of  virtual  work,  which  requires  the  virtual  work  done  by 
displacement-dependent  forces  to  be  evaluated  according  to  eq.  (7.26)  rather  than 
eq.  (7.27).  Of  course,  the  real  work  done  by  the  elastic  force  as  it  undergoes  a  real 
displacement  is  correctly  evaluated  by  eq.  (7.27). 

Clearly,  it  is  important  to  keep  in  mind  the  crucial  difference  between  "real  dis- 
placements" and  "virtual"  or  "fictitious  displacements."  The  words  "virtual"  or  "fic- 
titious" are  used  to  emphasize  the  fact  the  forces  remain  unaffected  by  these  displace- 
ments. In  practice,  the  term  "real  displacement"  is  rarely  used;  real  displacements  are 
simply  called  displacements.  The  terms  "virtual,"  "fictitious,"  or  "test  displacements" 
all  imply  that  the  forces  acting  on  the  system  remain  unaffected  by  the  application  of 
such  displacements.  The  term  "virtual  displacement"  is  the  most  widely  used. 

Example  7.8.  Equilibrium  of  a  particle  sliding  on  a  track 

Figure  7.17  shows  a  particle  of  mass  m  sliding  on  a  track.  The  externally  applied 
horizontal  force  is  resited  by  friction  between  the  particle  and  track.  Newton's  first 
law  expresses  the  condition  for  static  equilibrium  as  mg  ii  —  Rii+  P12  —  Fi2  =0, 
where  —Rii  is  the  reaction  force  the  track  exerts  on  the  particle,  and  —Fi2  the 
friction  force  applies  to  the  particle. 

The  four  forces  applied  to  the  particle  are  of  different  physical  natures:  P 12  is  an 
externally  applied  force,  mgii  the  force  of  gravity,  —Rii  a  reaction  force,  and  —F12 
a  friction  force.  Yet,  all  forces  play  an  equal  role  in  Newton's  law,  which  states  that 
the  sum  of  all  forces  must  vanish.  The  law  simply  states  "all  forces"  without  making 
any  distinction  among  them.  Newton's  first  law  is  readily  solved  to  find  [mg—R)  ii  -|- 
(P  —  F)i2=  0,  and  finally  R  =  rag  and  F  =  P,as  expected. 
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Fig.  7.17.  A  particle  sliding  on  a  track. 


Next,  the  principle  of  virtual  work  will  be  used  to  solve  the  same  problem.  For 
this  two  dimensional  problem,  an  arbitrary  virtual  displacement  will  be  written  as 
s  =  Sill  +  S2i2,  and  the  vanishing  of  the  virtual  work  it  performs  implies 

W  =  (mgti  -  Rii  +  Pi2  -  Fi2f{siii  +  S2I2)  ,„  ,,,, 

=  [mg-R]si  +  [P- F]s2  =  Q. 

Following  a  reasoning  similar  to  that  developed  in  the  previous  example,  it  is 
easy  to  show  that  the  vanishing  of  the  virtual  work  for  all  arbitrary  scalars  si  and  S2 
implies  the  vanishing  of  the  two  bracketed  terms  in  the  above  equation:  mg  —  R  =  0 
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and  P  —  F  =  0.  This  result  is  identical  to  that  obtained  from  Newton's  first  law,  as 
expected,  since  the  principle  of  virtual  work  and  Newton's  first  law  are  identical. 

This  example  illustrates  a  crucial  relationship  between  Newton's  first  law  and 
the  principle  of  virtual  work.  The  projection  of  Newton's  law  along  unit  vectors 
ii  and  i2  yields  two  scalar  equilibrium  equations,  mg  —  R  =  0  and  P  —  F  = 
0,  respectively.  The  same  two  equilibrium  equations  are  obtained  by  imposing  the 
vanishing  of  the  factors  multiplying  the  arbitrary  virtual  displacement  components, 
si  and  S2,  resolved  along  the  same  unit  vectors,  ii  and  i2,  respectively. 

The  principle  of  virtual  work  yields  scalar  equilibrium  equations  which  are  the 
projections  of  Newton's  first  law  along  the  directions  associated  with  the  virtual  dis- 
placement components.  Because  it  is  based  on  a  scalar  quantity,  the  virtual  work, 
the  principle  of  virtual  work  yields  scalar  equations  of  equilibrium,  rather  than  their 
vector  counterparts  inherent  to  the  application  of  Newton's  first  law. 

7.5.2  Kinematically  admissible  virtual  displacements 

Example  7.8  illustrates  an  important  feature  of  virtual  displacements,  which  are  se- 
lected to  have  components  in  the  horizontal  direction,  S2i2,  and  the  vertical  direction. 
Sill.  This  raises  a  basic  question:  how  could  the  particle  move  in  the  vertical  direc- 
tion when  it  is  constrained  to  remain  on  the  track?  The  answer  to  this  question  lies 
in  the  nature  of  the  virtual  displacements  that  are  not  real,  but  rather  are  virtual  or 
fictitious  displacements.  Of  course,  the  particle  cannot  possibly  undergo  real  dis- 
placements in  the  vertical  direction  because  it  must  remain  on  the  track,  but  virtual 
ox  fictitious  displacements  in  that  same  direction  are  allowed. 

In  the  derivation  of  the  principle  of  virtual  work,  it  is  necessary  to  use  completely 
arbitrary  virtual  displacements  to  prove  that  the  vanishing  of  the  virtual  work  implies 
Newton's  first  law.  The  completely  arbitrary  nature  of  the  virtual  displacements  is 
key  to  the  successful  use  of  the  principle  of  virtual  work.  The  expression,  "arbitrary 
virtual  displacements"  means  any  virtual  displacements,  including  those  that  violate 
the  kinematic  constraints  of  the  problem. 

In  fig.  7.17,  the  particle  is  confined  to  remain  on  the  track;  it  can  move  along 
the  track,  but  not  in  the  direction  perpendicular  to  it.  The  direction  along  the  track  is 
called  the  kinematically  admissible  direction,  and  the  direction  normal  to  it  is  called 
the  kinematically  inadmissible  direction,  or  the  infeasible  direction. 

It  is  sometimes  convenient  to  introduce  the  concept  of  kinematically  admissi- 
ble virtual  displacements.  These  are  virtual  displacements  that  satisfy  the  kinematic 
constraints  of  the  problem. 

For  the  problem  depicted  in  fig.  7.17,  the  kinematic  constraint  enforces  the  par- 
ticle to  remain  on  the  track.  Arbitrary  virtual  displacements  are  written  as  s  = 
si  ii  +  S2I2,  but  since  these  include  a  component  in  the  vertical  direction,  i.e.,  in 
a  kinematically  inadmissible  direction,  these  are  not  kinematically  admissible  vir- 
tual displacements.  On  the  other  hand,  virtual  displacements  of  the  form  s  =  S2  12, 
are  kinematically  admissible  because  these  are  oriented  along  the  track. 

At  this  point,  the  relationship  between  kinematic  constraints  and  reaction  forces 
should  be  clarified.  Reaction  forces  are  those  forces  arising  from  the  enforcement  of 


278         7  Basic  concepts  of  analytical  dynamics 

kinematic  constraints.  The  particle  depicted  in  fig.  7.17  is  constrained  to  move  along 
the  track,  and  this  kinematic  constraint  gives  rise  to  a  reaction  force.  Note  that  the 
reaction  force  acts  along  the  kinematically  inadmissible  direction,  i.e.,  the  direction 
normal  to  the  track. 

Consider  now  the  virtual  work  done  by  the  reaction  force  under  arbitrary  virtual 
displacements, 

W  =  {-Rnfisin  +  S2i2)  =  -Rsi  7^  0. 

Next,  consider  the  virtual  work  done  by  the  same  reaction  force  under  arbitrary  kine- 
matically admissible  virtual  displacements, 

W={-Rlif{s2l2)=0. 

Because  the  reaction  force  acts  along  the  infeasible  direction  and  the  kinematically 
admissible  virtual  displacement  is  along  the  admissible  direction,  these  two  vectors 
are  normal  to  each  other,  and  hence,  the  virtual  work  done  by  the  reaction  force 
vanishes.  In  contrast,  the  work  done  by  the  same  reaction  force  under  arbitrary  virtual 
displacements  does  not. 

The  vanishing  of  the  virtual  work  done  by  reaction  forces  under  kinematically 
admissible  virtual  displacements  has  profound  implications  for  applications  of  the 
principle  of  virtual  work.  The  principle  is  repeated  here:  "a  particle  is  in  static  equi- 
librium if  and  only  if  the  virtual  work  done  by  the  externally  applied  forces  vanishes 
for  all  arbitrary  virtual  displacements" .  Because  this  principle  calls  for  the  use  of 
arbitrary  virtual  displacements,  it  is  of  crucial  importance  to  treat  reaction  forces 
as  externally  applied  forces.  For  instance,  in  example  7.8,  the  virtual  work  done  by 
the  reaction  force  must  be  included  in  the  statement  of  the  principle,  as  is  done  in 
eq.  (7.28),  because  completely  arbitrary  virtual  displacements  are  used. 

Consider  now  a  modified  version  of  the  principle  of  virtual  work:  "a  particle  is  in 
static  equilibrium  if  and  only  if  the  virtual  work  done  by  the  externally  applied  forces 
vanishes  for  all  arbitrary  kinematically  admissible  virtual  displacements" .  Rather 
than  considering  completely  arbitrary  virtual  displacements,  only  kinematically  ad- 
missible virtual  displacements  are  considered  now.  Because  the  virtual  work  done 
by  the  constraint  forces  vanishes  for  kinematically  admissible  virtual  displacements, 
constraint  forces  are  automatically  eliminated  from  this  statement  of  the  principle 
of  virtual  work.  This  often  simplifies  the  statement  of  the  principle  because  fewer 
terms  are  involved.  On  the  other  hand,  because  the  constraint  forces  are  eliminated 
from  the  formulation,  this  modified  principle  will  not  yield  the  equations  required  to 
evaluate  the  reaction  forces,  which  are  often  quantities  of  great  interest. 

As  pointed  out  earlier,  Newton's  first  law  requires  the  sum  of  all  forces  to  van- 
ish for  static  equilibrium  to  be  achieved.  The  "sum  of  all  forces"  involves  all  forces 
without  distinction.  While  the  principle  of  virtual  work  is  shown  to  be  identical  to 
Newton's  first  law,  this  principle  creates  an  important  distinction  between  reaction 
forces  stemming  from  kinematic  constraints,  and  all  other  forces.  Indeed,  reaction 
forces,  also  called  forces  of  constraint,  can  be  completely  eliminated  from  the  for- 
mulation by  using  kinematically  admissible  virtual  displacements. 
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All  other  forces,  such  as  those  generated  by  springs,  gravity,  friction,  temper- 
ature, electric  or  magnetic  fields,  are  of  a  physical  origin.  It  is  easy  to  recognize 
such  forces  because  their  description  involves  physical  constants  that  can  only  be 
determined  by  experiment.  For  instance,  the  stiffness  constant  of  a  spring,  the  uni- 
versal constant  of  gravitation  appearing  in  gravity  forces,  or  the  friction  coefficient 
appearing  in  Coulomb's  friction  law.  All  these  forces  are  referred  to  as  natural  forces, 
which  can  be  further  differentiated  into  internal  and  external  forces.  Internal  forces 
are  natural  forces  arising  from  and  reacted  within  the  structural  system  under  con- 
sideration, whereas  external  forces  are  natural  forces  that  act  on  the  system  but  stem 
from  outside  it;  these  forces  are  also  called  externally  applied  loads. 

Example  7.9.  Equilibrium  of  a  pariicle  sliding  on  a  track 

Consider  once  again  the  particle  of  mass  m  sliding  on  a  track  and  shown  in  fig.  7.17. 
For  this  simple  problem,  the  kinematically  admissible  direction  is  along  axis  i2,  while 
the  infeasible  direction  is  along  axis  zi .  The  free  body  diagram  in  the  right  part  of 
fig.  7.17  shows  the  forces  acting  on  the  particle.  The  reaction  force,  —Rii,  acts  in 
the  infeasible  direction,  as  expected. 

In  contrast  with  example  7.8,  which  uses  completely  arbitrary  virtual  displace- 
ments, kinematically  admissible  virtual  displacements  will  be  used  here,  and  hence, 
s  =  S2*2-  The  vanishing  of  the  virtual  work  then  implies 

W  =  [mgii  -  Rh  +  Pi2  -  Ft2fs2i2  =  [P  -  F]s2  =  0. 

Because  S2  is  an  arbitrary  quantity,  the  bracketed  term  must  vanish,  leading  to  i^  = 
P. 

First,  reaction  force  R  is  eliminated  from  the  formulation:  the  statement  of  the 
principle  of  virtual  work  becomes  simply  {P  —  F)s2  =0  for  all  values  of  S2-  The 
reaction  force  does  not  appear  in  this  statement.  It  is  also  possible  to  apply  external 
loads  along  the  infeasible  direction:  for  instance,  in  this  problem,  gravity  loads  act 
in  the  infeasible  direction  and  are  also  eliminated  from  the  formulation.  Of  course, 
if  gravity  acts  along  the  kinematically  admissible  direction,  i.e.,  along  the  track,  this 
force  will  appear  in  the  statement  of  the  principle.  In  contrast,  reaction  forces  al- 
ways act  along  the  infeasible  direction  and  hence,  are  always  eliminated  from  the 
formulation. 

Second,  note  that  less  information  about  the  system  is  obtained.  In  example  7.8 
that  uses  arbitrary  virtual  displacements,  two  equations  are  obtained:  F  =  P  and 
R  =  mg.  In  contrast,  the  use  of  kinematically  admissible  virtual  displacements 
yields  a  single  equation,  F  =  P.  On  the  other  hand,  the  solution  process  is  sim- 
pler and  involves  one  single  equation;  however,  no  information  about  the  reaction 
force  is  available. 

Finally,  it  is  shown  here  that  the  modified  version  of  the  principle  of  virtual  work 
stating  "a  particle  is  in  static  equilibrium  if  and  only  if  the  virtual  work  done  by 
the  externally  applied  forces  vanishes/or  all  arbitrary  kinematically  admissible  vir- 
tual displacements,"  is  not  entirely  correct.  The  vanishing  of  the  virtual  work  for  all 
kinematically  admissible  virtual  displacements  is  a  necessary  condition,  but  it  is  not 
sufficient,  because  it  does  not  guarantee  equilibrium  of  the  particle  in  the  infeasible 
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direction.  Indeed,  this  latter  condition,  R 
principle. 


mg,  is  not  recovered  by  the  modified 


Example  7.10.  Equilibrium  of  a  particle  on  a  curved  track 

Figure  7.18  depicts  a  particle  of  mass  m  constrained  to  move  on  a  semi-circular 
track  of  radius  R  under  the  combined  effects  of  gravity,  friction,  and  elastic  forces. 
Determine  the  equilibrium  position  of  the  particle  and  the  forces  acting  on  it  in  the 
equilibrium  state. 

The  spring  of  stiffness  constant  k  is  pinned  at  point  C  located  at  coordinates 
xi  =  ciR  and  X2  =  C2R  and  its  un-stretched  length  vanishes.  Force  N  is  the  reaction 
force  acting  on  the  particle  due  to  its  contact  with  the  track  and  acts  in  direction  n, 
which  is  normal  to  the  track.  Force  F  is  the  force  exerted  by  the  track  on  the  particle 
and  acts  in  the  tangential  direction,  t;  this  force  arises  from  friction  between  the 
particle  and  track. 
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Fig.  7.18.  Particle  constrained  to  slide  with  friction  on  a  circular  track. 


The  position  of  the  particle  on  the  track  is  conveniently  represented  by  angle  B. 
The  unit  vector  tangent  to  the  circular  track  is  given  by  t  =  —  sin  Qi\\-  cos  Q 12,  and 
the  normal  to  the  track  is  n  =  —  cos  B  «i— sin  B  «2-  For  this  problem,  the  kinematically 
admissible  direction  is  t,  and  n  the  infeasible  direction.  In  contrast  with  the  previous 
example,  the  admissible  direction  is  not  a  fixed  direction  in  space,  but  instead,  it 
depends  on  the  position  of  the  particle  on  the  track,  t  =  i{B).  The  reaction  force  of 
magnitude  N  acts  along  the  infeasible  direction,  as  expected.  The  friction  force  of 
magnitude  F  acts  in  the  admissible  direction. 

The  force,  F_g,  applied  by  the  elastic  spring  to  the  particle  is  given  by  the  spring 
stiffness  constant  times  the  distance  between  the  particle  and  point  C  and  is  oriented 
in  that  same  direction:  F^  =  kR[{ci  —  cosB)ii  +  (c2  —  sa\B)i2\-  This  can  be  ex- 
pressed in  terms  of  admissible  and  infeasible  directions,  i  and  n,  respectively,  as 
F_g  =  kR[{—ci  sinB  +  C2  cos6')t  +  (1  —  ci  cos6'  —  C2  sin6')n]  where  use  is  made  of 
the  following  relationships:  ii  =  —  sin  Bi  —  cos  B  n  and  12  =  cos  Bt  —  sin  B  n. 

An  arbitrary  virtual  displacement  of  the  form  s  =  sti+  s„  n  is  selected,  where 
St  and  s„  are  arbitrary  quantities.  The  virtual  work  done  by  the  forces  acting  on  the 
particle  now  becomes 


7.5  The  principle  of  virtual  work  for  statics         281 

W  =  {k  R  [{- ci  sin  6  +  C2  COS  9)i+  (1  -  cicos^  -  C2sme)n]  +  Nn-  Ft 
+  mg{— cos  6i  +  sin  6n)}     (sti  +  s„n) 
=  [kR{—ci  sin  9  +  C2  cos  9)  —  F  —  mag  cos  9]  St 
+  [kR{l  —  ci  cos  9  —  C2  sin  9)  +  N  +  mg  sin  9]  s„. 

Because  the  virtual  work  must  vanish  for  arbitrary  st  and  s„,  the  two  bracketed  terms 
must  vanish,  leading  to  the  two  equilibrium  equations  of  the  problem, 

F  =     kR{    —  ci  sin  9  +  C2  cos  9)  —  mg  cos  9,  (7.29a) 

N  =  -kR{l-  cicos9  -  C2Sin9)  -mgsm9.  (7.29b) 

This  forms  a  set  of  two  equations  for  the  three  unknowns  of  the  problem:  the  reaction 
force,  N,  the  friction  force,  F,  and  the  equilibrium  position  of  the  particle,  9. 

One  additional  equation  is  required  to  solve  the  problem.  Coulomb's 
law  of  static  friction  requires  the  friction  force  to  be  smaller  than  the 
normal  contact  force  multiplied  by  the  static  friction  coefficient,  /i^,  i.e., 
\F\  <  fJ.s\N\.  Substituting  the  friction  and  normal  forces  from  eqs.  (7.29a) 
and  (7.29b),  respectively,  leads  to  kR{—cism9  +  C2Cos9)  —  ragcos9  < 
±/Xs  [—kR{l  —  ci  cos  9  —  C2  sin  9)  —  mg  sin  9] .  This  equation  can  be  solved  to  find 
two  solutions,  9£  and  9u'.  the  particle  is  in  equilibrium  for  all  configurations,  9,  such 
that6'£  <9<9u. 

Next,  kinematically  admissible  virtual  displacements  of  the  form  s  =  s^t  will  be 
selected,  where  st  is  an  arbitrary  quantity.  The  virtual  work  done  by  the  forces  acting 
on  the  particle  then  becomes 

W  =  {k  R  [{- ci  sin  9  +  C2  cos  9)i+  (1  -  cicos^  -  C2sin6')n]  +  Nn-  Ft 
+  mg{— cos  9i  +  sin  9n)}    sti 
=  [kR{—ci  sin9  +  C2  cos  9)  —  F  —  mg  cos  9]  St. 

Because  the  virtual  work  must  vanish  for  all  arbitrary  st,  the  bracketed  term  must 
vanish,  yielding  a  single  equilibrium  equation  of  the  problem,  which  is  the  same  as 
eq.  (7.29a)  above.  As  expected,  the  normal  reaction  force,  N,  is  eliminated  from  the 
formulation.  The  problem  still  features  three  unknowns,  N,  F,  and  9,  and  the  addi- 
tion of  the  static  friction  law  provides  a  second  equation  for  the  problem.  Clearly,  the 
principle  of  virtual  work  with  kinematically  admissible  virtual  displacements  does 
not  provide  enough  equations  to  solve  this  problem.  This  is  because  the  static  fric- 
tion law  establishes  a  relationship  between  friction  and  normal  forces.  By  eliminating 
the  normal  contact  force  from  the  formulation,  the  use  of  kinematically  admissible 
virtual  displacements  yields  too  little  information  to  solve  the  problem. 

If  friction  is  neglected,  the  friction  force  will  vanish,  F  =  0,  and  the  single 
equation  stemming  from  the  use  of  kinematically  admissible  virtual  displacements 
yields  the  solution  of  the  problem,  kR(—ci  sin9  +  C2  cos  9)  —  mg  cos  9  =  0,  or 
tan^  =  (c2  —  m,g/kR)/ci. 

In  summary,  when  using  kinematically  admissible  virtual  displacements,  the 
principle  of  virtual  work  yields  a  reduced  set  of  equilibrium  equations  from  which  the 
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forces  of  constraints  are  eliminated.  This  often  greatly  simplifies  and  streamlines  the 
solution  process.  In  some  cases,  however,  too  few  equations  are  obtained,  giving  the 
false  impression  that  the  problem  cannot  be  solved.  Arbitrary  virtual  displacements, 
i.e.,  virtual  displacements  that  violate  the  kinematic  constraints  must  then  be  used  to 
obtain  the  missing  equations  of  equilibrium,  which  correspond  to  the  projection  of 
Newton's  first  law  along  the  infeasible  directions. 

7.5.3  Use  of  infinitesimal  displacements  as  virtual  displacements 

In  the  previous  sections,  three-dimensional  virtual  displacements  are  denoted  s  = 
si%i  +  S2ti  +  53%,  where  si,  S2,  and  S3  are  arbitrary  quantities.  In  view  of  the 
fundamental  role  they  play  in  energy  and  variational  principles,  a  special  notation  is 
commonly  used  to  denote  virtual  displacements, 

s  =  du.  (7.30) 

The  symbol  "(5"  is  placed  in  front  of  the  displacement  vector,  u,  to  indicate  that 
it  should  be  understood  as  a  virtual  displacement.  Similarly,  the  virtual  work  done 
by  a  force  undergoing  a  virtual  displacement  will  be  denoted  5W  to  distinguish  it 
from  the  real  work  done  by  the  same  force  undergoing  real  displacements.  The  new 
notation  changes  nothing  to  the  special  nature  of  virtual  displacements,  which  are 
fictitious  displacements  that  do  not  alter  the  applied  forces. 

In  many  applications  of  the  principle  of  virtual  work,  it  will  also  be  convenient  to 
use  virtual  displacements  of  infinitesimal  magnitude.  Because  virtual  displacements 
are  of  arbitrary  magnitude,  virtual  displacements  of  infinitesimal  magnitude  qualify 
as  valid  virtual  displacements.  The  infinitesimal  magnitude  of  virtual  displacements 
is  a  convenience  that  often  simplifies  algebraic  developments,  but  is  by  no  means  a 
requirement. 

Displacement-dependent  forces 

A  key  simplification  arising  from  the  use  of  virtual  displacements  of  infinitesimal 
magnitude  is  that  displacement-dependent  forces  automatically  remain  unaltered  by 
their  application,  as  illustrated  in  the  following  example. 

Example  7.11.  Equilibrium  of  a  pariicle  connected  to  an  elastic  spring 

Consider  a  particle  connected  to  an  elastic  spring,  as  illustrated  in  fig.  7.19.  This  is 
the  same  problem  treated  in  example  7.7. 
The  principle  of  virtual  work  requires  that 

5W  =  (mgii  —  kuii  )(duii  +  Svi2)  =  [mg  —  ku]Su  =  0, 

for  all  virtual  displacements,  6u,  where  the  virtual  displacements  must  leave  the 
forces  applied  to  the  particle  unchanged.  Consider  now  a  virtual  displacement  of  in- 
finitesimal magnitude,  6u  =  du.  The  virtual  work  done  by  this  virtual  displacement 
of  infinitesimal  magnitude  is  still  given  by  eq  (7.27)  as 
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Fig.  7.19.  Use  of  a  differential  displacement  as  a  virtual  displacement. 
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where  the  last  equality  follows  from  neglecting  the  higher-order  differential  quantity. 
The  virtual  work  is  now  equal  to  the  real  work  done  by  an  infinitesimal  displacement 
of  magnitude  du  =  5u.  The  right  portion  of  fig.  7.19  illustrates  the  differential  work, 
dW ,  for  a  displacement  of  infinitesimal  magnitude. 


Rigid  bodies 

Next,  the  close  relationship  between  infinitesimal  displacements  and  virtual  dis- 
placements of  infinitesimal  magnitude  will  be  explored  further  in  the  context  of 
rigid  bodies.  Consider  two  material  points,  P  and  Q,  of  a  rigid  body.  When  the 
rigid  body  undergoes  arbitrary  motions,  the  velocities  of  these  two  points  must  sat- 
isfy eq.  (5.22),  v_p  =  v_q  -\-  oj  r_Qp,  where  v_p  and  v_q  are  the  velocities  of  points 
P  and  Q,  respectively,  w  is  the  angular  velocity  of  the  rigid  body,  and  r_Qp  the 
position  vector  of  point  P  with  respect  to  Q.  This  relationship  is  now  written  as 
dup/dt  =  dun/dt  +  {d'4)/dt)r_Qp,  where  dup  and  duq  are  the  infinitesimal  dis- 
placement vectors  of  points  P  and  Q,  respectively,  and  dV'  is  the  differential  rotation 
vector  for  the  rigid  body.  After  multiplication  by  dt,  the  differential  displacements 
are  found  to  satisfy  the  following  equation,  dup  =  dug  +  dip  Zqp- 

Because  virtual  displacements  can  be  of  infinitesimal  magnitude,  it  is  possible  to 
write  ^^ 

5up  =  6uq  +  SipLop-  (7.31) 

where  6up  and  6uq  are  the  virtual  displacement  vectors  of  arbitrary  points  P  and  Q, 
respectively,  and  6ip  is  the  virtual  rotation  vector  for  the  rigid  body.  Equation  (7.31) 
describes  the  field  of  kinematically  admissible  virtual  displacements  for  a  rigid  body. 
Indeed,  these  virtual  displacements  satisfy  the  kinematic  constraints  for  two  points 
belonging  to  the  same  rigid  body. 

The  discussion  of  the  previous  paragraph  underlines  the  close  relationship  be- 
tween infinitesimal  quantities,  denoted  with  symbol  "d,"  and  virtual  quantities,  de- 
noted with  symbol  "(5."  To  obtain  eq.  (7.31)  symbol  "d"  is  replaced  by  "6"  in  the  last 
step  of  the  reasoning.  While  this  approach  is  correct,  it  must  be  emphasized  that  vir- 
tual displacements  remain  fictitious  displacements,  whereas  infinitesimal  displace- 
ments are  real  displacements.  Furthermore,  virtual  displacements  leave  the  forces 
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unchanged,  whereas  no  such  requirement  applies  for  real  infinitesimal  displace- 
ments. Finally,  virtual  displacements  are  allowed  to  violate  the  kinematic  constraints, 
whereas  real  displacement  are  not. 

Using  virtual  displacements  of  infinitesimal  magnitude  greatly  simplifies  the 
treatment  of  many  problems.  In  the  mathematical  treatment  of  virtual  quantities,  a 
branch  of  mathematics  called  calculus  of  variations,  virtual  quantities  are  systemat- 
ically assumed  to  be  of  infinitesimal  magnitude  [24,  25]. 


7.5.4  Principle  of  virtual  work  for  a  system  of  particles 


Figure  7.20  depicts  a  system  of  N  particles. 
This  problem  is  treated  in  section  3.4  using  the 
classical  Newtonian  approach.  Particle  i  is  sub- 
jected to  an  external  force,  F.^,  and  to  A^  —  1 
interaction  forces,  f . .,  j  =  1,2,...,  N,  j  ^  i. 
For  particle  i,  the  virtual  work,  denoted  6Wi, 
done  by  all  applied  forces  when  subjected  to  a 
virtual  displacement,  6u^,  is 


Fig.  7.20.  A  system  of  particles. 


6Wi  =  (Fj 


N 


fl)Su^r 


(7.32) 


According  to  the  principle  of  virtual  work,  this  virtual  work  must  vanish  for  all  vir- 
tual displacements,  Sui.  The  principle  can  be  applied  to  each  particle  independently, 
leading  to  6Wi  =  0,  where  6Wi  is  given  by  eq.  (7.32),  for  i  =  1,  2, . . .  N. 

Because  the  virtual  work  must  vanish  for  each  particle  independently,  the  sum  of 
the  virtual  work  for  all  particles  must  also  vanish,  leading  to  the  following  statement 
of  the  principle  of  virtual  work  for  a  system  of  TV  particles:  a  system  of  particle  is  in 
static  equilibrium  if  and  only  if  the  virtual  work, 


N 


6W  =  J2 


N 


5u, 


(7.33) 


vanishes  for  all  virtual  displacements,  Su.^,  i  =  1,2, ...  ,N.  Because  the  N  virtual 
displacements  are  all  arbitrary  and  independent,  the  bracketed  term  in  eq.  (7.33) 
must  vanish  for  i  =  1,  2, . . . ,  A^,  leading  to  equilibrium  equations  that  are  identical 
to  those  obtained  from  Newton's  first  law. 

Because  each  of  the  N  virtual  displacement  vectors  involves  three  scalar  com- 
ponents, the  principle  of  virtual  work  yields  3iV  scalar  equations  for  a  system  of  N 
particles;  all  must  be  satisfied  for  the  system  to  be  in  static  equilibrium.  The  system 
is  said  to  present  3iV  degrees  of  freedom.  For  a  two-dimensional,  or  planar  system, 
the  number  of  scalar  equations  would  reduce  to  2N,  i.e.,  2N  degrees  of  freedom. 

The  above  developments  have  shown,  once  again,  that  the  principle  of  virtual 
work  is  equivalent  to  Newton's  first  law,  and  gives  the  necessary  and  sufficient 
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conditions  for  the  static  equilibrium  of  the  system.  Equilibrium  is  the  most  funda- 
mental requirement  in  structural  analysis,  and  must  always  be  satisfied.  This  means 
that  Newton's  first  law  and  the  principle  of  virtual  work,  because  they  are  both 
equivalent,  always  apply.  The  system  of  particles  considered  above  is  very  general; 
it  could  represent  a  rigid  body,  a  flexible  body  deforming  elastically  or  plastically,  a 
fluid,  or  a  planetary  system.  Yet,  the  same  equilibrium  requirements  apply  equally 
to  all  systems. 

Internal  and  external  virtual  work 

Equation  (7.33)  also  affords  another  important  interpretation.  The  forces  acting  on 
the  system  are  separated  into  two  groups,  the  externally  applied  forces,  F^,  and  the 

internal  forces,  f    .  The  words  "internal"  and  "external"  should  be  understood  with 

— y 

respect  to  the  system  of  particles.  Internal  forces  act  and  are  reacted  within  the  sys- 
tem, and  external  forces  act  on  the  system  but  are  reacted  outside  the  system.  The 
virtual  work  done  by  the  external  and  internal  forces,  denoted  6We  and  SWi,  re- 
spectively, are  defined  as 

N 


=1 


N 


6Wi  =  J2 


N 

y  f^. 


Sui,  (7.34b) 


respectively.  With  these  definitions,  eq.  (7.33)  is  becomes 

6W  =  SWe  +  5Wi  =  0,  (7.35) 

for  all  arbitrary  virtual  displacements.  This  leads  to  the  principle  of  virtual  work  for 
a  system  of  particles. 

Principle  9  (Principle  of  virtual  work  for  a  system  of  particles)  A  system  of  par- 
ticles is  in  static  equilibrium  if  and  only  if  the  sum  of  the  virtual  work  done  by  the 
internal  and  external  forces  vanishes  for  all  arbitrary  virtual  displacements. 

Finally,  note  that  because  the  virtual  displacements  are  arbitrary,  it  is  possible  to 
choose  them  to  be  the  actual  displacements,  and  eq.  (7.35)  then  implies 

W  =  We  +  Wi=Q,  (7.36) 

where  We  and  Wi  are  the  actual  work  done  by  the  external  and  internal  forces,  re- 
spectively. Equation  (7.36)  states  that  if  a  system  of  particles  is  in  static  equilibrium, 
the  sum  of  the  work  done  by  the  internal  and  external  forces  vanishes. 
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Euler's  laws 

The  3N  scalar  equations  implied  by  the  vanishing  of  the  virtual  work  expressed  in 
eq.  (7.33)  are  often  cumbersome  to  use  because  they  all  involve  the  interaction  forces 
between  the  particles  of  the  system.  To  obtain  equations  that  are  more  convenient  to 
use,  a  special  set  of  virtual  displacements  will  be  selected. 

Inspired  by  eq.  (7.31),  the  virtual  displacement  of  particle  i  is  written  as 


Sui  =  Sub  +  <^V'  Li 


(7.37) 


where  Sug  is  the  virtual  displacement  of  the  reference  point  B  of  the  rigid  body, 
dip  the  virtual  rotation  vector,  and  r^  the  relative  position  vector  of  particle  i  with 
respect  to  point  B.  The  virtual  displacements  of  all  particles  are  now  expressed  in 
terms  of  a  virtual  translation  of  the  rigid  body,  Su^,  and  its  virtual  rotation,  Sip,  both 
chosen  to  be  of  infinitesimal  magnitude.  This  corresponds  to  6  independent  virtual 
displacement  components,  far  fewer  than  the  original  3iV.  The  virtual  work  done  by 
all  forces  acting  on  the  system  under  these  virtual  displacements  is 
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The  last  two  terms  of  this  expression  can  be  simplified  using  identity  (1.33h),  and 
the  above  equation  now  becomes 


5W 


+  5ip 


EEL 


if.: 


i=l j=lj^i 


In  view  of  eqs.  (3.59)  and  (3.62),  the  terms  in  the  second  and  last  sets  of  parenthesis 
now  vanish,  reducing  the  expression  to 


6W 


Sul 


-  N 

+  dtlF 

-  N 

.1=1 

SulE  +  Sip^Mg, 


where  the  last  equality  follows  from  eqs.  (3.58)  and  (3.60).  Because  the  virtual  work 
must  vanish  for  all  virtual  displacements  and  virtual  rotations,  the  sum  of  the  ex- 
ternally applied  forces  and  moments  must  vanish,  F_  =  0  and  Mp  =  0.  Clearly, 
these  two  equations  are  identical  to  Euler's  first  and  second  laws  obtained  directly 
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from  Newtonian  arguments,  see  eqs.  (3.70)  and  (3.75).  The  present  problem  is  a 
static  problem,  and  hence,  the  time  derivatives  of  the  linear  and  angular  momenta 
appearing  in  eqs.  (3.70)  and  (3.75)  are  absent. 

These  two  vector  equations  are  necessary  but  not  sufficient  conditions  to  guaran- 
tee static  equilibrium.  Indeed,  static  equilibrium  requires  a  total  of  N  vector  equa- 
tions to  be  satisfied;  eqs.  (3.70)  and  (3.75)  are  two  linear  combinations  of  those  N 
equations.  Only  two  vector  equations  are  obtained  from  the  principle  of  virtual  work 
because  the  virtual  displacement  field,  eq.  (7.37),  selected  for  the  rigid  body  involves 
a  single  virtual  displacement  vector,  6ug,  and  a  single  virtual  rotation  vector,  Sip. 

7.5.5  The  use  of  generalized  coordinates 

In  the  previous  sections,  the  configuration  of  the  system  was  represented  by  the 
Cartesian  coordinates  of  the  various  particles.  As  discussed  in  section  7.2,  it  is  often 
convenient  to  represent  the  configuration  of  the  system  by  means  of  generalized  coor- 
dinates, which  give  rise  to  the  concept  of  the  generalized  forces  defined  by  eq.  (7.20). 
When  using  generalized  coordinates,  the  virtual  work  done  by  a  force  is  ex- 
pressed by  eq.  (7.19).  This  expression  can  be  written  for  both  internal  and  external 
forces,  leading  to 

N 


6Wi  =  J2QiSqi,  (7.38a) 

N 

<5W^B  =  ^0f%,  (7.38b) 


where  Qj  and  Qf  are  the  generalized  forces  associated  with  the  internal  forces  and 
externally  applied  loads,  respectively. 

The  principle  of  virtual  work,  expressed  by  eq.  (7.35),  now  becomes 


N  N  N 


6Wi  +  SWe  =  J2  Q'i^li  +  E  Q^^^i  =  J2[Qi+  Q^]  '^*  =  0' 

i—1  i—1  i—1 

for  all  virtual  generalized  displacements,  Sqi.  Because  the  virtual  generalized  dis- 
placements, Sqi,  are  arbitrary,  each  of  the  N  bracketed  terms  under  the  summation 
sign  must  vanish,  leading  to 

gf  +  gf  =  0,      i  =  l,2,...,N.  (7.39) 

This  equation  represents  yet  another  statement  of  the  principle  of  virtual  work. 

As  discussed  in  section  7.5.2,  the  principle  of  virtual  work  can  be  used  with  either 
arbitrary  or  kinematically  admissible  virtual  displacements.  Similarly,  the  present 
statement  of  the  principle  can  be  used  with  either  arbitrary  or  kinematically  admis- 
sible virtual  changes  in  generalized  coordinates.  When  using  arbitrary  virtual  gener- 
alized coordinates,  the  virtual  work  done  by  the  reaction  forces  must  be  included  in 
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the  evaluation  of  the  virtual  work  done  by  the  external  forces;  this  implies  that  the 
generalized  forces  associated  with  the  reaction  forces  must  be  included  in  Qf.  If  the 
virtual  generalized  coordinates  are  kinematically  admissible,  the  reaction  forces  are 
eliminated  from  the  formulation. 

Example  7.12.  Pendulum  with  torsional  spring 

A  rigid  arm  of  length  R  connects  mass  m  to  a  pinned  support  point  where  a  torsional 
spring  of  stiffness  constant  k  acts  between  ground  and  the  rod.  The  torsional  spring 
is  un-stretched  when  the  arm  is  horizontal.  The  mass  is  subjected  to  gravity  loading. 
The  configuration  of  the  system  is  conveniently  represented  by  the  angular  position, 
(f>,  of  the  arm  and  is  selected  to  be  the  single  generalized  coordinate  for  this  single 
degree  of  freedom  problem. 

Consider  first  the  virtual  work  done  by  the  gravity  load,  SWe  =  —mgi^Surp, 
where  Surp  is  the  virtual  displacement  at  point  T.  Since  Uj-  =  i?(cos  </<  ii  +  sin  (/)  12), 
an  infinitesimal  virtual  displacement  of  the  same  quantity  is  Surp  =  R{—  siiKJ)  ti  + 
cos(f>  i2)S(j)-  It  now  follows  that  6We  =  —mgRcoscj)  Scj),  and  by  defining  the  gen- 
eralized force  as  Q^  =  —mgR  cos  cf),  the  virtual  work  becomes  6We  =  Q^Scj).  The 
same  result  can  be  obtained  in  a  more  expeditious  manner  by  using  eq.  (7.20)  to  find 


0 


mgi2  durp I d4>  =  —7ngi2  R{—  sin  4>  ^i  +  cos  (/>  12) 


-mgRcosc 


An  even  simpler  interpretation  is  as  follows.  Because  the  virtual  displacement  is 
a  rotation,  6<p,  it  must  be  multiplied  by  a  moment  to  yield  a  virtual  work;  hence,  the 
generalized  force  is  simply  the  moment  of  the  gravity  load,  —mgR  cos  </>. 

For  this  problem,  the  virtual  work  done  by  the  internal  forces  reduces  to  the  vir- 
tual work  done  by  the  restoring  moment  of  the  elastic  spring,  SWj  =  —kcj)  6(p  = 
Qj,5(j),  where  Q{  =  —kcj)  is  the  generalized  internal  force  of  the  system.  The  gener- 
alized force  is,  in  this  case,  a  moment,  and  hence,  the  expression  "generalized  force" 
must  be  interpreted  carefully. 


T-m 


Fig.  7.21.  Pendulum  with  torsional  spring.         Fig.  7.22.  Rotating  mass  with  vertical  spring. 


The  principle  of  virtual  work,  eq.  (7.39),  yields  the  equilibrium  equation  for  the 
system  as  Qi  +  Q?  =  -mgRcoscj)  —  k(j>  =  0.  This  is  a  transcendental  equation, 
but  if  the  angular  displacement  of  the  pendulum  remains  small,  cos  0  ss  1,  and  the 
equilibrium  configuration  becomes  (j)  =  —nigR/k. 

Example  7.13.  Pendulum  with  rectilinear  spring 

Consider  next  the  modified  system  shown  in  fig.  7.22  where  a  rigid  arm  of  length 
R  connects  mass  ttt,  to  a  pinned  support  at  the  ground.  A  linear  spring  of  stiffness 
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constant  k  supports  the  mass;  this  spring  remains  vertical  because  its  support  point 
is  free  to  move  horizontally  on  rollers.  The  spring  is  un-stretched  when  the  arm  is 
horizontal. 

As  in  the  previous  example,  the  virtual  work  done  by  the  gravity  load  is  easily 
found  as  SWe  =  mgtJSurp,  where  Surp  is  the  virtual  displacement  at  point  T.  Be- 
cause Uj.  =  R{cos(j)ii  +  sin  (/)  12),  an  infinitesimal  virtual  displacement  of  the  same 
quantity  is  6urp  =  R(—  sin^ii  +  cos(pi2)S(f).  The  virtual  work  done  by  the  grav- 
ity load  now  becomes  6We  =  —mgR  sin  4>  S(f>,  and  the  corresponding  generalized 
force  is  Qf  =  —mgR  sin  (/>.  Next,  the  virtual  work  done  by  the  restoring  force  in  the 
spring  is  SWi  =  —kR  cos  (jnJSurp,  which  yields  Q^  =  fci?^  cos  4>  sin  (f>. 

The  principle  of  virtual  work,  as  expressed  by  eq.  (7.39),  now  implies 

Qd>  ~^  Qch  —  ^-^   cos  (f>  sin  4>  —  mgR  sin  (f>  =  R  sin  (f>(kR  cos  0  —  ing)  =  0. 

Two  solutions  are  possible.  First,  sinc^  =  0:  this  leads  to  0  =  0  or  tt,  i.e.,  the  arm 
is  in  the  down  or  up  vertical  position,  respectively.  The  second  solution  is  cos  (j)  = 
m,g/{kR).  For  mg/{kR)  >  1,  however,  this  solution  no  longer  exists,  leaving  the 
first  solution  as  the  only  valid  solution  of  the  problem. 

7.5.6  The  principle  of  virtual  vfork  and  conservative  forces 

The  principle  of  virtual  work  was  first  developed  for  a  single  particle,  then  extended 
to  a  system  of  particles.  In  this  latter  case,  a  distinction  was  made  between  internal 
and  external  forces  acting  on  the  system.  On  the  other  hand,  section  3.2  introduced 
the  concept  of  conservative  forces. 

In  this  section,  the  internal  and  external  forces  applied  to  the  system  of  par- 
ticles will  be  divided  into  two  groups,  the  conservative  and  the  non-conservative 
forces.  The  principle  of  virtual  work  is  now  expressed  as  6W  =  dWc  +  SWnc  =  0, 
where  6Wc  and  6Wnc  denote  the  virtual  work  done  by  the  conservative  and  non- 
conservative  forces,  respectively.  The  virtual  work  done  by  the  conservative  forces 
can  be  evaluated  with  the  help  of  eq.  (7.22)  to  yield 

dW  =  -S(V)  +  SWnc  =  0,  (7.40) 

where  V  is  the  potential  of  the  conservative  forces.  This  leads  to  the  following  prin- 
ciple. 

Principle  10  A  system  of  particles  is  in  static  equilibrium  if  and  only  if  virtual 
changes  in  the  potential  of  the  conservative  force  equal  the  virtual  work  done  by 
the  non-conservative  forces  for  all  arbitrary  virtual  displacements. 

If  all  the  forces  applied  to  a  system  of  particles  are  conservative,  the  system  is 
called  a  conservative  system.  The  virtual  work  done  by  the  non-conservative  forces  is 
absent,  and  principle  of  virtual  work,  eq.  (7.40),  takes  on  a  particularly  simple  form, 

5W  =  -5{V)  =  0.  (7.41) 

The  following  principle  follows. 
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Principle  11  A  conservative  system  of  particles  is  in  static  equilibrium  if  and  only  if 
virtual  changes  in  the  potential  is  stationary  for  all  arbitrary  virtual  displacements. 

Statements  (7.35),  (7.39),  (7.40),  or  (7.41)  all  are  statements  of  the  principle  of 
virtual  work.  In  the  first  two  statements,  a  distinction  is  made  between  internal  and 
external  forces.  In  the  last  two  statements,  a  distinction  is  made  between  conserva- 
tive and  non-conservative  forces.  For  conservative  forces,  the  virtual  work  can  be 
expressed  as  the  variation  of  a  potential  function,  whereas  this  is  not  possible  for 
non-conservative  forces. 

It  was  shown  that  Newton's  first  law  and  the  principle  of  virtual  work  are  equiva- 
lent; indeed,  the  principle  of  virtual  work  was  derived  from  Newton's  first  law.  New- 
ton's law  does  not  distinguish  among  the  various  types  of  forces:  it  simply  states 
that  "the  sum  oi  all  forces  must  vanish."  On  the  other  hand,  the  nature  of  the  applied 
forces  profoundly  affects  the  statement  of  the  principle  of  virtual  work:  conservative 
forces  are  derived  from  a  potential,  but  non-conservative  forces  are  not;  this  funda- 
mental difference  is  reflected  in  the  principle. 

Example  7.14.  Four  particles  on  a  single  rigid  bar 

Consider  the  system  depicted  in  fig.  7.23:  four  particles  of  masses  rua,  mi,,  rric,  and 
TOd,  respectively,  are  connected  to  the  ground  by  four  springs  of  identical  stiffness 
k.  The  un-stretched  length  of  the  springs  are  ta,  ^b,  ^c,  and  td,  respectively.  The  four 
particles  are  also  connected  to  a  rigid  bar,  as  indicated  on  the  figure. 

The  rotation  of  the  rigid  bar  is  assumed  to  remain  small,  and  hence,  the  motion  of 
the  particles  is  purely  vertical.  This  system  could  be  represented  by  four  generalized 
coordinates,  the  vertical  motions  of  the  four  particles,  subjected  to  two  kinematic 
constraints  imposed  by  the  rigid  bar,  for  a  total  of  two  degrees  of  freedom. 

Another  approach  is  to  select  two  generalized  coordinates  only,  the  vertical  mo- 
tion of  the  bar's  mid-span,  u,  and  its  rotation,  0.  Using  this  latter  approach,  the  po- 
tential of  the  forces  associated  with  the  elastic  springs  is 

y^  =  ^  [{u  -  L9/2  -  taf  +  (w  -  L9/6  -  hf 

+  {u  +  Le/6  -  icf  +  {u  +  Le/2  -  Idf]^  , 
and  the  potential  of  the  gravity  forces  is 

y™  =  g  [ma  (u  -  Le/2)  +  mb(u-  L9/6)  +  mc{u  +  16 /Q)  +  md{u  +  16/2)] . 

Because  all  forces  acting  on  the  system  are  conservative,  the  statement  of  the 
principle  of  virtual  work  based  on  kinematically  admissible  virtual  displacements 
reduces  to  S{V  +  V'"'')  =  0,  see  eq.  (7.41),  and  leads  to 

kL^  [     {u  -  6/2  -  la)  {5u  -  56/2)  +  (u  -  6/6  -  4)  (Su  -  Sd/6) 
+  {u  +  6/6  -  Ic)  {5u  +  56/6)  +  {u  +  6/2  -  h)  {5u  +  56/2)] 
+gL  [  rUa  i5u  -  59/2)  +  nib  (Su  -  59/6) 

+mc  {5u  +  56/6)  +  m^  {5u  +  56/2)]  =  0, 
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where  u  =  u/L,  la  =  ^a/L,  and  similar  notations  are  used  for  the  un-stretched 
length  of  the  other  springs.  Because  the  kinematically  admissible  virtual  displace- 
ments are  arbitrary,  two  equations  are  obtained;  these  are  readily  solved  to  find 


u  =  i 

'-mg, 

(7.42a) 

59 
9 

\ld-ia    ic-ib] 

.26 

- 

TUd  —  ma       rric  —  mi, 
2          '          6 

9- 

(7.42b) 

where  £  =  {la  +  ib  +  £c  +  ^-d)/^  is  the  average  non  dimensional  un-stretched  length 
of  the  springs,  m,  =  {ma  +  mf,  +  m,c  +  iTid)/4  the  average  mass  of  the  particles  and 

g  =  g/{kL). 


Fig.  7.24.  Four  spring  supporting  an  articu- 
Fig.  7.23.  Four  spring  supporting  a  rigid  bar.       lated  rigid  bar 


The  principle  of  virtual  work,  per  se,  does  not  provide  any  information  about 
the  loads  acting  in  the  rigid  bar.  To  compute  the  bar  mid-span  bending  moment, 
for  instance,  the  basic  methods  of  statics  could  be  used:  summing  up  the  bending 
moments  acting  on  a  free  body  diagram  of  the  right  side  of  the  beam  yields 


M=l{i-mg)-^ 


ia+id     .     ib+ic 
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ma  +  md    ,    mb  +  mc 
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g 


,  (7.43) 


where  M  =  M/{kL'^)  is  the  non  dimensional  mid-span  bending  moment. 


Example  7.15.  Four  particles  on  two  rigid  bars 

Consider  now  the  system  depicted  in  fig.  7.24:  the  four  springs  support  two  rigid  bars 
connected  at  mid-span  by  means  of  a  hinge.  The  system  now  presents  three  degrees 
of  freedom  that  are  conveniently  chosen  as  the  vertical  displacement  of  the  hinge,  u, 
and  the  orientations,  6i  and  02,  of  the  left  and  right  bars,  respectively. 
The  potential  of  the  elastic  forces  in  the  springs  becomes 


V'  =  ^  [{u  -  L9i/2  -  iaf  +  {u-  LBi/&  -  Ibf 

+  {u  +  182/6  -  4)'  +  {u  +  162/2  -  4)']  , 


(7.44) 
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and  the  potential  of  the  gravity  forces  is 

y™=      mag{u-Lei/2)  +  mbg{u-Lei/Q) 
+  m^g  {u  +  L02/6)  +  mag  {u  +  162/2) , 

where  the  rotations,  9i  and  O2,  are  assumed  to  remain  small.  Here  again,  all  forces 
acting  on  the  system  are  conservative,  the  statement  of  the  principle  of  virtual  work 
based  on  kinematically  admissible  virtual  displacements  reduces  to  6{V'^+V^"')  =  0, 
see  eq.  (7.41),  and  leads  to  the  following  set  of  equations 


4       -2/3    2/3' 
-2/3     5/18     0 
2/3       0       5/18 


24i-2'img 
-{Ma  +  4)  +  (3ma  +  mb)g  )■  .       (7.45) 
{Sid  +  4)  -  {3md  +  inc)g 


This  solution  is  of  course  different  from  that  of  the  previous  problem;  indeed,  the 
mid- span  hinge  relieves  the  bending  moment  at  the  middle  of  the  bar. 

7.5.7  Problems 

Problem  7.4.  Rotating  disk  with  spring  restraint 

A  mechanism  consists  of  the  rotating  circular  disk  pinned  at  its  center  as  shown  in  fig.  7.25. 
A  cable  is  wrapped  around  the  outer  edge  and  a  force,  P,  is  applied  tangentially.  The  rotation 
is  resisted  by  a  spring  of  stiffness  constant  k  attached  to  a  pin  on  the  disk's  outer  radius  and 
fixed  horizontally  to  a  support  that  can  move  vertically,  leaving  the  spring  horizontal  at  all 
times.  The  spring  is  un-stretched  when  ^  =  0.  Use  the  principle  of  virtual  work  to  determine 
the  force,  P,  required  to  keep  the  disk  in  static  equilibrium  as  a  function  of  angle  6. 
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Fig.  7.26.  Crank-slider  mechanism  with  a 
Fig.  7.25.  Rotating  disk  with  spring  restraint.       spring. 


Problem  7.5.  Crank-slider  mechanism  with  a  spring 

Consider  the  crank-slider  mechanism  depicted  in  fig.  7.26.  The  crank  of  length  R  is  actuated 
by  a  torque  Q,  and  the  link  of  length  L  transforms  the  rotary  motion  of  the  crank  into  a  linear 
motion  of  the  slider.  A  spring  of  stiffness  constant  k  connects  the  slider  to  the  ground  and 
is  un-stretched  when  a;  =  0.  Use  the  principle  of  virtual  work  to  find  the  static  equilibrium 
configuration  of  the  system. 

Problem  7.6.  Lever  with  sliding  pivots 

Bar  ABC  is  of  length  b  +  a  and  is  constrained  to  move  vertically  at  point  A  and  horizontally 
at  B,  while  a  horizontal  force,  P,  is  applied  at  point  C,  as  depicted  in  fig.  7.27.  Point  A  is 
restrained  by  a  vertical  spring  of  stiffness  constant  k,  which  is  relaxed  when  angle  6  —  0.  Use 
the  principle  of  virtual  work  to  determine  the  static  equilibrium  configuration  of  the  system. 
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Fig.  7.27.  Lever  with  spring-restrained  slid- 
ing pivots. 


Fig.  7.28.  Screw  jack  type  of  scissor  lift. 


Problem  7.7.  Screw  jack  scissor  lift 

Consider  the  scissor  lift  with  a  spring  of  stiffness  constant  k  linking  the  opposite  joints  shown 
in  fig.  7.28.  The  configuration  of  the  system  is  represented  by  a  single  generalized  coordinate, 
9,  the  angle  between  the  jack  legs  and  the  horizontal.  Using  the  principle  of  virtual  work, 
determine  the  crank  moment,  M ,  for  which  static  equilibrium  of  the  system  is  achieved.  The 
threaded  screw  has  a  pitch  of  N  threads  per  unit  length.  All  bars  of  the  jack  are  articulated. 

Problem  7.8.  Lever  mechanism 

A  bar  of  length  36  is  pinned  at  its  lower  end,  point  O,  and  a  spring  of  stiffness  constant  k 
connects  its  tip  point  T  to  the  ground  a  point  A,  as  shown  in  fig.  7.29.  A  second  bar,  of  length 
h,  is  pinned  to  the  first  bar  as  shown  and  to  a  slider  that  is  constrained  to  move  vertically  on 
a  frictionless  rod.  A  force  of  magnitude  F  is  acting  on  the  slider.  Use  the  principle  of  virtual 
work  to  determine  the  static  equilibrium  configuration  of  the  system. 


3b 


Fig.  7.29.  Lever  mechanism. 


Fig.  7.30.  Mechanism  with  nonlinear  geom- 
etry. 


Problem  7.9.  Spring-mass  problem  with  nonUnear  geometry 

A  spring  of  stiffness  constant  k  and  un-stretched  length  L  is  fastened  to  a  support  at  point 
A  and  is  connected  to  a  weight,  W ,  as  shown  in  fig.  7.30.  The  weight  slides  on  a  friction- 
less  vertical  rod  and  the  spring  is  un-stretched  when  horizontal.  (1)  Using  the  principle  of 
virtual  work,  determine  the  static  equilibrium  configuration  of  the  system.  (2)  Plot  the  non- 
dimensional  weight,  W  —  W/(kL),  as  function  of  the  non-dimensional  displacement  of  the 
slider,  u  —  u/L. 

Problem  7.10.  Linked  bars  with  lateral  springs  and  forces 

Figure  7.31  shows  a  mechanical  system  consisting  of  two  articulated  bars  pinned  together  at 
point  B  and  to  the  ground  at  point  C.  Two  springs  of  stiffness  constants  fci  and  ^2  support  the 
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bars  at  their  mid-span  and  two  forces,  P  and  Q,  are  applied  at  points  B  and  A,  respectively.  Let 
QA  and  qb,  the  downward  deflection  of  points  A  and  B,  be  the  two  generalized  coordinates  of 
the  system.  Use  the  principle  of  virtual  work  to  determine  the  two  static  equilibrium  equations 
of  the  system.  Assume  small  displacements:  Ig^l  <C  i  and  |gs|  <C  i. 


I' 


A    ik,   'b==e 

I  -1-  I.         I,  ^ 


Fig.  7.31.  Two  articulated  bars  sup- 
ported by  springs. 


Fig.  7.32.  Two  articulated  bars  supported  by  springs. 


Problem  7.11.  Two-bar  linkage  system 

The  two  bar  linkage  shown  in  fig.  7.32  comprises  bar  OB  of  length  Lt  and  bar  BAT  of  length 
Lc-  Bar  BAT  passes  through  a  slider  located  at  fixed  point  A  but  free  to  swivel  about  that  point. 
A  spring  of  stiffness  constant  k  connects  the  tip  of  the  bar  at  point  T  to  the  slider  at  point  A 
and  is  of  vanishing  un-stretched  length.  A  torque  of  magnitude  Q  is  applied  to  bar  OB.  Use 
the  principle  of  virtual  work  to  determine  the  static  equilibrium  configuration  of  the  system. 


8 

Variational  and  energy  principles 


This  chapter  investigates  applications  of  the  principles  of  analytical  mechanics  devel- 
oped in  chapter  7  to  dynamical  systems.  First,  the  principle  of  virtual  work  presented 
in  section  7.5  for  static  problems  will  be  generalized  to  dynamic  problems,  leading 
to  d'Alembert's  principle,  see  section  8.1.  Next,  Hamilton's  principle  is  presented 
in  section  8.2  as  an  integral  version  of  d'Alembert's  principle.  Finally,  Lagrange's 
formulation  is  presented  in  section  8.3,  leading  to  Lagrange's  equations  of  motion. 


8.1  D'Alembert's  principle 

Newton's  second  law,  eq.  (3.4),  states  that  if  external  forces,  _F",  are  acting  on  a 
particle,  its  acceleration  is  proportional  to  the  sum  of  these  forces,  F"  =  ma.  The 
product  of  the  mass  by  the  acceleration  vector  is  a  force  vector,  called  the  inertial 
force  vector,  F  ,  defined  as 

F^  =  -ma.  (8.1) 

The  minus  sign  in  the  definition  of  the  inertial  force  indicates  that  such  force  always 
opposes  motion.  With  this  definition,  Newton's  second  law  becomes 

pi  j^pa  ^  0.  (8.2) 

Of  course,  this  equation  looks  like  a  trivial  manipulation  of  Newton's  law:  inertial 
forces  have  been  brought  from  the  right-  to  the  left-hand  side  of  the  equation.  The 
importance  of  the  above  statement,  however,  is  that  it  generalizes  the  concept  of 
equilibrium,  a  concept  of  statics,  to  dynamics  problems. 

As  mentioned  in  section  3.1.2,  Newton's  first  law  is  generally  stated  as  "a  par- 
ticle is  in  static  equilibrium  if  and  only  if  the  sum  of  the  externally  applied  forces 
vanishes"  within  the  context  of  statics  problems. 

Equation  (8.2)  expresses  the  condition  for  dynamic  equilibrium:  the  sum  of  the 
externally  applied  forces  must  vanish,  provided  that  the  inertial  forces  are  treated 
as  externally  applied  forces.  Of  course,  the  concept  of  dynamic  equilibrium  does 
not  imply  that  the  particle  is  at  rest;  indeed,  the  particle  moves  under  the  effect  of 
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the  externally  applied  forces.  Rather,  dynamic  equilibrium  implies  the  vanish  of  the 
resultant  of  the  set  of  forces  acting  on  a  particle  in  motion;  this  set  of  forces  includes 
all  externally  applied  forces  and  the  inertial  forces.  The  importance  of  the  concept  of 
inertial  force  is  that  the  same  law,  "the  sum  of  the  forces  must  vanish,"  now  applies 
to  both  statics  and  dynamics  problems;  dynamics  is  reduced  to  statics.  D' Alembert's 
principle  can  now  be  stated  as  follows. 

Principle  12  (D'Alembert's  principle)  A  system  of  particles  is  in  dynamic  equi- 
librium if  and  only  if  the  sum  of  the  externally  applied  forces  and  inertial  forces 
vanishes. 

In  section  7.5,  the  principle  of  virtual  work  for  static  problems  was  derived  from 
Newton's  first  law  and  shown  to  imply  that  5{V)  =  SWnc,  for  all  arbitrary  virtual 
displacements,  see  eq.  (7.40).  In  this  expression,  V  is  the  potential  of  the  conservative 
forces  acting  on  the  system  of  particles,  and  SWnc  the  virtual  work  done  by  the  non- 
conservative  forces. 

For  dynamic  equilibrium,  D'Alembert's  principle  requires  the  vanishing  of  the 
sum  of  the  externally  applied  forces  and  inertial  forces.  Inertial  forces  are  non- 
conservative  force  because  they  cannot  be  derived  from  a  potential.  It  follows  that 
the  principle  of  virtual  work,  the  condition  for  static  equilibrium,  can  be  generalized 
to  becomes  the  condition  for  dynamic  equilibrium,  if  the  virtual  work  done  by  the 
inertial  forces,  denoted  SW^ ,  is  added  to  the  virtual  work  done  by  the  other  non- 
conservative  forces.  In  summary,  a  system  of  particles  is  in  dynamic  equilibrium  if 
and  only  if 

d{V)  =  SW"  +  dW^ ,  (8.3) 

for  all  arbitrary  virtual  displacements.  D'Alembert's  principle  can  also  be  stated  as 
follows. 

Principle  13  (D'Alembert's  principle)  A  system  of  particles  is  in  dynamic  equilib- 
rium if  and  only  if  virtual  changes  in  the  potential  of  the  conservative  force  equal  the 
virtual  work  done  by  the  non-conservative  forces  and  inertial  forces  for  all  arbitrary 
virtual  displacements. 

The  principle  of  virtual  work  presented  in  section  7.5  is  equivalent  to  Newton's 
first  law.  By  treating  inertial  forces  as  "externally  applied  forces,"  dynamic  problems 
are  reduced  to  static  problems  and  d'Alembert's  principle  becomes  equivalent  to 
Newton's  second  law.  The  two  alternative  statements  of  d'Alembert's  principle  given 
above  are  equivalent  to  Newton's  second  law,  and  hence,  provide  an  alternative  basis 
for  dynamics. 

For  a  system  composed  of  N  of  particles,  the  virtual  work  done  by  the  inertial 
forces  is 

N  N 

5W'  =  J2  f!J6u  =  -J2  ^isJSr^,  (8.4) 

where  a^  is  the  inertial  acceleration  vector  of  the  i"*  particle,  nii  its  mass,  and  6r^  an 
arbitrary  virtual  displacement  of  the  same  particle. 
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Newton's  formulation  relates  the  sum  of  all  externally  applied  forces  to  the  accel- 
eration of  the  system,  but  d'Alembert's  principle  only  involves  the  virtual  work  done 
by  the  forces  acting  on  the  system.  It  follows  that  if  the  virtual  work  done  by  a  spe- 
cific force  vanishes,  this  force  will  be  automatically  eliminated  from  the  equations 
of  motion  obtained  from  d'Alembert's  principle.  In  section  7.4.3,  it  was  shown  that 
the  virtual  work  done  by  the  forces  that  impose  a  kinematic  constraint  does  vanish; 
hence,  such  forces  will  not  appear  in  a  formulation  based  on  d'Alembert's  principle 
but  will  explicitly  appear  when  using  Newton's  formulation. 

Example  8.1.  Conservation  of  energy 

Consider  a  system  acted  upon  by  conservative  forces  only.  D'Alembert's  principle 
then  reduces  to 

N 

5V  +  ^1111  rfdZi  =  0- 

Because  the  virtual  displacements  are  arbitrary,  they  can  be  selected  to  equal  the 
actual,  differential  displacements  of  the  system,  i.e.,  6r^  =  dr^. 

This  selection,  however,  is  only  possible  for  specific  systems;  indeed,  virtual  dis- 
placements are  arbitrary  virtual  changes  that  bring  the  configuration  of  the  system 
to  a  new  configuration,  at  a  given,  fixed  instant  in  time.  Consequently,  equating  vir- 
tual displacements  to  differential  displacements  is  only  possible  when  dealing  with 
time- independent  potential  functions. 

Under  this  restriction,  d'Alembert's  principle  now  becomes 

N  d     fl      ^  \ 

dV  +  Y,miLltdt  =  dV  +  -     -  Y,m,tlu)dt  =  0, 

i=l  \        i=l  I 

The  term  in  parenthesis  is  the  kinetic  energy,  K,  of  the  system,  and  hence,  dV^/dt  -|- 
dKjdt  =  dE/dt  =  0,  where  E  is  the  total  mechanical  energy  of  the  system.  This 
is  the  principle  of  conservation  of  energy,  see  eq.  (3.25),  previously  derived  directly 
from  Newton's  second  law. 


8.1.1  Equations  of  motion  for  a  rigid  body 

Consider  a  rigid  body  with  a  body  attached  frame  T^  =  [B,S*  =  (51,62,^3)], 
where  point  B  is  a  reference  point  on  the  body  and  B*  a  body  attached  basis,  as 
depicted  in  fig.  8.1.  The  configuration  of  the  body  is  described  with  respect  to  an  in- 
ertial  frame  T^  =  [O ,  I  =  {11,12,^3)]-  The  position  of  reference  point  B  of  the  body 
is  r^  and  its  orientation  is  determined  by  rotation  tensor  R,  which  brings  inertial 
basis  I  to  basis  B* . 

The  rigid  body  is  composed  of  N  particles  each  of  mass  rrii  and  located  at  point 
Pi;  the  position  vector  of  the  i*''  particle  is  denoted  r^  and  its  position  with  respect 
to  reference  point  B  is  denoted  s^.  Superscript  (•)*  indicates  tensor  components  re- 
solved in  material  basis  B* . 

The  virtual  work  done  by  the  inertial  forces  is 
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The  components  of  the  virtual  displacement 
vector  in  the  body  attached  basis,  R  6r^,  will 
be  evaluated  using  the  corresponding  expres- 
sion for  the  velocity,  see  eq.  (5.23),  as  R  6r^  = 

K  ^Lb  +  '^V'  Si  >  where  (5r ^  is  the  virtual  dis- 
placement of  the  reference  point  of  the  body  and 
(5i/'*  are  the  components  of  its  virtual  rotation 
vector  resolved  in  the  material  basis.  Similarly, 
the  components  of  the  inertial  acceleration  re- 
solved in  the  same  basis,  R   a,;,  are  given  by 

eq.  (5.25)  as  ^"^0,;  =  ^ a^  +  (w*  +  S*w*)s*, 
where  a^  is  the  inertial  acceleration  vector  of 
point  B  and  oj*  the  components  of  the  angular  velocity  vector  resolved  in  the  mate- 
rial basis.  The  virtual  work  done  by  the  inertial  forces  now  becomes 


Fig.   8.1.   Configuration   of  a  rigid 
body. 
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Expanding  the  products  then  leads  to 
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■  N 

E 
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The  first  bracketed  term  is  simply  the  total  mass  of  the  rigid  body,  and  the  compo- 
nents of  the  tensor  of  mass  moments  of  inertia,  see  eq.  (6.1),  resolved  in  the  material 
basis,  appear  in  the  last  two  bracketed  terms.  The  second  and  third  bracketed  term 
are  related  to  the  location  of  the  center  of  mass  of  the  body 


1 


N 

■E 


m^Si 


(8.5) 


where  77*  are  the  components  of  the  position  vector  of  the  center  of  mass  of  the  rigid 
body  with  respect  to  its  reference  point  B,  resolved  in  the  material  basis. 
The  virtual  work  done  by  the  inertial  forces  now  becomes 
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dW^  =  -  5rT>R  ImR^ar,  +  (lo*  +  S*S*)m77*l 

L    =  -^       '  -  J  (8.6) 

Let  F_*  and  M_*g  be  the  components,  resolved  in  the  material  basis,  of  the  force 
and  moment  vectors,  respectively,  applied  to  the  rigid  body.  The  virtual  work  done  by 
these  externally  applied  loads  is  then  SW^^  =  6r]^RF*  +  5ip*  M.*b'^  ^'^^^  ^^hat  M*p 
are  the  components  of  the  applied  moment  computed  with  respect  to  the  reference 
point  B. 

D'Alembert's  principle  states  that  6W^  +  SW^  =  0,  for  all  kinematically  ad- 
missible virtual  displacements  R  5rg  and  Sip* .  Of  course,  the  constraint  forces  that 
keep  the  rigid  body  rigid  vanish  from  the  formulation  because  kinematically  admis- 
sible virtual  displacements  are  used  here.  The  equations  of  motion  of  the  rigid  body 
then  follow  as 

f^R  Sb  +  ('^    +  a;*a;*)?7i?7*  =  £*,  (8.7a) 

m?j*E^aB  +  I^*cJ*  +  Zj*l^*ui    =  Mg.  (8.7b) 

In  this  derivation,  no  assumptions  were  made  concerning  the  location  to  the  ref- 
erence point  B  of  the  rigid  body.  Consequently,  the  two  vector  equations  of  motion 
become  coupled:  each  equation  involves  both  the  acceleration  of  the  reference  point, 
Qg ,  and  the  angular  velocity,  uf* ,  and  acceleration,  w* ,  of  the  rigid  body.  The  relative 
position  of  the  center  of  mass  with  respect  to  the  chosen  reference  point  B,  77,  appears 
explicitly  in  the  equations  of  motion. 

Clearly,  the  center  of  mass  of  the  rigid  body  could  be  chosen  as  the  reference 
point;  in  this  case,  ry    =   0,  and  the  governing  equations  of  motion  simplify  to 

fnR  ac  —  E-  ^  ^^'^  X  ^  +  ^  L  y  =  hLc  The  first  equation  describes  the 
motion  of  the  center  of  mass  of  the  rigid  body,  and  the  second  equation  describes 
the  motion  of  the  body  around  this  point.  These  equations  are,  of  course,  identical 
to  those  obtained  earlier  in  section  6.5.  If  the  orientation  of  the  material  frame  is 
selected  to  coincide  with  that  of  the  principal  axes  of  inertia,  the  tensor  of  mass  mo- 
ments of  inertia  becomes  diagonal,  and  the  equations  further  simplify,  see  eqs.  (6.21). 

8.1.2  Equations  of  motion  for  the  planar  motion  of  a  rigid  body 

When  dealing  with  the  planar  motion  of  a  rigid  body,  the  equations  of  motion  derived 
in  the  previous  section  simplify  considerably.  Let  the  planar  motion  take  place  in  the 
plane  defined  by  unit  vectors  ii  and  12 ;  the  angular  velocity,  angular  acceleration,  and 
virtual  rotation  vectors  now  become  w  =  ^  13,  w  =  Oi^  and  S-ip  =  50 1^,  respectively, 
where  0  is  the  rotation  angle  of  the  rigid  body.  It  will  be  assumed  here  that  unit  vector 
13,  the  normal  to  the  plane  in  which  the  motion  is  taking  place,  is  a  principal  axis  of 
inertia,  and  hence,  the  mass  moment  of  inertia  tensor  becomes 

-'11  -'12  ^ 
-'12  -'22  '-' 
.0     0    Ig^ 
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Introducing  these  expressions  into  eq.  (8.6),  the  virtual  work  done  by  the  inertial 
forces  becomes 


5W' 


^Lb    ''tT'Hb  +  mffi^rj  —  m6  rj 


mij  rjag   +  /ggfl 


(8.8) 


D' Alembert's  principle  then  yields  the  equations  of  motion  of  the  rigid  body  under- 
going planar  motion  as 


m  ag  +  m  ffi^rj  —  m  6  rj 


m  iJmB 


hs^ 


Mb, 


(8.9a) 
(8.9b) 


where  F  and  Mb  are  the  components  of  the  externally  applied  force  vector  and  mo- 
ment, respectively.  These  equations  further  simplify  if  the  reference  point  is  chosen 
to  coincide  with  the  center  of  mass  of  the  rigid  body. 

Example  8.2.  The  double  pendulum 

Consider  the  double  pendulum  system  depicted  in  fig.  8.2.  The  first  bar  is  of  length 
Li,  mass  mi,  and  is  connected  by  hinges  to  the  ground  at  point  O  and  to  the  second 
bar  at  point  A.  The  second  bar  is  of  length  L2  and  mass  m2 .  The  bars  have  orientation 
angles  61  and  O2  with  respect  to  the  vertical,  respectively.  I  =  («i ,  «2 ,  *3 )  is  an  inertial 
basis,  and  bases  £  =  (ei,  62,  63)  and  A  =  (ai,  02, 03)  are  material  bases  attached  to 
the  first  and  second  bars,  respectively.  Derive  the  equations  of  motion  of  the  system. 


Fig.  8.2.  Configuration  of  the  double  pendulum  system. 


Newtonian  formulation 


First,  the  equations  of  motion  will  be  derived  using  the  classical  Newtonian  approach. 
Figure  8.2  shows  the  free  body  diagrams  for  the  two  bars:  Vq  and  Hq  are  the  verti- 
cal and  horizontal  components  of  the  reaction  force  at  point  O  and  Va  and  Ha  the 
components  of  the  force  vector  transmitted  through  the  hinge  at  point  A.  The  equa- 
tions of  motion  for  the  first  bar  are  found  using  eq.  (6.19)  and  the  pivot  equation, 
eq.  (6.38),  about  inertial  point  O,  to  find 
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{Ho  +  HaTh  +  {Vo  +  Va)i2  -  migi2  =  ^^(^162  -  ^^ei),  (8.10a) 

^^^'i  =  -mig^-Si  +  VaLiSi  +  HaL^Ci.  (8.10b) 

The  short-hand  notation  sin  61  =  Si  and  sin  62  =  S2  was  used,  with  similar  expres- 
sions for  the  cosine  function.  The  equations  of  motion  for  the  second  bar  are  obtained 
in  a  similar  manner  as 

-Hah  -  Va12  -  "^25^2  =  m2Li(6'ie2  -  Olei)  H — (6'2a2  -  Olai),  (8.11a) 

'^-e2  =  VA^S2  +  HA^C2.  i?..nh) 

In  this  case,  the  second  equation  was  written  about  the  center  of  mass  of  the  bar,  see 
eq.  (6.37). 

Newton's  approach  gives  a  total  of  six  scalar  equations,  involving  six  unknowns: 
angles  9i  and  O2,  two  components  of  reaction  force,  Hq  and  Vq,  and  two  com- 
ponents of  internal  force.  Ha  and  Va-  Clearly,  the  system  features  two  degrees  of 
freedom  only,  and  can  be  represented  with  two  generalized  coordinates,  61  and  O2, 
for  instance.  The  two  equations  of  motion  of  the  system  would  be  obtained  by  elim- 
inating the  four  components  of  reaction  force,  resulting  in  two  coupled  differential 
equations  for  9i  and  62- 

After  tedious  algebra,  the  following  equations  are  obtained 

(—  +  m2)L\  61  +  1712— -—C21  O2  =  -{-^  +  m2)gLiSi  +  m2—— ^25*21, 

?7i2— ^621  Oi  H —  O2  =  -m2g  —  S2  -  ^2  0^S2i 

where  C21  =  cos(^2  —  ^1)  and  S'21  =  sin(02  —  ^i)- 


D'Alembert's  formulation 

The  same  problem  will  now  be  approached  with  d' Alembert's  principle  using  kine- 
matically  admissible  virtual  displacements.  For  the  first  bar,  the  potential  of  the  grav- 
ity forces  is  Vi  =  —■migLiCi/2.  The  virtual  work  done  by  the  inertial  forces  is 
obtained  from  eq.  (8.8)  as  dWl  =  — i5^i/f  ^1,  where  if  is  the  moment  of  inertia  of 
the  first  bar  with  respect  to  point  O.  This  point  was  chosen  as  the  reference  point  on 
the  body,  and  hence,  Aq  =  0  and  Svq  =  0,  because  kinematically  admissible  virtual 
displacements  are  used.  It  follows  that 

dVi  -  dWl  =  6e,{mig^Si  +  ^^^'i)  (8.12) 

The  potential  of  the  gravity  forces  acting  on  the  second  bar  is  V2  = 
—m2g{CiLi  +  C2L2/2).  The  virtual  work  done  by  the  inertial  forces  is  once  again 
obtained  from  eq.  (8.8),  using  point  A  as  the  reference  point 
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'm2i3-^"'lQiA  +  l2^2 


(8.13) 


The  position  vector  of  point  A  is  r^  =  Liei;its  velocity  vector  is  then  w^  =  Lidie2, 
and  hence,  Jr^  =  Li56ie2\  finally,  its  acceleration  vector  is  o^  =  Li{0ie2  —  dfei). 
Introducing  all  these  results  in  the  above  equation  leads  to 


dV2  -  dWi  =m2g{LiSi6ei  +  ^82562) 
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D' Alembert's  principle  now  implies  6{Vi  +V2)  —  5{Wl  +  W^)  =  0  for  all  arbitrary 
variations,  56i  and  5O2;  this  directly  leads  to  the  equations  of  motion  given  above. 

In  contrast  with  Newton's  approach,  d' Alembert's  principle  yields  the  equations 
of  motion  of  the  system  without  reference  to  the  reaction  and  internal  forces  that  are 
eliminated  from  the  onset  of  the  formulation.  Consequently,  the  equations  of  motion 
are  obtained  in  a  more  direct  and  convenient  manner,  reducing  the  risk  of  errors.  The 
reaction  and  internal  forces  do  not  appear  in  d' Alembert's  formulation  because  the 
virtual  work  done  by  such  forces  vanishes,  as  discussed  in  section  7.4.3. 

Of  course,  reaction  and  internal  forces  are  quantities  of  primary  interest  that  must 
often  be  evaluated  as  an  integral  part  of  the  analysis.  Newton's  equations  could  be 
used  to  introduce  reaction  forces  into  the  formulation;  for  instance,  eqs.  (8.1 1)  could 
be  used  to  evaluate  Ha  and  Va,  then  eqs.  (8.10)  would  yield  the  other  two  compo- 
nents Ho  and  Vq  ■ 

Example  8.3.  The  rigid  body/universal  joint  system 

Figure  7.9  depicts  a  rigid  body  attached  to  the  ground  by  means  of  a  universal  joint. 
This  problem  was  treated  in  example  7.5  on  page  266,  where  the  configuration  of  the 
universal  joint  is  described. 

Component  k  of  the  universal  joint  is  connected  to  the  ground  at  point  O  by 
means  of  a  bearing  allowing  rotation  about  axis  13.  Component  £  is  connected  to  a 
rigid  body  at  point  O'.  The  orientation  of  the  rigid  body  will  be  defined  by  Euler 
angles,  using  the  3-1-2  sequence.  A  first  planar  rotation  about  axis  13,  of  magnitude 
(j),  brings  inertial  basis  X  =  (11,12,^3)  to  basis  A  =  (oi,  02, 03),  where  oi  is  aligned 
with  unit  vector  61  of  the  cruciform.  This  rotation  is  associated  with  a  constant  angu- 
lar speed  <i>  =  f2,  implying  ai{t)  =  coii{f]t)ii  -\-sm{Qt)i2-  A  second  planar  rotation 
about  axis  ai,  of  magnitude  6,  brings  basis  A  to  basis  B  =  (bi,b2,b3),  where  62 
is  the  second  unit  vector  aligned  with  the  cruciform.  Finally,  a  third  planar  rotation 
about  axis  62,  of  magnitude  tp,  bring  basis  B  to  basis  £*  =  (ei,  62,  63)  that  is  at- 
tached to  the  rigid  body.  Tensor  components  resolved  in  basis  £*  will  be  denoted 
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with  the  superscript  (•)*.  Points  O  and  O'  are  coincident.  Establish  the  equations  of 
motion  of  the  system  using  d'Alembert's  principle. 

The  potential  of  the  gravity  forces  acting  at  the  center  of  mass  of  the  rigid  body 
hV  =  ragi^rj,  where  m  is  the  total  mass  of  the  rigid  body  and  77  the  position  vector 
of  the  center  of  mass  with  respect  to  point  O.  The  variation  of  this  potential  is  then 
6V  =  6tp*  ■mg7J*R  13,  where  5tp*  are  the  components  of  the  virtual  rotation  vector 
resolved  in  the  body  attached  frame.  The  virtual  work  done  by  the  inertial  forces  is 
given  by  eq.  (8.6),  and  d'Alembert's  principle  now  implies 


SrQRlmR  Cq  +  (cj    +  uj*uj*)mi]* 


+  &tp_*^  [mgr]*^i3  +  mr]*^ao  + 1     ui*  +  uj*iy*cj*]  =  0, 

where  inertial  point  O  was  used  as  the  reference  point  on  the  rigid  body;  hence, 

fio  =0- 

The  system  presents  two  degrees  of  freedom  and  two  generalized  coordinates, 
the  two  Euler  angles,  9  and  ip,  will  be  selected  here.  Kinematically  admissible  vir- 
tual displacements  will  be  used  for  this  problem,  hence  Stq  =  0  and,  in  view  of 
eq.  (4.80),  the  virtual  rotation  vector  becomes 


5V*  =  H' 


(8.14) 


where  h*  stores  the  first  column  of  the  tangent  operator,  H_* ,  and  G*  its  last  two. 
Because  the  first  Euler  angle  is  prescribed  to  be  0  =  f2t,  the  corresponding  variation 
vanishes,  S<f>  =  0  . 


D'Alembert's  principle  now  reduces  to  {(50,  5tp}  G_*    [mgrj* R 


«3 


^O*^*   + 


ii)*r*uj* 


0.  Because  the  virtual  changes  in  the  two  generalized  coordinates  are 


arbitrary,  the  equations  of  motion  of  the  rigid  body  are 


G*     \mgTii*  R  i^ 


I'^*UJ*  +II)*I°*UJ* 


0. 


(8.15) 


D'Alembert's  principle  is  a  very  powerful  tool  for  the  derivation  of  the  equations 
of  motion  of  the  system.  Two  equations  of  motion  are  obtained  for  the  two  gener- 
alized coordinates  of  the  problem.  In  contrast,  Newton's  method  would  generate  six 
equations  involving  six  unknown:  two  Euler  angles  9  and  -ip,  three  components  of  the 
reaction  force  at  point  O,  and  the  torque  Q  required  to  impose  the  constant  angular 
velocity  (j)  =  Q.  These  latter  four  unknowns  would  need  to  be  eliminated  from  the 
set  of  equations  to  obtain  two  equations  of  motion  for  9  and  -ip.  Derivation  of  the 
equations  of  motion  based  on  Newton's  approach  is  left  to  the  reader  as  an  exercise. 
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8.1.3  Problems 

Problem  8.1.  Euler's  first  and  second  laws 

Prove  Euler's  first  and  second  laws  for  a  system  of  particles  based  on  d'Alembert's  principle. 
Hint:  first  read  sections  3.4.4  and  7.5.4. 

Problem  8.2.  Two  bar  linkage  system 

The  two  bar  linkage  shown  in  fig.  7.11  comprises  bar  OB  of  length  Lt  and  mass  mt,  and  bar 
BAT  of  length  Lc  and  mass  rric.  Bar  BAT  passes  through  fixed  point  A  but  is  free  to  swivel 
about  that  point.  (1)  Derive  the  equation  of  motion  of  the  system  using  d'Alembert's  principle. 
Use  angle  6  as  the  generalized  coordinate. 

Problem  8.3.  Homogeneous  bar  sliding  on  guides 

Figure  8.3  depicts  a  homogeneous  bar  of  length  L  and  mass  m  sliding  on  two  guides  at  its 
end  points.  At  the  left  end,  the  bar  is  connected  to  a  spring  of  stiffness  constant  k  that  is  un- 
stretched  when  the  bar  is  horizontal.  At  the  right  end,  the  bar  is  connected  to  a  point  mass 
M.  Gravity  acts  along  unit  vector  Z2.  (1)  Use  d'Alembert's  principle  to  derive  the  equation  of 
motion  of  the  system.  Use  a  single  generalized  coordinate,  6. 


Fig.  8.3.  Homogeneous  bar  sliding  on  guides 
at  both  ends. 


Fig.  8.4.  The  two-bar  linkage  with  slider  sys- 
tem. 


Problem  8.4.  The  two-bar  linkage  with  sUder 

The  two-bar  linkage  with  slider  system  shown  in  fig.  8.4  is  a  planar  mechanism.  It  consists  of  a 
uniform  crank  of  length  L\  and  mass  m\  connected  to  the  ground  at  point  O;  let  6  be  the  angle 
from  the  horizontal  to  the  crank.  At  point  B,  the  crank  slides  over  a  uniform  linkage  of  length 
L2  and  mass  m2  that  is  connected  to  the  ground  at  point  A.  Let  w  denote  the  distance  from 
point  B  to  point  A  and  (j)  the  angle  from  the  horizontal  to  link  BA.  (1)  Derive  the  equation  of 
motion  of  the  system  using  d'Alembert's  principle.  Use  angle  9  as  the  generalized  coordinate. 

Problem  8.5.  Pendulum  mounted  on  a  cart 

Figure  8.5  shows  a  pendulum  of  length  L  and  mass  m  mounted  on  a  cart  of  mass  M  that 
is  connected  to  the  ground  by  means  of  a  spring  of  stiffness  constant  k  and  of  a  dashpot  of 
constant  c.  The  displacement  of  the  cart  is  denoted  x  which  is  also  the  stretch  of  the  spring,  and 
angle  9  measures  the  deflection  of  the  pendulum  with  respect  to  the  vertical.  Gravity  acts  on 
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the  system  as  indicated  in  the  figure.  (1)  Based  on  d' Alembert's  principle,  derive  the  equations 
of  motion  of  the  system  using  the  generalized  coordinates  x  and  9.  (2)  Plot  the  time  history 
of  the  cart  displacement,  x.  (3)  Plot  the  history  of  angle  6.  (4)  Plot  the  trajectory  of  the  point 
at  the  tip  of  the  pendulum.  (5)  Plot  the  cart  velocity,  x.  (6)  Plot  the  angular  velocity  of  the 
pendulum,  9.  (7)  Plot  the  system  kinetic  and  potential  energies  and  the  energy  dissipated  in 
the  damper.  Check  the  energy  closure  equation.  (8)  Plot  the  components  of  the  internal  force  at 
point  A.  Use  the  following  data:  M  =  5  kg;  m  =  2  kg;  L  —  0.4  m;  fc  =  10  N/m;  acceleration 
of  gravity  g  —  9.81  m/s^;  c  —  0.5  N-s/m.  Present  all  your  results  for  a  period  of  10  s.  Initial 
condition  are  at  rest  with  x{t  =  0)  =  0.2  m  and  9{t  =  0)  =  tt. 

Problem  8.6.  Flexible  pendulum  on  a  slider 

Solve  problem  3.34  using  d' Alembert's  principle. 

Problem  8.7.  Pendulum  with  rotating  mass 

Solve  problem  4.38  using  d' Alembert's  principle. 

Problem  8.8.  Plate  hinged  at  the  rim  of  a  rotating  disk 

Solve  problem  6.14  using  d' Alembert's  principle. 

Problem  8.9.  Pendulum  with  sliding  mass 

Solve  problem  6.34  using  d' Alembert's  principle. 

Problem  8.10.  Bar  rocking  on  top  of  a  curve 

Solve  problem  6.38  using  d' Alembert's  principle. 

Problem  8.11.  Pendulum  connected  to  a  plunging  mass 

Solve  problem  6.39  using  d' Alembert's  principle. 

Problem  8.12.  Particle  sliding  in  a  rolling  wheel 

Solve  problem  6.43  using  d' Alembert's  principle. 

Problem  8.13.  Pendulum  connected  to  horizontal  piston 

Solve  problem  6.45  using  d' Alembert's  principle. 

Problem  8.14.  Inverted  pendulum  mounted  on  a  cart 

Solve  problem  6.46  using  d' Alembert's  principle. 

Problem  8.15.  Bar  hinged  at  rim  of  rotating  disk 

Solve  problem  6.27  using  d' Alembert's  principle. 

Problem  8.16.  Geneva  wheel  mechanism 

Solve  problem  6.47  using  d' Alembert's  principle. 


8.2  Hamilton's  principle 

When  dealing  d' Alembert's  principle,  the  virtual  work  done  by  the  inertial  force  act- 
ing on  the  k^^  particle,  —Srjnikaf^,  cannot  not  be  derived  from  a  "potential  of  the 
inertial  forces."  Consequently,  accelerations  appear  explicitly  in  formulations  based 
on  d' Alembert's  principle.  It  is  possible  to  remedy  this  situation  by  further  manipu- 
lation of  this  principle. 
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In  general,  dynamical  systems  must  be  studied  over  a  period  of  interest,  say  from 
an  initial  time  ti  to  a  final  time  tf.  At  those  times,  boundary  conditions  will  be 
enforced;  at  time  ti,  the  position  of  each  particle  could  be  known,  Zki^i)  =  Lki^i)' 
or  the  velocity  of  each  particle  could  be  known,  y_i.{ti)  =  v^iti),  or  both  position 
and  velocity  could  be  known.  In  fact,  it  is  even  possible  to  imagine  situations  were 
positions  could  be  known  for  some  particles,  and  velocities  for  others.  At  time  tf, 
similar  boundary  conditions  will  exist. 

Initial  boundary  value  problems  form  an  important  class  of  problems  in  dynam- 
ics: the  positions  and  velocities  of  all  particles  are  known  at  time  t^;  the  solution  of 
the  dynamical  equations  of  motion  will  reveal  the  corresponding  quantities  at  time 
tf.  Another  class  of  problems  seeks  to  determine  the  configuration  of  the  system  at 
time  ti  such  that  a  desirable  configuration  is  achieved  at  time  tf.  In  practice,  more 
complex  combinations  of  initial  and  final  boundary  conditions  could  be  encountered. 

To  deal  with  all  possible  cases,  the  following  notation  will  be  used:  at  time  ti, 
Lk(ti)  =  tki'^i),  where  tk{ti)  denotes  the  known  or  prescribed  position  of  the  fc*'' 
particle  if  this  position  is  known,  or  the  resulting  position  if  this  quantity  will  result 
from  the  solution  of  the  equations  of  motion.  Similarly,  Vf.  {ti )  denotes  the  prescribed 
or  resulting  velocity  at  time  ti  depending  on  the  specific  problem  at  hand.  Of  course, 
similar  notations  are  used  at  the  final  time  tf. 

8.2.1  Use  of  physical  coordinates 

If  a  system  of  N  particles  is  in  dynamic  equilibrium,  d'Alembert's  principle, 
eq.  (8.3),  must  be  satisfied  together  with  the  boundary  conditions  at  the  initial  and 
final  times.  Hence,  the  following  statement  must  hold  for  all  arbitrary  virtual  dis- 
placements 


{6W'  -6V  +  dW")  dt  + 


N 


+ 


J2^dmk{vk-ilk) 
fe=i 

AT 

J2^kSvl{r,^ 


-k  -  Lk) 


U=l 


-I  ti 


(8.16) 


At  each  instant  in  time,  the  integrand  must  vanish  because  of  d'Alembert's  principle, 
eq.  (8.3),  and  consequently,  the  first  integral  vanishes  for  all  virtual  displacements. 
The  next  two  terms  of  the  statement  also  vanish  because  they  simply  state  the  initial 
and  final  boundary  conditions  of  the  problem.  The  sum  of  the  three  terms  must  hence 
vanish  for  all  arbitrary  virtual  displacements. 

The  expression  for  the  integral  of  the  virtual  work  done  by  the  inertial  forces 
acting  on  each  particle,  see  eq.  (8.4),  is  expressed  in  terms  of  velocity  vectors,  Wj., 
and  virtual  displacement  vectors,  6r_k-  Integration  by  parts  then  yields 
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The  first  term  of  the  last  equality  is  directly  related  to  the  kinetic  energy  of  the  sys- 
tem; 6v[mkVk  =  <^(l/2  "^fe^fcWfc)  =  SKk,  where  K^  is  the  kinetic  energy  of  the 
j^th  paj-ficig  jj^g  smjj  tj^gn  yigids  the  total  kinetic  energy,  K,  of  the  system.  The  lin- 
ear momentum  vector,  p  ,  of  the  fc"*  particle  equals  the  derivative  of  the  total  kinetic 
energy  with  respect  to  the  corresponding  velocity  vector 


nikHk 


dK 
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(8.18) 


Equation  (8.17)  now  simplifies  to 


5W^  dt 
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Introducing  these  results  into  statement  (8.16)  now  leads  to 
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(8.20) 


Hamilton' s principle  can  be  stated  as  follows. 


Principle  14  (Hamilton's  principle)  A  system  of  particles  is  in  dynamic  equilib- 
rium if  and  only  if  equation  (8.20)  holds  for  all  arbitrary  virtual  displacements. 

If  the  system  is  subjected  to  conservative  forces  only,  SW"''^  =  0,  and  Hamilton's 
principle  simplifies  to 
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(8.21) 


It  is  convenient  to  introduce  here  a  scalar  function,  L,  called  the  Lagrangian  of 
the  system, 

L  =  K  -V.  (8.22) 

With  the  help  of  this  function,  Hamilton's  principle  applied  to  conservative  systems 
further  reduces  to 
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In  this  statement,  the  left-hand  side  takes  care  of  the  dynamics  of  the  system,  and  the 
right-hand  side  deals  with  the  boundary  conditions  at  the  initial  and  final  times. 

In  some  instances,  the  boundary  conditions  are  rather  simple,  and  Hamilton's 
principle  is  used  to  derive  the  sole  equations  of  motion  of  the  system.  In  such  case, 
the  boundary  terms  on  the  right-hand  side  are  simply  dropped  from  the  statement 
that  now  reduces  to  the  principle  of  least  action. 


L 


tf 

5L  dt  =  0.  (8.23) 


Principle  15  (Principle  of  least  action)  A  system  of  particles  is  in  dynamic  equilib- 
rium if  and  only  if  equation  (8.23)  holds  for  all  arbitrary  virtual  displacements. 

A  fundamental  difference  between  d' Alembert's  and  Hamilton's  principles  is  that 
in  the  latter  principle,  the  virtual  work  done  by  the  inertial  forces  is  expressed  in 
terms  of  the  variation  of  the  kinetic  energy.  As  was  the  case  for  d' Alembert's  princi- 
ple, if  the  virtual  work  done  by  a  specific  force  vanishes,  this  force  will  be  automati- 
cally eliminated  from  the  equations  of  motion  obtained  from  Hamilton's  principle.  In 
section  7.4.3,  it  was  shown  that  the  virtual  work  done  by  forces  that  impose  kinematic 
constraints  does  vanish;  hence,  such  forces  will  not  appear  in  formulations  based  on 
Hamilton's  principle.  Of  course,  if  non-conservative  forces  are  applied  to  the  system, 
the  virtual  work  of  these  forces  must  also  be  taken  into  account,  see  eq.  (8.20). 


8.2.2  Use  of  generalized  coordinates 

In  the  previous  section,  the  system  was  represented  by  the  Cartesian  coordinates 
of  each  particles.  As  discussed  in  section  7.2,  it  is  often  convenient  to  use  general- 
ized, rather  than  Cartesian  coordinates  to  describe  dynamical  systems.  To  that  effect, 
eq.  (8.16)  is  now  recast  as 

{6W'  -5V  +  SW")  dt  +  [5f{p  -  P)]  'I  +  [5p^{q  -  q)]  'I  =  0.    (8.24) 

In  this  statement,  the  boundary  conditions  are  written  in  terms  of  the  array  of  gener- 
alized coordinates,  g,  used  to  describe  the  system  and  the  generalized  momenta,  p, 

defined  as 

dL 

P=^,  (8-25) 

-        oq 

where  q  are  the  system's  generalized  velocities. 

The  boundary  conditions  are  as  follows:  at  time  ti,  q{ti)  =  q{ti),  where  q{ti) 
denotes  the  known,  or  prescribed  generalized  coordinates  defining  the  configuration 
of  the  system  if  this  configuration  is  known,  or  the  configuration  resulting  from  the 
solution  of  the  equations  of  motion.  Similarly,  p{ti)  denotes  the  prescribed  or  result- 
ing generalized  momentum  at  time  ti  depending  on  the  specific  problem  at  hand.  Of 
course,  similar  notations  are  used  at  the  final  time  tf. 
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If  the  configuration  of  the  system  is  described  in  terms  of  generalized  coordi- 
nates, the  virtual  work  done  by  the  inertial  forces,  eq.  (8.19),  is  expressed  as 
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In  the  last  bracketed  term,  the  virtual  displacement  vector  of  the  fc***  particle  was 
expressed  in  terms  of  the  generalized  coordinates  using  the  chain  rule  for  derivatives 
^s  ^Lk  =  {(^Lk/9q)Sq-  Similarly,  the  velocity  vector  of  the  k^^  particle  can  be  eval- 
uated in  terms  of  the  generalized  velocities  as  Vk  =  (dtk/'^Q)'!'  it  then  follows  that 
dui^/dq  =  dzk/dq.  The  boundary  term  of  eq.  (8.26)  now  simplifies  to 
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where  the  definition  of  the  generalized  momenta,  eq.  (8.25),  was  introduced. 
The  virtual  work  done  by  the  inertial  forces,  eq.  (8.26),  now  becomes 


SW'  dt 


SKdt-[Sq^p]l'  , 


where  it  is  understood  that  variations  should  be  taken  with  respect  to  the  generalized 
coordinates. 

Introducing  all  these  results  into  eq.  (8.24)  now  leads  to 


{6K  -6V  +  SW^)  dt  =  [Sq^lYl  -  [6p^{q  -  q)]  *' 


(8.27) 


Hamilton's  principle  can  be  stated  as  follows. 

Principle  16  (Hamilton's  principle)  A  system  of  particles  is  in  dynamic  equilib- 
rium if  and  only  if  equation  (8.27)  holds  for  all  arbitrary  virtual  changes  in  the 
generalized  coordinates. 

This  principle  should  be  compared  with  principle  14:  both  statement  express  the 
condition  for  dynamic  equilibrium  of  the  system,  the  former  when  the  configura- 
tion of  the  system  in  described  in  terms  of  Cartesian  coordinates,  the  latter  when  the 
configuration  is  expressed  in  terms  of  generalized  coordinates.  Of  course,  the  state- 
ment of  Hamilton's  principle  can  be  further  simplified  by  introducing  the  system's 
Lagrangian  as  defined  by  eq.  (8.22). 
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Example  8.4.  Pendulum  mounted  on  a  cart 

Figure  8.5  depicts  a  pendulum  of  length  L  and  mass  m  mounted  on  a  cart  of  mass 
M  that  is  connected  to  the  ground  by  means  of  a  spring  of  stiffness  constant  k  and  of 
a  dashpot  of  constant  c.  This  two  degree  of  freedom  problem  will  be  represented  by 
two  generalized  coordinates:  the  displacement  of  the  cart,  denoted  x,  which  is  also 
the  stretch  of  the  spring,  and  the  angular  deflection  of  the  pendulum  with  respect  to 
the  vertical,  denoted  6.  Gravity  acts  on  the  system  as  indicated  in  the  figure.  Derive 
the  equations  of  motion  of  the  system. 


Fig.  8.5.  Pendulum  mounted  on  a  cart. 

The  position  of  the  center  of  mass  of  the  pendulum  is  r,^  =  xi2  +  L/2  ei  and  its 
velocity  Vjq  =  xi2  +  L/29  e^.  The  total  kinetic  energy  of  the  system  is  the  sum  of 
that  of  the  cart,  1/2  Mx^,  and  that  of  the  pendulum,  1/2  ml?  jVl  9'^  + 1/2  mv^v^, 
i.e., 

1  1  rriL^  1 

-(M +  m)x^ +  -^^e^ +  -mLxeC0,  (8.28) 
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2     3 

where  the  short-hand  notation  Ce  =  cos  9  and  Se  =  sin  6  was  used.  The  potential 
energy  of  the  system  consists  of  the  strain  energy  of  the  spring,  1/2  kx'^,  and  the 
potential  energy  of  the  gravity  forces,  mgL/2  (1  —  Ce).  The  potential  of  the  system 

is  now 
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Variation  in  the  Lagrangian  of  the  system  becomes 
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(8.29) 
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Finally,  the  virtual  work  done  the  non-conservative  forces  is  6W^'^  =  —cx6x.  Intro- 
ducing these  results  into  Hamilton's  principle  leads  to 
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To  obtain  this  expression,  integration  by  parts  were  performed  for  all  terms  involving 
time  derivatives  of  virtual  changes  in  the  generalized  coordinates,  Si  and  SO.  Each 
integration  by  parts  generates  boundary  terms  at  times  ti  and  tf,  which  were  ignored 
in  this  example. 

Because  the  variations  Sx  and  S6  are  arbitrary,  the  sum  of  their  coefficients  in  the 
integrand  must  vanish,  leading  to  the  two  governing  equations  of  the  system 

(M  +  Tn)x  +  ^^CeO  -  ^^SeO"^  +  kx  +  ex  =  0, 

ruL^'      ruL^'         L^       ^  (8.30) 

Several  distinguishing  features  of  Hamilton's  principle  are  apparent  in  this  exam- 
ple. First,  there  is  no  need  to  compute  accelerations  because  the  Lagrangian  of  the 
system  only  involves  velocities  appearing  in  the  expression  for  the  kinetic  energy. 
Both  Newtonian  approach  or  application  of  d' Alembert's  principle  would  require  the 
computation  of  accelerations,  adding  to  the  complexity  of  the  kinematic  analysis. 

Second,  internal  and  reaction  forces  are  eliminated  from  the  formulation.  If  this 
problem  were  treated  using  Newton's  approach,  the  components  of  the  internal  force 
at  point  A  would  enter  the  formulation  and  derivation  of  the  equations  of  motion 
would  requires  elimination  of  these  forces. 

Example  8.5.  Kinetic  energy  for  a  rigid  body 

Figure  8.6  depicts  a  rigid  body  in  its  reference  configuration,  as  defined  by  frame 
J^^  =  [B,£  =  (ei,  62,  63)],  whereB  is  areference  point  on  the  body.Position  vector 
ZgQ  determines  the  location  of  a  reference  point  B  on  the  rigid  body  with  respect  to 
inertial  frame  J^^  =  [0,X  =  (ii,  2^2,  ^s)]-  In  the  final  configuration,  the  configuration 
of  the  rigid  body  is  defined  by  frame  J^^  =  [B,S*  =  (&i,&2,^3)]-  The  position 
vector  of  point  B  in  the  present  configuration  is  denoted  r^  =  Zbo  +  M^  where  u 
is  the  displacement  vector  of  point  B.  Let  _R  and  R  be  the  rotation  tensors  that 
bring  bases  X  to  £  and  £  to  B* ,  respectively,  both  resolved  in  the  inertial  basis,  I. 
Superscripts  (•)*  denote  tensor  components  resolved  in  the  body  attached  basis.  Find 
the  kinetic  energy  of  the  rigid  body. 

In  section  6.2,  the  kinetic  energy  of  a  rigid  body  was  found  to  be  given  by 
eq.  (6.6).  Expressing  all  tensor  components  in  the  body  attached  basis  leads  to 
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The  components  of  angular  velocity  vector  of  the  rigid  body  resolved  in  the  inertial 
basis  are  w  =  axial(-Ri?  )  and  u*  =  iRR„)^^  are  the  components  of  the  same 
vector  resolved  in  the  material  basis;  t]  and  77*  =  {RR^^rj  are  the  components 
of  the  position  vector  of  the  center  of  mass  of  the  body  with  respect  to  reference 
point  B  resolved  in  the  inertial  and  material  bases,  respectively;  finally,  J  *  and 
L  =  {RRn)L  *  {RRfS^  are  the  components  of  the  mass  moment  of  inertia  tensor 
of  the  body  with  respect  to  reference  point  B,  resolved  in  material  and  inertial  bases, 
respectively. 
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Present       b. 
Configuration 


Fig.  8.6.  Configuration  of  a  rigid  body. 


The  kinetic  energy  is  now  written  in  a  compact  form  as 

1 


K  =  -r'M;sr, 


(8.31) 

where  the  mass  matrix  of  the  rigid  body,  resolved  in  the  body  attached  frame,  is 

ml_  mrj*'^'^ 


— ^       \rnrf    J_ 
and  the  velocity  vector,  resolved  in  the  same  frame,  is 


V* 


{R&yu 


(8.32) 


(8.33) 


With  this  notation,  the  mass  matrix  is  of  size  6x6  and  the  velocity  vector  of  size 
6x1.  The  components  of  the  linear  and  angular  momentum  vectors  of  the  rigid  body, 
resolved  in  the  material  basis,  are  denoted  p*  and  h* ,  respectively,  and  defined  as 


-p* 


i*\=^Br 


(8.34) 


As  for  the  velocity  vector,  the  momentum  vector,  T^* ,  is  of  size  6x1.  Strictly  speak- 
ing, quantities  V*  and  2*  are  not  vectors,  but  rather  arrays,  consisting  of  two  separate 
vectors.  To  underline  this  fact,  the  script  type  is  used  to  denote  such  quantities.  The 
same  remarks  apply  to  the  mass  matrix,  M*  . 

Example  8.6.  Equations  of  motion  for  a  rigid  body  with  respect  to  a  material  point 

Figure  8.6  depicts  a  rigid  body  in  its  reference  and  present  configurations.  The  ex- 
ternal loading  applied  to  the  rigid  body  consist  of  a  force,  £,  and  a  moment,  M g, 
computed  with  respect  to  reference  point  B.  The  kinematics  of  the  problem  are  de- 
scribed in  the  previous  example.  Find  the  equations  of  motion  of  the  rigid  body  using 
Hamilton's  principle. 
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The  virtual  work  done  by  the  externally  applied  loads  is 

SW"^"  =  5u^F  +  SJFMb  ,  (8.35) 

where  5u  and  5^jJ  are  the  components  of  the  virtual  displacement  and  rotation  vectors, 
respectively,  resolved  in  the  inertia!  basis. 

For  this  problem,  Hamilton's  principle,  eq.  (8.20),  reduces  to 

*/ 

{5K  +  (5PF"'=)  dt  =  0, 

ti 

for  all  arbitrary  virtual  displacements,  where  the  terms  associated  with  the  temporal 
boundary  conditions  are  neglected.  Introducing  the  expression  for  the  kinetic  energy 
of  the  rigid  body,  eq.  (8.31),  and  virtual  work  done  by  the  non-conservative  forces, 
eq.  (8.35),  this  principle  becomes 

I  '  (SV*^V*  +  Su^F  +  Sij^Mg]  At  =  0.  (8.36) 

With  the  help  of  eqs.  (4.101)  and  (7.17b),  virtual  changes  in  the  velocity  vector 
are  readily  evaluated  as 

Introducing  these  results  into  Hamilton's  principle,  eq.  (8.36),  then  yields 

T 


'  [{u5_ij^  +  Su\    (RK^p*+5il 


=0 


RR^  ]K*  +5u  F  +  5il)'  Mg\dt  =  0 


In  this  expression,  p  =  {RR^p*  and  h  =  {RR^)}]^  are  the  components  of  linear 
and  angular  momentum  vectors  of  the  body,  both  resolved  in  the  inertial  basis. 
After  integration  by  parts,  Hamilton's  principle  becomes 

I  '  hu^  [-£  +  £]  +^^  [-A  +  m^P  +  Mb]}  di  =  0. 

Because  the  virtual  displacements  are  arbitrary,  the  bracketed  terms  must  vanish, 
leading  to  the  governing  equations  of  the  problem. 

In  summary,  the  governing  differential  equations  of  motion  for  a  rigid  body  are 

p  =  F,  (8.37a) 

h  +  up  =  Mg,  (8.37b) 

'p] 


Meft}- 


,,-^.,,,,-  (8-370 
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The  mass  matrix  of  the  rigid  body  computed  with  respect  to  point  B  and  resolved  in 
the  inertial  frame  is 


Mb  =  IMbI 


::^' 


ml_  mrj 
mrj   / 


where 

n 


(Mo)      2 


(8.38) 


(8.39) 


The  twelve  first-order  differential  equations  in  time,  eqs.  (8.37a)  to  (8.37c)  should 
be  solved  to  find  the  twelve  unknowns  of  the  problem:  the  three  components  of  the 
displacement  vector,  u,  the  three  rotation  components  required  to  express  the  rotation 
tensor,  R,  and  the  three  components  for  each  linear  and  angular  momentum  vectors, 
p  and  h,  respectively. 

Equations  (8.37a)  to  (8.37c)  present  a  high  level  of  nonlinearity ;  indeed,  the  mass 
matrix  involves  a  term,  /  =  {RR^)L  *{RR„)^7  containing  a  product  of  the  un- 
known rotation  tensor,  R.  The  equations  of  motion  can  be  recast  in  a  manner  that 
decreases  the  level  of  nonlinearity 

(Mofy  =  =^'  (8.40a) 

(iip/i*)'  +  u{RR^p*)  =  Kb,  (8.40b) 

"|:}=Mi{<af/*}-  ,S.40c, 

In  this  form,  the  mass  matrix  of  the  body  is  a  constant,  because  it  is  expressed  in  the 
material  frame. 

Of  course,  the  equations  of  motion  can  be  written  in  many  different  manners. 
Eliminating  the  momenta  will  lead  to  six,  second-order  differential  equations  for  the 
six  displacement  components,  three  displacements  of  reference  point  B  and  three 
rotation  components.  The  equations  of  motion  could  also  be  recast  in  terms  of  dis- 
placements and  velocities,  rather  than  momenta.  In  each  case,  the  equations  might 
be  resolved  in  the  inertial  basis  or  in  the  material  basis. 

The  equations  presented  here  are  intrinsic  equations  of  motion,  i.e.,  they  are  in- 
dependent of  the  variables  used  to  represent  rotations:  the  above  equations  could  be 
used  with  any  set  of  Euler  angles,  see  section  4.11.  In  practice,  however,  a  specific 
parametrization  of  finite  rotations  must  be  selected  to  solve  the  equations  of  motion. 
If  the  rigid  body  is  tumbling  in  space,  it  is  important  to  select  a  parametrization  that 
is  singularity  free,  as  discussed  in  chapter  13. 

Example  8. 7.  Equations  of  motion  for  a  rigid  body  with  respect  to  an  inertial  point 

In  the  previous  example,  the  applied  moment  was  computed  with  respect  to  a  mate- 
rial point,  reference  point  B.  Similarly,  the  linear  and  angular  momenta  defined  by 
eq.  (8.34)  are  the  product  of  the  mass  matrix  resolved  in  the  material  frame  by  the 
velocity  vector.  The  mass  matrix,  eq.  (8.32),  is  evaluated  with  respect  to  reference 
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point  B:  indeed,  rf  is  the  position  vector  of  the  body's  center  of  mass  with  respect  to 
point  B  and  /^*  the  body's  mass  moment  of  inertia  tensor  computed  with  respect  to 
the  same  point.  Derive  the  equations  of  motion  of  the  rigid  body  with  respect  to  an 
inertial  point. 

Referring  to  fig.  8.6,  the  loading  externally  applied  to  the  rigid  body  is 

Fo  =  F,  (8.41a) 

Mo=Mg  +  {rso  +  u)F.  (8.41b) 

The  externally  applied  force,  F_q,  and  moment,  Mq,  are  now  computed  with  respect 
to  inertial  point  O.  Similarly,  the  linear  and  angular  momenta  of  the  rigid  body  are 

Po  =  b  (8.42a) 

ho=h+{7Bo  +  u)p,  (8.42b) 

where  the  linear  momentum,  p  ,  and  angular  momentum,  hp,  are  now  computed 
with  respect  to  inertial  point  O. 

The  governing  equations  of  the  problem  derived  in  the  previous  example  are 
given  by  eqs.  (8.37).  A  linear  combination  of  eqs.  (8.37a)  and  (8.37b)  yields  h  + 
up  +  {tbo  +  u)p  =  M_g  +  {tbq  +  u)£;  the  left-hand  side  of  this  equation  is  an 
exact  derivative,  leading  to  [/i  +  {rsa  +  u)p\  =  M_q,  where  eq.  (8.41b)  was  used  to 
simplify  the  right-hand  side  of  the  equation.  The  equations  of  motion  of  the  problem, 
are  now  recast  in  a  more  compact  manner  as 

Po  =  Po^  (8-43a) 

ko=M.o-  (8.43b) 

In  the  absence  of  externally  applied  forces,  these  equations  reduce  top     =0  and 

h  =0;  this  implies  the  conservation  of  linear  and  angular  momenta,  a  general  result 
that  was  derived  for  a  system  of  particles,  see  eqs.  (3.81)  and  (3.82),  respectively. 

To  obtain  a  complete  set  of  governing  equations,  rotation  parameters  must  now 
be  selected.  Assuming  that  the  rotation  tensor  is  expressed  in  terms  of  three  Euler 
angles  stored  in  array  q,  the  angular  velocity  vector  becomes  to  =  H_{q)q,  where 
expressions  for  the  tangent  operator,  H_{q),  are  given  in  section  4. 1 1  for  various  Euler 
angle  sequences;  see,  for  instance,  eq.  (4.68)  for  the  3-1-3  sequence.  Equation  (8.37c) 
now  become 


^H-\q) 


m)    '{,  .~-0^~.        ).  (8.44) 


While  the  externally  applied  loads  and  momenta  are  now  referred  to  inertial  point 
O,  reference  to  material  point  B  has  not  been  completely  eliminated  from  the  for- 
mulation; indeed,  the  mass  matrix,  -M  „,  is  still  computed  with  respect  to  point  B. 
Example  8.9  will  eliminate  this  restriction  by  using  a  more  general  formalism  based 
on  the  use  of  the  motion  tensor. 
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Example  8.8.  Rigid  body  connected  to  spring  and  dashpot 

Consider  a  rigid  body  connected  to  the  ground  at  point  B  by  means  of  a  spring  of 
stiffness  constant  k  and  dashpot  of  constant  c,  as  depicted  in  fig.  8.7  and  discussed  in 
example  6.3  on  page  221.  The  spring  is  of  un-stretched  length  £q.  The  rigid  body  is 
of  mass  M  and  its  moment  of  inertia  tensor  with  respect  to  the  center  of  mass  is  /  . 
Vector  77  defines  the  position  of  the  center  of  mass  with  respect  to  point  B.  Frame 
J^^  =  [B,  B*  =  {bi,b2,  ^3)]  is  attached  to  the  rigid  body.  The  components  of  the 
rotation  tensor  that  brings  inertial  basis  X  to  material  basis  B*,  resolved  in  basis  X,  is 
denoted  R.  Find  the  equations  of  motion  of  the  system. 


Fig.  8.7.  Configuration  of  the  rigid  body  connected  to  a  spring  and  dashpot. 


The  force,  F_g,  applied  to  the  rigid  body  at  point  B  acts  in  the  direction  opposite 
to  unit  vector  e  =  u/||u||,  or  F^  =  —Fe,  where  u  is  the  position  vector  of  point  B 
with  respect  to  point  O  and  F  the  magnitude  of  the  applied  force.  It  then  follows  that 
F  =  kA  +  cA,  where  Zi  =  ||m||  —  ^0  is  the  stretch  of  the  spring.  The  time  rate  of 
change  of  the  stretch  is  easily  found  as  Z\  =  e^u. 

The  formalism  developed  in  example  8.6  will  be  used  to  solve  this  problem. 
In  this  case,  eqs.  (8.37a)  and  (8.37b)  become  p  =  —Fe  —  Mgi^  and  h  +  up  = 
—Mgrji^,  respectively,  and  eq.  (8.37c)  is  unchanged.  The  equations  of  motion  are 
further  simplified  by  expressing  the  linear  and  angular  momenta  with  respect  to  in- 
ertial point  O,  as  defined  in  eqs.  (8.42).  The  governing  equations  now  become 


Pr 


-Fe-  Mgis 
-Mg{r]  +  u)i3 


and  eqs.  (8.44)  remain  unchanged. 


Example  8.9.  Equations  of  motion  for  a  rigid  body  using  the  motion  formalism 

Consider  the  rigid  body  depicted  in  fig.  8.6;  the  kinetic  energy  of  the  body  was  eval- 
uated in  example  8.5.  Use  the  motion  formalism  and  the  motion  tensor  to  derive  the 
equations  of  motion  of  the  rigid  body.  Let  C^  and  C  be  the  motion  tensors  that  bring 
frame  T^  to  T^  and  frame  T^  to  T^ ,  respectively,  both  resolved  in  frame  T^ . 
Frame  T^  is  attached  to  the  rigid  body  in  its  reference  configuration. 
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Figure  8.6  shows  the  force,  F_,  and  moment,  M^,  externally  applied  to  the  rigid 
body  and  computed  with  respect  to  reference  point  B.  The  virtual  work  done  by  these 
loads  is  SW^'^  =  F  Su  +  M_g5tp,  where  5u  is  the  virtual  displacement  vector  of 
point  B  and  (5^  the  virtual  rotation  vector  of  the  rigid  body.  Resolving  the  loads  in 
the  body  attached  basis  yields  SW"''^  =  K*^R'"Su  +  M^g  6ip* ,  and  the  following 
compact  notation  is  then  used, 

jT^nc  ^  ^*T^*  ^  £'  (^gg\^  (^gQ\^  ~    SU  =  A^SU,  (8.45) 

where  A  =|£,M}is  the  applied  load  vector,  and  SU_  the  virtual  motion 
vector,  both  resolved  in  frame  T^ .  The  virtual  motion  vector  is  similar  to  the  dif- 
ferential motion  vector  defined  in  eq.  (5.72b).  The  second  equality  follows  from  the 
frame  change  operations  expressed  by  eqs.  (5.72b)  and  (5.62). 

The  velocity  vector  V*  defined  in  eq.  (8.33)  combines  the  linear  and  angular 
velocity  vectors  of  the  rigid  body  resolved  in  the  body  attached  frame.  It  follows  that 
Y.  =  (CC„)V*  is  the  velocity  vector  resolved  in  the  inertial  frame.  Virtual  changes 
in  the  velocity  vector  become 

sv*  =  (cc)-^  [sv  +  gsg-^v] 

=  (££o)"^  [SM.  -  VSU  -  5UV\  =  (££J-^^, 

where  eqs.  (5.74a)  and  (5.74b)  were  used. 

Because  virtual  changes  in  the  kinetic  energy  of  the  system  are  expressed  as 
5K  =  Sy^^V^ ,  where  the  linear  and  angular  momenta  of  the  rigid  body,  2*  ■,  are 
defined  in  eq.  (8.34),  Hamilton's  principle,  eq.  (8.20),  becomes 


/[ 


^^(££o)"^E*  +  SifA\  dt  =  0, 


/I 


Introducing  eqs.  (8.34)  and  (5.58)  then  leads  to 

The  mass  matrix  of  the  rigid  body  in  the  inertial  frame  is  defined  as 

Mo  =  i^Q~^  ^B^^^y  ■  (8.47) 

This  change  of  frame  operation  performs  two  tasks:  a  change  of  reference  point  from 
B  to  O  and  a  change  of  basis  from  B*  to  I. 

Hamilton's  principle  now  becomes  J^iSU,  V,  +  5U_  A)  At  =  0,  where  the  mo- 
mentum vector  in  the  inertial  frame  is  defined  as  2  =  A^^V-  Integration  by  parts 
now  yields  J^  SU_  [—P,  -\-  Ai\dt  =  0.  Because  the  virtual  motions  are  arbitrary,  the 
bracketed  term  must  vanish. 

In  summary,  the  governing  differential  equations  of  motion  for  a  rigid  body  are 
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P  =  A,  (8.48a) 

E  =  Mo  V-  (8.48b) 

These  twelve  first-order  differential  equations  in  time,  should  be  solved  to  find  the 
twelve  unknowns  of  the  problem:  six  motion  components  to  express  the  motion  ten- 
sor, C,  and  six  components  of  momentum,  2-  Note  that  eqs.  (8.48a)  and  (8.48b) 
present  a  high  level  of  nonlinearity ;  indeed,  the  mass  matrix,  eq.  (8.47),  involves  the 
unknown  motion  tensor  C  and  its  inverse. 

Example  8.10.  Numerical  application 

This  example  illustrates  the  use  of  Hamilton's  principle  for  numerical  applications. 
Consider  a  particle  of  mass  m  and  position  vector  rjt)  with  respect  to  an  inertial 
point,  subjected  to  an  arbitrary,  time  varying  force,  F_{t).  The  kinetic  energy  of  the 
system  simply  writes  K  =  1/2  ra  r^r_  and  the  virtual  work  done  by  the  externally 
applied  force  becomes  SW"''^  =  5r^ F(t). 

Hamilton's  principle  could  be  used  to  derive  the  equations  of  motion  of  the  sys- 
tem, which  are  mr_  =  F_  for  this  simple  problem;  integration  of  these  equations 
would  then  yield  the  trajectory  of  the  particle.  The  traditional  approach  to  solving 
dynamics  problems  consists  of  two  steps;  first,  one  of  the  formulations  of  dynamics, 
such  as  Newton's  formulation  or  Hamilton's  principle,  is  used  to  derive  the  ordinary 
differential  equations  of  motion  of  the  system,  and  second,  an  approximate  solution 
of  these  equations  is  obtained  with  the  help  of  numerical  methods.  Because  the  equa- 
tions of  motion  are,  in  general,  nonlinear  differential  equations,  numerical  methods, 
such  as  Runge-Kutta  integrators  [5,  26],  for  instance,  are  often  used  to  obtain  numer- 
ical solutions. 

A  different  approach  is  taken  here:  algebraic  or  discretized  equations  of  motion 
will  be  directly  obtained  from  Hamilton's  principle,  bypassing  the  derivation  of  the 
ordinary  differential  equations  of  motion.  To  that  effect,  the  behavior  of  the  particle  is 
investigated  during  a  small,  but  finite  period  of  time  between  ti  and  tj,  called  a  time 
step.  The  time  step  size  is  denoted  At  =  tj  —  ti.  For  simplicity,  a  non-dimensional 
time,  T,  is  defined,  which  is  related  to  the  dimensional  time  as  t  =  1/2  {ti  +tf)  + 
T  At/2,  i.e.,  T  =  ±1  at  times  ti  and  tf,  respectively.  To  obtain  algebraic  equations, 
the  trajectory  of  the  particle  over  the  time  step  is  discretized  by  assuming  its  motion 
to  be  the  straight  line  joining  its  positions  at  times  ti  and  tf,  denoted  r^  and  r  r, 
respectively.  It  then  follows  that  r(T)  =  i^  (1  —  t)/2  +  T/  (1  +  t)/2. 

Within  the  time  step,  the  velocity  of  the  particle  is  constant:  v  =  dr/dt  = 
(dr/dT)(dT/dt)  =  (r ,  —  rj}/At.  Introducing  these  approximations  into  the  ex- 
pression for  the  kinetic  energy  then  yields  SK  =  p^  {Srs  —  5r_i)/At,  where 
p  =  mire  —  r^/At  is  the  constant  linear  momentum  of  the  particle  within  the 
time  step.  The  statement  of  Hamilton's  principle  governing  the  motion  of  the  parti- 
cle now  becomes 


SrJ 


At 

1* 


F{t)  \  dt 


[Sr'gX-iSp^ir-r)]^ 
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Note  that  the  boundary  terms  on  the  right-hand  side  of  the  principle  are  not  ignored 
for  this  application  and  form  an  essential  part  of  the  solution. 

Because  the  time  history  of  the  particle's  trajectory  was  assumed,  the  left-hand 
side  of  the  principle  is  readily  integrated  to  yield 


where  the  following  two  quantities  were  defined 


(8.49) 


z\i  r+M-T  „_  .      „     At  f+'^  i  +  T 


G.  =  —  I       -^r-  Fir)  At,      Gf  =  —  I       -^  £(r)  dr. 


Equation  (8.49)  must  be  satisfied  for  all  arbitrary  variations  dp.,  Sp  ,  Sr^,  and 
6rf,  leading  to  the  four  equations  of  motion  of  the  system 

Li=Li,      Lf  =Lf,  (8.50a) 

-P™  +  G.+P,  =  0,     P^  +  G,-p_^  =  Q.  (8.50b) 

These  four  equations  involve  six  unknowns,  p.,  p ,,  Ij,  ?f ,  Ej,  and  r ,;  hence,  two  of 
these  six  quantities  must  be  given  if  a  solution  is  to  be  found. 

Initial  value  problems  are  a  common  class  of  problems  for  which  the  initial  posi- 
tion and  velocity  of  the  particle  are  given.  In  this  example,  it  is  assumed  that  the  posi- 
tion vector,  r_^,  and  velocity  vector,  w^  =  p./m,  of  the  particle  are  given  at  the  begin- 
ning of  the  time  step.  Summing  up  the  two  eqs.  (8.50b)  yields  Gj  +  G_f+p.—p    =  0; 

clearly, 

+1 


At   r 

G  =  G,  +  Gf  =  —  j^^   £(r)dr, 


is  the  impulse  of  the  externally  applied  force  over  the  time  step.  It  follows  that  G  = 

p    —  p:.  this  equation  expresses  the  principle  of  impulse  and  momentum  applied  to 
— /      — ^ 
the  particle. 

Although  the  trajectory  of  the  particle  was  approximated,  this  equation  is  exact, 

since  the  principle  of  impulse  and  momentum  is  a  first  integral  of  Newton's  law. 

Because  p.  =  mv^  andp    =  mVf,  this  equation  yields  the  velocity  of  the  particle  at 

the  end  of  the  time  step  as 

ilf=Jli  +  G/m.  (8.51) 

Next,  subtracting  the  two  eqs.  (8.50b)  yields  2p  +  Gt  —  G^  —  p  —  p.  =  0. 
With  the  help  of  eq.  (8.5 1),  this  relationship  can  be  used  to  evaluate  the  final  position 
of  the  particle  as 

rf  =  ri  +  Atv^  +  —Gi.  (8.52) 

Finally,  eqs.  (8.52)  and  (8.51)  can  be  recast  as  a  matrix  equation  relating  the 
initial  position  and  velocity  vectors  of  the  particle  to  the  corresponding  quantities  at 
the  end  of  the  time  step 
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Ati) 


1  1 
0  1 


AtvJ^  m   1  G 


A  recursive  application  of  this  formula  for  a  number  of  consecutive  time  steps 
will  yield  the  trajectory  of  the  particle  over  any  period  of  time.  Of  course,  more 
accurate  solutions  will  be  obtained  when  smaller  time  steps  are  used,  at  the  expense 
of  increased  computational  cost. 

More  accurate,  but  also  more  complex,  integration  schemes  can  be  obtained  by 
assuming  more  complex  trajectories  of  the  particle  within  each  time  step.  For  in- 
stance, the  particle's  trajectory  could  be  assumed  to  be  parabolic:  r{T)  =  — t(1  — 
t)  rj/2  +  (l  — r^)  z:to  +  t(H-t)  r  ,/2,  where  r,^  is  the  position  vector  of  the  particle 
atr  =  0, /.e.,  at  the  mid-point  of  the  time  step  fort  =  (ij -I- 1/)/2.  Following  the  pro- 
cedure described  above,  discrete  equations  of  motion  will  be  found  corresponding  to 
this  new  approximation. 


8.2.3  Problems 

Problem  8.17.  Equations  of  motion  of  rigid  body 

Prove  that  the  equations  of  motion  for  a  rigid  body  obtained  from  Hamilton's  principle, 
eqs.  (8.40),  are  identical  to  those  obtained  from  d'Alembert's  principle,  eqs.  (8.7). 

Problem  8.18.  Equations  of  motion  of  a  rigid  body 

Consider  the  equations  of  motion  of  a  rigid  body,  eqs.  (8.37).  (1)  Show  how  these  equations 
simplify  if  reference  point  B  is  chosen  to  be  the  center  of  mass  of  the  rigid  body,  point  C. 
Eliminate  the  momentum  variables.  Express  the  components  of  all  tensors  in  the  inertial  basis. 
(2)  Write  the  same  equations  with  all  tensors  expressed  in  the  body  attached  frame.  (3)  Let 
the  orientation  of  the  body  attached  frame  coincide  with  the  principal  axes  of  inertia  of  the 
rigid  body.  In  that  case,  the  components  the  moment  of  inertia  tensor  in  the  material  basis  are 
denoted  7*^*  —  diag(7i ,  7|,  7|).  Show  how  the  equations  of  motion  expressed  in  the  body 
attached  frame  further  simplify  to  Euler's  equations. 

Problem  8.19.  Rigid  body  subjected  to  gravity  forces 

Find  the  equations  of  motion  of  a  rigid  body  subjected  to  gravity  forces,  as  depicted  in  fig.  8.8. 
Vector  7]  defines  the  position  of  the  body's  center  of  mass,  point  C,  with  respect  to  its  reference 
point  B.  The  potential  of  the  gravity  forces  isV  =  —mg^j^Q,  where  m  is  the  total  mass  of 
the  rigid  body,  g  the  components  of  the  gravity  acceleration  vector,  and  r^  the  components  of 
the  position  vector  of  the  center  of  mass  in  the  present  configuration,  both  resolved  in  T. 

Problem  8.20.  Pendulum  with  sliding  mass 

Solve  problem  6.34  using  Hamilton's  principle. 

Problem  8.21.  Pendulum  with  rotating  mass 

Solve  problem  4.38  using  Hamilton's  principle. 

Problem  8.22.  Equations  of  motion  of  a  rigid  body  in  terms  of  Euler  angles 

The  equations  of  motion  for  a  rigid  body,  eqs.  (8.40),  are  intrinsic  equations,  i.e.,  no  reference 
is  made  to  a  specific  representation  of  finite  rotations,  the  sole  rotation  tensor  appears  in  the 
equations.  Let  the  configuration  of  a  rigid  body  be  described  with  the  following  six  generalized 


Reference 
configuration 
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Present 


Fig.  8.8.  Configuration  of  a  rigid  body  with  center  of  mass. 


coordinates:  the  three  components  of  the  position  vector,  u,  of  reference  point  B,  and  the  three 
Euler  angles  (j),  9,  and  -i/'  using  the  3-1-3  sequence  that  express  the  orientation  of  the  body.  (1) 
Express  the  kinetic  energy  of  the  body  in  terms  of  these  generalized  coordinates.  (2)  Write 
Hamilton's  principle  if  the  body  is  subjected  to  externally  applied  forces,  F_,  and  moments, 
M  p.  (3)  Derive  the  equations  of  motion  of  the  system  from  Hamilton's  principle.  (4)  Compare 
your  results  with  eqs.  (8.40);  comment  on  the  difference  between  the  two  sets  of  equations. 

Problem  8.23.  Rigid  body  connected  to  spring  and  dashpot 

Consider  a  rigid  body  connected  to  the  ground  at  point  B  by  means  of  a  spring  of  stiffness 
constant  k  and  dashpot  of  constant  c,  as  depicted  in  fig.  8.7  and  discussed  in  example  8.8.  The 
rigid  body  is  of  mass  M  and  its  moment  of  inertia  tensor  with  respect  to  the  center  of  mass  is 
j'^.  Vector  77  defines  the  position  of  the  center  of  mass  with  respect  to  point  B.  Frame  T^  — 
[B,B  =  (&i,  62,63)]  is  attached  to  the  rigid  body.  The  components  of  the  rotation  tensor  that 
brings  the  inertial  basis  I  to  basis  B,  resolved  in  basis  I,  is  denoted  R.  Find  the  equations 
of  motion  of  the  system  based  on  Hamilton's  principle.  (1)  Solve  the  equations  of  motion  of 
the  problem  using  the  momenta  computed  with  respect  to  inertial  point  O.  (2)  On  one  graph, 
plot  the  time  histories  of  the  three  components  of  vector  x^.  (3)  On  one  graph,  plot  the  Euler 
angles  tp,  6,  and  i^  as  a  function  of  r.  (4)  On  one  graph,  plot  the  time  histories  of  the  three 
components  of  the  velocity  vector,  v_q  =  v_q/{QIo).  (S)  On  one  graph,  plot  the  time  histories 
of  the  three  components  of  the  angular  velocity  vector,  Q_  =  ui/fi.  (6)  On  one  graph,  plot  the 
time  histories  of  the  forces  in  the  elastic  spring  and  dashpot.  (7)  On  one  graph,  plot  the  kinetic 
and  potential  energies  of  the  system  as  well  as  the  energy  dissipated  in  the  dashpot.  Verify  the 
energy  closure  equation.  Treat  the  problem  using  a  non-dimensional  scheme  with  r  —  fit, 
Q^  —  k/M,  x_f-,  —  x_(^/(-o,  and  (.0  the  un-stretched  length  of  the  spring.  Use  the  following 
data:  g  =  g/itoO'^)  =  0.4;  C  =  c/{2Mn)  =  0.1;  5*  =  rf /(.o  =  [0.8,1.25,-1.8]^; 
jc*  ^  l'^*/(Mll)  =  diag(l,  2.3, 1.5).  Use  the  following  initial  conditions:  x^{t  =  0)  = 
[0, 1,  0];  q^ir  =  0)  =  [0,  0,  0]  and  the  system  is  at  rest.  Present  the  response  on  the  system 
for  r  G  [0, 100].  Hint:  to  avoid  singularities,  use  Euler  angles,  ■0,  6,  and  </>,  with  the  3-2-1 
sequence,  as  defined  in  section  4.11.3,  to  represent  the  rotation  of  the  rigid  body. 

Problem  8.24.  Change  of  frame  for  mass  matrix 

Consider  two  frames:  an  inertial  frame  T^  and  a  material  frame  T.  Let  M",  as  given  by 
eq.  (8.47),  be  the  mass  matrix  of  a  rigid  body  expressed  in  the  material  frame.  Show  that  mass 
matrix  M  defined  as  A4  —  C^^ M^C^^ ,  is  the  mass  matrix  of  the  rigid  body  in  the  inertial 
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frame,  if  C  is  the  motion  tensor  that  bring  frame  T^  to  frame  T,  resolved  in  T^ .  The  above 
transformation  performs  two  tasks:  a  change  of  reference  point  and  a  change  of  orthonormal 
basis.  Note:  it  will  be  necessary  to  use  the  parallel  axis  theorem. 

Problem  8.25.  Higher  order  integration  sclieme 

Generalize  the  time  integration  scheme  derived  in  example  8.10  by  approximating  the  trajec- 
tory of  the  particle  as  rij)  —  — r(l  —  r)  r^/2  +  (1  —  t^)  r^  +  r(l  +  r)  rr/2,  where 
r^  is  the  position  vector  of  the  particle  at  r  =  0,  i.e.,  at  the  mid-point  of  the  time  step  for 

t  =  (ti  +  t})/2. 


8.3  Lagrange's  formulation 


As  demonstrated  in  the  previous  sections,  the  equations  of  motions  of  dynamical  sys- 
tems can  be  derived  from  Hamilton's  principle.  The  procedure  involves  integrations 
by  parts  of  all  the  terms  featuring  variations  of  time  derivatives  of  the  generalized 
coordinates.  Such  derivation  can  become  cumbersome  when  a  large  number  of  gen- 
eralized coordinates  is  present;  hence,  it  is  desirable  obtain  the  equations  of  motion 
of  dynamical  systems  in  a  more  systematic  manner,  bypassing  many  of  the  steps  re- 
quired by  Hamilton's  principle.  Consider  a  system  featuring  n  degrees  of  freedom 
and  described  by  n  generalized  coordinates,  q. 

In  general,  the  Lagrangian  of  the  system  will  be  a  function  of  all  generalized 
coordinates  and  their  time  derivatives,  as  well  as  time,  L  =  L{q,  q,  t).  Variation  of 
the  Lagrangian  then  becomes 


dL=  —-    dq+  —-    bq. 
oq      -       oq      - 


(8.53) 


Introducing  this  expression  into  Hamilton's  principle,  eq.  (8.20),  and  ignoring  the 
boundary  terms  leads  to 


'{^^Sq+^^Sq  +  SwA    dt  =  0. 
^     \dq      -       dq      -  / 


;.54) 


The  second  term  in  the  integrand  involves  variations  of  the  generalized  velocities, 
Sq,  that  are  clearly  not  independent  of  the  variations  in  the  generalized  coordinates, 
Sq.  To  remedy  this  situation,  this  second  term  is  integrated  by  parts 


-rrr    Sq  dt 
U      ^1       ~ 


:mh- 


dq 


(8.55) 


With  the  help  of  this  result,  Hamilton's  principle  becomes 


Sq' 


dt  \dq  J        dq       — 


dt  =  0, 


(8.56) 
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for  all  arbitrary  variations  5q.  Here  again,  boundary  terms  are  ignored;  the  virtual 
work  done  by  the  non-conservative  forces  was  written  as  SW^'^  =  Sq^Q'^'^,  where 
Q"''  are  the  generalized,  non-conservative  forces  acting  on  the  system. 

Because  variations  in  generalized  coordinates  are  arbitrary,  the  bracketed  term 
must  vanish,  revealing  Lagrange's  equations  of  motion 

In  the  above  developments,  the  partial  derivatives  of  the  Lagrangian  with  respect 
to  the  generalized  velocities  play  a  key  role.  These  quantities,  denoted  p,  are  called 
generalized  momenta  and  are  defined  by  eq.  (8.25).  With  the  help  of  these  general- 
ized momenta,  Lagrange's  equations  of  motion  take  the  following  form 

-        dq  J        dq        — 

The  third  term  of  this  equation,  dV/dq,  is  associated  with  the  conservative  forces 
acting  on  the  system:  Q'^  =  —dV/dq. 
Lagrange's  equations  now  become 

The  first  term  represents  the  inertial  forces  acting  on  the  system;  these  forces  are  gen- 
eralized forces,  because  they  act  in  the  configuration  space.  The  following  notation 
is  introduced  for  the  generalized  inertial  forces 

Q--{t-%)^  (8.8, 

Lagrange's  equations  are  now  cast  in  a  simple  form, 

and  imply  that  the  sum  of  all  forces  acting  on  the  system  must  vanish  at  each  instant 
in  time.  Clearly,  Lagrange's  equations  are  a  statement  of  dynamic  equilibrium;  of 
course,  inertial  forces  must  be  considered  together  with  all  externally  applied  forces 
for  dynamic  equilibrium  conditions  to  be  satisfied. 

Example  8.11.  Pendulum  mounted  on  a  cart 

Figure  8.5  depicts  a  pendulum  of  length  L  and  mass  m  mounted  on  a  cart  of  mass 
M  that  is  connected  to  the  ground  by  means  of  a  spring  of  stiffness  constant  k  and 
of  a  dashpot  of  constant  c.  The  displacement  of  the  cart  is  denoted  x,  which  is  also 
the  stretch  of  the  spring,  and  angle  9  measures  the  deflection  of  the  pendulum  with 
respect  to  the  vertical.  Gravity  acts  on  the  system  as  indicated  in  the  figure.  This 
problem  was  treated  in  example  8.4  on  page  310  using  Hamilton's  principle.  Derive 
the  equations  of  motion  of  the  system  using  Lagrange's  formulation. 
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The  kinetic  and  potential  energies  of  the  system  are  given  by  eqs.  (8.28) 
and  (8.29),  respectively.  The  Lagrangian  of  the  system  then  becomes 

L  =  -{M  +  m)x'  +  2  ^-^    +  —^^Ce  -  -kx^  -  -^{l  -  Ce). 
The  system's  generalized  momenta  are  found  as 

dL       ,    ^         ,.       mL -^  dL       niL^  ■      raL  .  ^ 

The  derivatives  of  the  Lagrangian  with  respect  to  the  generalized  coordinates  are 

dL  dL  mL  .  ■  mgL 

-—-  =  —kx,       ——  = xOSg Sg. 

dx  09  2  2 

Finally,  the  virtual  work  done  the  non-conservative  forces  is  SW"''^  =  —cx6x,  and 
hence,  the  generalized  forces  are  Q^  =  —ex  and  Qg  =  0. 

Lagrange's  formulation  then  yield  the  equations  of  motion  of  the  system 

(M  +  m)x  +  ^^{eCg  -  e'^Sg)  +  kx  =  -ex; 

1^0  +  "^{xCg  -  xeSe)  +  "^xeSg  +  mg^Sg  =  0. 

These  equations  are,  of  course,  identical  to  those  obtained  earlier,  see  eqs.  (8.30), 
using  Hamilton's  principle.  Clearly,  Lagrange's  formulation  provides  an  effective 
procedure  for  deriving  the  system's  equations  of  motion.  The  integrations  by  parts 
associated  with  the  application  of  Hamilton's  principle  are  completely  bypassed  in 
this  approach. 

Example  8.12.  Swiveling  plate 

Figure  6.10  depicts  a  homogeneous,  rectangular  plate  of  height  a,  width  b,  and 
mass  in  connected  to  the  ground  by  a  rigid,  massless  link  of  length  d,  as  dis- 
cussed in  example  6.2  on  page  219.  At  point  O,  a  bearing  allows  the  link  to 
rotate  with  respect  to  unit  vector  i^,  and  at  point  B,  the  plate  is  free  to  rotate 
with  respect  to  the  link  about  axis  ai.  Three  frames  will  be  used  in  this  prob- 
lem: the  inertial  frame,  J^^  =  [0,X  =  («i,«2,*3)],  a  frame  attached  to  the  link, 
J^'^  =  [O,  A~^  =  (ai,  (12,0,3)],  and  finally,  a  frame  attached  to  the  plate  at  its  cen- 
ter of  mass,  J^^  =  [C,  B*  =  (61, 62,  ^3)] .  A  planar  rotation  of  magnitude  a  about 
axis  «3  brings  basis  X  to  A~^,  and  a  planar  rotation  of  magnitude  /3  about  axis  ai 
brings  basis  A~^  to  B*.  Rotation  tensors  R  and  R  denotes  these  two  planar  rota- 
tions, respectively;  tensor  components  resolved  in  bases  A'^  and  B*  are  denoted  with 
superscripts  (•)+  and  (•)*,  respectively. 

The  inertial  angular  velocity  vector  of  the  plate  is  readily  found  with  the  help  of 
the  addition  theorem  as  w  =  d  (13  +  /3  oi ;  the  components  of  this  vector  in  basis  B* 
then  become  w*^  =  {$,  ctSp,  aCp}.  The  inertial  position  of  the  center  of  mass  of 
the  plate  is  rQ  =  {d  +  a/2)  oi  and  the  velocity  vector  Vc  =  {d  +  a/2)a  a2-  Body 
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attached  frame  J-"^  is  located  at  the  center  of  mass  of  the  plate  and  is  aligned  with 
its  principal  axes  of  inertia.  The  principal  moments  of  inertia  are  given  in  fig.  6.45  as 
/*f  =  mb"^ /12,  I22  =  ma^/U,  I^§  =  m{a^  +  6^)/12.  The  kinetic  energy  of  the 
system  becomes 


K  =  -m(d+  -ra^  +  - 
2^2'  2 


12'^  12        '^ 


12 


■2/-y2 

y  La 


where  Sp  =  sin  /3  and  Cfj  =  cos  /?. 

The  potential  energy  associated  with  the  forces  of  gravity  is  easily  found  as  V 
—mg{d  +  a/2)Sa,  and  the  Lagrangian  of  the  system  becomes 


2^2^ 


m 
'2 


12 


/3^ 


12 


+  mg{d+  -)Sa 


The  generalized  momenta  of  the  system  are  found  by  taking  derivatives  of  the 
Lagrangian  with  respect  to  the  generalized  velocities  a  and  /?  to  find 


dL 

Pa  =  TTT  =  m 

oa 


^"'+2^    +12  +  12^^ 


a,      and     pa  =  — r  =  m — p, 
^^       8(3  12^' 


respectively.  The  partial  derivatives  of  the  Lagrangian  with  respect  to  the  generalized 
coordinates  a  and  /?  are 


dL  ,  ,      a,^  ,     dL 

—  =  mg{d+-)Ca     and     - 


62 

-m—aSiiCii, 


respectively. 

Lagrange's  formulation  then  yield  the  equations  of  motion  of  the  system 


At 


{d+^f  +  ^-+"-Cl 


a 

12       12 
d 


a  \  -mg{d+  -)Ca  =  0, 


dt  \     12'^/  12      '^    '^ 

It  is  readily  verified  that  these  equations  of  motion  are  identical  to  those  obtained 
from  Newton's  approach,  eqs.  (6.34). 

Example  8.13.  The  double  pendulum  with  elastic  joint 

Figure  6.17  depicts  a  double  pendulum  comprising  bar  1  of  mass  mi  and  length  (.1, 
and  bar  2  of  mass  7712  and  length  £2,  as  treated  in  example  6.5  on  page  23 1 .  Let  frame 
T^  =  [A.,  A  =  (ai,  02)]  be  attached  to  bar  1  and  frame  J^-^  =  [E,£  =  (61,62)]  be 
attached  to  bar  2.  A  massless  tube  allows  bar  2  to  slide  in  the  direction  of  02 ;  the 
slider  has  a  mass  M  and  is  connected  to  bar  1  at  point  A  by  means  of  a  spring  of 
stiffness  constant  k.  The  position  of  the  slider  is  determined  by  its  distance,  x,  from 
point  A,  the  tip  of  bar  1 ;  the  angular  positions  of  the  two  bars  with  respect  to  the 
vertical  are  denoted  61  and  62,  respectively.  The  system  is  subjected  to  gravity  along 
the  inertial  direction  ii.  Derive  the  equations  of  motion  of  the  system. 
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This  problem  features  three  degrees  of  freedom  and  will  be  described  by  means 
of  three  generalized  coordinates:  angles  6i  and  62  giving  the  angular  positions  of 
the  two  bars  and  the  sliding  distance,  x.  The  angular  velocity  of  bar  1  is  Oi  and 
hence,  its  kinetic  energy  is  Ki  =  1/2  mil\9\/'i.  The  position  vector  of  mass  M  is 
Im  =  ^I'^i  +  ^'^2  and  its  kinetic  energy  then  follows  as 


Km  =  ^M  [(£?  +  x^)el  +  ±2  +  2£ii;^i] 


Similarly,  the  position  vector  of  the  center  of  mass  of  bar  2  is  £2  =  iiai  +  xa2  + 
£2/2  ei  and  its  kinetic  energy  becomes 


K2  =  -m2 


{il  +  x')el  +  x''  +  2hx6i  +  ^^el 


+  12X6162821  +i2{x+ I  A)e2S2l]    +  ^^^2 


where  the  following  notation  was  introduced:  521  =  sin(02  —  ^1)  and  C21  = 
cos(02  —  ^i)-  The  last  term  of  this  expression  represent  the  kinetic  energy  associ- 
ated with  the  angular  motion  of  the  bar. 

The  strain  energy  for  the  elastic  spring  is  simply  Vs  =  1/2  kx^ .  The  potential 
energy  of  the  gravity  forces  is 

Vg  =  -migi:{{  —  ai)  -  Mgi1{(iiai  +  xa2)  -  m2gt{{£iai  +  xa2  +  — ei). 

Combining  kinetic,  strain,  and  potential  energies  yields  the  Lagrangian  of  the 
system  as 


2 


(^  +  M2)m  +  M2(x'  +  xHl)  +  "^el 

o  o 

+  2M2tlXei  +  m2i2Xe2C21  +  m2l2eie2{£lC21  +  XS21 

-  hx^  +  (^  +  M2)9iiCi  -  M2gxSi  +  ^gC2, 

where  the  following  notation  was  introduced:  Si  =  sin  9i  and  Ci  =  cos  9i ,  with 
similar  conventions  for  angle  62,  and  Ai2  =  M  +  7712. 

The  generalized  momenta  of  the  system  are  found  by  taking  derivatives  of  the 
Lagrangian  with  respect  to  the  generalized  velocities  9i,  62,  and  x  to  find 

Pl  =  ^  =  i^+  ^lYlOl  +  M2X^Bl  +  M2hx  +  ^^2(4^21  +  XS21), 

P2=  -T-  =  ^5—^2  +  —^^XC21  +  -^—Oi{£iC21  +  XS21), 
0O2  6  1  I 

P3  =  -^  =  M2{X  +  tiei)  +  ^— 6*2^21, 
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respectively.  The  partial  derivatives  of  the  Lagrangian  with  respect  to  the  generalized 
coordinates  9i,  62,  and  x  are 

^  =  ^02  [±521  +  0,{e,S2i  -  XC21)]  -  (^  +  M2)geiSi  +  M29XC1, 


■^Z~  = 7;—X^2S21 7^0i92{ilS21  -  XC21) 

OU2  ^  ^ 


171212 


9S2, 


|=^..Sf 


m2£2 


6162821  -  kx  -  M29S1, 


respectively. 

Lagrange's  formulation  then  yields  the  equations  of  motion  of  the  problem  as 


{^  +  M2)il  +  M2X^   -^{ 
W2^2  , 


1C21+XS21)       M2I1 


hC21+xS2l) 


^2^2  "^2^ 


M2£l 
2M2XX61  - 


m2i2 


C21 


2 
M2 


C21 


'^'%iS2,-xC2,)6l 


< 


2 

m2i2xeiS2i  +  "^{£1821  -  xC2i)el 


_A^,,^2_-2^2,2 


26*21  +  kx 


+  < 


C^+M2)9hSi+M29xCi 

"T.2^2      ^ 
-^982 

M2gSi 


This  Lagrangian  approach  to  the  problem  should  be  contrasted  with  Newton's 
formulation  discussed  in  example  6.5.  As  shown  in  fig.  6.17,  Newton's  formulation 
involves  the  internal  forces  at  the  joint,  Fs  and  R,  and  the  reaction  forces  at  point 
O,  Vo  and  Hq-  With  Lagrange's  formulation,  the  internal  and  reaction  forces  are 
eliminated  because  the  work  they  perform  vanishes  and  the  elastic  force  in  the  spring 
is  taken  into  account  by  the  strain  energy  of  the  spring. 

Example  8.14.  The  milling  machine 

Consider  the  simplified  model  of  a  milling  machine  depicted  in  fig.  6.28.  The  tool 
support  is  a  rigid  body  of  mass  m  and  moment  of  inertia  I'^  with  respect  to  point  O 
connected  to  the  ground  at  point  O.  Its  center  of  mass  is  located  at  point  A,  which 
is  at  a  distance  li  from  point  O.  A  torsional  spring  of  stiffness  constant  kg  and 
un-stretched  rotation  6q,  and  a  torsional  dashpot  of  constant  cq  act  at  point  O.  Let 
frame  T^  =  [0,£  =  (ei,  62)]  be  attached  to  the  tool  support;  the  angle  between 
unit  vectors  ii  and  ei  is  denoted  0.  A  massless,  rigid  bar  DB  of  length  (.2  is  free  to 
slide  inside  the  tool  support.  A  spring  of  stiffness  constant  k^  and  the  un-stretched 
length  xq,  and  a  dashpot  of  constant  Cx  connect  the  tool  support  at  point  A  to  the  bar 
at  point  D. 
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At  point  B,  the  bar  connects  to  the  miUing  machine  tool,  which  is  free  to  rotate 
about  point  B.  Let  frame  T^  =  [B,  B  =  (&i,  62)]  be  attached  to  the  tool,  which 
center  of  mass  C  is  located  a  distance  d  along  axis  61.  The  tool  rotates  at  a  constant 
angular  velocity,  fi,  with  respect  to  the  bar,  such  that  the  angle  between  unit  vectors 
ei  and  61  is  (/)  =  fit.  The  tool  is  of  mass  M  and  moment  of  inertia  I^  with  respect  to 
point  B.  Derive  the  equations  of  motion  of  the  system  using  Lagrange's  formulation 
and  the  following  generalized  coordinates:  9  and  x,  the  distance  from  point  A  to  D. 

The  kinetic  energy  of  the  system  consists  of  two  parts:  the  kinetic  energy  of 
the  tool  support  and  that  of  the  tool.  Since  point  O  is  an  inertial  point,  the  kinetic 
energy  of  the  tool  support  is  simply  I'-'O'^ /2.  The  kinetic  energy  of  the  tool  is  the 
sum  of  its  translational  and  rotational  components.  The  position  vector  of  the  center 
of  mass  of  the  tool  is  r ^  =  {ti  +  (.2  +  x)  ei  +  dhi  and  its  velocity  then  becomes 
y_(j  =  xei  +  {li  +  £2  +  x)9  €2  +  d{9  +  i?)  62-  Because  the  angular  velocity  of  the 
tool  is  {9  +  Q),  the  kinetic  energy  of  the  system  becomes 

K  =\l09^  +  ]^M\\vcr  +  h^{9  +  Qf 

=  1  [/o  ^  M(£i2  +  xf  +  2Md{h2  +  x)C^]  ^2  +  iMi2  +  i/B(^  +  Qf 

-  Mdx{9  +  Q)S^  +  Md{£i2  +  x)Q9C^, 

where  S^  =  sin(/),  C^  =  cos(f>,  and  £12  =  £1  +  i?2-  The  parallel  axis  theorem  was 
used  to  define  I^  =  /*-^  +  Md"^,  where  I^  is  the  moment  of  inertia  of  the  tool 
evaluated  with  respect  to  point  B. 

The  potential  of  the  gravity  forces  is  easily  found  as  V  =  —mgliCe  — 
Mg  [(£12  +  x)C0  +  dCe+c/,],  where  Sg  =  sin 6*,  Cg  =  cos6,  Sg+^j,  =  sm{9  +  (f>), 
and  Cg+fj,  =  cos(9  +  (f>).  The  Lagrangian  of  the  system  now  becomes 

L  =  i  [/O  +  M(£i2  +  a;)2  +  2Md{li2  +  s)^^]  9^  +  ^Mx^ 

+  -1^(9  +  Qf  -  Mdx{e  +  0)84,  +  Md{li2  +  x)n9C4 
+  mgiiCg  +  Mg  [(£12  +  x)Cg  +  dCg+4]  . 

The  generalized  momenta  of  the  system  are  found  by  taking  the  partial  deriva- 
tives of  the  Lagrangian  with  respect  to  the  generalized  velocities  to  find 

dL 

pg  =  -.  =  \l°  +  M{£i2  +  xf  +  2Md{h2  +  x)CA  9 
89 

+  I^{9  +  n)-  MdxS^  +  Md{li2  +  x)QC4„ 


and 


p^=         =Mx-  Md{e  +  Q)S4,. 


Finally,  the  derivatives  of  the  Lagrangian  with  respect  to  the  generalized  coordinates 
are  found  as 
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and 


dL 

—  =  -mgliSe  -  Mg  [(^12  +  x)Se  +  dSe+<t>] 


dL 

—  =  M{£i2  +  x)6'2  +  Mde^C^  +  MdQOC^,  +  MgCo 


The  governing  equations  of  motion  of  the  system  then  follow  from  Lagrange's 
equation  as 

/O  +  /^  +  M{li2  +  xf  +  2Md{li2  +  x)C^  -MdS^ 
-MdS^  M 

(2M  [(£12  +x)  +  dC^]  xO  -  Md{ii2  +  x)QS^{2e  +  Q) 

\  -M{ii2  +  x)e'^  -  Md{9  +  nfc^, 

[Mg  [(£12  +  x)Se  +  dSe+4\  +  mgi^Se  -  Qe 
\  -MgCe  -  Q. 

To  evaluate  the  generalized  forces,  Qq  and  Q^,  the  virtual  work  done  by  the  ex- 
ternally applied  forces  is  computed.  The  linear  spring/dashpot  system  applies  forces 
of  equal  magnitude  and  opposite  directions  at  point  A  and  D;  the  virtual  work  is  then 
8W  =  6r^{Fsdei)  +  (5r^(— FgdCi).  Since  r^  =  i?iei  and  r^  =  (£1  +  x)ei,  it  fol- 
lows that  5W  =  £iSee^{F,dei)  +  [SxeJ  +  (£1  +  x)60e^]  (-F.dei)  =  -6xF,d. 
Hence,  Qx  =  —Fgd,  where  Fsd  =  kx{x  —  xq)  +  CxX.  Similarly,  the  virtual  work 
done  by  the  torsional  spring/dashpot  is  simply  SW  =  59{—Msd),  leading  to  the  gen- 
eralized force  Qo  =  —Mgd,  where  Mgd  =  kg(9  —  Oq)  +  cqO.  The  elastic  springs 
of  stiffness  constants  ko  and  k^  could  have  been  accounted  for  through  strain  en- 
ergy expressions,  V  =  1/2  kg{0  —  Oq)'^  and  1/2  kx(x  —  xq)'^,  respectively.  In  this 
particular  case,  however,  it  is  convenient  to  treat  the  spring/dashpot  components  as 
single  units  and  compute  the  virtual  work  done  by  both  elastic  and  viscous  forces 
simultaneously. 

Example  8.15.  The  quick  return  mechanism 

The  quick  return  mechanism  shown  in  fig.  8.9  consists  of  a  uniform  crank  of  length 
Lc  and  mass  rric,  and  of  a  uniform  arm  of  length  La  and  mass  ma-  The  crank  is 
pinned  at  point  R  and  the  arm  at  point  O;  the  distance  between  these  two  points  is 
denoted  d.  At  point  S,  a  slider  allows  the  tip  of  the  crank  to  slide  along  the  arm.  A 
mass  M  is  attached  at  point  T,  the  tip  of  the  arm.  A  spring  of  stiffness  constant  k 
connects  point  T  to  inertial  point  A;  the  spring  is  un-stretched  when  the  arm  is  in  the 
vertical  position.  Use  Lagrange's  formulation  to  derive  the  equations  of  motion  of 
the  problem. 

This  is  a  single  degree  of  freedom  problem,  and  angle  0  will  be  selected  as  the 
single  generalized  coordinate.  The  kinematics  of  the  problem  are  addressed  first. 
Considering  triangle  ORS,  it  is  clear  that  jS  =  (j)—  6,  and  the  law  of  sines  then  yields 
Lc  sm{(t>  —  9)  =  d  sin  (p.  Solving  for  angle  (f)  leads  to 

LcSe  1  —  LcCe 

tan0  =  -- -r-TT^      (^4>  = .  -  ^=, 

^-LcCi  V2(l-icCe)-(l-L2)' 
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Fig.  8.9.  Quick  return  mechanism. 


where  Lc  =  Lc/d,smd  =  Se,cos9  =  Ce,andcos0  =  C^.  A  time  derivative  of  the 
first  equation  yields  the  relationship  between  the  angular  velocities  of  the  two  bar, 


(l-X,Ce)-(l 


a^ 


2{l  -  L,Ce)  -  {I  -  LI) 


h{9)9. 


The  system's  kinetic  energy  is  K  =  [nicL^O^/S  +  [M  +  mal'^)L\^'^\l2,  where 
the  first  term  represents  the  kinetic  energy  of  the  crank  and  the  second  that  of  the  arm. 
The  following  non-dimensional  time  is  introduced:  r  =  wt,  where  us^  =  k/M,  and 
notation  (•)'  indicates  a  derivative  with  respect  to  r.  The  system's  non-dimensional 
kinetic  energy  now  becomes 


K 


K 

kdP 


^  +  (1  +  ^^)Llh' 


where  La  =  La/d,  fia  =  nia/M,  and  ^c  =  nic/M. 

The  potential  energy  of  the  spring  is  V^  =  1/2  fczi^,  where  A  is  the  stretch  of 
the  spring.  The  law  of  cosines  applied  to  triangle  OMA  yields  Z\^  =  L^  +  L^  — 
2La  cos(7r  —  (/))  =  2L^(1  +  C^).  The  non-dimensional  potential  of  the  spring  then 
becomes 

V 


A^=^^(l+^' 


0^ 


The  non-dimensional  Lagrangian  of  the  system  is  L 
the  generalized  momentum  is 


L/{kd^ 


K-V,  and 


Pe' 


dL 
d9' 


f^cLl 


il  +  ^)Llh^ 


The  derivative  of  the  Lagrangian  with  respect  to  the  generalized  coordinate  9  is 


',^(l+-).^^'^/. 

where 

dh 

(1- 

-  Ll)L,Se               dC^ 

dh 
dd 
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L 


"  de 


hLcSg 


de 


[2{l -L^Cg)- {I -Ll)\ 


86 


^2{l-L,Ce)-{l-Ll) 


Finally,  the  single  equation  of  motion  of  the  problem  is  found  from  Lagrange's 
formulation  as 


(1 


tJ-a. 


0. 


(8.61) 


Although  the  quick  return  mechanism  is  a  simple  mechanical  system  that  features  a 
single  degree  of  freedom,  the  system's  equation  of  motion  is  complex  and  extensive 
algebraic  manipulations  are  required  for  its  derivation. 


Fig.  8.10.  Angular  position  of  the  two  bars.       Fig.  8.11.  Angular  velocities  of  the  two  bar, 
6,  solid  line,  and  (j),  dashed  line.  9' ,  solid  line,  and  (j)' ,  dashed  line. 


The  system  was  simulated  for  the  following  values  of  the  non-dimensional  pa- 
rameters of  the  system:  La  =  3,  Lc  =  0.5,  Ha  =  1,  fie  =  2.4.  At  the  initial  time, 
the  crank  is  in  the  vertical  position,  9  =  0  and  9'  =  2.  The  system  was  simulated 
for  T  e  [0, 1.2],  which  corresponds  approximately  to  one  complete  revolution  of  the 
crank.  Figure  8.10  shows  the  time  histories  of  the  angular  positions  of  the  two  bars, 
9  and  (f>,  and  their  angular  velocities  are  depicted  in  fig.  8.11.  At  times  r  =  0.2762 
and  0.8806,  the  angular  velocity  of  the  crank  change  very  rapidly  and  that  of  the  arm 
quickly  changes  sign.  This  con^esponds  to  the  configuration  of  the  system  when  the 
crank  is  perpendicular  to  the  arm,  forcing  a  quick  reversal  of  the  arm's  direction  of 
motion. 

Figure  8.12  shows  the  evolution  of  the  system's  kinetic  and  potential  energies. 
Because  the  system  is  conservative,  the  total  mechanical  energy  of  the  system  re- 
mains constant,  as  also  depicted  in  the  figure. 
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Fig.  8.12.  System  energies:  kinetic  energy, 
solid  line;  potential  energy,  dashed  line;  to- 
tal mechanical  energy,  dashed-dotted  line. 


Fig.  8.13.  Non-dimensional  magnitude  of  the 
force  at  point  S. 


The  reaction  and  internal  forces  of  the  system  are  automatically  eliminated  when 
using  Lagrange's  formulation.  It  is  often  important,  however,  to  evaluate  both  reac- 
tion and  internal  force.  Of  particular  interest  in  this  case  is  the  internal  force  in  the 
slider.  Because  this  force  was  eliminated  from  the  formulation,  Lagrange's  equations 
provide  no  information  concerning  these  forces. 

Figure  8.9  shows  a  free  body  diagram  of  the  crank;  at  its  tip,  the  force  exerted 
by  the  slider  on  the  crank,  denoted  Fg,  is  acting  in  the  direction  normal  to  the  arm. 
For  this  planar  system,  the  pivot  equation  written  with  respect  to  point  R  yields 
nicL'^d/^  =  —Fs  cGs(7r  —  (f>  +  6).  In  non-dimensional  form,  this  becomes 


F., 


F^  ^  p.clc^2{l-L,Cg)-{l-Ll)^„ 
kL,  3        (I  -  L,Cg)  -  (1  -  Ll) 


Figure  8.13  shows  the  time  history  of  the  force  the  slider  applies  on  the  crank.  At 
times  T  =  0.2762  and  0.8806,  large  magnitudes  of  this  force  is  observed.  At  these 
two  instants,  the  crank  is  normal  to  the  arm,  which  reverses  the  direction  of  its  mo- 
tion, leading  to  large  accelerations  and  hence,  large  forces. 

Example  8.16.  Equations  of  motion  of  a  rigid  body 

Figure  8.14  depicts  a  rigid  body  defined  by  frame  T^  =  [B,S*  =  (^1,62,^3)], 
where  point  B  is  a  reference  point  on  the  body  and  B*  a  body  attached  basis.  The 
displacement  vector,  u,  defines  the  location  of  the  reference  point  B  of  the  rigid 
body  with  respect  to  inertial  frame  T^  =  [0,I  =  («i,  «2,  ^s)]-  Let  R  be  the  rotation 
tensor  that  bring  basis  I  to  basis  B* ,  resolved  in  basis  I.  The  body  is  subjected 
to  external  forces,  F_,  and  external  moments,  M^,  computed  with  respect  to  the 
reference  point  of  the  body.  Find  the  equations  of  motion  of  the  rigid  body  using 
Lagrange's  formulation  and  contrast  the  resulting  equations  with  those  obtained  in 
example  8.6  using  Hamilton's  principle. 

In  example  8.6,  the  kinetic  energy  of  the  rigid  body  was  derived  as  eq.  (8.31), 
where  the  6x6  mass  matrix,  Al*  ,  of  the  rigid  body  is  given  by  eq.  (8.32)  and  the 
velocity  array,  V*,  by  eq.  (8.33).  Finally,  the  components  of  the  linear  and  angular 
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Fig.  8.14.  Configuration  of  a  rigid  body. 


momentum  vectors  of  the  body  were  defined  by  eq.  (8.34).  The  generalized  coordi- 
nates of  the  system  are  the  three  displacements,  u,  of  the  reference  point  of  the  body 
and  three  parameters,  q,  defining  rotation  tensor  R.  These  parameters  could  be  a  set 
of  Euler  angles  with  a  specific  sequence,  as  defined  in  section  4.11.  For  this  problem, 
the  Lagrangian  of  the  system  simply  equals  its  kinetic  energy,  L  =  K. 

The  generalized  momenta  of  the  system  are  computed  with  the  help  of  the  chain 
rule  for  derivatives 


dii 


dV* 


dii 


dK 


dL 
dq 


dV* 
dq 


OK 


{ g  K^E }  V*  =  K^Eb*  =  K^h, 


where  p  =  EP*  'ind  h  =  Eh*  ^6  the  components  of  linear  and  angular  momentum 
vectors  of  the  body,  both  resolved  in  basis  X.  As  expected,  the  generalized  momen- 
tum associated  with  the  generalized  velocities  u  are  the  components  of  the  linear 
momentum  vector  of  the  rigid  body  in  the  inertial  frame.  To  compute  the  generalized 
momenta  associated  with  the  generalized  velocities  q  it  is  important  to  recognize  that 
the  angular  velocity  vector  is  related  to  the  time  derivative  of  the  rotation  parameters, 
q.  Indeed,  w*  =  E  '^  =  R  ILq^  where  the  tangent  operator,  H_,  is  defined  in  sec- 
tion 4.11  if  Euler  angles  with  various  sequences  are  used  to  represent  the  orientation 
of  the  rigid  body.  It  then  follows  that  duf  /dq  =  R  H_.  The  generalized  momentum 
associated  with  the  generalized  velocities  q  is  not  the  angular  momentum,  h,  of  the 
body,  but  rather  H_  h. 

The  next  step  is  to  evaluate  the  derivatives  of  the  Lagrangian  with  respect  to  he 
generalized  coordinates.  Clearly,  dL/du  =  0  since  the  displacement  vector  u  does 
not  appear  in  the  Lagrangian.  The  derivative  of  the  Lagrangian  with  respect  to  the 
rotation  parameters  now  becomes 


dL 
dq 


dV* 
dq 


H'u  p- 


dK 
dV^ 


tT~ 


du* 
dq 


Hfu   E, 


R^h. 


duj_* 
dq 


iT 


R^R  \  V* 
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To  derive  these  results,  eq.  (4.82)  was  used  to  obtain  d{^ u) / dq  =  ^uH.  Further- 
more, d  [i?  w]  /dq  =  dui*  /dq  =  R  R  du*  /dq.  Finally,  in  view  of  identity  (4.85), 
this  simplifies  to 

—-  =  H^u  p  +  H   h. 
aq      —       -     — 

The  equations  of  motion  of  the  system  now  follow  from  Lagrange's  formulation 

as 

P  =  F, 

where  F_  are  the  generalized  forces  associated  with  generalized  coordinates  u  be- 
cause the  corresponding  virtual  work  is  5W  =  Su^F_,  and 

[K^h] '  -  K^u^P  -  H^h  =  K^Mg, 

where  i£  M^  are  the  generalized  forces  associated  with  generalized  coordinates  q 
because  the  corresponding  virtual  work  is  6W  =  5tp   M_g  =  Sq^H_  M_q  . 

The  first  equation  is  the  familiar  equation  of  motion  for  the  center  of  mass  and 
is  identical  to  that  obtained  from  Hamilton's  principle,  see  eq.  (8.37a).  The  second 
equation  is  not  identical  to  its  counterpart,  eq.  (8.37c),  obtained  from  Hamilton's 
principle.  Expanding  the  time  derivative  of  the  first  term  leads  to 


MJ'  [h  +  up\  =^Mb. 


In  this  form,  it  is  apparent  that  the  equations  of  motion  obtained  from  Lagrange's 
formulation  are  a  linear  combination  of  those  resulting  from  Hamilton's  principle. 

This  example,  which  involves  the  three-dimensional  rotation  of  a  rigid  body,  calls 
for  the  following  remarks  concerning  the  application  of  Lagrange's  method.  From 
the  onset,  this  approach  describes  the  system  in  terms  of  a  specific  set  of  general- 
ized coordinates.  The  formulation  requires  the  choice  of  a  specific  set  of  parameters, 
q,  to  represent  the  three-dimensional  rotation  because  the  derivation  of  the  equa- 
tions of  motion  will  require  the  computation  of  the  following  derivatives:  dL/dq 
and  dL/dq.  Consequently,  the  angular  velocity  vector,  which  the  kinetic  energy  ex- 
plicitly depends  on,  must  be  expressed  in  terms  of  these  parameters  as  a;  =  H{q)q. 
The  equations  of  motion  depend  on  the  tangent  operator,  iJ,  which  is  specific  to  the 
parametrization  selected  to  represent  finite  rotations. 

This  contrasts  with  d'Alembert's  and  Hamilton's  formulations  that  do  not  re- 
quire the  selection  of  specific  rotation  parameters,  see  eqs.  (8.7a)  and  (8.7b)  for 
d'Alembert's  principle  and  eqs.  (8.37a)  to  (8.37c)  for  Hamilton's  principle.  These 
two  approaches  are  based  on  the  concept  of  virtual  rotation  and  lead  to  intrinsic 
equations  of  motion,  i.e.,  equations  that  are  independent  of  the  specific  choice  of  ro- 
tation parameters.  The  use  of  Lagrange's  formulation  also  complicates  the  algebra 
because  derivatives  such  as  duj_/dq  and  dui/dq  are  required  obtain  the  equations  of 
motion.  Furthermore,  identity  (4.85)  is  required  to  simplify  the  equations  of  motion. 
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8.3.1  Problems 

Problem  8.26.  Particle  sliding  along  a  circular  ring 

Solve  problem  3.12  using  Lagrange's  formulation. 

Problem  8.27.  Flexible  pendulum  on  a  slider 

Solve  problem  3.34  using  Lagrange's  formulation. 

Problem  8.28.  Pendulum  with  rotating  mass 

Solve  problem  4.38  using  Lagrange's  formulation. 

Problem  8.29.  Plate  hinged  at  the  rim  of  a  rotating  disk 

Solve  problem  6. 14  using  Lagrange's  formulation. 

Problem  8.30.  Bar  hinged  at  rim  of  rotating  disk 

Solve  problem  6.27  using  Lagrange's  formulation. 

Problem  8.31.  Rolling  cylinder  with  bar 

Solve  problem  6.30  using  Lagrange's  formulation. 

Problem  8.32.  Rolling  cylinder  with  articulated  bar 

Solve  problem  6.31  using  Lagrange's  formulation. 

Problem  8.33.  Double  pendulum  with  elastic  joint 

Solve  problem  6.33  using  Lagrange's  formulation. 

Problem  8.34.  Pendulum  with  sliding  mass 

Solve  problem  6.34  using  Lagrange's  formulation. 

Problem  8.35.  Suspension  system 

Solve  problem  6.36  using  Lagrange's  formulation. 

Problem  8.36.  Bar  rocking  on  top  of  a  curve 

Solve  problem  6.38  using  Lagrange's  formulation. 

Problem  8.37.  Pendulum  connected  to  a  plunging  mass 

Solve  problem  6.39  using  Lagrange's  formulation. 

Problem  8.38.  Two-bar  mechanism 

Solve  problem  6.40  using  Lagrange's  formulation. 

Problem  8.39.  Particle  sliding  in  a  rolling  wheel 

Solve  problem  6.43  using  Lagrange's  formulation. 

Problem  8.40.  Particle  in  a  slot  on  a  rotating  disk 

Solve  problem  6.44  using  Lagrange's  formulation. 

Problem  8.41.  Pendulum  connected  to  horizontal  piston 

Solve  problem  6.45  using  Lagrange's  formulation. 

Problem  8.42.  Inverted  pendulum  mounted  on  a  cart 

Solve  problem  6.46  using  Lagrange's  formulation. 
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Problem  8.43.  Geneva  wheel  mechanism 

Solve  problem  6.47  using  Lagrange's  formulation. 

Problem  8.44.  Scotch  yoke  mechanism 

Solve  problem  6.48  using  Lagrange's  formulation. 

Problem  8.45.  Particle  in  a  circular  slot  with  guiding  arm 

Figure  8.15  shows  a  particle  of  mass  J\/  sliding  along  a  circular  slot  of  radius  R.  The  particle 
also  slides  in  a  rectilinear  slot  in  an  arm  of  mass  m  and  length  L.  The  arm  is  pivoted  to  the 
ground  at  point  O  and  is  restrained  by  a  torsional  spring  of  stiffness  constant  k  and  a  dashpot  of 
constant  c.  The  spring  is  un-stretched  when  angle  (j)  —  O.A  viscous  friction  force,  F-^  —  —^w 
is  acting  at  the  interface  between  the  particle  and  the  arm.  (1)  Derive  the  equation  of  motion 
of  the  system  based  on  Lagrange's  formulation  using  angle  <j)  as  generalized  coordinate.  (2) 
Find  an  expression  for  the  normal  contact  force  that  the  circular  slot  applies  on  the  particle. 
(3)  Find  an  expression  for  the  normal  contact  force  that  the  arm  applies  on  the  particle. 


Fig.  8.15.  Particle  in  a  circular  slot  with  guid- 
ing arm. 


Fig.  8.16.  Configuration  of  the  spatial  mech- 
anism. 


Problem  8.46.  Spatial  mechanism  subjected  to  a  torque 

The  spatial  mechanism  depicted  in  fig.  8.16  consists  of  an  arm  of  length  La  and  mass  nia 
attached  to  the  ground  at  point  S  and  rotating  about  the  unit  vector  n ;  the  angle  of  rotation  is 
denoted  6{t).  A  slender  rigid  link  connects  point  P,  at  the  tip  of  the  arm,  to  point  M  that  is 
free  to  slide  along  unit  vector  zi.  The  link  is  of  length  Lt  and  mass  rrif,  and  the  distance  from 
point  O  to  point  M  is  denoted  x.  A  spring  of  stiffness  constant  k  and  a  dashpot  of  constant  c 
connect  the  slider  to  point  O,  the  origin  of  the  inertial  system;  the  spring  is  un-stretched  when 
X  =  0.  Torque  Q{t)  is  applied  to  the  arm  at  point  S,  acting  about  an  axis  parallel  to  axis  ii. 
(1)  Use  Lagrange's  formulation  to  derive  the  equation  of  motion  of  the  system. 


8.4  Analysis  of  the  motion 

The  many  examples  presented  in  this  chapter  demonstrate  that  the  equations  of  mo- 
tion of  even  the  simplest  mechanical  systems  are  often  highly  nonlinear.  Conse- 
quently, analytical  solutions  can  rarely  be  developed  and  numerical  procedures  for 
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the  solution  of  ordinary  differential  equations  are  typically  used  to  obtained  approx- 
imate, although  highly  accurate  solutions. 

It  is  often  required  to  obtain  the  dynamic  response  of  a  system  subjected  to  exter- 
nally applied,  time-dependent  loads.  Such  information  can  only  be  obtained  through 
analytical  or  numerical  integration  of  the  equations  of  motion.  On  the  other  hand, 
information  about  the  nature  of  the  motion  is  sometimes  equally  important.  Assume 
that  for  a  given  set  of  initial  conditions,  a  dynamical  system  is  at  an  equilibrium  point 
in  the  configuration  space.  The  following  question  then  arises:  if  perturbed,  does  the 
system  remain  in  the  neighborhood  of  this  equilibrium  point  for  an  extended  period 
of  time? 

Let  q  be  an  equilibrium  point  of  the  system  in  the  configuration  space  and  con- 
sider a  hyper-sphere  of  radius  e  around  this  point,  S  =  {q  ,  e).  The  question  raised  in 
the  previous  paragraph  is  now  rephrased  in  more  precise  terms:  if  the  system  is  at  the 
equilibrium  point  and  a  small  perturbation  is  applied,  will  the  response  of  the  system 
remain  in  S  for  all  subsequent  times?  The  equilibrium  point  is  said  to  be  stable  if  the 
response  of  the  system,  q{t),  is  such  that  q{t)  e  S  for  all  times  t  e  [0,  oo].  If  this 
condition  is  not  met,  the  equilibrium  point  is  said  to  be  unstable. 

In  most  practical  cases,  it  is  desirable  for  dynamical  systems  to  be  stable  about 
their  nominal  operating  conditions.  Consequently,  assessing  the  stability  characteris- 
tics of  the  system  about  its  equilibrium  points  is  an  important  task  and  a  procedure  for 
determining  the  linearized  stability  characteristics  of  dynamical  systems  is  described 
below. 

8.4.1  General  procedure  for  the  analysis  of  motion 

Given  the  nonlinear  equations  of  motion  of  a  dynamical  system,  the  determination 
of  the  linearized  stability  characteristics  proceeds  in  the  following  steps. 


1.  Determine  the  equilibrium  points  of  the  system.  An  equilibrium  point,  g  ,  is  a 
steady  solution,  q  ^  q  {t),of  the  nonlinear  governing  equations  of  the  system. 
Consequently,  equilibrium  points  are  the  solutions  of  the  nonlinear  algebraic 
equations  obtained  by  imposing  the  vanishing  of  all  time  derivatives  appearing 
in  the  governing  differential  equations.  Because  these  algebraic  equations  are 
nonlinear,  multiple  equilibrium  points  could  exist. 

2.  Linearize  the  governing  equations  of  motion  about  the  equilibrium  points.  The 
dynamic  response  of  the  system,  q{t),  is  assumed  to  take  the  following  form, 

q{t)=q^  +  m,  (8.62) 

where  q{t)  are  small  perturbations  in  the  generalized  coordinates  about  an  the 
equilibrium  point,  q  .  Each  term  in  the  governing  equations  of  motion  is  then 
expanded  using  Taylor  series  about  the  equilibrium  point.  For  instance,  if  f{q) 
is  a  term  appearing  in  the  equations. 


/(9W)  =  /(9,  +  9W)  =  /(?J+|^ 


q{t)+\i.o.i.  (8.63) 
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Because  the  perturbation,  q{t),  is  very  small,  the  higher-order  terms  can  be  ne- 
glected and  f{q)  now  becomes  a  linear  function  of  the  perturbation.  A  similar 
procedure  is  applied  to  all  terms  in  the  governing  equations  that  now  become 
linear,  ordinary  differential  equations  with  constant  coefficients. 
3.  Study  the  stability  of  the  motion.  The  equations  governing  the  behavior  of  small 
perturbations  about  an  equilibrium  point  are  now  in  the  form  of  linear,  second- 
order  ordinary  differential  equations  with  constant  coefficients.  The  solution  of 
this  type  of  equations  is  of  the  following  form  [27], 


2n 


q{t)  =^Aiexp(p,i), 


(8.64) 


where  n  is  the  number  of  degrees  of  freedom  of  the  system,  Ai  the  integration 
constants,  and  pi  the  characteristic  exponents.  Both  integration  constants  and 
characteristic  exponents  are,  in  general,  complex  numbers. 
It  now  becomes  possible  to  asses  the  behavior  of  small  perturbations  about  an 
equilibrium  point.  Each  characteristic  exponent  is  written  as  pi  =  a^  +  jai, 
where  j  =  \/—l,  and  consequently,  if  the  real  part  of  any  characteristic  expo- 
nent is  positive,  the  magnitude  of  the  small  perturbation  grows  exponentially, 
eventually  leaving  sphere  S.  The  conditions  for  stability  of  perturbations  about 
an  equilibrium  point  become 


5R(pi)  <0,i  =  l,2,...,2n. 
This  procedure  is  illustrated  in  the  following  examples. 


(8.65) 


Example  8.17.  Particle  sliding  along  a  circular  ring 

Figure  8.17  depicts  a  particle  of  mass  m  sliding  along  a  circular  ring  of  radius  I 
under  the  effect  of  gravity.  The  ring  rotates  on  two  bearing  about  an  unit  vector  it,  ;  a 
torque  Q[t),  acting  about  unit  vector  13,  is  applied  to  the  ring.  Find  the  equilibrium 
points  of  the  system  and  study  the  stability  of  the  system  at  those  equilibrium  points. 


Fig.  8.17.  Particle  sliding  along  a  circular  ring. 
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Derivation  of  the  equations  of  motion 

The  first  step  of  the  procedure  is  to  develop  the  equations  of  motion  of  the  system. 
The  addition  theorem  gives  the  angular  velocity  of  rod  OP  as  a;  =  (jn^  +  6e2.  The 
velocity  of  the  particle  then  becomes  y_p  =  £{9Cgei  +  <j>See2  —  9Sge^),  where  5*^  = 
sin  6  and  Ce  =  cos  9.  The  kinetic  energy  of  the  system  is  now  K  =  1/2  ml'^  {(P  + 
(p^Sg).  The  potential  of  the  gravity  forces  is  y  =  ■mg£{l  —  Ce)  and  the  Lagrangian 
of  the  system  becomes 

L  =  ^mf{e^  +  ^^S^)  -  mgi{l  -  Ce). 

Using  Lagrange's  formulation,  the  equations  of  motion  of  the  system  are  then 
obtained 

e  +  (a;2  -  ,p^Ce)Se  =  0,  (8.66a) 

to£2((/,S'2)-  =  Q,  (8.66b) 

where  w^  =  g/£. 

Next,  it  is  assumed  that  the  circular  ring  rotates  at  a  constant  angular  velocity, 
(f>  =  n.  The  system  now  features  a  single  degree  of  freedom  represented  by  general- 
ized coordinate  9,  and  the  associated  governing  equation,  eq.  (8.66a),  now  becomes 
9  +  (cj^  —  Q'^Ce)Se  =  0,  and  eq.  (8.66b)  yields  the  torque  required  to  keep  the  ring 
rotating  at  a  constant  angular  velocity,  Q  =  m£'^f2{Sg)'. 

It  will  be  convenient  to  recast  the  governing  equation  of  the  problem  in  a  non- 
dimensional  form  by  using  the  non-dimensional  time  t  =  fit  to  find 

6*"  +  (a;2  _  Ce)Se  =  0,  (8.67) 

where  u)  =  uj/il  and  notation  (•)'  indicates  a  derivative  with  respect  to  t. 

Determination  of  tlie  equilibrium  points 

Equilibrium  points,  denoted  9^,  are  steady  solutions  of  the  governing  differential 
equation  of  motion  and  are  obtained  by  imposing  the  vanishing  of  all  time  derivatives 
appearing  in  eq.  (8.67),  leading  to 

(lu"^  -CeJSe,=0.  (8.68) 

The  vanishing  of  the  second  factor  yields  two  equilibrium  points,  9^  =  0  or 
TT.  The  other  solutions,  9^  =  nir  for  n  =  2,  3, . . . ,  oo  are  indistinguishable  from 
the  first  two  and  hence,  need  not  be  considered.  The  vanishing  of  the  first  factor 
yields  additional  equilibrium  points,  9^  =  arccoso)^.  Solutions  ±9^  are  symmetric 
with  respect  to  the  vertical  axis  of  the  ring  and  are  physically  indistinguishable.  Of 
course,  this  solution  only  exists  when  ui'^  <  1.  In  summary,  the  system  presents  three 
distinct  equilibrium  points:  9^  =  0,6^  =  it,  and  9^  =  arccoso;^  if  o;^  <  1. 

At  the  equilibrium  points,  the  particle  is  not  necessarily  at  rest  in  space.  For 
9e  =  arccosoj^,  the  particle  movesonacircularpath  of  radius£S'e_.  in  a  plane  normal 
to  unit  vector  i^,  but  this  trajectory  corresponds  to  a  constant  value  of  generalized 
coordinate  0(t)  =  9^- 
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Linearization  of  the  equations  of  motion 

The  next  step  of  the  procedure  is  to  linearize  the  equations  of  motion  about  an  equi- 
librium point.  The  solution  is  written  as 

e{T)  =  6,  +  e{T),  (8.69) 

where  O^.  is  one  of  the  equilibrium  points  determined  in  the  previous  section  and 
9{t)  a  time-dependent  perturbation  of  infinitesimal  magnitude  about  the  equilibrium 
point. 

The  governing  equation  of  the  problem,  eq.  (8.67),  is  nonlinear  due  to  the  pres- 
ence of  transcendental  functions,  cos0  and  smO.  Introducing  the  assumed  form  of 
the  solution,  eq.  (8.69),  the  cosine  function  is  approximated  using  a  Taylor  series 
expansion,  eq.  (8.63),  to  find 


C0S6  =  COs{0e  +  0)  =  COsOe  H TTi: — 


6'(t)+h.o.t.  Kicos9e-0i 


This  expression  is  now  a  linear  function  of  the  perturbation,  0.  A  similar  treatment 
of  the  sine  function  yields 


"  (J  sm  t 

sm6  =  sin(0e  +  0)  =  sin^e  +  — — — 


e{t)  +  h.o.t. 


Introducing  these  expansions  into  the  nonlinear  governing  equation  of  the  prob- 
lem, eq.  (8.67),  yields  6"  +  (a;^ _ cos 9^+6  s\n ^e) (sin  6ie -I- ^  cos ^e)  =  0.  Taking  into 
account  the  definition  of  the  equilibrium  points,  eq.  (8.68),  and  neglecting  higher- 
order  terms  leads  to  the  desired  linearized  equation  of  motion  for  small  perturbations 
about  an  equilibrium  point. 


9"  +  (a;2  cos  9^  -  cos  29^)9  =  0.  (8.70) 


Analysis  of  motion 


Because  eq.  (8.70)  is  a  linear  differential  equation  with  constant  coefficients,  its  so- 
lution is  of  the  form  9  =  Aexp(pr).  Introducing  this  solution  into  eq.  (8.70)  yields 
the  characteristic  exponent  of  the  system  as 

p^  =COii29e-U?COs9e.  (8.71) 

It  now  becomes  possible  to  discuss  the  stability  of  the  system  about  its  three  distinct 
equilibrium  points. 

I.  Equilibrium  point  9^  =  0.  For  this  point,  cos^e  =  1,  cos 26*2  =  1,  and  the 
characteristic  exponent  becomes  p^  =  l  —  o;^.  The  systemis  stable  if  l  —  o)^  <  0, 
i.e.  when  uj  >  1.  In  this  case,  the  non-dimensional  frequency  of  the  motion  is 

(T  =  a/Q  =  \JgP-  —  1. 
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2.  Equilibrium  point,  9e  =  tt.  For  this  point,  008  6*6  =  —1,  cos20e  =  1,  and  the 
characteristic  exponent  becomes  p^  =  1  +  o)^.  Because  1  +  o;^  >  0,  the  system 
is  always  unstable  about  this  equilibrium  point. 

3.  Equilibrium  point  9 e  =  arccosd)^.  For  this  point,  cos^e  =  w^,  cos2^e  =  2a;^  — 
1,  and  the  characteristic  exponent  becomes  p^  =  uj*  —  1.  The  system  is  stable  if 
w^  —  1  <  0,  i.e.  when  a)  <  1.  In  this  case,  the  non-dimensional  frequency  of  the 
motion  is  ct  =  yl 


,7,4 


In  the  discussion  thus  far,  parameter  ui  was  used  as  a  variable.  To  better  under- 
stand the  physical  behavior  of  the  system,  it  is  easier  to  take  lj  =  g/£  to  be  constant, 
and  evaluate  the  stability  of  the  system  as  the  non-dimensional  angular  speed  of  the 
ring,  D  =  n/uj  =  1/uj,  increases.  For  equilibrium  point  O^.  =  it,  the  system  is 
always  unstable  for  any  value  of  the  ring's  angular  speed. 
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Fig.  8.18.  Top  figure:  location  of  the  sta- 
ble equilibrium  point.  Bottom  figure:  non- 
dimensional  frequency  of  the  motion,  a  = 
a/ui.  Horizontal  axis  is  the  non-dimensional 
angular  speed  of  the  ring,  D  —  QJlo. 


Fig.  8.19.  System  response  for  fl  =  0.5 
(top  figure)  and  fl  =  2  (bottom  figure). 
Solid  line:  nonlinear  solution;  dashed  line: 
linearized  solution.  The  dashed-dotted  line  is 
the  nonlinear  solution  with  damping. 


When  the  ring  rotates  slowly,  i?  <  1,  the  only  stable  equilibrium  point  is  Be  =  0. 
As  the  angular  speed  of  the  ring  increases,  the  critical  speed,  D  =  1,  is  reached. 
Above  that  speed,  equilibrium  point  9(,  =  0  becomes  unstable,  but  a  new  equilibrium 
position  arises,  9e  =  arccoso;^,  which  is  stable.  The  top  portion  of  fig.  8.18  shows 
the  stable  equilibrium  point  as  function  of  the  ring's  angular  speed. 

At  low  speed,  the  non-dimensional  frequency  of  the  motion  is  ct  =  a/uj  = 
Vl  —  i?-^,  while  above  the  critical  speed,  the  frequency  is  ct  =  \/n^  —  l/D^.  The 
bottom  portion  of  fig.  8.18  shows  this  frequency  as  function  of  the  ring's  angular 
speed.  For  high  angular  speeds  of  the  ring,  the  frequency  of  the  motion  is  ct  «  J7, 
i.e.,  the  frequency  of  oscillation  of  the  point  mass  is  nearly  identical  to  the  ring's 
angular  speed,  as  indicated  by  the  asymptote  shown  in  the  figure. 

To  verify  the  predictions  of  the  stability  analysis  presented  above,  the  nonlinear 
equation  of  motion  of  the  problem,  eq.  (8.67),  was  integrated  numerically  for  two 
operating  conditions,  f)  =  0.5  and  i?  =  2.  In  both  cases,  the  initial  conditions  are 
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9{t  =  0)  =  0.1  and  6'{t  =  0)  =  0,  which  put  the  particle  in  the  neighborhood  of 
equilibrium  point  9^  =  0- 

For  the  low  speed  case,  i?  =  0.5,  the  system  is  stable  about  equilibrium  point 
9e  =  0.  The  top  portion  of  fig.  8.19  shows  the  predicted  small  amplitude  oscillations 
of  the  mass  about  the  equilibrium  point  for  both  nonlinear  and  linearized  equations 
of  motion,  eqs.  (8.67)  and  (8.70),  respectively.  As  expected,  both  equations  predict 
nearly  identical  responses.  Indeed,  because  the  system  is  stable,  the  amplitude  of  the 
perturbation  remains  small,  and  the  assumptions  inherent  to  the  linearization  process 
are  valid. 

In  contrast,  for  the  high  speed  case,  D  =  2,  the  system  is  unstable  about  equi- 
librium point  9e  =  0.  The  figure  also  shows  the  exponential  growth  of  the  response 
predicted  by  the  linearized  equation.  As  the  magnitude  of  angle  9  increases,  the  lin- 
earized and  nonlinear  solutions  diverge.  The  linearized  solution,  however,  correctly 
predicts  that  the  particle  does  not  remain  in  the  neighborhood  of  ^e  =  0.  If  a  small 
amount  of  damping  is  added  to  the  system,  the  solution  of  the  nonlinear  equation, 
shown  in  dashed-dotted  line  in  the  bottom  portion  of  fig.  8.19,  quickly  settles  to 
a  new  equilibrium  point,  which  is  correctly  predicted  by  the  linearized  analysis  as 
9e  =  arccosw^  =  arccos(l/2)^  =  1.32  rad. 

Example  8.18.  Bar  pivoted  to  a  rigid  frame 

Figure  8.20  shows  a  homogeneous  bar  of  length  L  and  mass  m  connected  at  its  mid 
point  M  to  a  rotating  frame  ABCD  by  means  of  two  revolute  joints  at  points  Ri  and 
R2.  A  torsional  spring  of  stiffness  k  and  un-stretched  rotation  angle  /3o  is  present 
in  one  of  the  revolute  joints;  torque  Q(t),  acting  about  unit  vector  13,  is  applied  to 
the  frame.  Basis  A=  {0,1,0,2,  03)  is  attached  to  the  rotating  frame.  A  planar  rotation 
about  unit  vector  i^  of  magnitude  a  bring  the  inertial  basis  X  to  A.  A  planar  rotation 
about  axis  ai  of  magnitude  /3  brings  basis  AtoB=  (61,  62,  ^3),  which  is  attached 
to  the  bar.  The  configuration  of  the  system  will  be  represented  by  two  generalized 
coordinates,  a  and  /3.  Find  the  equilibrium  points  of  the  system  and  study  the  stability 
characteristics  of  the  system  at  those  equilibrium  points. 

Derivation  of  the  equations  of  motion 

The  first  step  of  the  procedure  is  to  develop  the  equations  of  motion  of  the  system. 
The  addition  theorem  gives  the  angular  velocity  of  the  bar  as  oj  =  $bi  +  aS ph2  + 
otCpb^,  where  Sp  =  sin/3  and  Cp  =  cos/3,  with  similar  notational  conventions  for 
the  trigonometric  functions  of  angle  a.  The  mass  moment  of  inertia  tensor  of  the 
bar  is  /*  =  mf^diag(l,  0, 1)/12,  see  fig.  6.42.  The  kinetic  energy  of  the  system  is 
now  K  =  1/2  m£^{l3^  +  a^C|)/12.  The  potential  of  the  torsional  spring  is  y  = 
1/2  fc(/3  —  /3o)^  and  the  Lagrangian  of  the  system  becomes 

Using  Lagrange's  formulation,  the  equations  of  motion  of  the  system  are  then 
obtained 
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=  33 


Fig.  8.20.  Homogeneous  bar  connected  to  a 
rotating  frame. 


Fig.  8.21.  Graphical  solution  of  the  tran- 
scendental equation  for  determining  the  equi- 
librium points.  Solid  line:  function  ./i(/3); 
dashed  line:  straight  line  /2  (/3)  for  /3o  ~  tt/A 
and  oj  =  0.2,  0.3,  0.4,  0.6,  and  0.8. 


/3- 


a  SpCp 


c^^(/3-/3o)  =  0, 
me{aC}y/l2  =  Q 


(8.72a) 
(8.72b) 


where  o;^  =  12fc/(m£^). 

Next,  it  is  assumed  that  the  rigid  frame  rotates  at  a  constant  angular  velocity,  a  = 
Q.  The  system  now  features  single  degree  of  freedom  represented  by  generalized 
coordinate,  /3,  and  the  associated  governing  equation,  eq.  (8.72a),  now  becomes  /3  + 
Q'^SpCp  +  ijJ^iP  —  Po)  =  0,  and  eq.  (8.72b)  yields  the  torque  required  to  keep  the 
frame  rotating  at  a  constant  angular  velocity,  Q  =  m^^J7(C|)/12. 

It  will  be  convenient  to  recast  the  governing  equation  of  the  problem  in  a  non- 
dimensional  form  by  using  the  non-dimensional  time  t  =  J7i  to  find 


where  Q  =  uj/f]  and  notation  (•)'  indicates  a  derivative  with  respect  to  r. 


(8.73) 


Determination  of  the  equilibrium  points 

Equilibrium  points,  denoted  (3^,  are  steady  solutions  of  the  governing  differential 
equation  of  motion  and  are  obtained  by  imposing  the  vanishing  of  all  time  derivatives 
appearing  in  eq.  (8.73),  leading  to 


sin2/3e  +  2cD2(/3, -/3o)  =  0. 


(8.74) 


This  transcendental  equations  could  have  a  single  solution,  but  for  specific  values 
of  the  two  parameters,  ui  and  /3o,  it  could  feature  an  infinite  number  of  solutions. 
A  graphical  solution  of  eq.  (8.74)  can  be  obtained  by  defining  two  functions,  a 
trigonometric  function,  fi{(3e)  =  sin2/3e,  and  a  straight  line  with  a  negative  slope. 
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/2(/5e)  =  — 2w^(/3e  —  /3o)-  The  solutions  of  eq.  (8.74)  are  at  the  intersections  of  these 
two  curves. 

Figure  8.21  illustrates  the  graphical  solution  process  for  the  following  values  of 
the  parameters,  /3o  =  7r/4  and  Q  =  0.2,  0.3,  0.4,  0.6,  and  0.8.  Function  /i(/3e) 
is  independent  of  the  parameters,  while  the  straight  line,  /2(/3e),  pivots  about  point 
/?  =  /3o  for  different  values  of  uj.  A  single  solution,  (3^  ~  0.32  rad,  is  found  for 
u)  =  0.8.  In  contrast,  for  uj  =  0.2,  nine  distinct  solutions  exist. 

In  a  dimensional  form,  eq.  (8.74)  can  be  recast  as  1/2  (m£^/12)i7^  sin2/3e  + 
fc(/3e  —  /3o)  =  0.  The  first  term  represents  the  moment  of  the  inertial  forces  applied 
to  the  bar,  and  the  second  term  is  the  restoring  force  due  to  the  elastic  spring.  Hence, 
the  equation  for  the  equilibrium  point  is  a  static  moment  equilibrium  equation.  As 
the  bar  rotates  multiple  turns  around  its  axis,  the  restoring  moment  in  the  spring 
increases  and  can  be  equilibrated  by  inertial  forces  for  different  magnitudes  of  the 
frame's  angular  speed. 

Linearization  of  the  equations  of  motion 

The  linearization  procedure  described  in  section  8.4. 1  yields  the  following  linearized 
equations  of  motion  for  small  perturbations  about  an  equilibrium  point, 

J3"  +  {uj'^  +  cose  e)i3  =  Q.  (8.75) 

Analysis  of  motion 

The  solution  of  eq.  (8.75)  is  of  the  form  /3  =  ^exp(pT),  and  the  characteristic 
exponent  of  the  system  becomes 

p2  =  -(a;2_^cos2/3e).  (8.76) 

The  stability  condition  becomes  a;^  +  cos  2/3e  >  0,  where  /?£  =  /3e('^,  Po)  because 
the  equilibrium  point  is  a  solution  of  eq.  (8.74). 

As  a  first  example,  consider  the  following  parameter  values,  Pq  =  7r/4  and  u)  = 
0.8.  Figure  8.21  shows  that  a  single  solution  is  possible  and  a  numerical  solution  of 
eq.  (8.74)  yields  /3e  =  0.319.  This  equilibrium  point  is  stable  and  the  frequency  of 
the  motion  is  (t  =  a/ Q  =  1.2. 

Next,  consider  the  case  where  /3o  =  7r/4  and  u)  =  0.2.  Figure  8.21  shows  that 
nine  solutions  are  possible  and  a  numerical  solution  of  eq.  (8.74)  yield  (i^.  =  0.030, 
1.60,  3.05,  4.88,  6.07,  8.17,  9.06,  11.51,  and  12.01  rad.  These  solutions  are  alterna- 
tively stable  and  unstable.  The  frequencies  of  the  stable  motion  are  a  =  1.02,  1.01, 
0.973,  0.888,  and  0.693,  for  equilibrium  points  /3e  =  0.030,  3.05,  6.07,  9.06,  and 
12.01  rad,  respectively.  For  pe  =  1.60,  4.88,  8.17,  and  11.51  rad,  the  motion  is  un- 
stable. It  is  left  to  the  reader  to  verify  that  other  equilibrium  points  exist  for  negative 
values  of  angle  /3. 
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8.4,2  Problems 


Problem  8.47.  Rotor  blade  with  flap  and  lag  motions 

Figure  8.22  depicts  a  very  simplified  model  of  a  helicopter  blade  of  length  L  and  mass 
m  rotating  at  a  constant  angular  velocity  fi  about  unit  vector  13  =  03.  At  point  O,  basis 
A  =  (ai,  (22,  as)  is  attached  to  the  hub  represented  by  a  massless  bar  of  length  e.  Angular 
motion  out  of  the  plane  of  rotation,  i.e.,  a  planar  rotation  about  axis  0.2  of  magnitude  (j),  called 
Ihe  flapping  angle,  is  shown  on  the  left  part  of  the  figure;  this  motion  is  resisted  by  a  torsional 
spring  of  stiffness  k^.  Angular  motion  in  the  plane  of  rotation,  i.e.,  a  planar  rotation  about 
axis  as  of  magnitude  6,  called  the  lead-lag  angle,  is  shown  on  the  right  part  of  the  figure;  this 
motion  is  resisted  by  a  torsional  spring  of  stiffness  kg.  When  both  in-  and  out-of-plane  mo- 
tions are  considered  simultaneously,  the  configuration  of  the  blade  can  be  described  by  three 
successive  planar  rotations:  first,  a  rotation  of  magnitude  Qt  about  axis  13  that  brings  basis  I 
to  A,  next,  a  rotation  of  magnitude  6  about  axis  0.3  that  brings  basis  Alo  £  =  (ei,  62,  63), 
and  finally,  a  rotation  of  magnitude  <f)  about  axis  62  that  brings  basis  f  to  i3  =  (61,  62,  63), 
a  blade  attached  basis.  Use  Lagrange's  formulation  to  derive  the  equations  of  motion  of  the 
system  in  the  following  cases.  (1)  At  first,  assume  that  the  sole  flapping  motion  is  allowed;  de- 
rive the  equation  of  motion.  (2)  Linearize  the  equations  of  motion.  Find  the  natural  frequency. 
(3)  Next,  assume  that  the  sole  lead-lag  motion  is  allowed;  derive  the  equation  of  motion.  (4) 
Linearize  the  equation  of  motion.  Find  the  natural  frequency.  (5)  Finally,  assume  that  both  flap 
and  lead-lag  motions  are  allowed;  derive  the  equations  of  motion.  (6)  Linearize  the  equations 
of  motions.  Find  the  natural  frequencies. 


►  a,         O 


Fig.  8.22.  Out-of-plane  and  in-plane  motions  of  a  uniform  rotor  blade. 


Problem  8.48.  Bar  on  two  guides 

A  homogeneous  bar  of  length  L  and  mass  m  slides  on  two  guides  at  its  end  points,  as  shown 
in  fig.  8.3.  At  the  left  end,  the  bar  is  connected  to  a  spring  of  stiffness  constant  k  that  is  un- 
stretched  when  the  bar  is  horizontal.  At  the  right  end,  the  bar  is  connected  to  a  point  mass  M. 
Gravity  acts  along  axis  12.  (1)  Use  Lagrange's  formulation  to  derive  the  equation  of  motion 
of  the  system.  Use  a  single  generalized  coordinate,  6.  (2)  Find  the  equilibrium  configuration 
of  the  system.  (3)  Find  the  natural  frequency  of  the  system.  (4)  Is  the  system  stable  at  the 
equilibrium  point? 

Problem  8.49.  Spinning  disk 

The  circular  disk  of  mass  mi  and  radius  R  spins  at  a  constant  angular  velocity  Obi  about 
arm  OD,  as  depicted  in  fig.  8.23.  This  arm  is  of  length  L2,  mass  m2,  and  is  connected  to 
the  ground  at  point  O  by  means  of  two  hinges.  The  orientation  of  this  arm  is  determined  by 
two  planar  rotations:  first,  a  rotation  of  magnitude  tp  about  axis  13  that  brings  inertial  basis 
I  =  (ii ,  12 ,  i3 )  to  ^  =  {0,1,0.2,0.3),  and  second,  a  rotation  of  magnitude  6'  about  axis  62  that 
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brings  basis  Ato  B  =  (61, 62, 63).  In  the  analysis,  it  will  be  more  convenient  to  use  the  angle 
9  —  7r/2  —  6'.  The  configuration  of  the  system  is  represented  by  the  angles  -0  and  6,  shown 
in  fig.  8.23.  (1)  Use  Lagrange's  formulation  to  derive  the  equations  of  motion  of  the  system. 
(2)  Linearize  these  equations  of  motion.  (3)  Show  that  the  linearized  equations  ai^e  uncoupled 
and  discuss  the  nature  of  the  motion. 


Fig.  8.23.  Circular  disk  spinning  at  a  constant       Fig.  8.24.  Bar  of  length  L  connected  at  point 
angular  velocity  O.  B  to  a  torsional  spring  of  stiffness  constant  k. 


Problem  8.50.  Spherical  elastic  pendulum 

Figure  8.25  depicts  an  elastic  spherical  pendulum 
that  consists  of  a  bob  of  mass  m  connected  to  an 
inertial  point  by  means  of  a  spring  of  stiffness  con- 
stant k  and  un-stretched  length  £o-  The  configuration 
of  the  system  will  be  represented  by  the  spherical  co- 
ordinates r,  (j>,  and  6.  (1)  Use  Lagrange's  approach  to 
derive  the  equations  of  motion  of  the  system.  (2)  Lin- 
earize the  equations  of  motion.  (3)  Study  the  stability 
of  the  equilibrium  points. 


Fig. 

lum 


8.25.  Elastic  spherical  pendu- 


Problem  8.51.  Spinning  arm 

A  shaft  of  height  h  is  fixed  at  point  O  and  free  to  rotate  about  axis  13,  as  shown  in  fig.  8.24. 
An  arm  of  length  d,  rigidly  attached  to  the  shaft  at  point  A,  rotates  in  the  horizontal  plane.  A 
homogeneous  bar  of  length  L  and  mass  m  is  connected  to  the  arm  at  point  B  with  a  torsional 
spring  of  stiffness  constant  k.  Frame  J^^  —  [A,  ^  =  (0,1,0,2, 0,3)]  is  attached  to  the  ai^m  and 
frame  J^^  —  [B,  S  =  (61,  62,  fea)]  is  attached  to  the  bar.  A  planar  rotation  of  magnitude  a 
about  axis  13  brings  basis  I  to  ^.  A  planar  rotation  of  magnitude  P  about  axis  0.2  brings  basis 
A  to  B;  the  torsional  spring  is  un-stretched  when  /3  =  /3o.  A  torque  Q  is  applied  to  the  shaft 
at  point  O.  (1)  Use  Lagrange's  formulation  to  derive  the  equations  of  motion  of  the  system. 
Use  two  generalized  coordinates,  a  and  /3.  (2)  If  the  first  planar  rotation  is  constrained  such 
that  a  =  n,  i.e.,  the  shaft  is  rotating  at  a  constant  angular  velocity  fi,  find  the  applied  torque 
Q.  (3)  In  this  latter  case,  find  the  equilibrium  configuration  of  the  system.  (4)  Find  the  natural 
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frequency  of  the  system  for  small  amplitude  oscillations  about  the  equilibrium  configuration. 
(5)  If  /3o  ~  0,  is  the  system  stable  at  the  equilibrium  point?  (6)  If  /3o  =  7r/2,  is  the  system 
stable  at  the  equilibrium  point? 

Problem  8.52.  Inverted  pendulum  mounted  on  a  track 

Figure  6.37  depicts  an  inverted  homogeneous  pendulum  of  mass  m  and  length  £.  The  pen- 
dulum is  mounted  on  a  cart  of  mass  M  free  to  translate  along  a  horizontal  track.  A  torsional 
spring  of  stiffness  constant  k  restrains  the  pendulum  at  its  attachment  point.  The  spring  is 
un-stretched  when  angle  6  =  6q.  (1)  Derive  the  two  equations  of  motion  of  the  system.  (2) 
Linearize  the  equations  of  motions  about  an  equilibrium  point.  (3)  Let  g  =  0.1.  Find  the  equi- 
librium point(s)  and  study  the  characteristics  of  the  motion  about  that  point.  (4)  Let  g  —  20. 
Find  the  equilibrium  point(s)  and  study  the  characteristics  of  the  motion  about  that  point.  Use 
the  following  data:  /i  =  M/m  =  L5  and  g  —  g/{£ijj'^).  Use  non-dimensional  time  r  —  ujt, 
where  u)^  —  k/{ra(.^)  and  (•)'  denotes  a  derivative  with  respect  to  r. 


Part  IV 


Constrained  dynamical  systems 


Constrained  systems:  preliminaries 


In  the  previous  chapter,  variational  and  energy  principles  were  derived  for  dynami- 
cal system.  Various  formulations  were  addressed  including  d'Alembert's  principle, 
Hamilton's  principle  and  Lagrange's  formulation.  In  all  cases,  developments  were 
limited  to  unconstrained  dynamical  systems.  This  means  that  the  number  of  gener- 
alized coordinates  used  to  represent  the  configuration  of  the  system  was  equal  the 
number  of  degrees  of  freedom  of  the  system. 

The  idea  of  using  more  generalized  coordinates  than  is  strictly  necessary  to  rep- 
resent the  configuration  of  a  mechanical  system  is  not  appealing  at  first,  because  it 
seems  to  increase  needlessly  formulation  complexity.  It  turns  out,  however,  that  in- 
creasing the  number  of  generalized  coordinates  often  simplifies  the  derivation  of  the 
governing  equations  of  mechanical  systems. 

This  chapter  starts  with  an  introductory  problem  dealing  with  a  simple,  single  de- 
gree of  freedom  two-bar  mechanism.  In  example  9.1,  the  single  equation  of  motion 
of  this  problem  is  derived  from  Newton's  formulation.  An  alternative  formulation  us- 
ing a  large  number  of  generalized  coordinates  is  then  presented  in  a  cursory  manner 
in  example  9.2.  The  advantages  and  drawbacks  of  the  two  approaches  are  contrasted. 

The  remainder  of  the  chapter  presents  basic  concepts  associated  with  constrained 
dynamical  systems.  Section  9.1  introduces  Lagrange's  multiplier  method,  which  is 
a  theoretical  underpinning  for  the  analysis  of  constrained  systems.  Holonomic  and 
nonholonomic  constraints  are  presented  and  contrasted  in  section  9.2,  which  also 
introduces  the  constraint  matrix. 

The  chapter  concludes  with  the  generalization  of  the  principle  of  virtual  work  for 
constrained  static  problems.  Arbitrary  and  kinematically  admissible  virtual  displace- 
ments are  contrasted.  Finally,  the  combined  use  of  the  principle  of  virtual  work  and 
Lagrange's  multipliers  is  investigated. 

Example  9.1.  Two-bar  mechanism,  Newtonian  formulation 

The  two  bar  mechanism  shown  in  fig.  9.1  comprises  bar  OB  of  length  Li  and  mass 
mi,  and  bar  BAT  of  length  L2  and  mass  m2-  Bar  BAT  passes  through  a  slider  located 
at  fixed  point  A  but  free  to  swivel  about  that  point.  A  spring  of  stiffness  constant  k 
connects  the  tip  of  the  bar  at  point  T  to  the  slider  at  point  A  and  is  of  vanishing  un- 
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stretched  length.  A  viscous  friction  force,  Fy  =  —cw,  acts  at  the  interface  between 
the  bar  and  the  slider.  Using  Newton's  formulation,  derive  the  equation  of  motion  of 
this  single  degree  of  freedom  system  represented  by  the  single  generalized  coordinate 


rig.  9.1.  Configuration  of  the  two-bar  mechanism. 

The  law  of  cosines  applied  to  triangle  OAB  yields  w'^  =  L\  +  d?  —  2dLiCi, 
where  Ci  =  cos  9i .  This  leads  to 


\/l  +  d'^-2dCi, 


(9.1) 


where  d  =  d/Li.  The  law  of  sines  applied  to  the  same  triangle  gives  LiSi  =  wS2, 
where  5*1  =  sin^i,  and  similar  notations  are  used  for  the  trigonometric  functions  of 
angle  02-  Projections  of  segments  OB  and  BAT  along  the  horizontal  yield  LiCi  — 
wC^  =  d.  In  non-dimensional  form. 


02  —  ^,      O2  —  — 
w 


w 


(9.2) 


Let  unit  vectors  ei  and  ai  be  aligned  with  bars  OA  and  BAT,  respectively,  as 
shown  in  fig.  9.1.  It  then  follows  that  LiCi  —  wdi  =  dii,  and  a  time  derivative  of 
this  expression  yields  LiOie^  —  wdi  —  w^2a2  =  0.  Projecting  this  equation  along 
unit  vectors  02  and  ai  then  leads  to 


W92  =  O1C21, 


hS: 


21, 


(9.3) 


where  C21  =  cos(02  —  ^1)  and  S'21  =  sin(6'2  —  ^1).  The  first  equation  expresses  the 
angular  velocity  of  bar  BAT  in  terms  of  that  of  bar  OA,  and  the  second  the  velocity 
of  bar  BAT  with  respect  to  the  slider.  Finally,  the  angular  acceleration  of  bar  BAT  is 
found  as 

^21     ,    ^2'5'21    /-,         ^^^21 


e. 


71^— 

W 


1 


w 


(9.4) 
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Figure  9.1  also  showsafreebody  diagram  of  bar  OB.  Euler'slaws  applied  to  this 
planar  rigid  body  problem  yield 


{Ho  +  Hb)ii  +  (Vb  +  Vb)i2  -  migi2 


miLi 


{-ele. 


he2), 


LiCiVb  —  LiSiHb — gCi  =  — - — 6i, 


(9.5a) 
(9.5b) 


-HbIi  -  Vb12  -  m2gi2 

+  (F^  +  F,)ai  +Sa2 

=  ^•2 

Li(-^2ei  +  ^162)  +  Y(-^?ei  +  he2) 

"12^2     ^               c, 

gC2  -Wb  =  -7712 

^aiLii-elei  +  eie2) 

m2Ll-- 
+       „      O2. 
3           •^ 

where  the  second  equation  corresponds  to  the  pivot  equation,  eq.  (6.38),  written 
about  point  O.  The  components  of  the  reaction  force  at  point  O  are  denoted  Hq  and 
Vb,  in  the  horizontal  and  vertical  directions,  respectively.  Similarly,  the  components 
of  the  internal  force  acting  at  point  B  are  denoted  Hb  and  Vb  ■ 

Figure  9. 1  shows  a  free  body  diagram  of  bar  BAT  and  Euler's  laws  yield 


(9.6a) 
(9.6b) 


In  this  case,  the  second  equation  is  written  with  respect  to  material  point  B  of  the 
bar,  see  eq.  (6.39).  The  reaction  force  acting  in  the  direction  normal  to  the  sliding 
direction  at  point  A  is  denoted  5.  The  elastic  spring  applies  force  Fs  =  k{L2  —  w) 
to  the  tip  of  the  bar  and  the  viscous  friction  force  acts  at  point  A. 

At  this  point,  the  six  equations  of  dynamics  have  been  written  for  this  two-body 
planar  problem.  It  involves  six  unknowns,  five  components  of  internal  force,  Hq  ,  Vq  , 
Hb,  Vb,  and  S,  and  a  single  generalized  coordinate,  9i.  The  additional  kinematic 
variables  appearing  in  these  equations,  62,  w,  and  their  time  derivatives,  should  be 
expressed  in  terms  of  the  generalized  coordinate,  9i,  and  its  time  derivatives,  using 
the  kinematic  equations  (9.1)  to  (9.4).  To  obtain  the  single  equation  of  motion  of 
this  problem,  the  five  internal  force  components  must  be  eliminated  from  the  six 
equations  of  dynamics  through  careful  algebra. 

The  first  step  of  the  process  is  to  use  eq.  (9.6b)  to  express  the  normal  contact 
force  at  the  slider 


■jS-- 


7772^2 


Ll{0iS21  +  O1C21) 


7772L5 


9C2 


171211 


(9.7) 


Next,  eq.  (9.6a)  is  projected  along  unit  vectors  zi  and  72  to  find  the  reaction  force 
components,  Hb  and  Vb,  respectively.  The  following  linear  combination  of  these 
two  components  is  then  evaluated 


Li{C\Vb  -SiHb)  =7^2 ii 


-L16 


—  (02'5'21  —  ^2C'2l) 


+  SC21L1 


(9.8) 


+  (F^  +  F,)LiS2i  -  m2LigCi. 
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The  final  step  of  the  procedure  is  to  introduce  eq.  (9.7)  into  eq.  (9.8)  to  eliminate  the 
internal  force,  S.  The  resulting  expression  is  introduced  into  eq.  (9.5b)  to  yield  the 
desired  equation  of  motion 


— hm2Li  H r^  -  m2LiL2^ 

521^(1  -  2^)  -  !^^4l^^,,^(2  -  3^)' 


d\   (9.9) 


+(^  +  m2)Li5Ci  -  "^gC^^  -  k{L2  -  w)S2i  +  cllSl.e,  =  0. 

In  this  equation,  the  following  quantities  must  be  expressed  in  terms  of  the  general- 
ized coordinate,  9i, 


w  =  V  1  +  «    -  2c(6i,  62  =  — - — ,  621  = ,  621  =  ^— . 

W  WW 

This  example  illustrates  one  of  the  main  problems  associated  with  the  derivation 
of  the  equations  of  motion  of  mechanical  systems.  While  the  system  depicted  in 
fig.  9. 1  is  a  rather  simple  mechanical  system  that  features  a  single  degree  of  freedom, 
the  procedure  to  derive  the  single  equation  of  motion  of  the  system  is  a  complex 
analytical  task.  The  use  of  Lagrange's  formulation  will  streamline  the  process  by 
eliminating  the  reaction  and  internal  forces  from  the  onset  of  the  formulation.  It  is 
left  to  the  reader  to  verify  that  the  same  equation  of  motion  will  be  obtained,  as 
expected. 

From  a  mathematical  viewpoint,  the  equation  of  motion  is  a  second-order,  or- 
dinary differential  equation  in  time.  It  is,  however,  a  highly  nonlinear  differential 
equation,  which  cannot  be  solved  in  closed  form.  Fortunately,  numerical  procedures 
for  the  solution  of  this  class  of  equations  are  widely  available  and  hence,  approximate 
solutions  of  eq.  (9.9)  are  easily  obtained. 

Although  numerical  procedures  ease  the  solution  of  the  differential  equation,  its 
derivation  remains  an  arduous,  error-prone  task.  Symbolic  manipulation  software  can 
be  used  to  ease  this  task,  but  the  equation  of  motion  remains  complex. 

Example  9.2.  Two-bar  mechanism,  alternative  formulation 

The  two  bar  mechanism  shown  in  fig.  9.2  comprises  bar  OB,  of  length  Li  and  mass 
mi,  and  bar  BAT,  of  length  L2  and  mass  m2-  Bar  BAT  passes  through  a  slider  lo- 
cated at  fixed  point  A  but  free  to  swivel  about  that  point.  A  spring  of  stiffness  constant 
k  connects  the  tip  of  the  bar  at  point  T  to  the  slider  at  point  A  and  is  of  vanishing  un- 
stretched  length.  A  viscous  friction  force,  F^  =  —cw,  acts  at  the  interface  between 
the  bar  and  the  slider.  Derive  the  equation  of  motion  of  this  single  degree  of  freedom 
system  using  a  highly  redundant  set  of  seven  generalized  coordinates:  the  compo- 
nents of  the  position  vector  of  the  center  of  mass  of  bar  OB  along  axes  ii  and  12, 
denoted  xi  and  yi,  respectively,  and  its  orientation,  denoted  9i,  the  components  of 
the  position  vector  of  the  center  of  mass  of  bar  BAT  along  axes  ii  and  12,  denoted  X2 
and  1/2,  respectively,  and  its  orientation,  denoted  62,  and  finally,  the  relative  distance 
between  points  B  and  A,  denoted  w.  The  array  of  generalized  coordinates  is 
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Figure  9.2  shows  a  free  body  diagram  of  bar  OB.  Euler's  laws  applied  to  this 
planar  rigid  body  problem  yield 


[Ho  +  Hb)ii  +  (Vb  +  Vb)«2  -  rnigi2  =  mi{xiii  +  yii2),  (9.10a) 

-2 

(9.10b) 


^C,{Vs  -  Vo)  -  ^S.iHs  -  Ho)  =  ^(.i. 


where  the  second  equation  is  written  with  respect  to  the  center  of  mass  of  bar  1.  The 
reaction  force  at  point  O,  denoted  Rq,  has  components  in  the  horizontal  and  vertical 
directions  denoted  Hq  and  Vq,  respectively.  Similarly,  the  reaction  force  at  point  B, 
denoted  Rg,  has  components  components  denoted  Hb  and  Vb- 


Fig.  9.2.  Configuration  of  the  two-bar  mechanism. 


Figure  9.2  also  shows  a  free  body  diagram  of  bar  BAT  and  Euler's  laws  yield 

(Ha  -  Hb)ii  +  (Va  -  Vb)i2  -  m2gi2  +  {F^  +  Fs)ai  =  m2{x2ii  +  2/2^2), 

(9.11a) 

-  ^C2Vb  +  ^S2Hb  +  {w-  ^){S2Ha  -  G2VA)  =  ^^02.  (9.11b) 

Here  again,  the  second  equation  is  written  with  respect  to  the  center  of  mass  of  bar 
2.  The  reaction  force  acting  at  point  A,  denoted  R^,  has  components  components 
denoted  Ha  and  Va-  The  elastic  spring  applies  a  force  Fg  =  k{L2  —  w)  to  the  tip  of 
the  bar  and  the  viscous  friction  force  acts  at  point  A. 

Because  independent  generalized  coordinates  have  been  used  for  bars  OB  (xi, 
2/1,  and  9i)  and  BAT  {x2, 2/2,  and  62),  the  two  bars  are  free  to  move  independently. 
In  particular,  point  O  will  not  remain  a  fixed  inertial  point,  the  two  bars  will  not 
remain  connected  at  point  B,  nor  will  point  A  remain  a  fixed  inertial  point.  All  these 
conditions  must  be  expressed  as  constraints  on  the  generalized  coordinates. 
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Consider  point  O  at  the  tip  of  bar  OB.  Its  horizontal  and  vertical  position  compo- 
nents arexi  —  LiCi/2  andyi  —  Li 6*1/2,  respectively.  Because  point  O  must  remain 
a  fixed  inertial  point,  the  following  two  constraints  must  link  the  three  generalized 
coordinates  determining  the  configuration  of  bar  OB, 


xi  -LiCi/2 
yi  -  LiSi/2 


Co  =  \:.  ra'l.\=^-  (9.12) 


Similarly,  the  horizontal  and  vertical  position  components  of  point  B  are  xi  + 
LiCi/2  and  yi  +  LiSi/2,  respectively,  when  computed  based  on  the  generalized 
coordinates  defining  the  configuration  of  bar  OB.  The  same  horizontal  and  verti- 
cal position  components  of  point  B,  evaluated  based  on  the  generalized  coordinates 
defining  the  configuration  of  bar  BAT,  are  X2  +  L2C2/2  and  j/2  +  L2S2/2,  respec- 
tively. If  the  two  bars  are  to  remain  connected  at  point  B  at  all  times,  the  following 
constraints  must  link  the  generalized  coordinates  of  bars  OB  and  BAT, 

C.  =  ^t^^?/^-^-ff/n=Q.  (9.13) 

\yi+LiSi/2-y2-L2S2/2  ] 

Finally,  imposing  the  condition  that  point  A  must  remain  a  fixed  inertial  point  leads 
to  the  following  constraints, 

-^      \y2  +  {L2/2-w)S2        J       - 

The  formulation  of  the  problem  involves  the  seven  generalized  coordinates  stored 
in  array  q,  and  the  six  components  of  internal  and  reaction  forces  stored  in  arrays  Rq, 
Rg,  and  7?^,  for  a  total  of  thirteen  unknowns.  Euler's  laws  applied  to  the  two  bars 
provide  a  total  of  six  equations,  eqs.  (9. 10)  and  (9.  II).  Six  constraint  equations  must 
also  be  satisfied,  eqs.  (9.12),  (9.13),  and  (9.14).  Clearly,  one  additional  equation  is 
required  to  solve  the  problem.  This  equation  is  the  static  equilibrium  equation  at  the 
slider:  the  reaction  force  at  the  slider  should  be  normal  to  bar  BAT,  leading  to 

Cs  =  C2HA  +  S2VA  =  0.  (9.15) 

Note  that  the  friction  force  at  the  slider  is  taken  into  account  by  vector  £„,  indepen- 
dently of  the  reaction  force,  R^ . 

At  this  point,  the  formulation  of  the  problem  is  complete.  It  involves  thirteen 
equations,  six  equations  of  dynamics,  eqs.  (9.10)  and  (9.11),  one  slider  static  equi- 
librium equation,  eq.  (9.15),  and  six  constraint  equations,  eqs.  (9.12)  to  (9.14),  for 
a  total  of  thirteen  unknowns,  seven  generalized  coordinates  and  six  components  of 
internal  force.  It  is  possible  to  eliminate  the  six  components  of  internal  force  and  six 
of  the  seven  generalized  coordinates  to  obtain  a  single  equation  of  motion  written  in 
terms  of  a  single  generalized  coordinate,  say  9i.  As  illustrated  in  example  9.1,  this 
process  is  lengthy  and  error-prone.  This  elimination  process  will  be  even  more  ardu- 
ous in  the  presence  case,  because  a  highly  redundant  set  of  generalized  coordinates 
was  selected  from  the  onset  of  the  formulation. 
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In  this  example,  an  alternative  approach  is  followed.  Instead  of  eliminating  the 
redundant  generalized  coordinates  and  internal  forces,  all  these  unknowns  are  kept 
in  the  formulation.  First,  it  is  interesting  to  take  a  time  derivative  of  the  constraints; 
for  instance,  the  first  constraint  expressed  by  eq.  (9.12)  is  xi  —  LiCi/2  =  0  and 
its  time  derivative  is  xi  +  LiSi6i/2  =  0.  Combining  this  expression  with  a  similar 
treatment  of  the  second  constraint  and  recasting  the  results  in  a  matrix  form  yields 


Co 


1  0     LiSi/2  0  0  0  0' 
0  1  -LiCi/2  0  0  0  0 


i  =  ^oi  =  2' 


(9.16) 


where  q  is  the  array  of  generalized  velocities.  Matrix  B_   (q)  is  called  the  constraint 
matrix. 

Proceeding  in  the  same  manner  with  the  constraints  defined  by  eqs.  (9.13) 
and  (9.14),  the  following  results  are  obtained 


Cb 


10-Li5i/2-l     0     ^25*2/2  0' 
0  1     LiCi/2     0  -1  -L2C2/2  0 


i  =  S.Bi  =  2' 


(9.17) 


000  10  -(L2/2- w)S'2  -C2 
0  0  0  0  1      (L2/2  -  w)C2  -S2 


M.A 


Q, 


(9.  IE 


where  B_     and  B_    are  the  constraint  matrices  associated  with  constraints  C^  =  0 
and  C^  =  0,  respectively. 

It  now  becomes  possible  to  write  the  dynamical  equations  of  the  problem  in  a 
compact  manner  as 


M  =  ^0^0  +  Ib=Rb  +  ^^Ra  +  Za, 


(9.19) 


where  M  =  diag(?7ii,  mi,  miLf/12,  m2,?TT.2,  "^2-^2/12,0)  is  the  mass  matrix  of 
the  system.  It  is  left  to  the  reader  to  verify  that  the  first  three  governing  equations 
of  system  (9.19)  are  the  dynamical  equations  for  bar  OB,  eqs.  (9.10).  The  contribu- 
tions of  the  reaction  forces  acting  on  bar  OB  are  written  in  terms  of  the  constraint 
matrices.  The  next  three  equations  of  system  (9.19)  are  the  dynamical  equations  for 
bar  BAT,  eqs.  (9.11).  The  last  equation  of  system  (9.19)  is  the  equilibrium  equa- 
tion for  the  slider,  eq.  (9.15).  The  last  term  on  the  right-hand  side  of  system  (9.19), 
F^  =  {0,-mi(7,0,(i^^-h-Fs)C2,-m2<7-h(F„-h-Fs)52,  0,0},  is  the  array  of  ex- 
ternally applied  forces,  where  Fy  =  —cw  and  Fs  =  k{L2  —  w).  Combining  sys- 
tem (9.19)  with  the  six  constraint  equations,  eqs.  (9.12)  to  (9.14),  yields  a  total  of 
thirteen  equations  for  the  thirteen  unknowns  of  the  problem. 

It  is  important  to  compare  the  characteristics  of  the  present  formulation  to  those 
of  that  presented  in  example  9. 1 .  Instead  of  the  single  equation  of  motion  in  a  single 
unknown  obtained  earlier,  eq.  (9.9),  the  present  formulation  leads  to  thirteen  equa- 
tions in  thirteen  unknowns.  It  must  be  noted,  however,  that  the  thirteen  equations  of 
the  present  formulation  are  far  easier  to  derive  and  far  less  complex  than  the  single 
equation  of  motion,  eq.  (9.9). 

The  present  formulation  requires  writing  the  constraints  equations,  eqs.  (9.12) 
to  (9.14),  and  their  time  derivatives,  eqs.  (9.16)  to  (9.18).  These  kinematic  tasks  are 
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far  simpler  than  those  associated  with  Newton's  formulation,  see  eqs.  (9.1)  to  (9.4), 
which  requires  the  evaluation  of  the  linear  and  angular  accelerations  of  all  bodies  in 
terms  of  the  generalized  velocities  and  accelerations. 

Newton's  formulation  leads  to  ordinary  differential  equations  in  time.  Despite 
their  complexity  and  high  level  of  nonlinearity,  numerical  solution  procedures  for 
this  type  of  equations  are  well  developed  and  robust.  In  contrast,  the  present  for- 
mulation leads  to  differential-algebraic  equations;  because  this  type  of  equation 
is  less  common  than  its  ordinary  differential  counterpart,  solution  techniques  for 
differential-algebraic  equations  are  not  as  well  developed  or  robust.  This  does  not 
imply  that  the  solution  of  differential-algebraic  equations  is  computationally  less  ef- 
ficient; indeed,  although  the  number  of  equations  and  unknowns  is  typically  higher, 
the  simplicity  and  sparsity  of  the  equations  enables  efficient  solution  procedures. 


9.1  Lagrange's  multiplier  method 

A  fundamental  tool  used  for  the  analysis  of  constrained  dynamical  systems  is  La- 
grange's multiplier  technique;  a  formal  description  of  this  method  is  presented  here. 
Consider  the  problem  of  determining  a  stationary  point  of  a  function  of  several  vari- 
ables, F  =  F{ui,U2,  ■  ■  ■ ,  Un),  as  was  discussed  in  section  7.1.1.  In  this  case,  how- 
ever, the  variables  are  not  independent,  rather,  they  are  subjected  to  a  constraint  of 
the  form 

C(ui,u2,...,u„)=0.  (9.20) 

Conceptually,  this  constraint  could  be  used  to  express  one  variable,  say  u„,  in 
term  of  the  others.  Next,  m„  would  be  eliminated  from  F  to  obtain  a  function  of  n  —  1 
independent  variables  F  =  F{ui,U2, . . . ,  "n-i),  a  problem  identical  to  that  treated 
in  section  7. 1. 1.  In  many  practical  situations,  it  might  be  cumbersome,  undesirable, 
or  even  impossible,  to  completely  eliminate  one  variable  of  the  problem. 

This  elimination  process  can  be  avoided  altogether  by  using  an  alternative  ap- 
proach. At  a  stationary  point,  the  variation  of  function  F  vanishes 

dF  dF  dF 

dF=^—Sui  +  ^—Su2  +  ...  +  ^—Sun=0.  (9.21) 

OUi  OU2  OUn 

This  statement,  however,  does  not  imply  dF/dui  =  0  for  i  =  1,  2, . . . ,  n,  because 
variations  5ui  cannot  be  chosen  arbitrarily.  Indeed,  they  must  satisfy  the  constraint 
expressed  by  eq.  (9.20). 

The  relationship  among  the  variations  5ui  can  be  explicitly  written  by  taking  a 
variation  of  the  constraint  to  find 

dC  dC  dC 

5C=  -—5ui  +  -—5u2  +  ...  +  ^r—  5un  =  0.  (9.22) 

OUi  OU2  OUn 

This  expression  shows  in  an  explicit  manner  that  variations  Sui,  6u2,  . . . ,  Sun,  are 
not  independent  because  a  linear  combination  of  these  quantities  must  vanish.  A 
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linear  combination  of  eqs.  (9.21)  and  (9.22)  is  formed  by  multiplying  eq.  (9.22)  by 
A  and  summing  the  results  with  eq.  (9.21)  to  find 


dF   ^ 

"5 —  ""1 
oui 


dF 

du-n 


SUn  +  A 


t; —  Oui 
oui 


+  t; —  OUn 
OUn 


Coefficient  A  is  an  arbitrary  function  of  the  variables  ui,U2, 
multiplier. 

Regrouping  the  various  terms  then  leads  to 


E 


dF  dC 

duj  duj 


5ui  =  0. 


0. 


, ,  u„,  called  Lagrange 


(9.23) 


Conceptually,  variation  (5u„  could  be  expressed  in  terms  of  the  other  variations,  5ui, 
i  =  1,2, . . .  ,n—  1,  using  eq.  (9.22),  leaving  n  —  1  independent,  arbitrary  variations. 
To  avoid  this  cumbersome  step,  the  arbitrary  Lagrange  multiplier  is  chosen  such  that 


dF  dC 

dUn  dUn 


0. 


With  this  choice,  the  last  term  of  the  sum  in  eq.  (9.23)  vanishes  for  all  (5m„.  Hence, 
there  is  no  need  to  express  this  variation  in  terms  of  the  n  —  1  others,  which  can  now 
be  treated  as  independent,  arbitrary  quantities,  implying 


—      A  — -0 
dui         dui 


l,2,...,n-l. 


Combining  the  last  two  equations  then  leads  to  the  condition  that 

5F  +  X5C  =  0, 

where  all  variations,  5ui,  i  =  1,2, . . .  ,n,  are  considered  to  be  independent.  Because 
the  constraint  expressed  by  eq.  (9.20)  must  be  satisfied,  C5X  =  0  for  any  arbitrary 
SX,  and  the  stationarity  condition  becomes 


6F  +  XSC  =  SF  +  X6C  +  CSX  =  S{F  +  AC)  =  0. 


(9.24) 


An  augmented  function,  F~^  =  F  +  AC,  is  now  introduced;  the  above  statement 
implies  the  vanishing  of  the  variation  in  _F+  for  all  arbitrary  variations  Sui,  i  = 
1,2, ...  ,n,  and  6X. 

In  summary,  the  initial,  constrained  problem  can  be  replaced  by  an  unconstrained 
problem 

SF+  =  0,     F+  =  F  +  AC.  (9.25) 

The  augmented  function,  F"*",  involves  n  +  1  variables,  Ui,  i  =  1,2, ...  ,n  and  A. 
The  vanishing  of  variations  of  the  augmented  function  implies 


E 


dF  dC 

dui  dui 


Sui  +CSX  =  0. 


(9.26) 
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Because  Sui,  i  =  1,2, ...  ,n,  and  SX  are  all  independent,  arbitrary  variations,  it 
follows  that 

-— +  At^=0,      i  =  l,2,...,n,     and     C  =  0.  (9.27) 

aui         oui 

These  form  n  +  1  equations  to  be  solved  for  the  n  +  1  unknowns. 

Lagrange's  multiplier  method  results  in  an  unconstrained  problem,  but  increases 
the  number  of  unknowns  from  n  to  n  +  1;  the  additional  unknown  is  Lagrange's 
multiplier.  If  the  constraint  is  used  to  eliminate  one  of  the  unknowns,  the  resulting 
problem  will  feature  n  —  1  unconstrained  unknowns. 

Lagrange's  multiplier  method  can  be  readily  generalized  to  problems  involving 
multiple  constraints,  Ci  =  0,  i  =  1,  2, . . . ,  m.  In  the  presence  of  m  constraints,  m 
Lagrange  multipliers,  Aj,  i  =  1,  2, . . . ,  m,  are  introduced.  The  augmented  function 
then  becomes  F^  =  F  +  X^™  ^  KCi- 

Example  9.3.  Minimum  distance  between  a  circle  and  a  plane 

Consider  plane  V  =  {xp,  n)  and  circle  C  =  {xq,  k,  p),  both  shown  in  fig.  9.3.  Find 
the  shortest  algebraic  distance,  d,  between  the  disk  and  the  plane. 


V 
Fig.  9.3.  The  distance  between  a  disk  and  a  plane. 

Let  Xq  and  a:^  be  the  position  vectors  of  points  Q  and  R,  respectively;  Q  is  a 
point  on  the  plane  and  R  a  point  on  the  circle.  Finding  shortest  distance  can  be  cast 
as  a  minimization  problem 

d=  vam{\\x^-XQ\\),  (9.28) 

for  all  point  R  and  Q.  This  minimization  problem,  however,  is  subjected  to  several 
constraints:  point  Q  must  be  on  plane  V ;  in  view  of  eq.  (1 .40),  this  implies 

n'^{xQ-Xp)=0,  (9.29) 

and  point  R  must  be  on  circle  C, 

k^{xR-Xc)  =  G,      \\x^-xc\\=p,  (9.30) 

as  required  by  eq.  (1.42). 
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The  constrained  minimization  problem  defined  by  eq.  (9.28)  is  now  transformed 
into  a  an  unconstrained  minimization  with  the  help  of  Lagrange's  multiplier  tech- 
nique 

d=       min       [kfl  -  ^q||  +  An^(xQ  -  Xp)  +  ^F(^^  -  x^.) 

+  ''(Wxr-XcW  -  p)], 

where  A,  /x,  and  ly  are  three  Lagrange  multipliers  used  to  enforce  the  three  constraints 
defined  by  eqs.  (9.29)  to  (9.30).  Minimization  of  the  augmented  function  with  respect 
to  Xj^  yields 


\\±R-±Q\\  Ikfl-£cll 

and  minimization  with  respect  to  Xq  leads  to 


+  fik  +  u--=^ — =^=0,  (9.31) 


Ur-Xq\\ 


+  An  =  0.  (9.32) 


Of  course,  minimization  with  respect  to  A,  /i,  and  i/  will  yield  the  constraint  equa- 
tions, eqs.  (9.29)  to  (9.30).  Equations  (9.29),  (9.30),  (9.31)  and  (9.32)  form  a  set  of 
nine  equations  for  the  nine  unknowns  of  the  problem,  Xr,  Xq,  A,  /i,  and  u.  The  so- 
lution of  this  set  of  nonlinear  algebraic  equations  will  yield  the  desired  minimum 
distance. 

The  scalar  product  of  eq.  (9.32)  by  nT'  yields  the  first  Lagrange  multiplier  as 
A  =  n^{xR  —  Xq)/\\xr  —  XqW  and  introducing  this  result  back  into  eq.  (9.32)  then 
leads  to  (J  —  nn^){xR  —  Xq)  =  0.  This  implies  the  vanishing  of  the  projection  of 
vector  x_R  —  Xq  onto  plane  V,  and  hence  Xr  —  Xq  =  dn.  This  confirms  the  very 
intuitive  fact  that  the  minimum  distance  between  the  circle  and  the  plane  is  achieved 
when  vector  Xr  —  Xq  is  perpendicular  to  plane  V. 

Equation  (9.31)  now  becomes  n  +  ^A;  +  j^(x^  —  Xq)/p  =  0  and  a  scalar  product 
of  this  equation  by  A;^  then  yields  the  second  Lagrange  multiplier  as  /i  =  —n^k, 
where  constraint  eq.  (9.32)  was  used.  Introducing  this  result  back  into  the  equation 
yields  (1  —  kW)n  =  —v{xr  —  xc)/ P  ^^'^  taking  the  norm  of  the  relationship 
yields  v  =  \\kn\\.  It  then  follows  that  Xr  —  x_(j  =  —{p/v){I  —  kW)n  and  finally, 
Hr  ~  He  —  {p/\\kn\\)kkn,  where  identity  (1.33b)  was  used.  The  minimum  distance 
between  the  plane  and  the  circle  is  now  d  =  n^{xR  —  Xq)  =  n^{x_R  —  Xp  + 
Xp  —  Xq)  =  n^ {x_R  —  Xp),  where  constraint  eq.  (9.29)  was  used;  it  follows  that 
d  =  n   {xq  —  Xp  +  Xr  —  X(j)  =  n   {xc  ~  £p)  +  pn   kkn/\\kn\\  and  finally 


d  =  n    {x(j  —  Xp)  — 

Of  course,  the  same  result  can  be  obtained  in  a  simpler  manner  by  using  simple 
geometric  arguments. 
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9.1.1  Problems 

Problem  9.1.  Minimum  distance  from  point  to  line 

Use  Lagrange's  multiplier  technique  to  find  the  minimum  distance  between  an  arbitrary  point 
P  of  coordinates  Xp  and  a  line  £.  —  {xq,  I). 

Problem  9.2.  Minimum  distance  from  point  to  circle 

Use  Lagrange's  multiplier  technique  to  find  the  minimum  distance  between  an  arbitrary  point 
P  of  coordinates  Xp  and  a  circle  C  =  (xp  ,k,p). 


9.2  Constraints 

The  examples  discussed  in  section  7.2  show  the  importance  of  constraints:  the  free- 
dom of  using  a  number  of  generalized  coordinates  that  exceeds  the  number  of  de- 
grees of  freedom  comes  at  the  expense  of  adding  kinematic  constraints.  Using  more 
generalized  coordinates  than  is  necessary  to  represent  the  configuration  of  the  system 
seems,  at  first,  to  be  a  poor  idea  because  this  increases  the  number  of  unknowns.  The 
alternative,  however,  i.e.,  the  elimination  of  the  redundant  generalized  coordinates, 
can  lead  to  equations  that  are  unduly  complex  and  cumbersome  to  manipulate. 

Kinematic  constraints,  also  called  holonomic  constraints,  are  not  the  only  type 
of  constraints  that  are  encountered  in  practice.  Nonholonomic  constraints  are  con- 
straints that  involve  the  generalized  velocities  of  the  system  and  cannot  be  integrated. 
Both  types  of  constraints  will  be  discussed  in  this  section. 

9.2.1  Holonomic  constraints 

Typical  kinematic  constraints  take  the  form  of  nonlinear  relationships  among  the 
generalized  coordinates;  in  general,  m  such  constraints  might  be  imposed  on  the 

system 

Cj((7i,g2,  •••<?«)  =  0>      i  =  l,2,...m.  (9.33) 

To  simplify  the  notation,  an  array  of  generalized  coordinates  is  is  defined,  which 
stores  the  n  generalized  coordinates  of  the  system,  q^  =  {gi,  <72,  •  •  • ,  ?«}•  Next,  an 
array  of  kinematic  constraint  is  introduced  that  stores  the  m  constraints  applied  on 
the  system,  C_  =  {Ci ,  C2 , . . . ,  Cm  }  ■  The  m  constraints  acting  on  the  system  are  now 
expressed  in  a  compact  form  as 

Qig)  =  0.  (9.34) 

Constraints  of  this  form  are  called  kinematic  constraints,  configuration  con- 
straints, or  more  generally,  holonomic  constraints.  Because  the  constraints  do  not 
depend  on  time  explicitly,  they  are  said  to  be  scleronomic  constraints.  Such  con- 
straints reduce  the  number  of  degrees  of  freedom  of  the  system  because  each  con- 
straint could  be  used  to  eliminate  one  generalized  coordinate  of  the  system:  a  system 
described  by  n  generalized  coordinates  and  subjected  to  m  holonomic  constraints 
presents  d  =  n  —  m  degrees  of  freedom  and  is  called  a  holonomic  system. 

The  differential  of  the  i***  constraint  is  written  as 
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dCi  dC,  dCi 

dCi  =  -^—dqi  +  T^dq2  +  . . .  +  T—aQn 

oqi  Oq2  OQn 


0. 


(9.35) 


The  differential  of  each  constraint  can  be  computed  in  a  similar  manner  and  ex- 
pressed in  a  compact  form  as 


dC(g)  =  B{q)dq  =  0, 


(9.36) 


where  dq^  =  {  dqi ,  dq2 ,  • . . ,  d<7„  }  is  the  array  of  generalized  coordinate  differen- 
tials. Matrix  B  is  called  the  constraint  matrix  or  Jacobian  matrix  of  the  constraints. 
Each  line  of  this  matrix  stores  the  partial  derivatives  of  one  constraint  with  respect  to 
the  generalized  coordinates, 


Biq) 


ac, 

dCi 

dCi 

d^l 

ll\ 

■■  'dt; 

dqi 

dq2 

dqn 

dC^ 

dCra 

dCm 

dqi     dq2 


dq„ 


(9.37) 


The  kinematic  constraints  discussed  thus  far  do  not  depend  on  time  explicitly; 
such  constraints  are  called  scleronomic  constraints.  It  is  not  uncommon  for  con- 
straints to  be  explicit  functions  of  time, 


C(g,0  =  0; 


(9.38) 


such  constraints  are  called  rheonomic  constraints. 

The  differential  of  rheonomic  constraints  involves  partial  derivatives  with  respect 
to  time,  together  with  the  partial  derivatives  with  respect  to  the  generalized  coordi- 
nates. The  array  of  partial  derivatives  with  respect  to  time  is  denoted 


f{q,t) 


dCi    dC2 


dCn 


(9.39) 


dt'  ai  '  "  ■ '    dt 
With  the  help  of  this  notation,  the  differential  of  rheonomic  constraints  becomes 

dC{q,  t)  =  Mig,  t)dq  +  b{q,  t)dt  =  0.  (9.40) 

In  the  presence  of  a  mixture  of  scleronomic  and  rheonomic  constraints,  the  entries  in 
array  b  corresponding  to  scleronomic  constraints  will  vanish. 

Kinematic  constraints  express  relationships  among  the  generalized  coordinates 
that  must  hold  at  each  instant  in  time.  Consequently,  time  derivatives  of  the  constraint 
must  also  vanish.  Considering  first  a  scleronomic  constraint,  see  eq.  (9.34),  the  time 
derivative  is 

C(g)  =  R{q)q  =  0.  (9.41) 

The  time  derivative  of  rheonomic  constraints,  see  eq.  (9.38),  is  found  in  a  similar 
manner  as 
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C{q,t)=M,iq,t)q  +  biq,t)  =  0.  (9.42) 

These  expressions  are  called  velocity  level  constraints.  Of  course,  higher-order 
derivatives  could  be  computed:  acceleration  level  constraints,  obtained  by  taking 
second  derivatives  of  the  constraints,  are  commonly  used  in  many  computational 
schemes  for  constrained  multibody  systems.  Expressions  for  the  velocity  level  con- 
straints are  linear  functions  of  the  generalized  velocities  because  they  were  obtained 
by  taking  time  derivatives  of  the  corresponding  kinematic  constraints.  Similarly,  ac- 
celeration level  constraints  are  linear  functions  of  the  generalized  accelerations. 

9.2.2  Nonholonomic  constraints 

The  constraints  considered  thus  far  are  kinematic  or  configuration  constraints  of  the 
form  of  eqs.  (9.34)  or  (9.38).  In  some  cases,  however,  the  constraints  imposed  on  a 
mechanical  system  are  of  a  different  nature  from  those  discussed  thus  far;  consider  a 
differential  relationship  of  the  form  of  eq.  (9.40), 

^(g,  t)  dq  +  b{q,  t)  dt  =  0,  (9.43) 

such  constraints  are  said  to  be  in  Pfaffianform. 

For  holonomic  constraints,  constraint  matrix  _B  and  array  b  store  the  partial 
derivatives  of  the  constraints  with  respect  to  the  generalized  coordinates  and  time, 
respectively,  see  eqs.  (9.37)  and  (9.39),  respectively.  For  nonholonomic  constraints, 
constraint  matrix  _B  stores  a  set  of  arbitrary  functions  of  the  generalized  coordinates 
and  time 

'bii{q,t)    bi2{q,t)   ...  6i„(g,  t)" 

b2iiq,t)    b22{q,t)   ...  b2n{q,t) 


B{q,t) 


(9.44) 


brni{q,t)  b„i2{q-,t)  ■  ■  ■  b„in{q,t)_ 

and  array  b  stores  arbitrary  functions 

fiq,t)  =  {bi{q,t),b2{q,t),...,b„,iq,t)}.  (9.45) 

The  fact  that  coefficient  bij{q,  t),  j  =  1,2, ...  ,n,  and  bi{q,  t)  are  arbitrary  implies 
that,  in  general,  there  exists  no  function,  Ci{q,t),  such  that  bij(q,t)  =  dCi/dqj, 
j  =  1,2, ...  ,n  and  bi  =  dCi/dt.  If  function  Cj(<7,  t)  does  not  exist,  the  constraint  is 
not  integrable,  i.e.,  it  is  nonholonomic. 

When  faced  with  a  constraint  written  in  the  Pfaffian  form,  it  is  important  to  de- 
termine whether  such  constraint  is  holonomic  or  not,  i.e.,  whether  it  is  integrable 
or  not.  Configuration  constraints  must  be  continuous,  and  hence,  d^Ci/dqkdqj  = 
d^Ci/dqjdqk,  or  dbik/dqj  =  dbij/dqu-  Hence,  a  differential  constraint  can  be  inte- 
grated if  and  only  if  the  following  integrability  conditions  are  met 

d  d 

{9-ibik)  =  T^{9ibij),     j,k  =  l,2,...,n,  j  ^  k,  (9.46a) 


oqj  oqt 


-T^idih)  = —^ig^b^j),     j  =  l,2,...,n,  (9.46b) 
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where  gi{q,  t)  are  integrating  functions.  If  a  constraint  is  not  integrable,  it  can  only 
be  expressed  in  the  Pfaffian  form  presented  in  eq.  (9.43),  or  in  the  velocity  form 
obtained  by  dividing  this  equation  by  di  to  find 


M<i,'i,t)=Biq,t)q  +  b{q,t)=0, 


(9.47) 


These  expressions  are  not  completely  general;  indeed,  the  constraints  are  as- 
sumed to  be  linear  functions  of  the  generalized  velocities.  Constraints  with  arbi- 
trary mathematical  structures  could  be  imagined,  but  it  turns  out  that  the  nonholo- 
nomic  constraints  encountered  in  common  mechanical  system  appear  to  all  be  linear 
functions  of  the  generalized  velocities.  In  the  expressions  above,  time  appears  ex- 
plicitly in  the  nonholonomic  relationships;  clearly,  time-independent  nonholonomic 
constraints  could  also  occur. 

If  a  constraint  cannot  be  integrated,  it  is  a  nonholonomic  constraint  and  hence,  it 
cannot  be  used  to  eliminate  a  generalized  coordinate:  nonholonomic  constraints  do 
not  decrease  the  number  of  degrees  of  freedom  of  the  system.  A  system  described  by 
n  generalized  coordinates  and  subjected  to  a  single  nonholonomic  constraint  features 
n  degrees  of  freedom. 

Example  9.4.  Two  bar  linkage  tracking  a  curve 

Figure  9.4  depicts  a  planar  two  bar  linkage  tracking  a  curve  C.  The  two  bars  are 
of  length  Li  and  L2,  respectively,  and  make  angles  Oi  and  62  with  the  horizontal, 
respectively.  The  end  point  of  the  second  bar  tracks  a  fixed  planar  curve  described 
by  position  vector  p(s),  where  s  defines  the  intrinsic  parametrization  of  the  curve. 
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Fig.  9.4.  Two  bar  linkage  tracldng  a       Fig.  9.5.  Two  bar  linkage  tracking  a  semi-circular 
curve.  curve. 


This  system  clearly  feature  a  single  degree  of  freedom.  The  position  vector  of  the 
end  point  P  of  the  linkage  can  be  expressed  in  two  different  manners 

(Li  cos^i  +  L2COS02)  «i  +  {Li  sin  01  +  L2  511162)  12  =  dii  +£„(«), 

where  d  is  the  distance  from  the  origin  at  point  O  to  point  B.  The  left-hand  side 
of  this  equation  corresponds  to  path  OAP,  while  the  right-hand  side  corresponds  to 
path  OBP.  This  vector  equation  expresses  two  kinematic  constraints  among  three 
parameters,  61,  62,  and  s,  confirming  the  fact  that  the  system  possess  a  single  degree 
of  freedom. 
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At  first,  curve  C  will  be  selected  to  be  a  circle  of  radius  R  and  center  B,  as 
shown  in  fig.  9.5.  The  position  vector  of  a  point  on  the  curve  is  then  simply  p  (0)  = 
R  cos  6ii  +  R  sin  0 12.  The  above  kinematic  constraints  now  become 

Li  cos  01  +  L2  cos  62  —  d  =  R  cos  9,      Li  sin  61  +  L2  sin  62  =  R  sin  6.     (9.48) 

Two  generalized  coordinates,  qi  =  61  and  q2  =  O2,  will  be  selected  to  repre- 
sent the  system.  Kinematic  constraints  (9.48)  are  now  used  to  eliminate  0,  leading 
to  a  single  constraint  for  the  two  generalized  coordinates,  2LiL2Cos{qi  —  ^2)  — 
2dLi  cos  qi  —  2dL2  cos  q2  =  R^  —  L\  —  L^  —  d^ .  This  holonomic  constraint  could 
be  used  to  eliminate  either  gi  or  q2,  but  the  trigonometric  functions  involved  in  the 
constraint  will  lead  to  complex  expressions.  The  constraint  matrix  is 

^{q)  =  [Lidsinqi  -  LiL2sm{qi  -  92),  L2dsmq2  +  L2Lis'm{qi  -  172)]  • 

This  is  not  the  only  way  to  proceed.  It  might  be  preferable  to  keep  6,  the  loca- 
tion along  the  circle,  as  a  generalized  coordinate.  Hence,  the  generalized  coordinates 
would  be  selected  as  qi  =  61  and  (72  =  ^-  Kinematic  constraints  (9.48)  are  then  used 
to  eliminate  62,  leading  to  a  single  constraint,  2RLi  cos((7i  —  (72)  +  2dLi  cosgi  — 
2dR  cos  q2  =  L\  —  L2+  R^  +  d^ .  The  constraint  matrix  is 

B_{q)  =  [—Lidsinqi  —  LiRsin{qi  —  (72),  Rdsmq2  +  RLi  sm{qi  —  q2)\  . 

Finally,  curve  C  is  assumed  to  be  arbitrary,  as  depicted  in  fig.  9.4.  In  this  case, 
it  might  be  very  difficult  to  use  the  constraint  conditions  to  eliminate  any  parameter. 
Consequently,  it  is  convenient  to  use  three  generalized  coordinates,  gi  =  9i,q2  =  02, 
and  53  =  s,  linked  by  two  kinematic  constraints  expressed  as 

(Licosgi  -|-L2COS(72)«i  -|-  {Lisinqi  +L2  sin  52)^2  =  dii  +  p^^{qz)  ■ 
The  constraint  matrix  becomes 


B{<i) 


-Lismqi  -L2smq2  -iit{qz) 
Licos(7i      L2Cosq2  -i2i{qz) 


where  ^((73)  =  Ap  JAq^i  is  the  unit  tangent  to  the  curve  at  location  s. 

Example  9.5.  The  rigid  body/universal  joint  system 

This  example  deals  with  a  rigid  body  attached  to  the  ground  by  means  of  a  universal 
joint,  as  depicted  in  fig.  7.9  and  discussed  in  example  7.5  on  page  266.  Component  k 
of  the  universal  joint,  see  fig.  7.10,  is  connected  to  the  ground  at  pointO  by  means  of 
a  bearing  allowing  rotation  about  axis  i^.  Component  (.  is  connected  to  a  rigid  body 
at  point  O'. 

The  orientation  of  the  rigid  body  will  be  defined  by  Euler  angles,  using  the  3- 
1-2  sequence.  A  first  planar  rotation  about  axis  23,  of  magnitude  (j),  brings  inertial 
basis  I  =  («i,«2,*3)  to  ^  =  (ai,  02,03),  where  ai  is  aligned  with  unit  vector 
hi  of  the  cruciform.  This  rotation  is  associated  with  a  constant  angular  speed  /?, 
implying  ai{t)  =  cos{ f2t)  ii  -\-  sin(i7t)  12-  A  second  planar  rotation  about  axis  ai. 
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of  magnitude  0,  brings  basis  A  to  B  =  {bi,b2,bs),  where  62  is  the  second  unit 
vector  aligned  with  the  cruciform.  Finally,  a  third  planar  rotation  about  axis  62,  of 
magnitude  V',  bring  basis  B  to  £  =  (ei,  62,  63)  that  is  attached  to  the  rigid  body. 
Points  O  and  O'  are  coincident.  The  system  present  two  degrees  of  freedom. 

Rather  than  describing  the  configuration  of  the  system  with  the  sequence  of  three 
planar  rotations  discussed  in  the  previous  paragraph,  it  might  be  simpler  to  argue 
that  the  rigid  body  is  free  to  rotate  about  fixed  point  O  and  hence,  its  orientation  is 
determined  by  three  generalized  coordinates  selected,  for  instance,  as  the  three  Euler 
angles  associated  with  the  rotation  tensor  R  that  brings  basis  X  to  £.  In  this  scenario, 
the  kinematic  constraint  associated  with  the  universal  joint  imposes  the  following 
normality  condition:  C  =  e^ai(t)  =  0,  a  rheonomic  kinematic  constraint. 

If  the  orientation  of  the  rigid  body  is  defined  by  Euler  angles  using  the  3-1- 
3  sequence,  the  components  of  R,  resolved  in  X,  are  given  by  eq.  (4.11),  and  the 
rheonomic  kinematic  constraint  becomes 

C{q,t)  =  sings  cos((7i  ~  ^t)  +  008(72  cos 53  sin(gi  —  Qt)  =  0, 

where  qi  =  4>,  q2  =  0,  and  qs  =  ip  are  the  three  generalized  coordinates  of  the 
problem.  These  angles  are  associated  with  the  3-1-3  sequence,  rather  than  the  3- 
1-2  sequence  that  would  more  naturally  describe  the  sequence  of  planar  rotations 
inherent  to  the  present  mechanical  system.  The  constraint  matrix  becomes 


B^{q,t) 


cos  (72  cos  (73  cos((7i  —  fit)  —  sin (73  sin((7i  —  ilt) 

—  sin  (72  cos  (73  sin(gi  —  fit) 
cos(73  cos((7i  —  fit)  —  cos(72  sin(73  sin(gi  —  fit) 


In  the  presence  of  a  single  constraint,  the  constraint  matrix  reduces  to  a  single  line. 

For  this  rheonomic  constraint,  the  partial  derivative  of  the  constraint  with  respect 
to  time  is  b(q,t)  =  fi  [sin q^  sm{qi  —  fit)  —  008(72  cos (73  cos(gi  —  fit)].  Array  b 
features  a  single  entry  because  the  problem  involves  a  single  constraint. 

Example  9.6.  The  skateboard 

Figure  9.6  depicts  the  simplified  configuration  of  a  skateboard  of  mass  m  and  mo- 
ment of  inertia  /  about  its  center  of  mass  G.  The  skateboard  rolls  without  sliding  on 
the  horizontal  plane  by  means  of  a  wheel  aligned  with  unit  vector  ei  of  the  skate- 
board and  located  at  point  C,  a  distance  £  from  the  center  of  mass.  The  position  vector 
of  the  center  of  mass  is  written  as  Tq  =  xti  -\-  yt2  and  the  axis  of  the  skateboard 
makes  an  angle  6  with  the  horizontal. 

The  equations  of  motion  of  this  planar  problem  are  readily  obtained  from  New- 
ton's second  law  as 

F'^  sin  9  =  mx,      -F^  cos  9  =  my,      -IF^  =  19,  (9.49) 

where  _F     =  —F^e2  is  the  contact  force  vector  between  the  wheel  and  the  ground. 

The  system  is  subjected  to  one  constraint:  because  the  wheel  does  not  slip,  the 

velocity  vector  of  the  contact  point  must  be  along  unit  vector  ei .  The  velocity  of 

point  C  is  Wp  =  xii  +  yi2  +  £9e2,  and  hence,  the  constraint  becomes  e^y_(j  =  0,  or 
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C 


Fig.  9.6.  Configuration  of  the  slcateboard. 


I?  =  £6'-i;sin6'  +  2/cos6'  =  0.  (9.50) 

Let  the  generalized  coordinates  of  the  problem  be  qi  =  x,  q^  =  y,  and  q^  =  6. 
The  constraint  equations  now  takes  the  form  of  eq.  (9.47),  where 

^(g)  =  [-sine,  008  6*,  i]  ,      b{q)  =  0.  (9.51) 

Clearly,  the  integrability  conditions,  eqs.  (9.46a),  are  not  satisfied,  and  hence,  the 
constraint  is  nonholonomic.  Time  does  not  appear  explicitly  and  the  constraint  is 
linear  in  terms  of  the  generalized  velocities. 

Example  9. 7.  Contact  between  two  rigid  bodies 

Consider  a  rigid  body,  denoted  body  k,  whose  outer  shape  is  described  by  a  sur- 
face, denoted  S*^,  as  indicated  on  fig.  9.7.  The  surface  coordinates  for  this  sur- 
face are  denoted  v/l  and  77^,  see  section  2.4.  A  body  attached  frame,  T^  = 
[B  ,B''  =  (6^,fo|,6|)],  is  defined  by  the  position  vector  u^  of  its  origin  with  re- 
spect to  point  O  and  by  the  rotation  tensor  R  that  brings  basis  I  to  B''.  Finally, 
the  position  vector  of  an  arbitrary  point  on  the  surface  is  denoted  p^'  (rji ,  r/f ) .  Tensor 
components  resolved  in  basis  B''  are  denoted  with  superscript  (•)* . 

Consider  now  a  second  body,  denoted  body  £,  whose  configuration  is  described 
in  a  manner  identical  to  that  used  for  body  k,  replacing  the  superscript  (•)''"  with 
{■Y,  see  fig.  9.7.  Position  vectors  a;'^  and  xf  of  arbitrary  points  on  bodies  k  and  £, 
respectively,  with  respect  to  point  O,  now  become 

The  configuration  of  body  k  is  represented  by  eight  generalized  coordinates:  three 
displacement  components  for  vector  u*^,  three  rotation  components  for  the  rotation 
tensor  R  and  two  surface  coordinates  rji  and  ryl' .  To  assess  the  effect  of  the  contact 
force  on  the  body,  it  is  necessary  to  know  the  location  the  contact  point,  and  hence, 
the  last  two  generalized  coordinates  are  an  inherent  part  of  the  formulation. 

At  first,  imagine  that  the  bodies  are  at  a  short  distance  from  each  other:  the  points 
that  are  about  to  come  in  contact  with  each  other,  called  candidate  contact  points, 
must  satisfy  a  number  of  kinematic  constraints.  First,  the  tangent  planes  to  bodies  k 
and  I  at  the  candidate  contact  points  must  be  parallel.  Second,  the  vector  joining  the 
two  candidate  contact  points  must  be  parallel  to  the  common  normal.  The  tangent 
planes  are  those  spanned  by  the  surface  base  vector  0,5^(77^,  772)  and  g^{r]\,  r/j)  for 
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rig.  9.7.  Two  rigid  bodies  contacting  at  point  C. 


surface  S*^,  and  a{{'ri{,r]2)  and  ai{ri{,ri2)  for  surface  §^;  the  normals  to  the  same 
planes  are  denoted  «.'^(»?i ,  ^72)  ^^'^  "■^('?i:  V2)'  respectively. 

The  kinematic  conditions  defining  the  location  of  the  candidate  contact  points 
can  now  be  expressed  in  the  following  manner, 


-,kTf 


■3l'(%',%')]=0. 


(9.52a) 
(9.52b) 
(9.52c) 
(9.52d) 


The  first  two  constraints  express  the  parallelism  between  the  two  tangent  planes,  and 
the  last  two  the  parallelism  between  the  normal  and  the  vector  joining  the  candidate 
contact  points.  These  four  holonomic  constraints  each  involve  the  generalized  co- 
ordinates rji,  rj2,  rji,  and  77!,  and  could  be  used  to  solve  for  these  four  generalized 
coordinates,  eliminating  them  from  the  formulation.  For  complex  surfaces,  however, 
the  position,  base,  and  normal  vectors  at  a  point  are  complex,  nonlinear  functions  of 
two  of  the  generalized  coordinates  that  define  the  surface.  Consequently,  the  elim- 
ination process  will  be  arduous,  if  not  outright  impossible.  This  demonstrates  the 
advantage  working  with  redundant  generalized  coordinates. 

Next,  the  two  bodies  are  assumed  to  be  in  rolling  contact  with  each  other  and 
point  C  is  the  instantaneous  point  of  contact.  Surface  coordinates  (^1,^/2)  and 
ivi  >  vi)  denote  the  location  of  the  contact  point  on  surfaces  S''  and  S^,  respectively, 
which  satisfy  the  holonomic  constraints  expressed  by  eqs.  (9.52).  The  velocities  of 
this  point  of  contact,  computed  using  the  configurations  of  bodies  k  and  i,  now  be- 

•/  +  ijJ^R^p*^if]{,fJ2),  respectively. 


come  V 


'knk 


B^P*J'{rji,r!i2),  andw*^ 


When  taking  a  time  derivative  of  the  inertial  position  vectors  to  obtain  velocities, 
the  surface  coordinates  [fji ,  f/f )  and  (7)1 ,  ^2 )  were  held  constant  because  they  are  the 
fixed  parameters  that  defined  the  material  points  on  bodies  k  and  /  that  are  located  at 
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the  instantaneous  point  of  contact.  The  difference  between  the  instantaneous  point  of 
contact  between  the  two  rigid  bodies  and  the  material  points  that  are  instantaneously 
located  at  this  point  of  contact  is  discussed  in  section  5.4. 

If  the  two  bodies  are  in  rolling  contact  with  respect  to  each  other,  the  tangential 
components  of  the  instantaneous  relative  velocity  of  the  points  of  contact  on  body  k 
and  £  must  vanish,  leading  to  the  following  two  nonholonomic  constraints, 

V2  =  4^{nln^)  [n'  -u'  +  ^'gpiHvlni)  -  ^'gptivtn'^)]  =  o. 

These  velocity  level  constraints  are  not  integrable.  Indeed,  the  surface  coordinates 
of  the  instantaneous  points  of  contact,  {fJi,fJ2)  and  {fji,'']^),  for  body  k  and  £,  re- 
spectively, are  time  varying  functions  that  depend  on  the  solution  of  the  problem  and 
must  satisfy  the  holonomic  constraints  expressed  by  eqs.  (9.52).  As  the  bodies  roll 
on  each  other,  the  material  points  of  bodies  k  and  £  that  are  instantaneously  located 
at  the  point  of  contact  describe  complex  curves  embedded  in  surfaces  S*^  and  §^, 
respectively. 

These  nonholonomic  constraints  do  not  reduce  the  number  of  degrees  of  freedom 
of  the  problem.  The  two  rigid  bodies  are  rolling  against  each  other,  but  the  trajectories 
of  the  instantaneous  points  of  contact  describe  arbitrary  curves  on  the  two  surfaces. 
The  two  bodies  could  also  be  rotating  with  respect  to  each  other  about  an  axis  passing 
through  the  point  of  contact  and  normal  to  the  tangent  plane  at  the  contact  point,  in 
a  manner  such  that  the  contact  point  coincides  with  fixed  material  points  on  either 
bodies. 

9.2.3  Problems 

Problem  9.3.  Integrability  conditions 

Show  tliat  tlie  integrability  conditions  are  not  satisfied  for  the  nonholonomic  constraint, 
eq.  (9.50),  associated  with  the  skateboard  system. 

Problem  9.4.  Spatial  mechanism 

The  spatial  mechanism  depicted  in  fig.  5.6  consists  of  an  arm  of  length  La  attached  to  the 
ground  at  point  S  and  rotating  about  axis  ii  of  the  inertial  frame  J^^  =  [0,X=  (ii,Z2,*3)]; 
the  time-dependent  rotation  angle  of  unit  vector  S2  with  respect  to  axis  i2  is  denoted  0{t).  A 
rigid  link  connects  point  P,  at  the  tip  of  the  arm,  to  point  Q  that  is  free  to  slide  along  axis 
ii .  The  link  is  of  length  Lt  and  the  distance  from  point  O  to  point  Q  is  denoted  x.  (1)  How 
many  degrees  of  freedom  does  this  mechanism  present?  (2)  If  9  and  x  are  used  as  generalized 
coordinates,  write  the  appropriate  constraint  (or  constraints)  applied  on  the  system.  (3)  Derive 
the  constraint  matrix. 

Problem  9.5.  Crank-slider  mechanism 

The  crank-slider  mechanism  depicted  in  fig.  9.8  consists  of  a  uniform  crank  of  length  Li 
and  mass  mi  connected  to  the  ground  at  point  O;  let  6  be  the  angle  from  the  horizontal  to 
the  crank.  At  point  B,  the  crank  connects  to  a  uniform  linkage  of  length  L2  and  mass  m2 
that  slides  along  point  P,  a  fixed  point  in  space,  located  at  a  distance  d  from  point  O.  Let  w 


9.3  The  principle  of  virtual  work  for  constrained  static  problems         371 

denote  the  distance  from  point  B  to  point  P  and  tf)  the  angle  from  the  horizontal  to  link  BP. 
(1)  How  many  degrees  of  freedom  does  this  mechanism  present?  (2)  If  6,  (f),  and  w  are  used  as 
generalized  coordinates,  write  the  appropriate  constraint  (or  constraints)  applied  to  the  system. 
(3)  Derive  the  constraint  matrix. 


^1 

b 

^o\ 

<^ 

\d(t)        '^ 

^ 

W\  ''"'b- 

f- 

^\^^ 

Fig.  9.8.  Crank-slider  mechanism  rotating  at  a  con- 
stant angular  velocity. 


^B 


Fig.  9.9.  Configuration  of  the  bar  with 
an  actuator. 


Problem  9.6.  Bar  with  actuator 

Rigid  homogeneous  bar  AB  of  length  L  is  connected  to  the  ground  at  point  T  by  means  of 
a  spring  of  stiffness  constant  k  as  depicted  in  fig.  9.9.  The  other  end  of  the  bar  is  connected 
to  the  ground  at  point  O  through  an  actuator  of  prescribed  length,  d{t).  The  configuration  of 
bar  AB  is  defined  by  three  generalized  coordinates,  the  coordinates  of  its  center  of  mass,  xi 
and  X2,  and  its  orientation  with  respect  to  the  horizontal,  6.  (1)  How  many  degrees  of  freedom 
does  this  mechanism  present?  (2)  If  xi,  X2,  and  6  are  used  as  generalized  coordinates,  write 
the  appropriate  constraint(s)  applied  to  the  system.  (3)  Derive  the  constraint  matrix. 

Problem  9.7.  The  two-bar  Unkage  with  slider  system 

The  two-bar  linkage  with  slider  system  shown  in  fig.  8.4  is  a  planar  mechanism.  It  consists  of  a 
uniform  crank  of  length  Li  and  mass  mi  connected  to  the  ground  at  point  O;  let  9  be  the  angle 
from  the  horizontal  to  the  crank.  At  point  B,  the  crank  slides  over  a  uniform  linkage  of  length 
L2  and  mass  7712  that  is  connected  to  the  ground  at  point  A.  Let  w  denote  the  distance  from 
point  B  to  point  A  and  </>  the  angle  from  the  horizontal  to  link  BA.  (1)  How  many  degrees  of 
freedom  does  this  mechanism  present?  (2)  If  9,  cj),  and  w  are  used  as  generalized  coordinates, 
write  the  appropriate  constraint  (or  constraints)  applied  to  the  system.  (3)  Derive  the  constraint 
matrix. 

Problem  9.8.  Particle  in  a  circular  slot  with  guiding  arm 

A  particle  of  mass  A/  slides  along  acircular  slot  of  radius  _R,  as  shown  in  fig.  8.15.  The  particle 
also  slides  in  a  rectilinear  slot  in  an  arm  of  mass  m  and  length  L.  The  arm  is  pivoted  to  the 
ground  at  point  O  and  is  restrained  by  a  torsional  spring  of  stiffness  constant  k  and  a  dashpot 
of  constant  c.  The  spring  is  un-stretched  when  angle  <j)  —  0.(1)  How  many  degrees  of  freedom 
does  this  mechanism  present?  (2)  If  9,  (j),  and  w  are  used  as  generalized  coordinates,  write  the 
appropriate  constraint(s)  applied  to  the  system.  (3)  Derive  the  constraint  matrix. 


9.3  The  principle  of  virtual  work  for  constrained  static  problems 

In  section  7.5,  the  principle  of  virtual  work  was  presented  for  a  single  particle  and 
for  systems  of  particles.  It  was  pointed  out  that  Newton's  first  law  does  not  distin- 
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guish  among  various  types  of  forces:  "the  sum  of  all  forces  must  vanish."  On  the 
other  hand,  the  nature  of  the  applied  forces  profoundly  affects  the  statement  of  the 
principle  of  virtual  work:  conservative  forces  can  be  derived  from  a  potential,  but 
non-conservative  forces  cannot,  see  section  3.2;  this  fundamental  difference  is  re- 
flected in  statements  of  the  principle. 

Constraint  forces  form  another  important  category  of  forces.  In  Newtonian  me- 
chanics, such  forces  are  treated  like  any  other  applied  force  but  in  the  principle  of 
virtual,  such  forces  are  the  object  of  special  treatment,  as  explained  in  section  7.5.2. 
Indeed,  it  is  possible  to  eliminate  constraint  forces  from  the  formulation  by  choosing 
virtual  displacements  in  a  specific  manner,  as  presented  in  the  next  sections. 

9.3.1  The  principle  of  virtual  work  for  a  constrained  particle 

Application  of  the  principle  of  virtual  work  to  constrained  system  will  require  a  close 
scrutiny  of  the  forces  associated  with  the  constraints  because  the  virtual  work  done 
by  these  forces  presents  special  properties.  Consider  the  case  of  a  particle  constrained 
to  move  in  a  slot  inclined  at  an  angle  i/'  with  respect  to  the  horizontal,  as  depicted  in 
fig.  9. 10.  The  particle  is  connected  to  two  springs  of  stiffness  fci  and  fc2,  respectively, 
that  remain  at  all  times  horizontal  and  vertical,  respectively.  The  particle  is  subjected 
to  an  externally  applied  force,  £"*.  This  simple  problem  will  now  be  treated  using 
various  approaches. 

Newtonian  approach 


Free  body 
diagram 


Fig.  9.10.  Particle  in  a  slot. 


First,  the  problem  depicted  in  fig.  9.10  will  be 
solved  using  Newton's  approach.  If  the  particle  is  in 
static  equilibrium,  Newton's  first  law  implies  F_'^  + 
pcj^pa  ^  0,  where  F"  =  -kixiii  -  k2X2i2  is  the 
elastic  force  the  two  springs  apply  on  the  particle 
and  F_''  =  F'^n  the  constraint  force  applied  by  the 
slot.  The  tangent  and  normal  to  the  slot,  denoted  i  = 
cosf/;*!  +  sm')Jji2  and  n  =  —  sinV'ii  +  cosTpi2, 
respectively,  are  defined,  and  the  position  vector  of 
the  particle  is  r  =  a:i  i2  +a;2  t2-  The  constraint  force 
solely  acts  in  the  direction  of  the  normal  because  the 
particle  is  free  to  move  along  the  slot.  The  vector 
equilibrium  equation,  projected  along  unit  vectors 
ti  and  i2,  yields  two  scalar  equations. 


-kixi  —  sinipF^  +  Ff  =  0,      and      —  fc2a;2  +  coa^F.^ 


F^ 


0, 


(9.53) 


respectively. 

This  problem  involves  three  unknowns:  the  coordinates  of  the  particle,  xi  and  X2, 
and  the  constraint  force,  F^.  The  solution  of  the  problem  will  require  the  above  two 
equations  of  equilibrium  complemented  by  the  constraint  equation,  C  =  —xi  sinV'  + 
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X2  COS  i)  =  0.  These  three  equations  are  easily  solved  by  noticing  that  a  solution  of 
the  form  xi  =  r  cos  ij),  X2  =  r  sin  ^,  where  r  is  the  distance  from  point  O  to  the 
particle,  automatically  satisfies  the  constraint  equation.  The  equilibrium  equations 
thenbecome —fcir  cost/'  — i^,"!;  sin i/j  +  i^"  =  0  and  —  fc2r  sin^/j  +  i^^cos^  +  Fj"  =  0, 
respectively. 

The  solution  is  readily  found  to  be  r  =  F^  /k,  where  Ff  =  Ff  cos  ip  +  F2  sin  ip 
is  the  component  of  the  applied  force  along  tangent  i,  and  k  =  ki  cos^  tp  +  k2  sin^  ip 
is  the  effective  spring  constant.  The  constraint  force  is  F^^  =  (fc2  —  ki)r  smip  —  F^, 
where  F^  =  —F^  sin  tp  +  F2  cos  ip  is  the  component  of  the  applied  force  acting 
along  normal  n.  The  complete  solution  is  then 

ZT'a  i^a  u     h 

xi  =  -y-  cos  V",      X2  =  —f-  sin  ^,      F^  = — F"  sin  ^  cos  ^p  —  F^. 

K  rZ  K 

In  conclusion,  when  treating  this  problem  using  Newtonian  mechanics,  con- 
straint forces  are  an  integral  part  of  the  problem;  the  equations  of  equilibrium, 
eqs.  (9.53),  cannot  be  written  without  explicitly  taking  these  forces  into  account. 
The  complete  solution  of  the  problem  involves  the  determination  of  both  displace- 
ments and  constraint  forces. 

The  principle  of  virtual  work 

Next,  the  same  problem  will  be  analyzed  with  the  help  of  the  principle  of  virtual 
work  developed  in  section  7.5.1.  The  particle  is  in  static  equilibrium  if  and  only  if 

dV'''  =  (F''  +  F''fSr,  (9.54) 

for  all  arbitrary  virtual  displacements,  Sr  =  Sxi  i\  +&X2  12-  The  potential  of  the  elas- 
tic forces  in  the  springs  is  V^  =  k\x\l2  -I-  k2x\l2.  Expanding  the  statement  of  the 
principle  leads  to  \k\X\  -I-  sin^F^  —  Ff  ]  bx\  -I-  ^2^1  —  cos^F^  —  F2"]  8x2  =  0; 
because  the  virtual  displacement  components  are  arbitrary,  the  bracketed  terms  must 
vanish,  and  equations  of  equilibrium  (9.53)  are  recovered:  as  expected,  the  principle 
of  virtual  work  is  equivalent  to  Newton's  first  law.  Here  again,  the  force  of  constraint 
is  an  integral  part  of  the  formulation,  and  is  treated  like  any  other  externally  applied 
forces. 


Virtual  work  done  by  the  constraint  force 

The  virtual  work  done  by  the  constraint  force  is  SW^  =  F_'^'^Sr  =  F^l  nT'Sr.  Because 
virtual  displacements  are  completely  arbitrary,  this  virtual  work  does  not  necessar- 
ily vanish;  indeed,  virtual  displacements  are  not  required  to  satisfy  the  kinematic 
constraints  of  the  problem. 

The  particle  is  confined  to  remain  in  the  slot,  it  can  move  along  the  tangent  vector 
to  the  slot  only;  this  direction  is  called  the  kinematically  admissible  direction.  The 
direction  normal  to  the  slot  is  called  the  kinematically  inadmissible  direction,  or  the 
infeasible  direction,  because  the  particle  is  not  allowed  to  move  in  that  direction. 


374         9  Constrained  systems:  preliminaries 

It  is  interesting  to  contrast  the  virtual  work  done  by  the  constraint  forces  with  the 
corresponding  differential  work,  AW^  =  F!;^  n^dr.  The  differential  displacement, 
dr,  is  the  true,  infinitesimal  displacement  of  the  particle  along  its  path.  Because  it 
must  satisfy  the  constraint,  this  differential  displacement  is  along  the  slot  tangen- 
tial direction,  dr  =  idr.  It  follows  that  the  differential  work  done  by  the  force  of 
constraint  does  vanish,  dW^  =  F^  fi^dr  =  F^^  n^t  dr  =  0. 

Next,  the  constraint  equation  is  written  in  a  compact  manner  as  C  =  fi^r  and 
a  variation  of  this  constraint  is  SC  =  B_Sr  =  n^6r:  for  this  simple  problem,  the 
constraint  matrix  coincides  with  the  normal  to  the  slot.  The  virtual  work  done  by  the 
constraint  force  now  becomes 

dW  =  F,1  SC.  (9.55) 

If  the  virtual  displacements  satisfy  the  constraint  condition,  i.e.,  if  they  are  along  the 
tangent  to  the  slot,  5C  =  n^Sr  =  0,  and  the  virtual  work  done  by  the  constraint 
forces  vanishes. 


Principle  of  virtual  work  with  kinematically  admissible  virtual  displacements 

The  concept  of  kinematically  admissible  virtual  displacements  was  introduced  in 
section  7.5.2;  such  virtual  displacements  are  not  completely  arbitrary  but  are  required 
to  satisfy  the  kinematic  constraints.  For  the  case  at  hand,  kinematically  admissible 
virtual  displacements  are  such  that  SC  =  n^6r  =  —  sini/'(5a;i  +  cosipSx2  =  0. 
This  constraint  will  be  automatically  satisfied  by  selecting  Sxi  =  costp6r  and 
6x2  =  sintp Sr,  which  implies  Sr  =  (cos^ii  +  sinipt2)Sr  =  iSr.  As  expected, 
kinematically  admissible  virtual  displacements  are  virtual  displacements  along  the 
sole  direction  compatible  with  the  constraint  condition,  the  direction  tangent  to  the 
slot.  Consequently,  kinematically  admissible  virtual  displacements  are  also  called 
virtual  displacements  compatible  with  the  constraints. 

For  kinematically  admissible  virtual  displacements,  5C  =  0,  and  eq.  (9.55)  im- 
plies the  vanishing  of  the  virtual  work  done  by  the  constraint  forces.  The  principle  of 
virtual  work  now  becomes:  the  particle  is  in  equilibrium  if  and  only  if 

SV  =  F'^^Sr,  (9.56) 

for  all  kinematically  admissible  virtual  displacements,  5r_  =  iSr.  This  principle  im- 
plies kiXi6xi+k2X25x2  =  F^  iSr  and  finally  (fci  cos^  tp+k2  sin^  tp)r6r  =  F^Sr. 
Because  the  kinematically  admissible  virtual  displacement,  Sr,  is  arbitrary,  it  follows 
that  r  =  F^  /k,  the  same  solution  as  found  above. 

In  summary,  the  principle  of  virtual  work  can  be  stated  as  follows. 

Principle  17  (Principle  of  virtual  work  for  a  particle)  A  particle  is  in  static  equi- 
librium if  and  only  if  the  virtual  work  done  by  the  externally  applied  forces  vanishes 
for  all  kinematically  admissible  virtual  displacements. 
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Discussion 

It  is  interesting  to  contrast  the  two  statements  of  the  principle  of  virtual  work  given 
by  principle  8  on  page  273  and  principle  17  above.  These  two  principles  are  nearly 
identical. 

When  the  principle  of  virtual  work  is  used  with  arbitrary  virtual  displacements, 
as  principle  8,  the  virtual  work  done  by  the  reactions  forces  must  be  included  in  the 
statement  of  the  external  virtual  work  because  it  does  not  vanish,  see  eq.  (9.54).  The 
principle  of  virtual  work  is  only  another  form  of  Newton's  first  law  stating  that  the 
sum  of  all  externally  applied  forces  must  vanish  for  static  equilibrium  to  occur.  New- 
ton's first  law  does  not  distinguish  between  various  types  of  forces;  "all  externally 
applied  forces"  means  all  forces,  including  the  constraint  forces. 

In  contrast,  when  the  principle  of  virtual  work  is  used  with  kinematically  admis- 
sible virtual  displacements,  as  principle  17,  the  virtual  work  done  by  the  externally 
applied  forces  does  not  include  the  reaction  forces.  Indeed,  the  virtual  work  they  per- 
form automatically  vanishes  because  kinematically  admissible  virtual  displacements 
are  orthogonal  to  the  reaction  forces,  see  eq.  (9.56). 

These  two  principles  are  derived  from  Newton's  law  to  which  they  are  equiv- 
alent. When  arbitrary  virtual  displacements  are  used,  all  equilibrium  equations  of 
the  problem  are  recovered.  If  the  virtual  displacements  are  limited  to  those  that  are 
kinematically  admissible,  a  subset  of  the  equilibrium  equations  is  recovered. 

More  generally,  consider  a  system  featuring  n  generalized  coordinates  and  m 
kinematic  constraints  for  a  total  of  d  =  n  —  m  degrees  of  freedom.  Application 
of  the  principle  of  virtual  work  with  arbitrary  virtual  displacements,  as  principle  8, 
leads  to  n  equations  of  equilibrium,  identical  to  those  obtained  from  Newton's  first 
law.  These  equations  will  involve  the  n  generalized  coordinates  as  well  as  the  m 
constraint  forces  associated  with  the  m  kinematic  constraints.  The  n  equations  of 
equilibrium  and  m  constraint  equations  are  then  solved  to  yield  the  n  unknown  gen- 
eralized coordinates  and  m  constraint  forces. 

In  contrast,  application  of  the  principle  of  virtual  with  kinematically  admissible 
virtual  displacements,  as  principle  17,  leads  to  d  equations  of  equilibrium.  These 
equations  will  involve  the  sole  d  degrees  of  freedom  of  the  problem;  the  constraint 
forces  vanish  from  the  formulation. 

It  is  often  more  convenient  to  use  a  formulation  based  on  kinematically  admissi- 
ble virtual  displacements;  indeed,  fewer  equations  are  obtained,  involving  a  smaller 
number  of  unknowns.  This  simplification,  however,  comes  at  the  expense  of  elim- 
inating the  constraint  forces  from  the  formulation,  thereby  loosing  all  information 
about  these  important  forces  acting  on  the  system. 

The  use  of  virtual  displacements  that  violate  the  kinematic  constraints  is  by  no 
means  incorrect.  As  mentioned  earlier,  virtual  displacements  can  be  interpreted  as 
"mathematical  experiments"  or  "what  if?"  scenarios.  In  contrast  with  real  displace- 
ments that  must  indeed  satisfy  all  kinematic  constraints,  virtual  displacements  are 
not  constrained  to  satisfy  these  same  conditions.  Of  course,  if  the  analyst  chooses  to 
work  with  virtual  displacements  that  violate  kinematic  constraints,  the  virtual  work 
associated  with  the  corresponding  constraint  forces  must  be  taken  into  account. 
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Example  9.8.  Particle  sliding  along  a  curve 

The  concepts  discussed  in  the  previous  section  will  be  illustrated  by  investigating  the 
problem  depicted  in  fig.  9.11.  A  particle  of  mass  m  is  sliding  along  a  track  whose 
shape  is  defined  by  an  arbitrary  curve  C  described  by  its  intrinsic  parametrization; 
curvilinear  variable  s  measures  length  along  the  curve.  The  particle  is  connected 
to  point  O  by  means  of  an  elastic  spring  of  stiffness  constant  k  and  vanishing  un- 
stretched  length;  it  is  subjected  to  an  externally  applied  force  F^ . 
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Fig.  9.11.  Particle  connected  to  a  spring  and       Fig.  9.12.  Particle  connected  to  a  spring  and 
sliding  along  a  curve.  sliding  along  a  circle. 


Newton's  first  law  is  used  to  derive  the  equilibrium  equations  of  the  system: 
pe  _^_  pc  _^  pa  _  Q  rpj^g  elastic  force  the  spring  applies  on  the  particle  is  F'^  = 
—kxiii  —  kx2i2  and  the  constraint  force  the  track  applies  on  the  particle  is  F_'^  = 
F^^n,  where  n  is  the  unit  vector  normal  to  the  track.  Projecting  Newton's  first  law 
along  unit  vectors  ii  and  i2  then  leads  to 


kxi  +  (q  n)F.^  +  F^  =  0,      and      -  kx2  +  [ti  n)F, 


F^ 


0,        (9.57) 


respectively. 

These  equations  involve  three  unknowns:  the  coordinates  of  the  particle,  xi  and 
X2,  and  the  magnitude  of  the  normal  contact  force,  F^.  A  third  equation  is  required 
to  solve  the  problem:  the  definition  of  the  curve  that  can  be  viewed  as  a  kinematic 
constraint  linking  generalized  coordinates,  xi  and  X2.  In  general,  the  shape  of  the 
curve  will  be  defined  through  its  intrinsic  parametrization;  in  this  case,  the  position  of 
the  particle  is  defined  in  terms  of  s,  xi  =  xi  (s)  and  X2  =  X2  {s).  The  two  equilibrium 
equations  are  then  sufficient  to  solve  for  s  and  F^^. 

Next,  the  principle  of  virtual  work  based  on  arbitrary  virtual  displacements  is 
used  to  solve  the  problem.  The  position  vector  of  the  particle  is  r  =  xiii  +  X212,  and 
the  virtual  displacement  vector  is  (5r  =  5xiii  +  5x2i2-  The  potential  of  the  elastic 
forces  in  the  spring  is  V^  =  k{x\  +  a;|)/2.  The  principle  of  virtual  work  then  leads 
to  [kxi  -  {iln)F^^  -  F{']5xi  +  [kx2  -  {i2n)F^  -  F^]5x2  =  0.  Because  the  virtual 
displacement  components  are  arbitrary,  this  statement  involves  the  reaction  force, 
F^,  and  is  identical  to  the  equilibrium  equations  obtained  from  Newton's  first  law, 
eqs.  (9.57). 

Of  course,  it  is  also  possible  to  use  the  principle  of  virtual  work  based  on  kinemat- 
ically  admissible  virtual  displacements.  Kinematically  admissible  virtual  displace- 
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ments  are  readily  obtained  by  considering  the  position  of  the  particle  to  be  an  im- 
plicit function  of  the  curvilinear  coordinate,  s,  to  find  Sr  =  (dr/ds)6s  =  iSs,  where 
i  is  the  unit  tangent  vector  to  the  curve.  Arbitrary  virtual  changes  in  the  curvilinear 
coordinate,  Ss,  then  generate  virtual  displacements,  Sr  =  ids,  that  are  compatible 
with  the  constraints;  as  expected,  kinematically  admissible  virtual  displacements  are 
along  the  tangent  to  the  curve. 

As  discussed  in  the  previous  section,  the  virtual  work  done  by  the  constraint 
forces  vanishes  when  using  virtual  displacements  compatible  with  the  constraints. 
Indeed,  the  constraint  force  acts  along  the  normal  to  the  curve  and  kinematically 
admissible  displacements  are  along  the  tangent  to  the  curve.  Because  the  normal  and 
tangent  vectors  are  orthogonal  to  each  other,  the  virtual  work  done  by  the  constraint 
force  vanishes,  although  the  constraint  force  itself  does  not. 

The  potential  of  the  elastic  forces  in  the  spring  can  be  expressed  in  terms  of 
curvilinear  variable  s  asV^  =  V'^{s).  The  principle  of  virtual  work  now  reduces  to 
{dV^/ds)  6s  =  F"   ids.  Because  6s  is  arbitrary,  it  follows  that 

dV 

^7  =  Ft^,  (9.58) 

where  F"  =  i^F_°'  is  the  tangential  component  of  the  externally  applied  force.  This 
single  equation  can  be  solved  to  find  the  equilibrium  position  of  the  particle  along 
the  curve. 

Example  9.9.  Particle  sliding  along  a  circle 

To  illustrate  the  process  described  in  example  9.8,  let  the  curve  be  a  circle  of  radius 
R,  as  shown  in  fig.  9.12.  The  coordinates  of  the  particle  then  become  xi  =  d  — 
R  cos  6  and  X2  =  h  —  R  sin  6,  where  d,  h,  and  6  are  defined  in  the  figure.  The  unit 
tangent  vector  to  the  circle  is  easily  found  to  be  i  =  sin^^i  —  cos6'i2,  and  the 
unit  normal  vector  is  n  =  —  cos^zi  —  sm9i2-  For  a  circle,  it  is  more  convenient 
to  use  an  arbitrary  parameterization  of  the  curve,  angle  0,  rather  than  its  intrinsic 
parameterization,  s  =  R6. 

The  equilibrium  equations  obtained  from  Newton's  first  law,  eqs.  (9.57),  are 
-k{d  -  Rcos9)  +  cos0F^^  +  Ff  =  0  and  -k{h  -  Rsind)  +  sindF^  +  Ff  =  0. 
These  equations  are  expressed  in  terms  of  the  angular  position  of  the  particle,  angle 
9,  and  the  normal  contact  force,  F^.  Eliminating  the  normal  contact  force  yields  the 
angular  position  of  the  particle  as 

.„.=  ^.  (9.59) 

Finally,  the  magnitude  of  the  normal  contact  force  becomes 


F^  =  ^J{kd  -  Ff  )2  +  [kh  -  F|)2  -  kR.  (9.60) 

To  apply  the  principle  of  virtual  work  with  kinematically  admissible  virtual  dis- 
placements, the  potential  of  the  elastic  spring  is  expressed  in  terms  of  the  particle's 
angular  position  as  V^  =  1/2  k[{d  —  RcoaO)"^  +  {h  —  Rsind)^].  It  then  follows 
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that  dV/ds  =  (dy'=/d6')  {dd/ds)  =  k{d sin 9  -  hcose).  The  principle  of  virtual 
work,  expressed  by  eq.  (9.58),  then  yields  k{d  sin  6  —  h  cos  9)  =  _Ff  sin  6  —  F^  cos  6. 
Solving  this  single  equation  gives  the  angular  position  of  the  particle,  eq.  (9.59). 

The  use  of  the  principle  of  virtual  work  based  on  the  kinematically  admissible 
virtual  displacements  is  expeditious:  it  yields  a  single  equation  for  the  single  degree 
of  freedom  of  the  problem.  The  constraint  force  does  not  appear  in  this  equation,  in 
contrast  with  the  case  of  Newton's  formulation. 

9.3.2  The  principle  of  virtual  work  and  Lagrange  multipliers 

The  problem  discussed  in  the  previous  example  and  depicted  in  fig.  9.11  involves  two 
scalar  kinematic  constraints:  at  all  times,  the  particle  must  remain  on  curve  C.  These 
constraints  will  be  expressed  as  C  =  r{xi,X2)  —p{s)  =  0.  The  configuration  of  this 
single  degree  of  freedom  system  is  now  represented  by  three  generalized  coordinates, 
the  two  Cartesian  coordinates  of  the  particle,  xi  and  X2,  and  the  curvilinear  variable, 
s,  linked  by  two  kinematic  constraints.  Variation  of  these  constraint  can  be  written 
as  SC_  =  Sr  —  iSs,  where  th  the  unit  tangent  vector  to  the  curve. 

In  all  previous  examples,  the  forces  of  constraint  were  introduced  at  the  onset  of 
the  problem  to  represent  the  effect  of  kinematic  constraints.  In  this  section,  however, 
kinematic  constraints  will  be  enforced  using  Lagrange's  multiplier  method  presented 
in  section  9.1.  In  this  approach,  the  constrained  problem  is  transformed  into  an  un- 
constrained problem  based  on  an  augmented  potential,  see  eq.  (9.25), 


V^ 


V'  +  X'C=h(xl+xl)  +  X'  [r{xi,X2)-p^{s)]  , 


where  the  generalized  coordinates,  xi,  X2,  and  s,  and  Lagrange's  multipliers.  A,  are 
all  unconstrained  variables. 

The  principle  of  virtual  work  now  implies  —Ff  Sr  +  \  {Sr  —  i6s)  +  5\  C_  = 
F_'^^Sr.  Since  all  variations  Sr,  Ss,  and  S\  are  arbitrary,  the  following  equations  are 
obtained 

-F+A  =  £",  (9.6Ia) 

X^i=0,  (9.61b) 

r-p^^{s)  =  0.  (9.6Ic) 

Equation  (9.6Ia)  is  the  equation  of  equilibrium  for  the  particle,  stating  that 
the  sum  of  the  externally  applied  forces  must  vanish.  Lagrange's  multipliers  can 
be  interpreted  as  the  constraint  forces,  A  =  — f|^,  and  the  equation  then  becomes 
—F'^  —  F^  =  £".  Equation  (9.6Ib)  implies  that  Lagrange's  multipliers  are  normal  to 
the  tangent  vector,  i.e.,  are  oriented  along  the  normal  to  the  curve.  If  Lagrange's  mul- 
tiplier are  written  as  A  =  At  t  +  A„  n,  eq.  (9.6Ib)  implies  At  =  0:  the  constraint  force 
consists  of  a  sole  component  acting  along  the  normal  direction.  Finally,  eq.  (9.61c) 
is  just  the  kinematic  constraint.  The  principle  of  virtual  work  yields  five  equations 
to  be  solved  for  the  three  generalized  coordinates,  xi,  X2,  and  s,  and  two  Lagrange 
multipliers.  At  and  A„. 
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This  simple  example  reveals  the  close  relationship  that  exists  between  Lagrange's 
multipliers  and  constraint  forces.  In  section  9.1,  the  multipliers  were  introduced  as 
auxiliary  mathematical  variables  devoid  of  any  physical  meaning.  Within  the  frame- 
work of  the  principle  of  virtual  work,  Lagrange's  multipliers  are  closely  related  to 
constraint  forces. 

It  would  be  a  mistake,  however,  to  simply  equate  Lagrange  multipliers  and  con- 
straint forces.  The  term  that  augments  the  potential  of  the  problem,  A  C,  could  also 
be  written  as  (A  /a){aQ,  where  a  is  an  arbitrary  constant.  Lagrange's  multipliers 
would  then  become  proportional  to  the  constraint  forces,  where  a  is  the  constant  of 
proportionality.  In  the  above  example,  A  =  —F^;  had  the  constraint  been  written  as 
C_  =  —r  +  pJs),  the  corresponding  result  would  have  been  A  =  +F_''. 

2  _L  \^r2^ 


Finally,  the  term  that  augments  the  potential  could  be  written  as  XiCf  +  X^C 


where  C\  and  Ci  are  the  components  of  constraint  C  resolved  in  basis  X.  In  this 
case,  although  related  to  the  constraint  forces,  Lagrange's  multipliers  would  not  be 
proportional  the  constraint  forces.  Clearly,  it  is  important  to  determine  the  precise 
physical  meaning  of  Lagrange's  multipliers  to  help  explain  the  significance  of  the 
equations  derived  from  the  principle  of  virtual  work. 

Example  9.10.  Particle  sliding  along  a  curve  with  friction 

In  this  example,  the  problem  of  a  particle  sliding  along  a  track  whose  shape  is  defined 
by  an  arbitrary  curve  C,  as  depicted  in  fig.  9.11,  will  be  investigated  once  again. 
This  time,  a  friction  force,  F^,  acts  between  the  particle  and  the  track.  The  friction 
force  will  be  assumed  to  obey  Coulomb's  law  of  static  friction,  i.e.,  \F^  <  /is|-F"|, 
where  /i^  is  the  coefficient  of  static  friction,  and  F"  the  normal  force  at  the  frictional 
interface.  The  virtual  work  done  by  the  friction  force  is  SW^  =  F-^Ss,  because  the 
friction  force  acts  in  the  direction  tangent  to  the  curve. 

The  principle  of  virtual  work  based  on  kinematically  admissible  virtual  displace- 
ments is  used  first.  This  principle  implies  (dV/ds)  6s  =  F"'  tSs  +  F^Ss,  and 
the  equilibrium  equation  becomes  dV^/ds  =  F°  +  F^ .  This  equations  includes  the 
effect  of  the  friction  force  and  should  be  compared  with  its  counterpart,  eq.  (9.58), 
that  ignores  this  effect. 

Unfortunately,  this  approach  does  not  yield  enough  information  to  solve  the  prob- 
lem: the  single  equation  of  equilibrium  involves  two  unknowns,  the  curvilinear  vari- 
able, s,  and  the  friction  force  that  depends  on  the  unknown  normal  contact  force,  F". 
The  main  advantage  of  the  principle  of  virtual  work  based  on  kinematically  admissi- 
ble virtual  displacements  is  to  eliminate  the  constraint  forces  from  the  formulation. 
This  advantage  turns  out  to  be  a  drawback  in  the  present  situation:  the  constraint 
force  is,  in  fact,  the  normal  force  at  the  frictional  interface  and  is  required  to  evaluate 
the  friction  force. 

In  contrast,  the  principle  of  virtual  work  in  combination  with  Lagrange's  multi- 
plier technique  yields  an  elegant  solution  to  the  problem.  Using  the  notation  defined 
in  section  9.3.2,  the  principle  of  virtual  work  now  implies  —F'^^6r+X  {Sr  —  i6s)  + 
dX  C_=  F^'^Sr  +  F-^(5s,  and  the  governing  equations  of  the  problem  become 
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A 


r, 

r-p^is)  =  0. 


-A^i  = 


(9.62a) 
(9.62b) 
(9.62c) 


Here  again,  these  equations  should  be  compared  with  their  counterpart, 
eq.  (9.61),  that  ignore  the  effect  of  friction.  The  second  equation  only  has  been  modi- 
fied by  the  addition  of  friction:  within  a  sign,  the  tangential  component  of  Lagrange's 
multiplier  can  be  interpreted  as  the  friction  force  itself.  Solving  these  equation  with 
the  condition  \F^  <  /is|i^"|  or  |At|  <  /is|A„|  will  yield  a  range  of  angular  positions 
of  the  particle  for  which  equilibrium  is  possible. 

Of  course,  the  principle  of  virtual  work  based  on  arbitrary  virtual  displacements 
would  also  provide  enough  information  to  solve  the  problem  because  it  would  bring 
to  light  the  normal  contact  force  required  to  quantify  the  friction  force. 

Example  9.11.  Constrained  system  of  particles,  Lagrange  multiplier  approach 

The  two  systems  depicted  in  fig.  9.13,  denoted  system  1  and  system  2,  respectively, 
are  clearly  different  and  feature  different  equilibrium  configurations.  Examples  7.14 
and  7.15  have  treated  these  two  problems  using  the  principle  of  virtual  work,  and  the 
equations  of  equilibrium  were  found  to  be  given  by  eq.  (7.42a)  and  (7.42b),  for  the 
first  and  eq.  (7.45)  for  the  second. 


System  1  System  2 

Fig.  9.13.  Particle  connected  to  a  spring  and  sliding  along  a  curve. 


Imagine  that  moments  of  equal  magnitudes  and  opposite  signs  are  now  applied 
at  the  mid-span  hinge  of  system  2.  Intuitively,  if  the  magnitude  of  these  moments 
is  "just  right,"  the  two  parts  of  the  articulated  bar  will  align,  and  9i  =02-  In  this 
case,  systems  1  and  2  become  equivalent,  and  the  moment  applied  at  the  mid-span 
articulation  of  system  2  is  equal  to  the  mid-span  internal  moment  of  system  I,  given 
by  eq.  (7.43).  Rather  than  finding  the  mid-span  moment  that  is  "just  needed"  to  align 
the  two  articulated  bar  of  system  2,  it  is  possible  to  enforce  the  kinematic  constraint, 
9i  =  02,  by  means  of  Lagrange's  multiplier  technique.  In  this  case,  Lagrange's  mul- 
tiplier associated  with  the  constraint  will  be  closely  related  to  the  moment  applied  at 
the  hinge,  and  hence,  to  the  mid-span  internal  moment  of  system  I. 
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Following  this  latter  line  of  thought,  the  kinematic  constraint  C  =  9i  —  62  =  0 
is  applied  to  system  2  using  Lagrange's  multiplier  technique.  The  potential  of  the 
problem,  given  by  eq.  (7.44),  is  augmented  with  the  following  term:  XC  =  \(9i  — 
02 ) .  All  variables  are  considered  to  be  unconstrained,  leading  to  the  following  set  of 
equations 


4      -2/3  2/3    0  ■ 
-2/3  5/18     0        1 
2/3      0      5/18-1 
0         1-10 


A 


4£  -  Amg 

-{Ia/2  +  4/6)  +  (ma/2  +  nn,/Q)g 

{ldl2  +  4/6)  -  (md/2  +  m,/Q)g 

0 


where  A  =  \/{kL'^)  is  the  non-dimensional  multiplier.  Note  that  the  first  3x3 
system  of  equations  is  identical  to  that  derived  for  the  unconstrained  system,  see 
eq.  (7.45).  As  expected,  the  solutions  for  u  and  9i  =  62  are  identical  to  those  earlier, 
see  eqs.  (7.42a)  and  (7.42b),  respectively.  Lagrange's  multiplier  A  is  the  "force"  that 
imposes  the  kinematic  condition  611  =  62,  i.e.,  it  is  the  mid-span  bending  moment 
in  the  now  rigid  bar.  This  can  be  verified  by  solving  for  Lagrange  multiplier  and 
observing  that  it  is  indeed  equal  to  the  mid-span  bending  moment  given  in  eq.  (7.43). 

Example  9.12.  System  of  particles  with  constraints,  penalty  method  approach 

Additional  insight  into  Lagrange's  multiplier  technique  can  be  gained  by  comparing 
it  with  the  penalty  method  for  enforcing  constraints.  Imagine  that  the  two  articulated 
bars  shown  in  fig.  7.24  are  connected  by  a  torsional  spring  of  stiffness  constant  p. 

This  problem  can  be  solved  by  adding  to  the  potential  of  the  elastic  forces  act- 
ing in  the  linear  springs,  see  eq.  (7.44),  a  term  for  the  mid-span  torsional  spring, 
1/2  p{Oi  —  62)"^,  called  the  penalty  term.  The  principle  of  virtual  work  based  on 
kinematically  admissible  virtual  displacements  then  yields  the  following  equations 


4         -2/3         2/3 
-2/3  5/18 +  p       -p 
2/3       -p       5/18 -hp 


24£- 

-  2Amg 

(34 

+  4) 

+  (3ma  + 

mb)g 

(34 

+  4) 

-  [imd  + 

mc)g 

(9.63) 
wherep  =  p/{kL'^)  is  the  non-dimensional  stiffness  of  the  mid-span  torsional  spring. 

If  the  mid-span  torsional  spring  is  made  increasingly  stiffer,  i.e.,  as  p  increases, 
the  relative  rotation  of  the  two  rigid  bars  will  become  increasingly  smaller.  Indeed, 
as  p  increases,  an  increasing  "penalty,"  p{9i  —  ^2)^/2,  is  payed  for  any  violation  of 
the  constraint,  9i  7^  02-  In  fact,  as  p  — >  cx3,  the  relative  rotation  vanishes,  Oi  — >  ^2- 

This  technique  is  known  as  the  "penalty  method"  for  enforcing  constraints.  Fig- 
ure 9.14  shows  the  solution  of  eqs.  (9.63)  as  a  function  of  the  penalty  factor,  p;  note 
the  logarithmic  scale  on  the  horizontal  axis.  The  top  figure  shows  the  convergence  of 
the  mid-span  displacement;  as  p  increases,  the  prediction  of  the  penalty  method  (in 
dashed  lines)  converges  to  the  corresponding  result  for  Lagrange's  multiplier  tech- 
nique (in  solid  line).  The  middle  figure  shows  the  rotations  of  the  two  bars;  both  9i 
and  02  converge  to  the  same  value,  angle  di  =  92,  predicted  using  the  multiplier 
technique.  Finally,  the  bottom  figure  compares  the  mid-span  bending  moments;  for 
Lagrange's  multiplier  technique,  the  bending  moment  is  simply  Lagrange's  multi- 
plier, M  =  \,  whereas  for  the  penalty  method,  M  =  p{6i  —  62). 
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Fig.  9.14.  Convergence  of  the  mid-span  displacement  (top  figure),  rotations  (middle  figure), 
and  mid-span  bending  moment  (bottom  figure)  as  the  penalty  factor,  p,  increases.  Lagrange 
multiplier  method:  solid  line;  penalty  method:  dashed  line. 


The  penalty  method  is  easy  to  use:  it  does  not  introduce  additional  variables,  as 
is  the  case  for  Lagrange's  multiplier  technique,  nor  does  it  eliminate  any  variable. 
Unfortunately,  it  is  not  a  robust  method:  the  exact  solution  of  the  problem  is  only 
recovered  when  p  — >  oo,  but  in  practice,  a  finite  value  of  p  must  be  used  to  avoid  the 
ill  conditioning  of  the  system  equations,  eqs.  (9.63).  Lagrange's  multiplier  technique 
is  a  rigorous  approach  to  the  enforcement  of  constraints;  the  penalty  method  is  a 
convenient  approach  to  obtaining  approximate  predictions. 

The  parallel  between  the  two  approaches  underlines  their  common  physical  in- 
terpretation. In  the  penalty  method,  the  penalty  term,  V^  =  1/2  p{9i  —  6*2)^,  can 
be  interpreted  as  the  "potential  of  the  constraint  forces."  Indeed,  the  constraint  mo- 
ment, M,  can  be  derived  from  this  potential:  M  =  dV^ /dO,  where  6  =  9i  —  62  is 
the  relative  mid-span  rotation.  The  constraint  is  exactly  enforced  in  the  limiting  case 
where  p  — >  00,  in  such  a  manner  that  p{9i  —  62)  converges  to  a  finite  value,  M.  The 
potential  of  the  constraint  forces  now  becomes  V^  =  1/2  p{9i  —  (?2)(^i  —  ^2)  = 
1/2  M{9i  —  6*2)  =  AC.  This  means  that  the  term  \C  introduced  in  Lagrange's  mul- 
tiplier technique  is,  in  fact,  the  potential  of  the  constraint  forces.  Because  the  con- 
straint forces  associated  with  kinematic  constraints  can  be  derived  from  a  potential, 
such  forces  are  conservative.  Indeed,  the  work  done  by  such  constraint  forces  van- 
ishes, leaving  the  total  mechanical  energy  unchanged,  the  hallmark  of  conservative 
forces. 


9.3.3  Problems 

Problem  9.9.  Particle  on  a  circular  track 

Consider  a  particle  connected  to  a  fixed  point  O  by  an  spring  of  stiffness  constant  k  and 
sliding  along  a  circular  track,  as  depicted  in  fig.  9.15.  Friction  acts  between  the  particle  and 
the  track.  The  friction  force  F^  is  assumed  to  obey  Coulomb's  law  of  static  friction,  i.e., 
\F^\  1^  iJ-s\F"'\,  where  fis  is  the  coefficient  of  static  friction,  and  _F"  the  normal  force  at 
the  frictional  interface.  (1)  Derive  the  governing  equations  of  the  problem  using  the  principle 
of  virtual  work  and  Lagrange's  multiplier  technique.  (2)  Find  the  equilibrium  position,  9o,  of 
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the  particle  in  the  absence  of  friction,  i.e.,  when  /is  —  0.  (3)  Find  the  range  of  equilibrium 
positions,  9e  <  6e  <  6u,  sls  a  function  of  Hs',  9e  and  6u  are  the  lower  and  upper  bounds, 
respectively,  of  the  angular  position  of  the  particle  for  which  equilibrium  is  possible.  (4)  Plot 
these  bounds  as  a  function  of  the  static  coefficient  of  friction  /is,  i.e.,  plot  9i  —  9i[^s)  and 
9u  ~  9u{^s)-  (5)  Plot  the  normal  contact  forces,  F"(p.s)  and  F^{iis),  acting  on  the  particle 
when  it  is  located  at  9i(fis)  and  9u{ns),  respectively.  (6)  Plot  the  friction  forces,  F/ {fis) 
and  Fi{fie),  acting  on  the  particle  when  it  is  located  at  9i{^s)  and  9u(p.s),  respectively.  (7) 
Plot  the  total  contact  forces,  Fg^iis)  and  F^{jj.s),  acting  on  the  particle  when  it  is  located  at 
9e{fMs)  and  9u{i-i.s),  respectively.  Use  the  following  data:  d  =  d/R  =  1.5;  h  —  h/R  —  2. 
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Fig.  9.15.  Particle  sliding  along  a  curve  with       Fig.    9.16.    Two    bars    supported    by    four 
friction.  springs. 


Problem  9.10.  Two  bars  supported  by  four  springs 

Figure  9.16  depicts  a  system  consisting  of  two  rigid  bars  connected  to  the  ground  by  means 
of  elastic  springs  of  stiffness  k.  The  un-stretched  lengths  of  the  four  springs  are  £a,  it,  ic,  and 
id,  respectively,  and  the  four  masses  are  rua,  nib,  rric,  and  md,  respectively.  The  configuration 
of  the  left  bar  is  represented  by  the  displacement,  u\,  of  its  right  end  and  its  orientation,  9\. 
The  configuration  of  the  right  bar  is  represented  by  the  displacement,  U2,  of  its  left  end  and 
its  orientation,  92.  (1)  Use  the  principle  of  virtual  work  to  find  the  solution  of  the  problem.  (2) 
Use  Lagrange's  multiplier  technique  to  enforce  two  kinematic  constraints:  Ci  =  ui  —  U2  —  0 
and  C2  ~  9i  —  92  —  0.  (3)  Solve  the  constrained  problem  and  show  that  its  solution  is  identical 
to  that  found  in  example  7.14.  (4)  What  is  the  physical  meaning  of  Lagrange's  multipliers? 
(5)  Validate  your  solution  by  comparing  the  value  of  Lagrange's  multipliers  with  predictions 
based  on  statics  arguments.  (6)  Enforce  the  constraints  Ci  and  C2  using  the  penalty  method. 
(7)  Demonstrate  the  convergence  of  the  solution  of  the  penalty  method  to  that  of  Lagrange's 
multiplier  technique  as  the  penalty  factor  increases.  Plot  the  displacements,  rotations,  and 
loads  as  a  function  of  the  penalty  factor  for  both  solutions.  Use  the  following  data:  la  = 
L/L  =  0.5;  4  =  4/i  =  0.75;  4  =  4/L  =  0.60;  4  =  4/i  =  0.30;  m^  =  1.2  kg; 
mt  =  1.50  kg;  nic  =  0.60  kg;  nid  =  0.45  kg;  g  =  g/kL  =  0.2. 

Problem  9.11.  Four  springs  supporting  a  rigid  bar 

Figure  7.23  depicts  a  system  consisting  of  a  rigid  bar  connected  to  the  ground  by  means 
of  elastic  springs  of  stiffness  k.  The  un-stretched  lengths  of  the  four  springs  are  £a,  lb,  t-c, 
and  id,  respectively.  The  configuration  of  system  is  represented  by  the  displacements,  Ua, 
ut,  Uc,  and  Ud  of  the  four  masses,  ma,  rrib,  rric,  and  md,  respectively.  (1)  Use  the  principle 
of  virtual  work  to  find  the  solution  of  the  unconstrained  problem,  i.e.,  in  the  absence  of  the 
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rigid  bar.  (2)  Use  Lagrange's  multiplier  technique  to  enforce  the  four  kinematic  constraints 
imposed  by  the  rigid  bar:  Ci  =  Xa  —  {x  —  L6/2)  =  Q,  C2  =  Xb  —  {x  —  L9/6)  —  0, 
C3  —  Xc—{x  +  L6/6)  =  0,  C4  =  Xd—{x  +  L6/2)  —  0,  where  x  is  the  mid-span  displacement 
of  the  bar  and  9  its  rotation.  (3)  Solve  the  constrained  problem  and  show  that  its  solution 
is  identical  to  that  found  in  example  7. 14.  (4)  What  is  the  physical  meaning  of  Lagrange's 
multipliers?  (5)  Validate  your  solution  by  comparing  the  value  of  Lagrange's  multipliers  with 
predictions  based  on  statics  arguments.  (6)  Enforce  the  constraints  Ci,  C2,  Cs,  and  C4  using 
the  penalty  method.  (7)  Demonstrate  the  convergence  of  the  solution  of  the  penalty  method  to 
that  of  Lagrange's  multiplier  technique  as  the  penalty  factor  increases.  Plot  the  displacements, 
rotations,  and  forces  as  a  function  of  the  penalty  factor  for  both  solutions.  Use  the  following 
data:  4  =  £a/L  =  0.5;  4  =  h/L  =  0.75;  L  =  £c/L  =  0.60;  Id  =  £d/L  =  0.30; 
rua  =  1.2  kg;  mt  =  1.50  kg;  nic  =  0.60  kg;  md  =  0.45  kg;  g  =  g/kL  =  0.2. 

Problem  9.12.  A  rigid  bar  suspended  by  two  spring 


A,(d„  h.) 


A.(d„h,)i 


C(xc,  yc)    * 


■>'■ 


Figure  9.17  depicts  a  massless  rigid  bar  of  length  £  with 
end  masses,  mi  and  m2,  suspended  by  two  springs  of 
stiffness  constants  fci  and  k2.  The  springs,  of  un-stretched 
lengths  £1  and  £2,  respectively,  are  connected  to  the 
ground  at  points  Ai  and  A2,  of  coordinates  (di,hi) 
and  (^2,  /12),  respectively.  Gravity  acts  on  the  system  in 
the  direction  indicated  on  the  figure.  Two  different  sets 
of  generalized  coordinates  will  be  used  to  represent  the 
system.  A  three  generalized  coordinate  representation:  Xc 
Fig.  9.17.  A  rigid  bar  suspended  and  j/c,  the  position  of  the  center  of  mass  of  the  system, 
by  two  spring.  and  6,  the  orientation  of  the  rigid  bar.  The  second  is  a  four 

generalized  coordinate  representation  using  xi  and  j/i,  the  coordinates  of  mass  mi,  and  X2 
and  y2,  the  coordinates  of  mass  1712-  (1)  Using  the  first  set  of  generalized  coordinates,  find 
the  equilibrium  configuration  of  the  system  based  on  the  principle  of  virtual  work.  (2)  Find 
the  internal  force  in  the  rigid  bar.  (3)  For  the  second  set  of  generalized  coordinates,  determine 
the  kinematic  constraint  that  links  the  four  generalized  coordinates.  (4)  Find  the  equilibrium 
configuration  of  the  system  based  on  the  principle  of  virtual  work  and  Lagrange's  multiplier 
technique.  (5)  Provide  a  physical  interpretation  of  Lagrange's  multiplier.  (6)  Show  that  the 
solutions  obtained  with  the  two  sets  of  generalized  coordinates  are  identical.  (7)  Using  the 
second  set  of  generalized  coordinates,  find  the  equilibrium  configuration  of  the  system  based 
on  the  principle  of  virtual  work  and  the  penalty  method.  (8)  Study  the  convergence  of  this 
latter  solution  as  the  penalty  coefficient  increases.  Use  the  following  data:  di  —  di/£  —  0.5, 
hi  =  hi/£  =  1.5,  d2  =  d2/£  =  2,h2  =  h2/£  =  0.8;  ^1  =  -«2  =  0;  rhi  =  nug/ikt)  =  5, 
fri2  —  ni2g/{k£)  =  8;  k  —  ki  —  ^2. 


10 

Constrained  systems:  classical  formulations 


Chapter  8  presented  variational  and  energy  principles  for  unconstrained  dynamical 
system.  This  chapter  generalizes  these  formulations  to  enable  the  treatment  of  con- 
strained systems.  D'Alembert's  principle  is  treated  in  section  10.1.  The  generaliza- 
tion of  Hamilton's  principle  and  Lagrange's  formulation  to  systems  with  holonomic 
constraints  is  presented  in  section  10.2  and  section  10.3  generalizes  the  same  formu- 
lations to  systems  with  nonholonomic  constraints. 

The  second  part  of  the  chapter  deals  with  constraints  in  multibody  systems. 
While  mechanical  systems  employ  many  types  of  joints,  the  lower  pair  joints  are 
the  most  commonly  used  and  section  10.4  describes  their  kinematic  characteristics. 
Section  10.5  develops  generic  constraints  that  will  be  used  for  all  lower  pair  joints, 
and  the  specific  constraints  associated  with  each  of  the  six  lower  pair  joints  are  de- 
tailed in  section  10.6.  The  chapter  concludes  with  a  cursory  look  at  a  few  additional 
joints. 


10.1  D'Alembert's  principle  for  constrained  systems 

D'Alembert's  principle  was  derived  in  section  8. 1  and  is  expressed  by  eq.  (8.3).  This 
principle  involves  the  virtual  work  done  by  the  various  forces  acting  on  the  system: 
the  inertial  forces,  the  conservative  forces,  and  the  non-conservative  forces.  When 
using  kinematically  admissible  virtual  displacements,  the  virtual  work  done  by  the 
forces  that  impose  kinematic  constraints  does  vanish,  as  discussed  in  section  9.3.1; 
consequently,  such  forces  do  not  appear  in  d' Alembert's  formulation. 

If  redundant  generalized  coordinates  are  used,  the  system  will  be  subjected  to 
kinematic  constraints,  and  virtual  changes  in  these  generalized  coordinates  will  no 
longer  be  kinematically  admissible.  As  discussed  in  section  9.3.1,  it  will  then  be 
required  to  take  into  account  the  virtual  work  done  by  the  constraint  forces,  because 
this  virtual  work  does  not  vanish  for  virtual  displacements  that  are  not  kinematically 
admissible. 

The  virtual  work  done  by  the  constraint  forces  is  elegantly  introduced  into  the 
formulation  by  means  of  Lagrange's  multipliers;  as  presented  in  section  9.3.2,  the 


O.  A.  Bauchau,  Flexible  Multibody  Dynamics, 

DOl  10.1007/978-94-007-0335-3_10  ©  Springer  Science+Business  Media  B.V.  2011 


386         10  Constrained  systems:  classical  formulations 

potential  of  the  conservative  forces  is  augmented  by  the  potential  of  the  constraint 
forces  expressed  in  terms  of  Lagrange's  multipliers. 

Example  10.1.  The  double  pendulum 

Consider  the  double  pendulum  system  depicted  in  fig.  10.1.  The  first  bar  is  of  length 
Li,  mass  mi,  and  is  connected  by  hinges  to  the  ground  at  point  O  and  to  the  second 
bar  at  point  A.  The  second  bar  is  of  length  L2  and  mass  1712-  The  bars  have  orientation 
angles  9i  and  O2  with  respect  to  the  vertical,  respectively.  I  =  («i ,  «2 ,  *3 )  is  an  inertial 
basis;  bases  £  =  (61,62,63)  and  A  =  (01,02,03)  are  attached  to  the  first  and 
second  bars,  respectively.  This  problem  was  treated  in  example  8.2  on  page  300  with 
d' Alembert's  principle  using  kinematically  admissible  virtual  displacements.  Derive 
the  equations  of  motion  of  the  system  using  d' Alembert's  principle  with  a  redundant 
set  of  generalized  coordinates. 

It  is  assumed  that  the  internal  forces  at  point  A  must  be  evaluated  as  part  of  the 
solution  process.  The  following  generalized  coordinates  will  be  used:  angles  9i  and 
62  and  the  position  vector  of  point  A  with  respect  to  point  O,  denoted  r^.  Since 
the  system  features  two  degrees  of  freedom  only,  two  constraints  must  exist  between 
these  four  generalized  coordinates:  C  =  r^i  —  ^lei  =0.  These  two  constraints  will 
be  enforced  using  Lagrange's  multiplier  technique. 

The  configuration  of  the  first  bar  is  defined  by  the  sole  generalized  coordinate  Oi, 
and  hence,  the  difference  between  the  variation  of  the  potential  energy  and  virtual 
work  done  by  the  inertial  forces  is  identical  to  that  given  by  eq.  (8.12). 

The  configuration  of  the  second  bar  now  involves  three  generalized  coordinates, 
the  position  of  point  A,  r^,  and  the  orientation  of  the  second  bar,  02-  The  potential  of 
the  gravity  forces  acting  of  the  bar  is  V2  =  'm2g{i^ZA  ~  ^2^2/2).  The  virtual  work 
done  by  the  inertial  forces  is  obtained  from  eq.  (8.8),  using  point  A  as  the  reference 
point  now  becomes 


8Wi  =  -6r^m2 


"A 


c'2«3-^ai 


^2-^«l 


66. 


In    Oo 


Although  this  expression  is  identical  to  that  obtained  earlier,  see  eq.  (8.13),  r^  is  now 
an  independent,  unconstrained  generalized  coordinate,  which  implies  that  Jr^  7^ 
Li59ie2. 

According  to  Lagrange's  multiplier  technique,  the  potential  of  the  constraint 
forces  is  V^  =  H^  {la  ~  -^i^i)'  where  /i  is  the  array  of  Lagrange's  multipliers 
used  to  enforce  the  two  constraints.  Variation  of  this  potential  is 

SV  =  <5M^(r^  -  Liei)  +  frj/i  -  SOi  Li^i^ea. 


D'Alembert's  principle  now  impHes  6{Vi  +  V2  +  V^)  -  5{Wl  +  W^)  =  0  for  all 
arbitrary  variations  6O1,  S62,  and  (5r^,  leading  to  the  following  equations  of  motion 
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L1L2        ^ 
"12 — ;; — C2i6'i 


7712^ 


— — 6*1  +  niig  —  Si  -  Lie2  £ 
2  +  m2g  —  S2  +  m2—-—0^b2i 


fi  +  m2gi2  +  m2Li{9ie2  -  Ofei)  -\ — (^202  -  ^201 


0, 

(10.1a) 

0, 

(10.1b) 

0, 

(10.1c) 

respectively. 

Equation  (10.1b),  the  coefficient  of  the  arbitrary  variation  662,  is  identical  to  the 
corresponding  equation  obtained  by  using  kinematically  admissible  virtual  displace- 
ments; it  provides  the  first  equation  of  motion  for  the  problem.  Equation  (10.1a)  is 
identical  to  that  obtained  from  Newton's  approach,  eq.  (8.10b),  provided  that  La- 
grange's multipliers  are  interpreted  as  the  internal  force  at  the  joint,  /i  =  Ha  ii  + 
Va12,  where  Ha  and  Va  are  the  horizontal  and  vertical  components  of  the  inter- 
nal force  transmitted  at  point  A,  respectively.  Finally,  eq.  (10.1c)  is  identical  to  that 
obtained  from  the  Newtonian  approach,  see  eq.  (8.1  la),  and  provides  an  expression 
for  Lagrange's  multipliers,  /i,  which  are  the  desired  internal  forces.  Elimination  of 
Lagrange's  multipliers  from  the  first  and  third  equations  yields  the  second  equation 
of  motion  for  the  problem. 

This  example  demonstrates  the  versatility  of  d' Alembert's  principle  coupled  with 
Lagrange's  multiplier  technique.  Through  a  judicious  choice  of  generalized  coordi- 
nates and  constraints,  a  set  of  equations  involving  the  desired  unknowns  of  the  prob- 
lem is  generated. 


Fig.  10.1.  Configuration  of  the  double  pen- 
dulum system. 


Universal  joint 
a,=  b, 

Points  O  and 
O'  are  coincident. 

Rigid 
body 

Fig.  10.2.  Configuration  of  the  rigid  body 
connected  to  a  universal  joint. 


Example  10.2.  The  rigid  body /universal  joint  system 

This  example  deal  with  a  rigid  body  attached  to  the  ground  by  means  of  a  universal 
joint,  see  fig.  10.2  and  examples  7.5  and  8.3,  on  pages  266  and  302,  respectively. 
Component  k  of  the  universal  joint,  see  fig.  7.10,  is  connected  to  the  ground  at  point 
O  by  means  of  a  bearing  allowing  rotation  about  axis  13-  Component  £  is  connected 
to  a  rigid  body  at  point  O'.  The  orientation  of  the  rigid  body  will  be  defined  by  Euler 
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angles,  using  the  3-1-2  sequence.  A  first  planar  rotation  about  axis  i^ ,  of  magnitude  (f>, 
brings  inertial  basis  I  =  (ii,  i2,  %)  to^  =  (ai,a2,  as),  where  ai  is  aligned  with  unit 
vector  bi  of  the  cruciform.  This  rotation  is  associated  with  a  constant  angular  speed 
(j)  =  Q,  implying  ai{t)  =  cos{Qt)ii  +  s\n{Qt)i2.  A  second  planar  rotation  about 
axis  ai,  of  magnitude  0,  brings  basis  Ato  B  =  (6i,  62,  ^3),  where  62  is  the  second 
unit  vector  aligned  with  the  cruciform.  Finally,  a  third  planar  rotation  of  magnitude  il) 
about  axis  62  bring  basis  Bio  £  =  (ei,  62, 63)  that  is  attached  to  the  rigid  body.  The 
components  of  tensors  in  basis  £  will  be  denoted  with  the  superscript  (•)*.  Points  O 
and  O'  are  coincident.  Find  the  equations  of  motion  of  the  system  using  d'Alembert's 
principle  and  the  torque,  Q{t),  required  to  drive  the  system  at  a  constant  angular 
velocity  J7. 

This  system  features  two  degrees  of  freedom,  but  the  configuration  of  the  system 
will  be  represented  by  three  generalized  coordinates,  the  three  Euler  angles,  (f),  9, 
and  il),  defined  above.  A  rheonomic  constraint,  C  =  (j)  —  Qt,  will  be  enforced  using 
Lagrange's  multiplier  technique  by  adding  to  the  potential  of  the  system  the  potential 
of  the  constraint  force,  V^  =  \{(t)—  fit),  where  A  is  Lagrange's  multiplier.  Variation 
of  this  potential  can  be  written  as 

SV  =  6X{(p-  Qt)  +  5(j)\  =  5\{(t>-  Qt)  +  {5(j>,  59, 6^)}  Xii, 

where  ij  =  {l,  0,  O}.  The  term  ScpX  corresponds  to  the  virtual  work  done  by  a 
torque,  A,  undergoing  a  virtual  rotation,  S(p;  hence,  Lagrange's  multiplier  A  can  be 
interpreted  as  the  torque  required  to  enforce  the  constraint  (j>  —  Qt  =  0,  i.e.,  A  is  the 
driving  torque. 

D'Alembert's  principle  now  states 

{6(j),  59,  5tl)]  ^*^  [mg?i*^H  + 1?*<^*  +  2*I°*a;*] 
=  (5A  ((/.  -  Qt)  +  {5<j},59, 5tl)]  Xh, 

where  the  tangent  operator,  i7*,  is  defined  by  eq.  (4.80).  Because  Lagrange's  mul- 
tiplier technique  is  used,  ((),  9,  ip,  and  A  all  are  unconstrained  variables  and  their 
variations  arbitrary,  leading  to  the  following  equations  of  motion:  ((>  —  Qt  =  0,  the 
constraint  to  be  enforced,  and 

This  matrix  equation  represents  three  independent  scalar  equations;  the  last  two 
are  identical  to  the  equations  of  motion  obtained  above  when  using  kinematically 
admissible  virtual  displacements,  see  eq.  (8.15).  The  first  equation  yields  the  desired 
torque  as 

A  =  h*'^  [mg^*^i3  +  I°*tJ*  +  S*i°*a;*]  , 

where  /i*  stores  the  first  column  of  i7* .  Through  the  proper  selection  of  the  constraint 
and  associated  Lagrange's  multiplier,  the  system's  equations  of  motion  are  obtained 
together  with  the  additional  equation  defining  the  driving  torque. 
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Example  10.3.  The  rigid  body/universal  joint  system 

The  previous  example  focused  on  a  rigid  body  attached  to  the  ground  by  means  of  a 
universal  joint,  as  depicted  in  fig.  10.2.  The  equations  of  motion  of  the  system  were 
obtained,  and  one  additional  equation  determining  the  driving  torque  was  derived 
based  on  Lagrange's  formulation.  For  specific  applications,  the  reaction  forces  acting 
at  point  O  might  also  be  important.  Derive  the  equations  of  motion  of  the  system  and 
determine  the  reaction  forces  at  point  O. 

The  reactions  forces  at  point  O  do  not  appear  in  the  formation  presented  in  exam- 
ple 10.2  because  the  virtual  displacement  components  at  point  O  were  selected  to  be 
kinematically  admissible,  i.e.,  virtual  displacements  vanish  at  point  O,  Tq  =  0,  im- 
plying Szq  =  0.  Here  again,  Lagrange's  multiplier  technique  will  be  used  to  generate 
the  equations  required  to  evaluate  these  forces:  the  displacement  components  at  point 
O,  Vq,  are  now  considered  to  be  generalized  coordinates,  and  constraint C  =  Lq  =  0 
is  imposed.  The  potential  of  the  constraints  now  becomes  V^  =  A(0  —  f2t)  +  fi^VQ, 
where  /x  is  a  set  of  Lagrange's  multipliers  used  to  enforce  the  constraint  Tq  =  0. 

Variation  of  this  potential  can  be  written  as 

SV  =  6X{(I)-  nt)  +  {5(t>,  69,  Si;}  Xn  +  Sf/'to  +  Sr^ii. 

The  term  Stq/i  corresponds  to  the  virtual  work  done  by  a  force,  /i,  undergoing  a 
virtual  displacement,  Svq  ;  hence,  the  array  of  Lagrange's  multipliers,  /i,  can  be  in- 
terpreted as  the  force  required  to  enforce  the  constraint  r^  =  0,  i.e.,  ji  is  the  reaction 
force  vector  at  point  O. 

The  potential  of  the  gravity  forces  must  be  updated  to  accommodate  the  new 
displacement  field,  V  =  rngi^{r_Q  +  r]),  and  variation  of  this  new  potential  is  5V  = 
drQ-mg  13  +  Sip*   mgrj* B^ts.  D'Alembert's  principle  now  states 

oLoS.   TTigR   «3  +  (a;    +  a;  a;  )mrj      +  o%l)       ymgr]  R   13  +  I_     (k.    +  '^  Z     yi  I 

=  SX{4>-  fit)  +  [6(j),  69,  Sip}  Xii  +  Sfi^rQ  +  6rQfi. 

Because  Lagrange's  multiplier  technique  is  used,  the  Euler  angles,  displacement  Tq, 
and  multipliers  A  and  /i  all  are  unconstrained  variables  and  their  variations  arbitrary, 
leading  to  the  following  equations  of  motion:  (p—Qt  =  0  and  r_Q  =  0,  the  constraints 
to  be  enforced,  and 

IJ.  =  R\mgR   13  +  (S    -\-uJ*u)*)mrf\, 
H*^  [mg7f*E^i3+l"*ui*  +5*I°*w*]  =  Xii. 

As  expected,  the  last  three  equations  are  identical  to  those  obtained  earlier  and  the 
first  three  equations  yield  the  reaction  force  at  point  O. 

Clearly,  the  combination  of  d'Alembert's  principle  and  Lagrange's  multiplier 
technique  provides  a  powerful  approach  to  the  analysis  of  constrained  dynamical 
systems.  Selecting  various  sets  of  generalized  coordinates  gives  equations  of  mo- 
tion involving  the  variables  of  interest.  In  particular,  if  the  number  of  generalized 
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coordinates  equals  the  number  of  degrees  of  freedom  of  the  system,  a  minimum  set 
of  equations  is  obtained  from  which  reaction  forces  are  completely  eliminated.  The 
equations  required  for  the  evaluation  of  the  reaction  forces  can  then  be  obtained  by 
using  Lagrange's  multiplier  technique. 

10.1.1  Problems 

Problem  10.1.  The  double  pendulum 

Consider  the  double  pendulum  system  depicted  in  fig.  10.1.  The  first  bar  is  of  length  Li, 
mass  mi,  and  is  connected  by  hinges  to  the  ground  at  point  O  and  to  the  second  bar  at  point 
A.  The  second  bar  is  of  length  L2  and  mass  m2.  The  bars  have  orientation  angles  61  and 
62  with  respect  to  the  vertical,  respectively.  I  —  (11,12, 13)  is  an  inertial  basis,  and  bases 
£  =  {ei,  62,  63)  and  A  —  (ai,  0.2,  a-s)  are  attached  to  the  first  and  second  bars,  respectively. 
Use  four  generalized  coordinates  to  represent  the  configuration  of  the  system:  the  angles  9i 
and  62,  and  the  position  of  point  O,  denoted  Vq.  Enforce  the  two  constraints  C_  —  Tq  —  0 
using  Lagrange's  multiplier  technique.  (1)  Derive  the  equations  of  motion  of  the  system  using 
d'Alembert's  principle.  (2)  Prove  that  your  equations  are  correct  by  comparing  them  to  those 
obtained  in  example  10.1.  (3)  Give  the  physical  interpretation  of  Lagrange's  multipliers.  (4) 
On  one  graph,  plot  the  time  history  of  the  angles  61  and  62 .  (5)  Plot  the  trajectories  of  the  points 
at  the  tip  of  the  first  and  second  bars.  (6)  Plot  the  angular  velocities  of  the  two  bars.  (7)  Plot 
the  horizontal  and  vertical  components  of  the  internal  force  at  point  A.  (8)  Plot  the  horizontal 
and  vertical  components  of  the  reaction  force  at  point  O.  (9)  Plot  the  kinetic,  potential,  and 
total  mechanical  energies  of  the  system.  Comment  on  your  results.  Use  the  following  data: 
mi  —  1.2  kg;  m.2  —  5  kg;  Li  —  0.4  m;  L2  —  0.6  m;  acceleration  of  gravity  g  =  9.81  m/s^. 
Present  all  results  for  a  period  of  10  s.  The  initial  conditions  are:  6i{t  —  0)  —  62(1  —  0)  — 
7r/2;^i(t  =  0)  =  ^2(t  =  0)  =  0. 

Problem  10.2.  Crank-slider  mechanism 

The  crank-slider  mechanism  depicted  in  fig.  9.8  consists  of  a  uniform  crank  of  length  Li  and 
mass  mi  connected  to  the  ground  at  point  O;  let  6  be  the  angle  from  the  horizontal  to  the 
crank.  At  point  B,  the  crank  connects  to  a  uniform  linkage  of  length  L2  and  mass  m2  that 
slides  along  point  P,  a  fixed  point  in  space,  located  at  a  distance  d  from  point  O.  Let  w  denote 
the  distance  from  point  B  to  point  P  and  (j>  the  angle  from  the  horizontal  to  link  BP.  The 
system  is  represented  by  three  generalized  coordinates:  6,  0,  and  w.  (1)  Derive  the  equations 
of  motion  of  the  system  using  d'Alembert's  principle.  (2)  Give  the  physical  interpretation  of 
Lagrange's  multipliers.  (3)  Find  the  single  equation  of  motion  of  the  system  expressed  in  terms 
of  a  single  degree  of  freedom,  6. 

Problem  10.3.  The  two-bar  linkage  with  slider  system 

The  two-bar  linkage  with  slider  system  shown  in  fig.  8.4  is  a  planar  mechanism.  It  consists  of  a 
uniform  crank  of  length  Li  and  mass  jtii  connected  to  the  ground  at  point  O;  let  6  be  the  angle 
from  the  horizontal  to  the  crank.  At  point  B,  the  crank  slides  over  a  uniform  linkage  of  length 
L2  and  mass  m2  that  is  connected  to  the  ground  at  point  A.  Let  w  denote  the  distance  from 
point  B  to  point  A  and  0  the  angle  from  the  horizontal  to  link  BA.  (1)  Using  three  generalized 
coordinates,  6,  <j),  and  w,  derive  the  equations  of  motion  of  the  system  using  d'Alembert's 
principle.  (2)  Give  the  physical  interpretation  of  Lagrange's  multipliers.  (3)  Find  the  single 
equation  of  motion  of  the  system  expressed  in  terms  of  a  generalized  coordinate,  6. 
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Problem  10.4.  Rigid  body  attached  to  universal  joint 

Figure  10.2  depicts  a  rigid  body  attached  to  the  ground  by  means  of  a  universal  joint.  Compo- 
nent k  of  the  universal  joint,  see  fig.  7. 10,  is  connected  to  the  ground  at  point  O  by  means  of  a 
bearing  allowing  rotation  about  axis  ig.  Component  £  is  connected  to  a  rigid  body  at  point  O'. 
The  orientation  of  the  rigid  body  will  be  defined  by  Euler  angles,  using  the  3-1-2  sequence. 
A  first  planar  rotation  about  axis  13,  of  magnitude  0,  brings  inertial  basis  I  —  (ii,  12, 13)  to 
A  —  (ai,  0.2,  ds),  where  ai  is  aligned  with  unit  vector  61  of  the  cruciform.  This  rotation  is 
associated  with  a  constant  angular  speed  cj)  =  Q,  implying  d\{t)  —  cos(J7t)ii  —  sin{Ot)i-s. 
A  second  planar  rotation  about  axis  ai,  of  magnitude  6,  brings  basis  Ato  B  =  (61 ,  62,  63), 
where  62  is  the  second  unit  vector  aligned  with  the  cruciform.  Finally,  a  third  planar  rotation 
of  magnitude  tp  about  axis  &2  bring  basis  B  to  £  —  (ei,  £2,  £3)  that  is  attached  to  the  rigid 
body.  The  components  of  tensors  in  basis  £  will  be  denoted  with  the  superscript  ( • )  * .  Points  O 
and  O'  are  coincident.  For  all  questions,  use  d' Alembert's  principle  and  Lagrange's  multiplier 
technique,  when  necessary.  (1)  Find  the  equations  of  motion  of  the  system.  (2)  On  one  graph, 
plot  the  time  history  of  angles  9  and  ?/).  (3)  On  one  graph,  plot  6  and  tf>.  (4)  On  one  graph,  plot 
the  three  components  of  the  unit  vector  ei  in  basis  I.  (5)  Same  question  for  unit  vectors  62  and 
£3.  (6)  Plot  the  trajectory  of  the  center  of  mass  of  the  rigid  body  in  three-dimensional  space. 
(7)  On  one  graph,  plot  the  three  components  of  the  angular  velocity  vector  of  the  rigid  body 
in  the  body  attached  basis  £.  (8)  Plot  the  components  of  the  same  vector  in  the  inertial  basis 
I.  (9)  Plot  the  history  of  the  driving  torque  required  to  maintain  the  constant  angular  velocity 
O.  (10)  Compute  the  cumulative  work  W  done  by  the  driving  torque.  (11)  On  one  graph, 
plot  the  kinetic  energy  of  the  system,  its  potential  energy  and  the  cumulative  work  W.  Will 
a  combination  of  these  quantities  remain  constant?  (12)  Plot  the  components  of  the  reaction 
force  at  point  O  in  basis  I.  Use  the  following  data:  mass  of  the  body  m  =  2.8  kg;  princi- 
pal mass  moments  of  inertia  about  the  center  of  mass  Ji*^  —  1.1;  Jl*^  —  0.6;  I^^  —  0.9 
kg-m^;  components  of  the  relative  position  vector  of  the  center  of  mass  with  respect  to  point 
O,  rj*'^  =  {0.1,  —0.4,  0.3}  m;  acceleration  of  gravity  g  =  9.81  m/s^;  angular  velocity  fl  =  2 
rad/s.  Present  all  results  in  a  non-dimensional  manner;  use  the  reference  mass  nir  =  m,  ref- 
erence length  £r  —  \\r]*  \\  and  reference  time  tr  —  I/O.  At  the  initial  time,  the  principal  axes 
of  inertia  are  aligned  with  the  inertial  system  and  the  body  is  at  rest.  Present  the  response  of 
the  system  over  a  non-dimensional  period  of  87r. 

Problem  10.5.  Particle  in  a  circular  slot  with  guiding  arm 

A  particle  of  mass  M  slides  along  a  circular  slot  of  radius  R,  as  shown  in  fig.  8.15.  The 
particle  also  slides  in  a  rectilinear  slot  in  an  arm  of  mass  m  and  length  L.  The  arm  is  pivoted 
to  the  ground  at  point  O  and  is  restrained  by  a  torsional  spring  of  stiffness  constant  k  and  a 
dashpot  of  constant  c.  The  spring  is  un-stretched  when  the  arm  is  horizontal.  A  viscous  friction 
force,  F-^  —  —fiw  is  acting  at  the  interface  between  the  particle  and  the  arm.  (1)  Using  three 
generalized  coordinates,  x,  y,  the  coordinates  of  mass  M,  and  w,  the  position  of  the  particle 
along  the  arm,  derive  the  equations  of  motion  of  the  system  using  d' Alembert's  principle.  (2) 
Give  the  physical  interpretation  of  Lagrange's  multipliers. 

Problem  10.6.  The  crank  piston  mechanism 

The  crank  slider  mechanism  depicted  in  fig.  10.4  comprises  a  bar  of  length  Li  and  mass  mi 
connected  to  the  ground  at  point  O  by  means  of  a  hinge.  At  point  A,  a  hinge  connects  the 
first  bar  to  a  second  bar  of  length  L2  and  mass  7712.  A  slider  of  mass  M,  that  is  constrained  to 
move  in  the  horizontal  direction,  is  connected  to  this  second  bar.  A  spring  of  stiffness  constant 
k  connects  the  slider  to  the  ground  and  is  un-stretched  when  the  two  bars  are  aligned.  This 
system  will  be  represented  with  three  generalized  coordinates:  x  and  y,  the  coordinates  of 
point  A  and  z,  the  horizontal  position  of  point  B.  (1)  Write  the  constraint  equations  for  this 
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Fig.  10.3.  Particle  in  a  circular  slot  with  guid- 
ing arm. 


,    B(z,0). 


Fig.   10.4.   Crank  piston   mechanism   with 
spring. 


problem.  (2)  Use  d'Alembert's  principle  to  derive  the  equation  of  motion  of  the  system.  (3) 
Give  the  physical  interpretation  of  Lagrange's  multipliers. 


10.2  Hamilton's  principle  and  Lagrange's  formulation  with 
holonomic  constraints 


As  discussed  in  section  9.2,  mechanical  systems  are  often  subjected  to  constraints 
which  fall  into  two  broad  categories:  holonomic  and  nonholonomic  constraints.  Fur- 
thermore, constraints  can  be  scleronomic,  if  they  are  not  an  explicit  function  of  time, 
or  rheonomic,  in  the  opposite  case.  Systems  subjected  to  holonomic  constraints  are 
treated  in  this  section,  and  those  subjected  to  nonholonomic  constraints  are  treated 
in  section  10.3. 

The  most  general  type  of  constraints  to  be  considered  in  this  section  are  in  the 
form  of  eq.  (9.38),  C_{q,  t)  =  0,  i.e.,  rheonomic  constraints.  If  time  does  not  appear 
explicitly  in  the  constraint,  it  is  scleronomic,  C_{q)  =  0.  Constraints  limit  the  allow- 
able virtual  displacement  in  such  a  way  that 


5C  =  B{q,t)5q  =  Q. 


(10.2) 


Because  a  virtual  displacement  is  an  arbitrary  change  in  displacement  at  a  given, 
fixed  instant,  this  expression  does  not  involve  the  term  h{q,  t)  that  appears  in  the 
differential  or  Pfaffian  form  of  the  constraints. 

Hamilton's  principle,  eq.  (8.20),  will  be  written  in  the  following  form, 


{5L  +  (5W^"")  dt  =  0, 


(10.3) 


for  all  arbitrary  virtual  displacements.  The  boundary  terms  at  the  initial  and  final 
times  have  been  ignored.  For  constrained  systems,  virtual  displacements  are  not  ar- 
bitrary because  they  must  satisfy  the  constraints  as  expressed  by  eq.  (10.2). 
A  linear  combination  of  eqs.  (10.3)  and  (10.2)  now  yields 
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5L  +  X^SC  +  5)^C  +  (51^"" j  di  =  0,  (10.4) 

where  A  is  an  array  of  arbitrary  Lagrange's  multipliers.  The  term  5\  C_  was  added 
to  the  equation.  Indeed,  because  the  constraints  must  be  satisfied,  this  term  vanishes, 
and  hence,  can  be  added  to  the  statement  of  Hamilton's  principle.  A  reasoning  similar 
to  that  developed  in  section  9.1  leads  to  the  conclusion  that  the  constrained  problem 
expressed  by  eq.  (10.3)  is  now  replaced  by  an  unconstrained  problem,  eq.  (10.4), 
in  which  variations  of  the  generalized  coordinates  and  Lagrange's  multipliers  are 
unconstrained. 

The  second  term  in  the  integrand  of  eq.  (10.4)  affords  an  important  physical  in- 
terpretation. Indeed,  in  view  of  eq.  (10.2),  A   (5C  =  6q^B_   (g,  t)X  =  Sq^Ff,  where 

F''  =  g^{q,t)X,  (10.5) 

are  the  generalized  forces  of  constraint,  i.e.,  the  forces  that  must  be  applied  on  the 
system  in  the  configuration  space  to  guarantee  the  satisfaction  of  the  constraints.  It 
then  follows  that  X  SC_=  Sq^F_'^  can  be  interpreted  as  the  virtual  work  done  by  the 
forces  of  constraint. 

The  differential  work  done  by  these  forces  is  expressed  as  dW^  =  dq^ F^  = 
dq^B^{q,  t)X  =  —X  b{q,  t)dt,  where  the  last  equality  was  obtained  with  the  help 
of  eq.  (9.40).  When  dealing  with  a  scleronomic  constraint,  b{q,  t)  =  0  and  the  dif- 
ferential work  done  by  the  forces  constraint  vanishes.  This  contrasts  with  rheonomic 
constraints:  in  this  case,  the  differential  work  does  not  necessarily  vanish. 

10.2.1  Hamilton's  principle  with  holonomic  constraints 

Holonomic  constraints  are  considered  here.  In  this  case,  the  constraints  are  integrable 
and  can  be  written  C{q,  t)  =  0.  It  then  follows  that  )^ 6C  +  5)^C  =  5{)^Q  and 

5L  +  \^5C  +  5)^C  =  5{K  -V)+  S{X^C)  =  6K  -  SiV  -  X^Q.  The  potential  of 
the  constraint  forces  is  now  defined  as 

V"  =  -X^C.  (10.6) 

This  quantity  is  indeed  the  "potential  of  the  constraint  forces"  because  constraint 
forces  are  derived  from  this  potential,  see  eq.  (7.21), 

^  =  -f  ^A  =  -r  (g,  t)A  =  -r.  (10.7) 

It  is  convenient  to  introduce  the  augmented  potential  of  the  system,  defined  as 
the  sum  of  the  potential  of  the  conservative  forces  acting  on  the  system  and  of  the 
potential  of  the  constraint  forces 

V+ =  ¥  +  ¥".  (10.8) 
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Finally,  the  augmented  Lagrangian  of  the  system  is  defined  as 

L+  =  L-  V,  (10.9) 

and  clearly,  SL  +  \^6C  +  SX^C  =  6{L  -  V)  =  SL+. 

In  the  presence  of  holonomic  constraints,  Hamilton's  principle,  eq.  (10.4),  now 
becomes 

/      ((5L+ +  (5iy"")  di  =  0,  (10.10) 

for  all  arbitrary  variations  in  generalized  coordinates  and  Lagrange's  multipliers. 
Both  generalized  coordinates  and  Lagrange 's  multipliers  are  unconstrained  vari- 
ables in  this  principle.  This  principle  is  identical  to  that  derived  for  unconstrained 
system,  except  that  the  Lagrangian  has  been  replaced  by  the  augmented  Lagrangian 
and  Lagrange's  multipliers  are  additional,  unconstrained  variables. 

10.2.2  Lagrange's  formulation  with  Iiolonomic  constraints 

As  was  done  in  section  8.3  for  unconstrained  systems,  Lagrange's  formulation  for 
systems  with  holonomic  constraints  will  be  derived  from  Hamilton's  principle.  After 
the  integration  by  parts  expressed  by  eq.  (8.55),  Hamilton's  principle,  eq.  (10.10), 
becomes 


T 


5q 

ti 


d   I  dL\       dL 

dt  \dq  J       dq      ~       — 


T 


di+  /      (5V  [C]  di  =  0,    (10.11) 
Jti 


for  all  arbitrary  variations  5q  and  5\.  Consequently,  the  bracketed  terms  must  van- 
ish, revealing  Lagrange 's  equations  of  motion  for  systems  subjected  to  holonomic 
constraints 

d   f  dL\       dL  rp 


^^yg^J       Qq       I'(9,^)A+Q"^      and    C(g,t)  =  0.  (10.12) 

Here  again,  it  is  convenient  to  introduce  the  generalized  momenta,  see  eq.  (8.25),  to 
simplify  the  writing  of  the  equations  of  motion  that  become 

P-^")  +|^=^^(g,t)A  +  0"^      and    C(g,i)  =  0.  (10.13) 

The  physical  interpretation  of  Lagrange's  equations  for  systems  subjected  to 
holonomic  constraints  is  revealed  by  recasting  eq.  (10.13)as  Q  +£^  +  (5'^  +  (5"^  = 
0,  where  the  generalized  inertial  forces,  Q  ,  are  given  by  eq.  (8.58).  Here  again,  La- 
grange's equations  are  a  statement  of  dynamic  equilibrium:  the  sum  of  the  inertial 
forces  and  all  external  forces  applied  on  the  system,  including  the  forces  of  con- 
straint, must  vanish  for  dynamic  equilibrium  conditions  to  be  satisfied. 

Although  Lagrange's  equations  of  motion  have  the  same  physical  meaning  when 
dealing  with  both  unconstrained  and  constrained  systems,  a  marked  difference  is 
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observed  in  the  mathematical  nature  of  the  equations  in  these  two  cases.  For  un- 
constrained systems,  Lagrange's  equations  of  motions,  eqs.  (8.57),  form  a  set  of  n 
second-order,  ordinary  differential-equations  in  time,  or  second-order  ODE's.  In- 
deed, second-order  derivatives  of  the  generalized  coordinates  are  implied  by  the 
structure  of  Lagrange's  equations. 

If  the  system  is  subjected  to  holonomic  constraints,  second-order  derivatives  of 
the  generalized  coordinates  will  be  present  as  well,  but  Lagrange's  multipliers  appear 
in  the  equations  as  algebraic  variables,  i.e.,  as  undifferentiated  variables.  Equation 
that  feature  this  mixed  differential-algebraic  nature  are  called  differential-algebraic 
equations  or  DAE's.  Lagrange's  equations  form  a  set  of  n  +  tti  DAE's.  DAE's  are 
typically  more  difficult  to  solve  than  ODE's;  while  methods  for  the  numerical  solu- 
tion of  ODE's  are  well  developed,  the  solution  of  DAE's  is  still  a  challenging  task. 

Example  1 0. 4.  The  simple  pendulum 

Figure  10.5  depicts  a  simple  pendulum  of  length  L  featuring  a  bob  of  mass  m.  This 
single  degree  of  freedom  system  will  be  represented  using  two  generalized  coordi- 
nates, the  Cartesian  coordinates  of  the  bob,  r  =  qiii  -\-  q^^i-  A  single  holonomic 
constraint  must  be  enforced,  C  =  1/2  {xFr_  —  l?)  =  0.  This  constraint  enforces  the 
constant  length  condition  for  the  pendulum;  the  constraint  matrix  is  _B    (q)  =  r. 

The  Lagrangian  of  the  system  is  easily  evaluated  a&L  =  m  r^r/'^  —  mg  ifr.  The 
potential  of  the  constraint  forces,  eq.  (10.6),  is  V^  =  CX  =  1/2  (r^r  —  L'^)\;  a  single 
Lagrange  multiplier  is  used  here  to  enforce  the  single  constraint.  The  generalized 
momenta  of  the  system  and  partial  derivatives  of  the  Lagrangian  with  respect  to  the 
generalized  coordinates  are 

dL  .  ,     dL 

p  =  -—■  =  mr,      and     --—  =  —mg  ti, 
-       or  or 

respectively. 

Application  of  Lagrange's  formulation  for  systems  with  holonomic  constraints, 
eqs.  (10.13),  leads  to  mr  -\-  mgii  —  Ar  =  0,  and  1/2  ir^r  —  L^)  =  0.  These  three 
equations  can  be  used  to  solve  for  the  three  unknowns  of  the  problem:  qi,  q2,  and  A. 
Note  the  differential-algebraic  nature  of  the  equations:  terms  in  iji  and  q2  appear,  but 
A  is  not  differentiated. 

Of  course,  these  equations  are  equivalent  to  the  single  equation  of  motion  that 
would  have  been  obtained  had  the  single  generalized  coordinate  6  been  used  to  rep- 
resent the  configuration  of  the  system.  Indeed,  the  position  vector  can  be  written  in 
polar  coordinates  as  r-^  =  L  \^Se,Ce},  where  Sg  =  sin  6'  and  Cg  =  cos 6;  the  con- 
straint is  then  automatically  satisfied,  as  expected.  The  remaining  equation  of  motion 
then  yields  two  scalar  equations:  6  +  g/L  Sg  =  0  and  XL  =  —mgCg  —  mLO^ .  Ap- 
plication of  Newton's  law  to  the  free  body  diagram  sketched  on  fig.  10.5  yields  two 
equations  6  +  g/L  Sg  =  Q  and  T  =  mgCg  +  mLff^,  where  T  is  the  tension  in  the 
string  that  can  be  interpreted  as  the  constraint  force,  i.e.,  the  force  that  maintains  the 
constant  length  of  the  pendulum. 

The  equations  of  motion  are  identical,  and  T  =  —XL.  As  expected,  Lagrange's 
multiplier  is  closely  related  to,  although  not  identical,  to  the  force  of  constraint;  in- 
deed, A  =  —T/L.  In  the  constrained  formulation,  the  force  of  constraint  is  given  by 
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eq.  (10.5)  as  F^  =  B^ {q)\  =  Xr_  =  ALei.  This  development  explains  the  differ- 
ence in  sign:  T,  the  tension  in  the  string  was  chosen  to  act  along  axis  —  ei,  but  the 
constraint  force  F^  acts  along  axis  +ei .  This  development  also  explains  the  presence 
of  factor  L:  the  tension  in  the  string,  T,  has  units  of  force,  but  Lagrange's  multiplier 
has  units  of  force  over  length  because  II  .F'^  1 1  =  |AL|. 

The  physical  meaning  of  Lagrange's  multipliers  must  be  clearly  identified  to  ease 
the  interpretation  of  the  equations  of  motion  generated  by  Lagrange's  formulation. 
The  definition  of  the  constraint  force,  Ff  =  B_  {q,  t)X,  provides  the  physical  inter- 
pretation of  the  multiplier.  The  constraint  force,  .F*^,  is  a  generalized  force  of  con- 
straint, i.e.,  a  force  acting  in  the  configuration  space.  The  meaning  of  the  multiplier 
depends  on  the  specific  manner  in  which  the  constraint  was  written.  For  instance, 
writing  the  constraint  as  C  =  (L^  —  r^r)  =  0  results  in  A  =  T/{2L). 
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Fig.  10.5.  Configuration  of  the  simple  pendu- 
lum. 


Fig.  10.6.  Configuration  of  the  quick  return 
mechanism. 


Example  10.5.  The  quick  return  mechanism 

The  quick  return  mechanism  shown  in  fig.  10.6  consists  of  a  uniform  crank  of  length 
Lc  and  mass  rric,  and  of  a  uniform  arm  of  length  La  and  mass  nia-  The  crank  is 
pinned  at  point  R  and  the  arm  at  point  O;  the  distance  between  these  two  points  is 
denoted  d.  At  point  S,  a  slider  allows  the  tip  of  the  crank  to  slide  along  the  arm. 
A  mass  M  is  attached  at  point  T,  the  tip  of  the  arm.  A  spring  of  stiffness  constant 
k  connects  the  tip  of  the  arm,  point  T,  to  fixed  point  A;  the  spring  is  un-stretched 
when  the  arm  is  in  the  vertical  position.  This  problem  was  treated  using  Lagrange's 
formulation  in  example  8.15  on  page  329. 

The  generalized  coordinates  of  the  problem  are  selected  to  be  the  angular  posi- 
tions of  the  two  bars,  denoted  6  and  (p.  This  problem  was  treated  in  example  8.15  on 
page  329  using  Lagrange's  formulation  with  a  single  generalized  coordinate,  9.  Use 
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Lagrange's  formulation  for  constrained  systems  to  derive  the  equations  of  motion  of 
the  system. 

Considering  triangle  ORS,  it  is  clear  that  (3  =  cj)  —  0,  and  the  law  of  sines  then 
yields  Lcsin(0  —  9)  =  dsiiKJ).  This  equation  expresses  the  kinematic  constraint 
between  the  two  generalized  coordinates  of  this  single  degree  of  freedom  problem, 
C  =  d  sin  (f>  —  Lc  sin(0  —  6)  =  0.  The  constraint  matrix  now  becomes 

^  =  [L,C^_e  dC^  -  L,C^-e\  ,  (10.14) 

where  the  following  notation  was  used:  C^-e  =  cos(0  —  0),  and  C^  =  cos  (p. 

The  system's  kinetic  energy  h  K  =  [mcLl(P /Z  +  (M  +  ?TT,a/3)L^0^]/2,  where 
the  first  term  represents  the  kinetic  energy  of  the  crank  and  the  second  that  of  the 
arm.  The  potential  energy  of  the  spring  is  1/  =  1/2  kA^,  where  A  is  the  stretch  of 
the  spring.  The  law  of  cosines  applied  to  triangle  OMA  yields  Z\^  =  L^  +  L^  — 
2L^cos(7r  —  (j))  =  2L^(1  +  C^),  and  the  potential  of  the  elastic  spring  is  1/  = 
A;L^(1  +  Ctj,).  Finally,  the  potential  of  the  single  constraint  of  this  problem  is  V^  = 
[dSip  —  LcS(f,-e\  A,  where  A  is  Lagrange's  multiplier  used  to  enforce  the  constraint, 
Scjj-g  =  sa\{4>  —  9),  and  S^  =  sin0. 

The  Lagrangian  k  L  =  K  —V,  and  the  system's  generalized  momenta  become 

The  derivatives  of  the  Lagrangian  with  respect  to  the  generalized  coordinates  are 

Lagrange's  formulation  for  constrained  systems  then  yields  the  equations  of  mo- 
tion of  the  system. 


,Ll/3  0 

0        (M  +  m„/3)L2 


LcC^-g 

dCs  —  LrCi, 


'='^kLlS,]-    (1«-1^) 


The  equations  of  motion  for  this  single  degree  of  freedom  problem  now  take  the 
form  of  three  differential-algebraic  equations.  In  the  two  equations  given  above,  La- 
grange's multiplier.  A,  is  an  algebraic  variable,  but  second  time  derivatives  of  the 
generalized  coordinates,  9  and  0,  appear.  The  third  equation  is  the  holonomic  con- 
straint equation,  d  sin  (j)  —  Lc  sm{(p  —  9)  =  0,  which  is  an  algebraic  equation. 

It  is  interesting  to  compare  the  equation  of  motion  obtained  from  Lagrange's  for- 
mulation using  a  single  generalized  coordinate,  eq.  (8.61),  to  those  obtained  in  the 
present  development.  Equation  (8.61)  is  a  single,  ordinary  differential  equation  for 
the  single  generalized  coordinate,  9.  In  contrast,  when  using  two  generalized  coordi- 
nates, the  equations  of  motion  take  the  form  of  three  coupled  differential-algebraic 
equations,  because  an  additional  variable,  Lagrange's  multiplier,  was  added  to  en- 
force the  constraint. 
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In  the  absence  constraints,  Lagrange's  formulation  leads  to  a  single  equation  of 
motion  that  is  far  more  complex  than  those  obtained  in  the  constrained  formulation, 
and  involves  a  much  higher  level  of  nonlinearity.  On  the  other  hand,  the  constrained 
formulation  leads  to  a  higher  number  of  equations,  but  these  equations  are  easier  to 
derive  and  present  a  lower  level  of  nonlinearity.  This  ease  of  derivation  of  the  equa- 
tions of  motion  for  constrained  system  is  one  of  the  major  attractions  of  constrained 
formulations. 

It  is  always  instructive  to  provide  a  physical  interpretation  of  Lagrange's  mul- 
tipliers. The  first  equation  of  system  (10.15)  reads  rricL'^O/S  =  LcC'</,_eA,  which 
corresponds  to  the  pivot  equation  written  for  the  crank  about  point  R.  The  term  on 
the  right-hand  side  of  the  equation  corresponds  to  the  moment  of  the  normal  force, 
A,  the  crank  applies  on  the  arm.  It  is  left  to  the  reader  to  verify  that  the  second  equa- 
tion of  system  (10.15)  can  be  interpreted  as  the  pivot  equation  written  for  the  arm 
about  point  O,  and  leads  to  an  identical  interpretation  of  the  physical  meaning  of 
Lagrange's  multiplier  as  the  normal  interaction  force  between  the  crank  and  the  arm. 

10.2.3  Problems 

Problem  10.7.  The  12  generalized  coordinates  rigid  body 

The  configuration  of  a  rigid  body  can  be  defined  by  12  generalized  coordinates:  the  position 
vector,  u  (3  coordinates),  of  its  reference  point  O,  and  the  three  vectors,  e^,  eg,  and  eg  (3 
coordinates  each),  defining  its  orientation.  Clearly,  this  set  of  coordinates  is  6  times  redundant 
and  hence,  6  constraints  must  be  added  to  the  problem:  three  normality  constraints  ^e^  — 
6^62  =  6^63  =  1,  and  three  orthogonality  constraints  e^eg  —  e[e^  =  ef  £3  —  0.  Let  array 
q  store  the  generalized  coordinates  of  the  problem,  q^  =  {yl^  ,^  ,e^  ,e^}-  (1)  Show  that  the 
kinetic  energy  of  the  rigid  body  can  be  written  as  if  =  1/2  q^ M*q,  where  M*  is  a  12  x 
12  mass  matrix.  (2)  If  /  and  rn  are  the  force  and  moment  vectors  applied  to  the  rigid  body  at 
point  O,  show  that  the  virtual  work  done  by  these  forces  is  5W  —  5q^ F,  where  _F  is  a  12  x 
1  loading  array.  (3)  Write  the  governing  equations  of  motion  for  the  rigid  body. 

Problem  10.8.  The  9  generalized  coordinates  rigid  body 

Read  the  paper  by  Garcia  de  Jalon  et  al.  [28]  describing  the  concept  of  natural  coordi- 
nates. Consider  a  rigid  body  described  by  9  generalized  coordinates:  the  position  vector, 
u  (3  coordinates),  of  its  reference  point  O,  and  two  unit  vectors,  e^  and  e^  (3  coordinates 
each),  defining  its  orientation.  Let  array  q  store  the  generalized  coordinates  of  the  problem, 
g^  —  {m"'^!^^,  e^}.  (1)  Define  the  constraints  associated  with  this  representation.  (2)  Eval- 
uate the  kinetic  energy  of  the  rigid  body  based  on  these  generalized  coordinates.  (3)  If  /  and 
rn  are  the  force  and  moment  vectors  applied  to  the  rigid  body  at  point  O,  find  the  associated 
generalized  forces,  F,  such  that  5W  —  5q^F_.  (4)  Write  the  governing  equations  of  motion 
for  the  rigid  body. 

Problem  10.9.  The  crank  piston  mechanism 

The  crank  slider  mechanism  depicted  in  fig.  10.7  comprises  a  bar  of  length  Li  and  mass  mi 
connected  to  the  ground  at  point  O  by  means  of  a  hinge.  The  orientation  of  is  bar  with  respect 
to  the  horizontal  is  denoted  cj).  At  point  A,  a  hinge  connects  the  first  bar  to  a  second  bar  of 
length  L2  and  mass  m2.  A  slider  of  mass  M,  that  is  constrained  to  move  in  the  horizontal 
direction,  is  connected  to  this  second  bar.  A  spring  of  stiffness  constant  k  connects  the  slider 
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to  the  ground  and  is  un-stretched  when  i^  =  0.  Clearly,  this  system  features  a  single  degree 
of  freedom.  Two  sets  of  generalized  coordinates  will  be  used  to  represent  the  system.  For 
representation  1,  a  single  generalized  coordinate,  0,  is  used.  For  representation  2,  seven  gen- 
eralized coordinates  are  used:  ui,  vi  and  (jii,  respectively  the  horizontal  and  vertical  position 
of  the  center  of  mass  of  the  first  bar,  and  its  orientation  with  respect  to  the  horizontal;  U2,  vi 
and  02,  the  corresponding  quantities  for  the  second  bar;  and  x,  the  displacement  of  the  slider 
in  the  horizontal  direction.  The  spring  is  un-stretched  when  x  =  0.  (1)  With  the  help  of  La- 
grange's formulation,  derive  the  equation  of  motion  of  the  system  using  representation  1.  (2) 
Using  representation  2,  derive  the  equations  of  motion  for  the  constrained  system.  (3)  Discuss 
the  relative  merits  of  the  two  representations. 


Fig.   10.7.   Crank  piston   mechanism   with 
spring. 


P(x(Ti),y(Ti)) 


Fig.  10.8.  Two  bar  linkage  tracking  a  curve. 


Problem  10.10.  Two  bar  linkage  tracking  a  curve 

Figure  10.8  depicts  a  planar  two  bar  linkage  tracking  curve  C  The  first  bar,  of  length  Li 
and  mass  mi,  is  connected  to  the  ground  at  point  O.  The  second  bar,  of  length  L2  and  mass 
7712,  connects  to  the  first  bar  at  point  A  and  tracks  curve  C  at  point  P.  A  concentrated  mass, 
M,  is  located  at  point  P  and  an  elastic  spring  of  stiffness  constant  constant  k  connects  this 
mass  to  point  R.  Curve  C  is  described  by  its  coordinates  x{rj)  and  y{r]),  where  77  defines  an 
arbitrary  parametrization  of  the  curve.  This  system  will  be  represented  by  three  generalized 
coordinates:  angles  6  and  <j),  as  defined  on  the  figure,  and  77,  the  parameter  along  curve  C.  (1) 
Derive  the  constraints  among  the  three  generalized  coordinates  and  the  constraint  matrix.  (2) 
Use  Lagrange's  formulation  for  constrained  systems  to  derive  the  equations  of  motion  of  the 
system.  (3)  Discuss  the  physical  nature  of  Lagrange's  multipliers. 

Problem  10.11.  Crank-slider  mechanism 

The  crank-slider  mechanism  depicted  in  fig.  9.8  consists  of  a  uniform  crank  of  length  Li  and 
mass  mi  connected  to  the  ground  at  point  O;  let  6  be  the  angle  from  the  horizontal  to  the 
crank.  At  point  B,  the  crank  connects  to  a  uniform  linkage  of  length  L2  and  mass  7712  that 
slides  along  point  P,  a  fixed  point  in  space,  located  at  a  distance  d  from  point  O.  Let  w  denote 
the  distance  from  point  B  to  point  P  and  <f>  the  angle  from  the  horizontal  to  link  BP.  The  system 
is  represented  by  three  generalized  coordinates:  6,  (j>,  and  w.  (1)  Derive  the  constraints  among 
the  three  generalized  coordinates  and  the  constraint  matrix.  (2)  Use  Lagrange's  formulation  for 
constrained  systems  to  derive  the  equations  of  motion  of  the  system.  (3)  Discuss  the  physical 
nature  of  Lagrange's  multipliers. 

Problem  10.12.  The  spatial  mechanism 

The  spatial  mechanism  depicted  in  fig.  10.9  consists  of  a  crank  of  length  Lc  and  mass  rUc 
attached  to  the  ground  at  point  A  and  rotating  about  axis  ii ;  the  crank  moves  in  plane  (12,  Js). 
A  rigid  arm  of  length  La  and  mass  rria  connects  point  P,  at  the  tip  of  the  crank,  to  point  Q  that 
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is  free  to  slide  along  axis  ii .  The  slider  at  point  Q  is  of  mass  M.  The  generalized  coordinates 
of  the  problem  are  y  and  z,  defining  the  position  of  point  P  and  x,  defining  the  position  of 
point  Q.  (1)  Derive  the  constraints  among  the  three  generalized  coordinates  and  the  constraint 
matrix.  (2)  Use  Lagrange's  formulation  for  constrained  systems  to  derive  the  equations  of 
motion  of  the  system.  (3)  Discuss  the  physical  nature  of  Lagrange's  multipliers. 


P(0,  y,  z) 


Fig.  10.9.  Configuration  of  the  spatial  mech-       Fig.   10.10.   Homogeneous   bar  sliding  on 
anism.  guides  at  both  ends. 


Problem  10.13.  Bar  sliding  on  guides 

Figure  10.10  depicts  a  homogeneous  bar  of  length  L  and  mass  m  sliding  on  two  guides  at 
its  end  points.  At  the  left  end,  the  bar  is  connected  to  a  spring  of  stiffness  constant  k  that  is 
un-stretched  when  the  bar  is  horizontal.  At  the  right  end,  the  bar  is  connected  to  a  point  mass 
M.  Gravity  acts  along  axis  i2 .  This  single  degree  of  freedom  system  will  be  represented  using 
three  generalized  coordinates:  x,  y,  and  6.  (1)  Derive  the  constraints  among  the  three  gener- 
alized coordinates  and  the  constraint  matrix.  (2)  Use  Lagrange's  formulation  for  constrained 
systems  to  derive  the  equations  of  motion  of  the  system.  (3)  Discuss  the  physical  nature  of 
Lagrange's  multipliers. 

Problem  10.14.  Bar  sliding  on  guides 

Repeat  the  previous  problem  but  use  two  generalized  coordinates  only,  x  and  y. 

Problem  10.15.  The  spatial  mechanism 

Read  the  paper  by  Garcia  de  Jalon  et  al.  [28]  describing  the  concept  of  natural  coordinates. 
The  spatial  mechanism  depicted  in  fig.  10.9  consists  of  a  crank  of  length  Lc  and  mass  rric 
attached  to  the  ground  at  point  A  and  rotating  about  axis  ii ;  the  crank  moves  in  plane  (i2 ,  J3 )  • 
A  rigid  arm  of  length  La  and  mass  TUa  connects  point  P,  at  the  tip  of  the  crank,  to  point  Q 
that  is  free  to  slide  along  axis  ii.  The  slider  at  point  Q  is  of  mass  M.  This  mechanism  will 
be  described  by  the  following  12  generalized  coordinates:  unit  vector  ni  along  segment  AP, 
the  position  vector,  Vp,  of  point  P,  the  position  vector,  Vq,  of  point  Q,  and  unit  vector  712 
normal  to  segment  PQ.  When  bar  PQ  is  in  plane  (ii ,  13 ) ,  unit  vector  n2  lies  in  the  same  plane. 
(1)  Derive  the  constraints  among  the  12  generalized  coordinates  and  the  constraint  matrix.  (2) 
Use  Lagrange's  formulation  for  constrained  systems  to  derive  the  equations  of  motion  of  the 
system.  (3)  Discuss  the  physical  nature  of  Lagrange's  multipliers. 
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Problem  10.16.  The  two-bar  linkage  with  slider  system 

The  two-bar  linkage  with  slider  system  shown  in  fig.  8.4  is  a  planar  mechanism.  It  consists 
of  a  uniform  crank  of  length  Li  and  mass  mi  connected  to  the  ground  at  point  O;  let  9 
be  the  angle  from  the  horizontal  to  the  crank.  At  point  B,  the  crank  slides  over  a  uniform 
linkage  of  length  L2  and  mass  ?7i2  that  is  connected  to  the  ground  at  point  A.  Let  w  denote 
the  distance  from  point  B  to  point  A  and  0  the  angle  from  the  horizontal  to  link  BA.  (1) 
Derive  the  constraints  among  the  three  generalized  coordinates  and  the  constraint  matrix.  (2) 
Use  Lagrange's  formulation  for  constrained  systems  to  derive  the  equations  of  motion  of  the 
system.  (3)  Discuss  the  physical  nature  of  Lagrange's  multipliers. 

Problem  10.17.  Pendulum  mounted  on  a  cart 

Figure  8.5  shows  a  pendulum  of  length  L  and  mass  m  mounted  on  a  cart  of  mass  M  that 
is  connected  to  the  ground  by  means  of  a  spring  of  stiffness  constant  k  and  of  a  dashpot  of 
constant  c.  The  displacement  of  the  cart  is  denoted  x  which  is  also  the  stretch  of  the  spring,  and 
6  measures  the  angular  deflection  of  the  pendulum  with  respect  to  the  vertical.  Gravity  acts  on 
the  system  as  indicated  in  fig.  8.5.  (1)  Based  on  Hamilton's  principle,  derive  the  equations  of 
motion  of  the  system  using  the  following  generalized  coordinates:  x,  6,  and  r^,  the  position 
of  point  A.  Use  Lagrange's  multiplier  technique  to  enforce  the  kinematic  constraint  C  — 
r_A  ~  xi2  ~  0.  (2)  Interpret  Lagrange's  multipliers  in  physical  terms.  (3)  Plot  the  time  history 
of  the  cart  displacement,  x.  (4)  Plot  the  history  of  angle  6.  (5)  Plot  the  trajectory  of  the  point 
at  the  tip  of  the  pendulum.  (6)  Plot  the  cart  velocity,  x.  (7)  Plot  the  angular  velocity  of  the 
pendulum,  6.  (8)  Plot  the  system  kinetic  and  potential  energies  and  the  energy  dissipated  in 
the  damper.  Check  the  energy  closure  equation.  (9)  Plot  the  components  of  the  internal  force  at 
point  A.  Use  the  following  data:  M  —  5  kg;  m  =  2  kg;  L  =  0.4  m;  fc  =  10  N/m;  acceleration 
of  gravity  g  —  9.81  m/s^;  c  —  0.5  N.s/m.  Present  all  your  results  for  a  period  of  10  s.  Initial 
condition  are  at  rest  with  x{t  =  0)  =  0.2  m  and  9{t  =  0)  —  n. 

Problem  10.18.  Particle  in  a  circular  slot  with  guiding  arm 

A  particle  of  mass  M  slides  along  a  circular  slot  of  radius  R,  as  shown  in  fig.  8.15.  The 
particle  also  slides  in  a  rectilinear  slot  in  an  arm  of  mass  m  and  length  L.  The  arm  is  pivoted 
to  the  ground  at  point  O  and  is  restrained  by  a  torsional  spring  of  stiffness  constant  k  and  a 
dashpot  of  constant  c.  The  spring  is  un-stretched  when  the  arm  is  horizontal.  A  viscous  friction 
force,  F-^  =  —/iw  is  acting  at  the  interface  between  the  particle  and  the  arm.  (1)  Using  three 
generalized  coordinates,  x,  y,  the  coordinates  of  mass  M,  and  w,  the  position  of  the  particle 
along  the  arm,  derive  the  equations  of  motion  of  the  system  using  Lagrange's  formulation  for 
constrained  systems.  (2)  Give  the  physical  interpretation  of  Lagrange's  multipliers. 

Problem  10.19.  The  crank  piston  mechanism 

The  crank  slider  mechanism  depicted  in  fig.  10.4  comprises  a  bar  of  length  Li  and  mass  mi 
connected  to  the  ground  at  point  O  by  means  of  a  hinge.  At  point  A,  a  hinge  connects  the 
first  bar  to  a  second  bar  of  length  L2  and  mass  m2.  A  slider  of  mass  M,  that  is  constrained  to 
move  in  the  horizontal  direction,  is  connected  to  this  second  ban  A  spring  of  stiffness  constant 
k  connects  the  slider  to  the  ground  and  is  un-stretched  when  the  two  bars  are  aligned.  This 
system  will  be  represented  with  three  generalized  coordinates:  x  and  y,  the  coordinates  of 
point  A  and  z,  the  horizontal  position  of  point  B.  (1)  Write  the  constraint  equations  for  this 
problem.  (2)  Use  Lagrange's  formulation  for  constrained  systems  to  derive  the  equations  of 
motion  of  the  system.  (3)  Give  the  physical  interpretation  of  Lagrange's  multipliers. 

Problem  10.20.  Spinning  arm 

Figure  8.24  depicts  a  shaft  of  height  h  fixed  at  point  O  and  free  to  rotate  about  axis  13. 
An  arm  of  length  d,  rigidly  attached  to  the  shaft  at  point  A,  rotates  in  the  horizontal  plane. 
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A  homogeneous  bar  of  length  L  and  mass  m  is  connected  to  the  arm  at  point  B  with  a 
torsional  spring  of  stiffness  constant  k.  Gravity  acts  as  indicated  on  the  figure  and  the  ap- 
plied torque  (5  =  0.  Frame  iF  —  [A.,A  =  {0,1,0,2,0.3)]  is  attached  to  the  arm  and  frame 
iF^  =  [B,  B  =  (fei ,  62,  63)]  is  attached  to  the  bar.  A  planar  rotation  of  magnitude  a  about 
axis  i3  brings  basis  X  to  ^.  A  planar  rotation  of  magnitude  /3  about  axis  0,2  brings  basis  AtoB\ 
the  torsional  spring  is  un-stretched  when  (3  —  /Sq.  (1)  Use  Lagrange's  formulation  to  derive  the 
equations  of  motion  of  the  system.  Use  two  generalized  coordinates,  a  and  /3.  (2)  Assume  that 
the  shaft  is  rotating  at  a  constant  angular  velocity,  d  =  i?  and  impose  this  condition  through 
a  rheonomic  constraint.  (3)  Use  Lagrange's  formulation  for  constrained  systems  to  derive  the 
equations  of  motion  of  the  problem.  (4)  What  is  the  physical  meaning  of  Lagrange's  multi- 
plier. (5)  Assume  now  instead  that  the  bar  is  rotating  at  a  constant  angular  velocity,  l3  —  lj 
and  impose  this  condition  through  a  rheonomic  constraint.  (6)  Use  Lagrange's  formulation  for 
constrained  systems  to  derive  the  equations  of  motion  of  the  problem.  (7)  What  is  the  physical 
meaning  of  Lagrange's  multiplier. 


10.3  Hamilton's  principle  and  Lagrange's  formulation  with 
nonholonomic  constraints 

Systems  subjected  to  holonomic  constraints  were  studied  in  section  10.2.  In  the 
present  section,  attention  turns  to  systems  subjected  to  nonholonomic  constraints. 
The  most  general  type  of  constraint  to  be  considered  here  are  linear  functions  of  the 
generalized  velocities,  as  expressed  by  eq.  (9.47),  V  =  B_{q,t)q  +  b{q,t)  =  0.  If 
time  appears  explicitly  in  the  expression  of  the  constraint,  it  is  rheonomic,  otherwise 
it  is  scleronomic. 

Nonholonomic  constraints  limit  the  allowable  virtual  displacement  as  expressed 
by  eq.  (10.2).  Because  a  virtual  displacement  is  an  arbitrary  change  in  displacement 
at  a  given,  fixed  instant,  this  expression  does  not  involve  the  term  b{q,  t)  that  appears 
in  the  differential  or  Pfaffian  form  of  the  constraints. 

Hamilton's  principle,  eq.  (8.20),  will  be  written  in  the  following  form, 

/      {5L  +  &W'')  dt  =  0,  (10.16) 

for  all  arbitrary  virtual  displacements.  The  boundary  terms  at  the  initial  and  final 
times  have  been  ignored.  For  constrained  systems,  virtual  displacements  are  not  ar- 
bitrary because  they  must  satisfy  the  constraints  as  expressed  by  eq.  (10.2). 
A  linear  combination  of  eqs.  (10.16)  and  (10.2)  now  yields 


/: 


5L  +  X^ B{q,t)5q  +  5>^V  +  SW")  di  =  0,  (10.17) 


where  A  is  an  array  of  arbitrary  Lagrange's  multipliers.  The  term  5\  V  was  added 
to  the  equation.  Indeed,  because  the  constraints  must  be  satisfied,  this  term  vanishes, 
and  hence,  can  be  added  to  the  statement  of  Hamilton's  principle.  A  reasoning  sim- 
ilar to  that  developed  in  section  9.1  will  lead  to  the  conclusion  that  the  constrained 
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problem  expressed  by  eq.  (10.16)  is  now  replaced  by  an  unconstrained  problem, 
eq.  (10.17),  in  which  variations  of  the  generalized  coordinates  and  Lagrange's  mul- 
tipliers are  unconstrained. 

10.3.1  Hamilton's  principle  with  nonholonomic  constraints 

In  the  presence  of  nonholonomic  constraints,  Hamilton's  principle  takes  the  form  of 
eq.  (10.17).  The  second  term  in  the  integrand  of  this  equation  affords  an  important 
physical  interpretation:  6q^B_  [q,  t)X  =  Sq^F^,  where  the  generalized  forces  of 
constraint,  Ff,  are  defined  by  eq.  (10.5).  Clearly,  this  term  can  be  interpreted  as  the 
virtual  work  done  by  the  constraint  forces,  SW  =  5q^ F^  =  Sq^ B_{q,  t)\.  This 
expression  underlines  the  fundamental  difference  between  holonomic  and  nonholo- 
nomic constraints:  for  holonomic  constraints,  the  constraint  forces  can  be  derived 
from  the  potential  of  the  constraint  forces,  see  eq.  (10.7),  whereas  for  nonholonomic 
constraints  the  virtual  work  done  by  the  forces  of  constraint  is  non  integrable,  i.e., 
there  exist  no  potential  of  the  constraint  forces. 

10.3.2  Lagrange's  formulation  with  nonholonomic  constraints 

Because  both  generalized  coordinates  and  Lagrange's  multipliers  are  unconstrained 
variables  in  eq.  (10.17),  Lagrange's  equations  of  motion  for  systems  subjected  to 
nonholonomic  constraints  are  obtained  from  this  principle  in  a  manner  similar  to 
that  presented  in  section  8.3.  After  the  integration  by  parts  expressed  by  eq.  (8.55), 
Hamilton's  principle,  eq.  (10.17),  becomes 


Sq' 


dt  \dq  J        dq  — 


dt+  I     SX^[V]  dt  =  0,    (10.1^ 


for  all  arbitrary  variations  in  generalized  coordinates  and  Lagrange's  multipliers. 
Consequently,  the  bracketed  terms  must  vanish,  revealing  Lagrange 's  equations  of 
motion  for  systems  subjected  to  nonholonomic  constraints 

^('||)-|^=I^(g,t)A  +  Q"^      and     V{q,q,t)  =  Q.  (10.19) 

Here  again,  it  is  convenient  to  introduce  the  generalized  momenta,  see  eq.  (8.25),  to 
simplify  the  writing  of  the  equations  of  motion  that  become 

^"  ?)+?""  =^^2'*^-  +  ^'"'      ^"^     Ug.g,t)=Q.  (10.20) 

These  equations  are  identical  to  those  obtained  for  systems  subjected  to  holonomic 
constraints,  eq.  (10.12);  the  only  difference  is  the  form  of  the  constraint  to  be  en- 
forced. 

The  derivation  of  Lagrange's  equations  of  motion  for  constrained  systems  clearly 
underlines  the  differences  between  Newtonian  and  Lagrangian  dynamics.  In  Newto- 
nian mechanics,  the  focus  is  on  forces  and  acceleration  vectors  for  each  particle  of 
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the  system;  both  quantities  are  of  a  vectorial  nature.  No  distinctions  exist  between 
various  types  of  forces:  the  vector  sum  of  all  externally  applied  forces  is  parallel  to 
the  acceleration  vector. 

In  Lagrangian  dynamics,  the  focus  is  on  two  scalar  quantities,  the  Lagrangian 
of  the  system  and  the  virtual  work  done  by  the  applied  forces.  These  quantities  are 
characteristics  of  the  complete  system,  not  of  individual  particles.  The  efficiency  and 
elegance  of  Lagrange's  approach  stems  from  the  fact  that  the  equations  of  motion  of 
complex  mechanical  systems  can  be  derived  from  these  two  scalar  quantities. 

Various  types  of  forces  are  treated  differently  in  Lagrange's  formulation.  First, 
the  virtual  work  done  by  the  inertial  forces  is  directly  related  to  the  kinetic  energy 
of  the  system.  Next,  externally  applied  forces  are  divided  into  conservative  and  non- 
conservative  forces.  The  virtual  work  done  by  the  conservative  forces  equals  the 
variation  of  the  potential  of  these  forces;  the  Lagrangian  of  the  system  is  the  differ- 
ence between  the  kinetic  and  potential  energies  of  the  system.  The  virtual  work  done 
by  the  non-conservative  forces  gives  rise  to  the  generalized,  non-conservative  forces. 
This  distinction  is  also  present  for  constrained  systems:  for  holonomic  constraints, 
the  constraint  forces  can  be  derived  from  a  potential,  whereas  no  such  potential  exists 
for  nonholonomic  constraints. 

Example  10.6.  The  skateboard 

Figure  10.11  depicts  the  simplified  configuration  of  a  skateboard  of  mass  m  and 
moment  of  inertia  /  about  its  center  of  mass  G.  The  skateboard  rolls  without  sliding 
on  the  horizontal  plane  by  means  of  a  wheel  aligned  with  axis  ei  of  the  skateboard 
and  located  at  point  C,  a  distance  (.  from  the  center  of  mass.  The  position  vector  of 
the  center  of  mass  is  written  as  r  ^  =  xii-\-yi2,  and  the  axis  of  the  skateboard  makes 
an  angle  9  with  the  horizontal.  This  system  is  subjected  to  a  constraint:  because  the 
wheel  does  not  slip,  the  velocity  vector  of  the  contact  point  must  be  along  axis  ei. 
This  nonholonomic  constraint  and  the  corresponding  constraint  matrix  are  given  by 
eqs.  (9.50)  and  (9.51),  respectively. 


rig.  10.11.  Skateboard  with  front  wheel. 


The  kinetic  energy  of  the  system  is  K  =  ra{x^  +  y^)/2  +  19^/2.  The  potential 
energy  of  the  system  vanishes,  and  hence,  the  Lagrangian  of  the  system  equals  the 
kinetic  energy.  The  generalized  coordinates  of  the  system  are  qi  =  x,  q2  =  y,  and 

53  =  9.  The  generalized  momenta  of  the  system  are  p .    =  mx,  p .   =  my,  and 

— ^  — y 

p-  =  l9.  Lagrange's  formulation  then  yields  the  equations  of  motion  of  the  system 


mx 


-Xsm9, 


m,y 


Acos( 


19  =  XL 
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where  A  is  Lagrange's  multiplier  associated  with  the  nonholonomic  constraint.  These 
equations  are  identical  to  those  obtained  from  the  Newtonian  approach,  eqs.  (9.49). 
Lagrange's  multiplier.  A,  is  the  contact  force  of  the  wheel  on  the  ground,  A  =  —F'~^, 
see  fig.  10.11. 

10.3.3  Problems 

Problem  10.21.  The  skateboard 

Figure  10.11  depicts  the  simplified  configuration  of  a  skateboard  of  mass  m  and  moment 
of  inertia  /  about  axis  13,  computed  with  respect  to  its  center  of  mass  G.  The  skateboard 
solely  moves  in  the  horizontal  plane:  the  position  vector  of  the  center  of  mass  is  written  as 
Tg  =  xii  +  yi2,  and  the  axis  of  the  skateboard  makes  an  angle  6  with  respect  to  ii.  A  wheel 
of  mass  M  and  radius  R  is  connected  to  the  front  of  the  skateboard,  at  a  distance  £  from  its 
center  of  mass.  The  wheel  rolls  on  the  ground  without  slipping.  (1)  Determine  the  number 
of  degrees  of  freedom  for  this  system.  (2)  Discuss  the  nature  of  the  constraints.  (3)  Find  the 
equations  of  motion  of  the  system  using  Lagrange's  approach.  Use  the  following  generalized 
coordinates:  x,  y,  9,  and  ip,  the  rotation  of  the  wheel. 


10.4  The  lower  pair  joints 

A  distinguishing  feature  of  multibody  systems  is  the  presence  of  joints  that  im- 
pose constraints  on  the  relative  motion  of  the  various  bodies  of  the  system.  Most 
joints  used  in  practical  applications  can  be  modeled  in  terms  of  the  so  called  lower 
pairs  [29]:  the  revolute,  prismatic,  screw,  cylindrical,  planar  and  spherical  joints, 
depicted  in  fig.  10.12.  In  some  cases,  however,  joints  with  specialized  kinematic 
conditions  must  also  be  developed. 


Cylindrical 


Screw 


^ 


Revolute 


Spherical 
Fig.  10.12.  The  six  lower  pairs. 
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10.4.1  Kinematics  of  a  typical  lower  pair  joint 

Consider  two  bodies,  denoted  "body  k"  and  "body  £,"  as  shown  in  fig.  10.13. 
Quantities  pertaining  to  body  k  and  body  £  will  be  indicated  with  superscripts 
{■)''  and  {'Y,  respectively.  A  lower  pair  joint,  i.e.,  anyone  of  the  joints  depicted 
in  fig.  10.12,  connects  the  two  bodies  at  points  K  and  L,  which  are  material 
points  of  bodies  k  and  i,  respectively.  In  the  reference  configuration,  two  frames, 


TTfc 
•^0 


K,i3^ 

to  bodies  k  and  j 


(eSi>eo2>eo3)]  and  J"^  =  [L,S^  =  (£^1,6^2,603)],  are  attached 


by  two  frames,  J^'' 
spectively. 


,  respectively.  In  the  deformed  configuration,  the  bodies  are  defined 


[K,S^  =  {e^elel)]  and  J"^  =  [L,B'  =  (ef ,  ei  4)] ,  re- 


Reference 
uration 

Lower  i 
Fig.  10.13.  Typical  lower  pair  Joint  in  the  reference  and  deformed  configurations. 


10.4.2  Notational  conventions 


Unless  otherwise  indicated,  the  components  of  all  tensors  will  be  resolved  in  the 
inertial  frame,  denoted  J-"^  =  [0,I  =  («i,i2,*3)]-  In  the  reference  configuration, 
the  position  vectors  of  points  K  and  L  are  denoted  Mq  and  Uq,  respectively,  and 
rotation  tensors  R  and  R  describe  the  rotations  from  basis  I  to  B^  and  I  to  Bq, 
respectively.  The  displacement  vectors  of  these  two  points  are  denoted  u''  and  vf, 


:>k 


respectively;  tensors  R  and  R  describe  the  rotations  from  basis  Bq  to  B  ,  and  Bq  to 
B^,  respectively.  The  virtual  rotations  vectors  are  defined  as  6ip  =  a.xial{5R  R  ) 
and  6ip  =  a,xial{SR  R  ).  Finally,  the  relative  displacement  vector  at  the  joint  is 
defined  as 

U  =  yf-u''.  (10.21) 

With  these  notations,  unit  vectors  of  triads  B''  and  B^  can  be  expressed  as 


=     ^*" 


and 


-/3 


R'Ri 


(10.22) 
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respectively,  where  a  =  1,  2,  or  3  and  /?  =  1,  2,  or  3.  Variations  of  these  unit  vectors 
are  readily  found  as 

5ei=Zf5_4^     and     S4=ef6i/,  (10.23) 

respectively. 

To  simplify  the  expressions  of  the  constraints  associated  with  the  various  joints, 
the  following  notation  is  adopted  for  the  scalar  and  vector  products  of  two  unit  vec- 
tors of  bases  B^  and  B^, 

9ap  =  efei,  (10.24a) 


h^p  =  Kep-  (10.24b) 

Using  eqs.  (10.23),  variations  of  these  two  quantities  are  easily  obtained  as 


Sg»p  =  iS±^  -  S±y  h^p,  (10.25a) 

Sh^p  =  S±'^g^p  -  Sj/^g;^.  (10.25b) 

where  the  following  matrices  were  defined 

£^;  =  e^4'     £?a=4^«-  (10-26) 

During  the  solution  process,  linearization  of  the  forces  of  constraint  will  be  re- 
quired. In  turn,  this  calls  for  the  evaluation  of  increments  in  the  kinematic  quanti- 
ties expressing  the  constraints.  For  instance,  an  increment  in  unit  vector  ej;  will  be 
written  as  Z\e^  =  e'^  Aip'^  =  e^ H^Ar^,  where  H^  is  the  tangent  operator.  Re- 
lationship Ail>  =  H_  Ar^  expresses  the  differential  rotation  vector,  Aip  ,  in  terms 
of  the  increments  of  the  rotation  parameters,  Ar^.  If  Euler  angles  with  the  3-1-3  se- 
quence are  used  to  represent  the  finite  rotation  of  body  k  that  brings  basis  Bq  to  B^, 
r'^'^  =  {(/),  0,  V"}  and  eqs.  (4.68)  define  the  tangent  operator,  i£  .  Similar  notation 
are  used  for  the  rotation  of  body  £;  in  summary, 

Atl^'' =  H''Ar'',      Aip'^  =  H!Ar^.  (10.27) 


10.4.3  Relative  motions 

In  the  reference  configuration,  the  relative  motions  at  the  joint  are  assumed  to  van- 
ish, i.e.,  Mq  =  Uq  and  B^  =  i?^-  In  the  deformed  configuration,  A^  denote  the 
relative  displacement  between  the  two  bodies  along  unit  vector  ef^,  and  (f)-^  the  rel- 
ative rotation  about  the  same  unit  vector.  More  formally,  the  relative  displacements 
and  rotations  of  the  two  bodies  are  defined  as 

e^^M-^7  =  0,  (10.28a) 

gaa  sin  0^  +  gai3  COS  (j)^  =  0,  (10.28b) 


408 


10  Constrained  systems:  classical  formulations 


respectively.  In  the  second  equation,  indices  a,  /?,  and  7,  are  such  that  eap-y  =  +1, 
where  the  permutation  symbol,  Cq,^^,  is  defined  by  eq.  (1.25).  For  a  planar  rotation 
of  magnitude  9  about  unit  vector  e^,  g^a  =  cos  9,  gap  =  —  sin  9,  and  eq.  (10.28b) 
becomes  sin((/)^  —  9)  =  0  or  4>^  =  9,  as  expected. 

Table  10.1  now  formally  defines  the  six  lower  pairs  depicted  in  fig.  10.12  in 
terms  of  the  relative  displacement  and/or  rotation  components  that  each  joint  allows 
or  inhibits.  If  the  two  bodies  are  rigidly  connected  to  each  other,  their  six  relative 
motions,  three  displacements  and  three  rotations,  must  vanish  at  the  connection  point. 


Table  10.1.  Definition  of  the  six  lower  pair  joints.  Symbols  "/"  or  "X"  indicate  that  relative 
motion  is  allowed  or  inhibited,  respectively.  For  the  screw  joint,  p  is  the  pitch  of  the  screw. 


Relative  displacements 

Relative  rotations 

Joint  type 

Ai 

A2 

A3 

4>i 

02 

(l>3 

Revolute 

X 

X 

X 

X 

X 

/ 

Prismatic 

X 

X 

/ 

X 

X 

X 

Screw 

X 

X 

P03 

X 

X 

/ 

Cylindrical 

X 

X 

/ 

X 

X 

/ 

Planar 

/ 

/ 

X 

X 

X 

/ 

Spherical 

X 

X 

X 

/ 

/ 

/ 

Setting  A^  =  0  in  eq.  (10.28a)  yields  the  constraint  equation  expressing  the  van- 
ishing of  the  relative  displacement  along  unit  vector  e^.  Similarly,  setting  i/)^  =  0  in 
eq.  (10.28b)  expresses  the  vanishing  of  the  relative  rotation  about  unit  vector  e^.  On 
the  other  hand,  if  relative  displacement  along  unit  vector  e^  is  allowed,  eq.  (10.28a) 
defines  the  magnitude  of  the  relative  displacement,  A^,  along  that  direction.  Sim- 
ilarly, if  relative  rotation  about  unit  vector  e^  is  allowed,  eq.  (10.28b)  defines  the 
magnitude  of  the  relative  rotation,  cpj,  about  that  vector. 

The  explicit  definition  of  the  relative  displacement  and  rotation  components  in 
lower  pair  joints  as  additional  variables  represents  an  important  detail  of  the  imple- 
mentation. First,  it  allows  the  introduction  of  spring  and/or  damper  elements  in  the 
joints,  as  usually  required  for  modeling  realistic  configurations.  Second,  the  time 
histories  of  joint  relative  motions  can  be  driven  according  to  suitably  specified  time 
functions  or  by  actuators  presenting  their  own  physical  characteristics. 


10.5  Generic  constraints  for  lower  pair  joints 


Although  the  six  lower  pair  joints  depicted  in  fig.  10.12  are  kinematically  very  dif- 
ferent from  each  other,  the  constraints  they  impose  on  the  bodies  they  are  connected 
to  are  of  two  distinct  types  only.  Lower  pair  joints  inhibit  one  or  more  relative  rota- 
tion components,  and/or  one  or  more  relative  displacement  components.  These  two 
generic  constraints  are  examined  in  details  and  the  associated  forces  of  constraint  are 
derived  from  Lagrange's  multiplier  method  in  sections  10.5. 1  and  10.5.2.  In  addition. 
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the  relative  rotation  and  displacement  components  at  a  joint  will  be  defined  by  means 
of  constraint  of  two  types,  which  are  examined  in  sections  10.5.3  and  10.5.4.  Once 
the  formulation  of  these  generic  constraints  has  been  developed,  the  formulations  of 
the  six  lower  pair  joints  will  be  presented  in  section  10.6. 

10.5.1  First  constraint:  vanisliing  relative  rotation 

The  constraint  associated  with  the  vanishing  of  the  relative  rotation  at  a  lower  pair 
joint  connecting  two  bodies  is  readily  obtained  by  imposing  0^  =  0  in  eq.  (10.28b) 
to  find  gai3  =  0.  In  view  of  eq.  (10.24a),  this  constraint  imposes  the  orthogonality  of 


two  unit  vectors,  e^e^g  =  0,  and  is  written  in  a  generic  manner  as 


Ci  =  g^p  =  ef  4  =  0.  (10.29) 

For  various  types  of  lower  pair  joints,  indices  a  and  /3  will  take  different  values. 

This  holonomic  constraint  is  enforced  using  Lagrange's  multiplier  method  devel- 
oped in  section  10.2.1.  The  potential  of  the  constraint  forces  is  Vj  =  A/C/,  where 
A/  is  Lagrange's  multiplier  used  to  enforce  this  constraint;  variation  of  this  potential 
yields  ^Vj  =  SXjCi  +  XiSCj.  The  second  term  represents  the  virtual  work  done  by 
the  constraint  force,  SW^  =  \i5Ci  =  Sq^F_'j,  where  array  6q  stores  variations  of 
the  generalized  coordinates  associated  with  this  constraint  and  FJ  the  correspond- 
ing constraint  forces.  Variation  of  the  constraint  is  expressed  as  SCj  =  B_j6q,  and  it 
follows  that  _Fj  =  XiBJ .  Equation  (10.25a)  now  yields 


Because  the  orthogonality  constraint  expressed  by  eq.  (10.29)  is  nonlinear,  nu- 
merical processes  for  the  solution  of  constrained  multibody  systems  will  rely  on 
successive  linearizations  of  this  constraint  and  associated  forces.  An  increment  in 
the  constraint  is  expressed  as 

ACi  =  ^Aq  =  ZjAq,  (10.31) 

Oq      - 

where  array  Z_j  is  easily  found  as 

Arrays  r^  and  r^  store  the  rotation  parameters  representing  the  rotations  of  bodies  k 
and  £,  respectively,  and  H_  and  iJ  are  the  corresponding  tangent  operators  defined 
by  eqs.  (10.27).  ~  ~ 

An  increment  in  the  forces  of  constraint  is  expressed  as 

Z\£5  =  -^Aq  =  K,Aq,  (10.33) 
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where  X_   is  the  equivalent  stiffness  matrix  for  the  constraint.  Partial  derivatives  of 
the  constraint  forces  yield  the  following  expression  for  this  matrix 


X, 


T~\ik    Tjk   T-^ki    Tji 


-aBz 
yki 


-    D^^      TJ^  J^kl      TTt 


(10.34) 


where  matrices  D   „  and  Z)„    are  defined  by  eqs.  (10.26). 


10.5.2  Second  constraint:  vanishing  relative  displacement 

The  constraint  associated  with  the  vanishing  of  the  relative  displacement  at  a  lower 
pair  joint  connecting  two  bodies  is  readily  obtained  by  imposing  Aa  =  0  in 
eq.  (10.28a)  to  find  e^u  =  0.  This  constraint  imposes  the  orthogonality  of  the  rela- 
tive displacement  vector  defined  by  eq.  (10.21)  to  unit  vector  e^.  This  orthogonality 
constraint  is  written  in  a  generic  manner  as 


C 


II 


^kT_ 


0. 


(10.35) 


For  various  types  of  lower  pair  joints,  index  a  will  take  different  values. 

This  holonomic  constraint  is  enforced  using  Lagrange's  multiplier  method,  as 
discussed  in  section  10.5.1.  The  potential  of  the  constraint  forces  is  V/}  =  A//C//, 
and  the  virtual  work  done  by  the  constraint  force  is  dW^  =  5q^F_'jj.  The  variation 
of  the  constraint,  SCu,  is  evaluated  using  eq.  (10.23)  to  find 


Sq: 


Bjj 


e'l  u 


Eh  =  hiBjj. 


(10.36) 


An  increment  in  the  constraint  is  expressed  as  ACn  =  Z_jjAq,  where  array  Z_jj 
is  easily  found  as 


Aq: 


LI  I 


(10.37) 


Array  r*^  stores  the  rotation  parameters  representing  the  rotations  of  body  k,  and  I£ 
is  the  corresponding  tangent  operator  defined  by  eqs.  (10.27). 
The  equivalent  stiffness  matrix  for  this  constraint  is 


X 


II 


\ii 


-etH''   0 


(10.38) 
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10.5.3  Third  constraint:  definition  of  relative  rotation 

The  constraint  associated  with  the  definition  of  the  relative  rotation  at  a  lower  pair 
joint  connecting  two  bodies  is  given  by  eq.  (10.28b).  This  constraint  is  written  in  a 
generic  manner  as 

Cm  =  gaasm4>-^  +gai3  cos  (p^  =  0.  (10.39) 

Indices  a,  (3,  and  7,  are  such  that  Eais-y  =  +1,  where  the  permutation  symbol,  Eq,^^, 
is  defined  by  eq.  (1.25).  For  various  types  of  lower  pair  joints,  index  7  will  take 
different  values. 

This  holonomic  constraint  is  enforced  using  Lagrange's  multiplier  method,  as 
discussed  in  section  10.5.1.  The  potential  of  the  constraint  forces  is  Vfjj  =  XiiiCm, 
and  the  virtual  work  done  by  the  constraint  force  is  SW^  =  Sq^Ffjjj.  The  variation 
of  the  constraint,  SCm,  is  evaluated  using  eq.  (10.25a)  to  find 


Sq=Uj/'>,     Bjjj=l-w\,     F'jjj  =  XniBjjj,  (10.40) 

where  w  =  h^^  sin  cf)^  +  h^p  cos  4>^  and  r  =  gaa  cos  4>^  —  gap  sin  (f>~^. 

An  increment  in  the  constraint  is  expressed  as  ACm  =  ZjjjAq,  where  array 
Z_jjj  is  easily  found  as 

Aq={  Arf  },      Zjjj  =  {  -H!^w  \  .  (10.41) 


Arrays  r^  and  r^  store  the  rotation  parameters  representing  the  rotations  of  bodies  k 
and  £,  respectively,  and  i/  and  H_  are  the  corresponding  tangent  operators  defined 
by  eqs.  (10.27).  ~  ~ 

The  equivalent  stiffness  matrix  for  this  constraint  is 


-    E^H^ 

EH^ 

y 

=111  ~ 

=  Xlll 

-e^h'' 

EH' 

—  z 

z^H^ 

-z^H' 

-Ciii_ 

(10.42) 


where  z  =  h^a  cos  0-,,  —  h^p  sin  (j>^  and  E  =  D'''  sin  0^  +  O'^'g  cos  0^. 

10.5.4  Fourth  constraint:  definition  of  relative  displacement 

The  constraint  associated  with  the  definition  of  the  relative  displacement  at  a  lower 
pair  joint  connecting  two  bodies  is  given  by  eq.  (10.28a).  This  constraint  is  written 
in  a  generic  manner  as 

Civ  =  efu  -  A^,  =  0.  (10.43) 

For  various  types  of  lower  pair  joints,  index  7  will  take  different  values. 
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This  holonomic  constraint  is  enforced  using  Lagrange's  multiplier  method,  as 


discussed  in  section  10.5. 1 .  The  potential  of  the  constraint  forces  is  Vfy  =  XivCjv, 
and  the  virtual  work  done  by  the  constraint  force  is  SW^  =  Sq^F_'jy.  The  variation 
of  the  constraint,  6Civ,  is  evaluated  using  eq.  (10.23)  to  find 


Sq  =  < 


B 


■IV 


-1 


F' 


IV 


XivB_iv 


(10.44) 


An  increment  in  the  constraint  is  expressed  as  ACiv 
Z_jy  is  easily  found  as 


Z^ 


JV 


Aq,  where  array 


Aq. 


^IV 


H^^ei  u 


-1 


(10.45) 


Array  r^  stores  the  rotation  parameters  representing  the  rotations  of  body  fc,  and  H_ 
is  the  corresponding  tangent  operator  defined  by  eqs.  (10.27). 
The  equivalent  stiffness  matrix  for  this  constraint  is 


Eiv 


^IV 


k  Tjk 


g    g 

uezH"  et  0 


0 


g  g 
0  0 


(10.46) 


10.6  Constraints  for  the  lower  pair  joints 

In  this  section,  the  constraints  associated  with  the  six  lower  pair  joints  depicted  in 
fig.  10.12  are  detailed.  The  corresponding  constraint  forces  are  derived,  and  their 
physical  nature  is  discussed. 

10.6.1  Re  volute  joints 


Figure  10.13  depicts  two  bodies  linked  together  by  a  lower  pair  joint.  The  kinemat- 
ics of  the  problem  and  the  corresponding  notational  conventions  are  presented  in 
sections  10.4.1  and  10.4.2,  respectively.  This  section  focuses  on  a  specific  type  of 
joint,  the  revolute  joint,  depicted  in  fig.  10.14.  For  this  joint,  points  K  and  L  are 
coincident  in  both  reference  and  deformed  configurations.  The  revolute  joint  allows 
the  two  bodies  it  connects  to  rotate  with  respect  to  each  other  about  a  material  axis, 
selected,  by  convention,  to  be  ef  =  e|.  This  condition  implies  the  orthogonality  of 
ef  to  both  e\  and  ej. 
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Deformed 
configuration 


Reference 
uradon 


Fig.  10.14.  Revolute  joint  in  the  reference  and  deformed  configurations. 


The  revolute  joint  is  characterized  by  the  following  kinematic  constraints 


7;kT- 


7;kT- 


=  0, 

531  = 

532  = 


511  Sine 


■  512  COS  ( 


0. 


(10.47a) 
(10.47b) 
(10.47c) 
(10.47d) 


Constraint  (10.47a)  expresses  the  vanishing  of  the  relative  displacement  at  the  joint; 
it  is  readily  enforced  by  Boolean  identification  of  the  corresponding  degrees  of  free- 
dom. The  second  and  third  constraints  are  of  type  /,  see  section  (10.5.1),  with  a  =  3, 
/3  =  1,  and  a  =  3,  /3  =  2,  for  eqs.  (10.47b)  and  (10.47c),  respectively.  Finally,  the 
last  constraint  is  of  type  III,  see  section  10.5.3,  and  defines  the  relative  rotation 


63,  denoted  cj)  in  fig.  10.14. 


about  unit  vector  e| 

The  combination  of  eqs.  (10.30)  and  (10.40)  yields  the  forces  associated  with  the 
revolute  joint  constraints, 


F^ 


-  hi2  C0S( 


-(/iiisin0  +  /ij2cos0)  >  A3,     (10.48) 
(gucosfj)-  gi2sm(p)  J 

where  Lagrange's  multipliers  Ai,  A2,  and  A3  are  associated  with  constraints  (10.47b), 
(10.47c),  and  (10.47d),  respectively. 

ei .  The  forces  of  con- 


When  the  constraints  are  satisfied,  h^i 


4  and  /132 


straint  associated  with  the  first  constraint  correspond  to  two  moments  acting  about 
unit  vector  62  and  of  magnitudes  +Ai  and  —  Ai,  respectively,  applied  to  bodies  k 
and  £,  respectively.  The  forces  of  constraint  associated  with  the  second  constraint  are 
readily  interpreted  in  a  similar  manner.  The  moments  associated  with  these  first  two 
constraints  enforce  the  parallelism  of  unit  vectors  63  and  e|. 

When  the  constraints  are  satisfied,  hn  =  e^  sin  cp  and  /112  =  63  cos  (j),  implying 


that  h^^  sin  (j)  +  h^2  cos  cf) 


=k. 


furthermore,  gn  cos  cf)  —  gi2  sin  cj)  =  cos  (j)  cos  < 


sin  (j))  sin  (j)  =  1.  To  interpret  the  forces  associated  with  the  third  constraint,  it  is 
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assumed  that  a  motor  applies  a  torque  Q  at  the  revolute  joint;  the  virtual  work  done  by 
this  torque  is  then  6W  =  QS(p.  Because  Lagrange's  multiplier  technique  is  used  to 
enforce  the  constraint,  the  relative  rotation,  (f>,  is  now  an  unconstrained  variable,  and 
the  corresponding  equation  of  motion  will  be  X3+Q  =  0:  Lagrange's  multiplier  is  of 
equal  magnitude  and  opposite  sign  to  the  applied  torque.  The  remaining  components 
of  the  constraint  forces  correspond  to  two  moments  acting  about  unit  vector  e|  and  of 
magnitude  —Q  and  +Q,  respectively,  transmitting  the  applied  torque  to  bodies  k  and 
£,  respectively.  If  no  torque  is  applied  at  the  joint,  Lagrange's  multiplier  vanishes, 
A3  =  0,  and  no  forces  are  associated  with  this  constraint,  which  simply  defines 
variable  (j)  but  applies  no  forces  to  the  system. 


10.6.2  Prismatic  joints 


Figure  10.13  depicts  two  bodies  linked  together  by  a  lower  pair  joint.  The  kinemat- 
ics of  the  problem  and  the  corresponding  notational  conventions  are  presented  in 
sections  10.4.1  and  10.4.2,  respectively.  This  section  focuses  on  the  prismatic  joint, 
depicted  in  fig.  10.15.  For  this  joint,  the  two  bases  coincide  in  the  reference  con- 
figuration, Bq  =  Bq,  and  in  the  deformed  configuration,  B'^  =  B' .  The  prismatic 
joint  allows  the  two  bodies  it  connects  to  translate  with  respect  to  each  other  along  a 
material  axis,  selected,  by  convention,  to  be  e|  =  e|.  This  condition  implies  the  or- 
thogonality of  unit  vectors  ef  and  gj  to  the  relative  displacement  vector,  u 


u  —u 
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_„      _,    L  e,     Deformed 

^3  =  63  configuration 


Fig.  10.15.  Prismatic  joint  in  the  reference  and  deformed  configurations. 


The  prismatic  joint  is  characterized  by  the  following  kinematic  constraints 


^1  =  i       1    =  0' 


C2 
C3 


^kT„ 


^kT„ 


efu- 


^0, 

A 


0. 


(10.49a) 
(10.49b) 
(10.49c) 
(10.49d) 


Constraint  (10.49a)  expresses  the  vanishing  of  the  relative  rotation  at  the  joint;  it  is 
readily  enforced  by  Boolean  identification  of  the  corresponding  degrees  of  freedom. 


10.6  Constraints  for  the  lower  pair  joints         415 

The  second  and  third  constraints  are  of  type  //,  see  section  (10.5.2),  with  a  =  1 
and  2,  for  eqs.  (10.49b)  and  (10.49c),  respectively.  Finally,  the  last  constraint  is  of 
type  IV,  see  section  10.5.4,  and  defines  the  relative  displacement  along  unit  vector 
e|  =  e|,  denoted  A  in  fig.  10.15. 

The  combination  of  eqs.  (10.36)  and  (10.44)  yields  the  forces  associated  with  the 
prismatic  joint  constraints. 


F" 
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Ai  +  < 


Bk' 


eg  u 

psk 


A2  +  < 


0 


(10.50) 


where  Lagrange's  multipliers  Ai,  A2,  and  A3  are  associated  with  constraints  (10.49b), 
(10.49c),  and  (10.49d),  respectively. 

When  the  constraints  are  satisfied,  e J'  u  =  — ||u||e|,  e|  m  =  ||u||e^,  and  ef  u  =  0. 
The  forces  of  constraint  associated  with  the  first  constraint  correspond  to  two  forces 
acting  along  unit  vector  ej  and  of  magnitude  —  Ai  and  +Ai,  respectively,  applied 
to  bodies  k  and  £,  respectively,  and  one  moment  acting  about  unit  vector  eg  and  of 
magnitude  —  1 1  u  1 1  Ai ,  applied  to  both  bodies  k  and  £  that  share  a  common  orientation. 

The  forces  of  constraint  associated  with  the  second  constraint  are  readily  inter- 
preted in  a  similar  manner.  The  forces  associated  with  these  first  two  constraints 
enforce  the  coUinearity  of  unit  vectors  e|  and  e| ;  the  moments  account  for  the  fact 
that  these  aligning  forces  form  couples  with  a  moment  arm  ||u|| . 

To  interpret  the  forces  associated  with  the  third  constraint,  it  is  assumed  that  an 
actuator  applies  a  force  F  at  the  prismatic  joint;  the  virtual  work  done  by  this  force  is 
then  6W  =  F6A.  Because  Lagrange's  multiplier  technique  was  used  to  enforce  the 
constraint,  the  relative  displacement,  A,  is  now  an  unconstrained  variable,  and  the 
corresponding  equation  of  motion  will  be  A3  —  i^  =  0:  Lagrange's  multiplier  equals 
the  applied  force.  The  remaining  components  of  the  constraint  forces  correspond  to 
two  forces  along  unit  vector  Cg  and  of  magnitude  —F  and  +F,  respectively,  trans- 
mitting the  applied  force  to  bodies  k  and  £,  respectively.  If  no  force  is  applied  at  the 
joint,  Lagrange's  multiplier  vanishes,  A3  =  0,  and  no  forces  are  associated  with  this 
constraint. 


10.6.3  Cylindrical  joints 

Figure  10.16  depicts  the  cylindrical  joint,  which  is  one  of  the  lower  pair  joints  dis- 
cussed in  a  generic  manner  in  section  10.4.1.  The  cylindrical  joint  allows  the  two 
bodies  it  connects  to  rotate  and  translate  with  respect  to  each  other  about  a  material 
axis,  implying  the  orthogonality  of  e|  to  both  e{  and  63  and  the  orthogonality  of  unit 
vectors  ej  and  eg  to  the  relative  displacement  vector,  u  =  ljf  —  yt  ■ 

The  cylindrical  joint  is  characterized  by  the  following  kinematic  constraints:  con- 
straints (10.47b)  and  (10.47c)  expressing  the  orthogonality  of  unit  vectors  e\  and  63 
to  unit  vector  e|,  and  constraints  (10.49b)  and  (10.49c)  expressing  the  orthogonality 
of  unit  vectors  e\  and  e|  to  the  relative  displacement  vector,  u.  The  relative  rotation 
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Fig.  10.16.  Cylindrical  joint  in  the  reference  and  deformed  configurations. 


denoted  ^,  and  relative  displacement  along  the  same  axis, 


about  unit  vector  e§  =  e|, 
denoted  A,  between  the  two  bodies  are  defined  by  adding  to  the  formulation  con- 
straints (10.47d)  and  (10.49d),  respectively.  Clearly,  the  cylindrical  joint  combines 
the  constraints  of  the  revolute  and  prismatic  joints.  The  associated  forces  of  con- 
straints are  identical  to  those  developed  in  section  10.6.1  and  10.6.2  and  will  not  be 
repeated  here. 


10.6.4  Screw  joints 

The  kinematic  constraints  associated  with  the  screw  joint  are  identical  to  those  of  the 
cylindrical  joint.  An  additional  constraint  imposes  a  linear  relationship  between  the 
relative  rotation,  0,  and  relative  displacement,  Z\, 


C  =  A 


V_ 

2tt 


0  =  0, 


where  p  is  the  pitch  of  the  screw. 


(10.51) 


10.6.5  Planar  joints 

Figure  10.13  depicts  two  bodies  linked  together  by  a  lower  pair  joint.  The  kinemat- 
ics of  the  problem  and  the  corresponding  notational  conventions  are  presented  in 
sections  10.4.1  and  10.4.2,  respectively.  This  section  focuses  on  the  planar  joint,  de- 
picted in  fig.  10.17.  The  planar  joint  allows  the  two  bodies  it  connects  to  translate 
with  respect  to  each  other  within  a  material  plane,  selected,  by  convention,  to  be  nor- 
mal to  unit  vector  e|  =  63.  This  condition  implies  the  orthogonality  of  unit  vector 
e|  to  the  relative  displacement  vector,  u  =  'i/  —  u''.  The  planar  joint  further  allows 
the  two  bodies  to  rotate  with  respect  to  each  other  about  the  axis  perpendicular  to  the 
material  plane,  e|  =  e|.  This  condition  implies  the  orthogonality  of  unit  vector  63 
to  unit  vectors  e{  and  63 . 

The  planar  joint  is  characterized  by  the  following  kinematic  constraints 
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Fig.  10.17.  Planar  joint  in  the  reference  and  deformed  configurations. 
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(10.52a) 
(10.52b) 
(10.52c) 
(10.52d) 
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Constraint  (10.52a)  is  of  type  //,  see  section  10.5.2,  with  a  =  3.  The  second  and 
third  constraints  are  of  type  /,  see  section  (10.5.1),  with  a  =  3,  /3  =  1,  and  a  =  3, 
/3  =  2,  for  eqs.  (10.52b)  and  (10.52c),  respectively.  The  next  two  constraints  are  of 
type  IV ,  see  section  10.5.4,  with  a  =  1  and  a  =  2  for  eqs.  (10.52d)  and  (10.52e), 
respectively.  They  define  the  relative  displacements  of  the  bodies  along  unit  vectors 
e\  and  (=2,  respectively,  denoted  Z\i  and  A2,  respectively.  Finally,  the  last  constraint 
is  of  type  ///,  see  section  10.5.3,  and  defines  the  relative  rotation  about  unit  vector 


nfc 


63,  denoted  (j)  in  fig.  10.17. 


The  planar  joint  combines  the  constraints  of  the  revolute  and  prismatic  joints.  The 
associated  forces  of  constraints  are  identical  to  those  developed  in  sections  10.6.1 
and  10.6.2. 


10.6.6  Spherical  joints 

Figure  10.18  depicts  the  spherical  joint,  which  is  one  of  the  lower  pair  joints  dis- 
cussed in  a  generic  manner  in  section  10.4.1.  The  spherical  joint  allows  the  two 
bodies  it  connects  to  freely  rotate  with  respect  to  each  other  about  a  material  point, 
K  =  L,  while  preventing  any  relative  displacement  at  this  point,  i.e.,  u''  =  m^. 

The  spherical  joint  is  characterized  by  constraints  (10.47a),  which  prevents  rela- 
tive displacement  between  the  bodies.  This  constraint  is  readily  enforced  by  Boolean 
identification  of  the  corresponding  degrees  of  freedom. 
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Fig.  10.18.  Spherical  joint  in  the  reference  and  deformed  configurations. 


10.6.7  Problems 

Problem  10.22.  Relative  rotation  of  a  revolute  joint 

Consider  the  revolute  joint  discussed  in  section  10.6.1.  Express  the  rotation  of  body  £,  R^,  as 
a  function  of  rotation  of  body  k,  _R*,  and  of  the  relative  rotation  angle  (j>. 

Problem  10.23.  Relative  motion  of  a  prismatic  joint 

Consider  the  prismatic  joint  discussed  in  section  10.6.2.  Express  the  displacement  of  body  I, 
yf',  as  a  function  of  displacement  of  body  k,  u'',  and  of  the  relative  displacement  A. 


10.7  Other  joints 

Multibody  systems  often  involve  a  variety  of  joints  that  impose  constraints  on  the 
relative  motion  of  the  bodies  of  the  system.  The  lower  pairs  described  in  the  previous 
sections  can  be  used  to  synthesize  more  complex  joints:  for  instance,  the  universal 
joint  depicted  in  fig.  10.19  can  be  viewed  two  revolute  joints  sharing  a  common 
axis  of  rotation  along  unit  vector  e|  and  two  more  revolute  joints  sharing  a  common 
axis  of  rotation  along  unit  vector  eg.  In  many  cases,  however,  joints  with  specialized 
kinematic  conditions  must  be  developed. 


10.7.1  Universal  joints 

Although  the  universal  joint  depicted  in  fig.  10.19  is  not  a  lower  pair  joint,  the  kine- 
matic description  and  notational  conventions  presented  in  sections  10.4. 1  and  10.4.2, 
respectively,  will  be  used  here  again.  At  the  heart  of  the  universal  joint  is  a  cruciform, 
consisting  of  two  rigidly  connected  bars  assembled  together  at  a  90  degree  angle. 
Body  k  is  allowed  to  rotate  about  unit  vector  ef,  which  is  aligned  with  the  first  bar 
of  the  cruciform;  body  £  is  allowed  to  rotate  about  unit  vector  e|,  which  is  aligned 
with  the  second  bar  of  the  cruciform.  It  follows  that  unit  vectors  e§  and  e|  are  mate- 
rial axes  of  bodies  k  and  £,  respectively,  and  point  K  =  L  is  a  material  point  of  both 
bodies. 
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Fig.  10.19.  Universal  joint  in  the  reference  and  deformed  configurations. 

The  universal  joint  is  characterized  by  the  following  kinematic  constraints:  con- 
straints (10.47a),  which  prevents  relative  displacement  between  the  bodies,  and  a 
single  type  /  constraint,  see  eq.  (10.29),  with  a  =  /3  =  3.  The  universal  joint  uses  a 
subset  of  the  constraint  developed  for  the  revolute  joint. 


10.7.2  Curve  sliding  joints 

The  kinematic  conditions  associated  with  the  sliding  of  a  body  along  a  flexible  track 
have  been  presented  by  Li  and  Likins  [30]  within  the  framework  of  Kane's  method. 
Cardona  [31]  derived  a  finite  element  based  formulation  for  the  sliding  of  a  body 
along  a  prescribed  curve.  Finally,  Bauchau  [32]  presented  the  formulation  of  a  sliding 
joint  that  enforces  the  sliding  of  a  body  along  a  flexible  beam.  This  formulation  was 
later  refined  [33]  to  include  constraints  on  the  relative  rotation  between  the  sliding 
bodies.  This  section  describes  the  curve  sliding  joint  that  enforces  the  sliding  of  a 
body  on  a  rigid  curve  connected  to  another  body. 

Figure  10.20  depicts  two  bodies  linked  together  by  a  curve  sliding  joint. 
Here  again,  the  kinematic  description  and  notational  conventions  presented  in  sec- 
tions 10.4.1  and  10.4.2,  respectively,  will  be  used.  Spatial  curve  C,  see  section  2.2, 
is  rigidly  connected  to  body  k. 

A  curve  sliding  joint  involves  displacement  constraints  requiring  point  L,  a  mate- 
rial point  of  body  £,  to  slide  along  curve  C,  which  is  rigidly  connected  to  body  k.  Let 
p*{r])  and  p{r])  =  R  Rn,P*iv)  be  the  components  of  the  position  vector  of  a  point  on 
curve  C  with  respect  to  point  K,  resolved  in  bases  B'^  and  I,  respectively.  Moreover, 
let  £  be  the  components  of  the  position  vector  of  an  arbitrary  point  on  curve  C  with 
respect  to  point  O,  resolved  in  basis  I.  It  then  follows  that  P  =  u^  +  u''  +  p(??)- 
Similarly,  the  components  of  the  position  vector  of  point  L  with  respect  to  point  O, 
resolved  in  basis  I,  are  denoted  P   =  Uq  +  uf- 

Because  point  L  must  be  along  curve  C,  the  following  vector  constraint  must  be 
satisfied 


C  =  P-P=Uo  +  u  +  Piv)  =  Q, 


(10.53) 
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Fig.  10.20.  Configuration  of  the  curve  sliding  joint. 


where  u. 


0 


g  —  Uq  and  u  =  y}'—i/  are  the  relative  displacement  vectors  of  the 
two  bodies,  in  the  reference  and  deformed  configurations,  respectively. 

This  holonomic  constraint  is  enforced  using  Lagrange's  multiplier  method.  The 
potential  of  the  constraint  forces  is  V^  =  A^C,  and  the  virtual  work  done  by  the 
constraint  force  is  SW^  =  5q^ F^.  The  variation  of  the  constraint,  5C,  is  evaluated 


as 


^9  =  <  T^. 


B' 


I 

-piji) 
-I 


F" 


B^\. 


(10.54) 


where  p*  =  p*'{ri),  p  (rj)  =  R  R^pUi]),  and  notation  (•)'  indicates  a  derivative 
with  respect  to  rj. 

It  is  often  necessary  to  know  the  curvilinear  coordinate,  s,  along  the  curves.  For 
instance,  if  a  friction  force  of  magnitude  F^  is  present  between  body  £  and  curve 
C  at  point  L,  the  formulation  would  require  the  evaluation  of  the  virtual  work  done 
by  this  force,  5W  =  F^ds.  It  is  often  convenient  to  use  the  very  versatile  NURBS 
representation  of  curves  [34,  35],  but  this  approach  is  based  on  an  arbitrary  param- 
eterization, rj  e  [0, 1],  as  discussed  in  section  2.2.2.  The  intrinsic  parameterization 
of  the  curve  presented  in  section  2.2.1  directly  uses  curvilinear  coordinate  s,  but  is 
often  very  difficult  to  obtain. 

To  remedy  the  situation,  an  additional  scalar  constraint  relating  these  two  vari- 
ables is  necessary.  Expressing  the  relationship  between  variables  s  and  rj  is  arduous, 
and  more  often  that  not,  impossible.  Equation  (2.14),  however,  recast  as  s  =  pifj, 
provides  a  relationship  between  the  corresponding  generalized  velocities. 
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\\Pi{v)\\v 


0. 


(10.55) 


In  general,  this  constraint  is  not  integrable  and  hence,  must  be  treated  as  a  nonlinear, 
nonholonomic  constraint. 
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10.7.3  Sliding  joints 


The  formulation  of  prismatic  joints  was  presented  in  section  10.6.2.  The  prismatic 
joint  is  characterized  by  the  following  kinematic  constraints:  constraint  (10.49a)  that 
prevents  relative  rotation  between  the  bodies,  and  constraints  (10.49b)  and  (10.49c) 
that  express  the  orthogonality  of  unit  vectors  e^  and  62  to  the  relative  displacement 
vector  u-  Note  that  although  these  constraints  are  expressed  in  terms  of  the  kinematic 
variables  at  points  K  and  L,  they  imply  the  sliding  of  body  £  on  body  k  at  point  K, 
when  body  £  is  rigid. 


Fig.  10.21.  Prismatic  joint  with  flexible  body.        Fig.  10.22.  Sliding  joint  with  flexible  body. 


The  situation  is  sharply  different  when  body  £  is  flexible,  as  shown  in  fig.  10.2 1 .  If 
conditions  (10.49b),  (10.49c)  and  (10.49a)  are  enforced,  body  £  is  no  longer  sliding 
on  body  k  at  point  K,  i.e.,  contact  between  the  bodies  is  no  longer  enforced.  In 
actual  systems,  the  piece  of  hardware  corresponding  to  the  prismatic  joint  implies 
the  sliding  of  body  £  on  body  k  with  contact  at  point  K  at  all  times,  as  depicted  in 
fig.  10.22.  In  fact,  in  the  presence  of  flexible  bodies,  such  joint  is  more  accurately 
described  as  a  sliding  joint  [32,  33,  36]. 

Due  to  the  flexibility  of  body  £,  the  kinematic  variables  at  material  points  K 
and  L  are  no  longer  related  by  conditions  (10.49b),  (10.49c)  and  (10.49a).  Rather, 
constraint  conditions  must  be  enforced  between  the  kinematic  variables  at  point  K 
of  body  k,  and  the  kinematic  variables  at  the  material  point  of  body  £  which  is  in 
contact  with  body  k  at  an  instant.  Clearly,  kinematic  constraints  (10.49b),  (10.49c) 
and  (10.49a)  associated  with  the  classical  formulation  of  prismatic  joints,  and  the 
kinematic  constraint  associated  with  sliding  in  the  presence  of  flexible  bodies  are 
fundamentally  different  and  will  lead  to  sharply  different  dynamic  responses  of  the 
system.  Although  the  above  discussion  has  focused  on  prismatic  joints,  it  is  clear 
that  identical  remarks  can  be  made  concerning  the  classical  formulation  of  cylindri- 
cal joints,  and  about  their  inadequacy  to  model  sliding  behavior  in  the  presence  of 
flexible  bodies. 

Figure  10.23  depicts  two  bodies  linked  together  by  a  sliding  joint.  Body  fc  is  a 
flexible  beam  element  whose  displacement  field  is  interpolated  from  nodal  quantities, 
see  sections  16.3  and  17.7.  In  the  reference  configuration,  the  coordinates  of  a  point 
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on  the  beam  are 


uoiv)  =  N{r,)ul 


(10.56) 


where  Uq  are  the  nodal  positions  in  the  reference  configuration,  N_{ri)  the  displace- 
ment interpolation  matrix  defined  by  eq.  (17.6),  and  77  e  [0, 1]  a  non-dimensional 
parameter  indicating  the  location  of  a  material  particle  along  the  beam  axis  in  the 
reference  configuration.  Body  £  can  be  a  rigid  or  flexible  element  of  the  system.  The 
position  vector  of  a  node  point  of  this  body  is  denoted  Uq  in  the  reference  configura- 
tion. 

After    deformation,    the    position 
vector  of  a  point  on  the  beam  becomes 
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configuration 
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P  iv)  =  Kiv)  {iko+ik  )^  where  u"'  are 
the  nodal  displacement  vectors.  Simi- 
larly, the  position  vector  of  the  node  on 
body  ^  is  P  =  Uq  +  u,  where  u  is  the 
nodal  displacement  vector. 

The  kinematic  constraint  associ- 
ated with  the  condition  of  body  £  freely 
sliding  over  the  flexible  beam  is  C  = 

P''iv)-P^  =  0- 

Parameter  rj  which  determines  the 
location  of  contact  between  bodies  k 
and  £  is,  of  course,  a  time  varying  un- 
known of  the  problem.  This  constraint 
will  be  enforced  using  the  Lagrange 


Fig.  10.23.  Sliding  joint  in  the  reference  and 

deformed  configurations. 

multiplier  method,  see  section  10.2.1.  The  virtual  work  done  by  the  constraint  force 

defined  by  eq.  (10.5)  becomes 


(10.57) 


where  (•)'  denotes  a  derivative  with  respect  to  77. 


10.7.4  Problems 


Problem  10.24.  Two  rigid  bodies  connected  by  a  rigid  Unit 

Figure  10.24  shows  two  rigid  bodies  connected  at  point  K'  and  L'  by  a  rigid  link.  The  kine- 
matics of  the  two  bodies  is  represented  using  the  conventions  described  in  section  10.4.1  and 
fig.  10.13.  Points  K'  and  L'  are  material  points  of  bodies  k  and  £,  respectively.  In  the  refer- 
ence configuration,  the  position  of  point  K'  with  respect  to  point  K  is  given  by  vector  s'°,  with 
a  similar  definition  for  vector  sf.  In  the  deformed  configuration,  the  corresponding  position 
vectors  are  denoted  5*  and  Sf,  respectively.  Due  to  the  presence  of  the  rigid  link,  the  distance 
between  points  K'  and  L'  must  remain  constant,  leading  to  the  following  nonlinear  holonomic 
constraint,  C  =  (||d|p  -  £^)/2  =  0,  where  £'^  =  ||do|p  is  the  constant  length  of  the  link. 
(1)  Identify  the  array  of  generalized  coordinates  for  this  problem.  (2)  Determine  the  constraint 
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matrix.  (3)  If  the  constraint  is  enforced  via  Lagrange's  multipUer  method,  derive  the  constraint 
forces.  (4)  Describe  the  physical  interpretation  of  these  forces  of  constraint.  (5)  Evaluate  the 
equivalent  stiffness  matrix  for  the  constraint. 


Deformed 
conHguration 


Reference         ^^  ^x 
configuration  ~    ~ 

Fig.  10.24.  Configuration  of  the  rigid  link. 


Sliaft  k 


Universal 
joint 


Fig.  10.25.  Two  rigid  shafts  connected  by  a 
universal  joint. 


Problem  10.25.  Angular  velocities  of  a  universal  joint 

Consider  two  rigid  shafts  connected  by  a  universal  joint  as  depicted  in  fig.  10.25.  The  two 
shafts  remain  in  the  fixed  plane  defined  by  vectors  ii  and  i2,  and  the  constant  angle  between 
the  shafts  is  (j).  Let  oj*  denote  the  constant  angular  velocity  of  shaft  k.  (I)  Find  the  angular 
velocity  of  shaft  (.,  denoted  uj^ .  (2)  Plot  the  angular  velocity  ratio,  lj^ /uj'',  over  one  period  of 
rotation  of  shaft  k.  (3)  Find  the  maximum  value  of  this  ratio  as  a  function  of  the  relative  shaft 
angle  0. 

Problem  10.26.  Point  associated  with  a  rigid  body 

Figure  10.26  shows  a  rigid  body  in  its  reference  and  final  configurations.  The  kinematics  of 
the  rigid  body  is  represented  using  the  conventions  described  in  section  10.4.1  and  fig.  10.13. 
Point  A  is  a  material  point  of  the  rigid  body  and  its  position  vector  with  respect  to  reference 
point  B  of  the  rigid  body  is  denoted  s^  and  S_^  in  the  reference  and  final  configurations,  re- 
spectively. Let  u^  denote  the  displacement  vector  of  point  A.  Because  u  /  u^,  it  is  often 
desirable  to  use  u^  as  an  additional  set  of  generalized  coordinates,  which  are  defined  by  the 
following  constraints,  C_  =  {u  +  S^)  —  (ma  +  §.a)  ~  2-  (^)  Identify  the  array  of  general- 
ized coordinates  for  this  problem.  (2)  Determine  the  constraint  matrix.  (3)  If  the  constraint  is 
enforced  via  Lagrange's  multiplier  method,  derive  the  constraint  forces.  (4)  Describe  the  phys- 
ical interpretation  of  these  forces  of  constraint.  (5)  Evaluate  the  equivalent  stiffness  matrix  for 
the  constraint. 

Problem  10.27.  Tlie  curve  sliding  joint 

Consider  the  curve  sliding  joint.  (1)  Compute  the  velocity  of  a  material  point  on  curve  C  This 
can  be  obtained  by  taking  a  time  derivative  of  the  position  vector  of  an  arbitrary  point  on  curve 
C,  resolved  in  I  considering  rj  to  be  constant.  (2)  Compute  the  velocity  of  the  material  point 
on  body  £.  (3)  Compute  the  relative  velocity  of  body  I  with  respect  to  body  k  at  the  point  of 
contact.  (4)  Use  the  constraint  condition,  eq.  (10.53),  to  show  that  the  component  of  relative 
velocity  in  the  direction  tangent  to  the  curve  is  simply  s.  (5)  What  are  the  components  of 
relative  velocity  in  the  other  directions? 
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Final 
Configuration 


Fig.  10.26.  Configuration  of  the  rigid  body  with  an  associated  point. 

Problem  10.28.  Relative  rotation  for  a  universal  joint 

The  formulation  of  the  universal  joint  was  presented  in  section  10.7.1.  In  practice,  a  uni- 
versal joint  consists  of  a  cruciform  component  connected  to  body  k  and  £  by  means  of  two 
pairs  of  revolute  joints,  as  depicted  in  fig.  10.27.  In  the  reference  configuration,  the  follow- 


ing orthonormal  bases  are  constructed:  B, 


and  B, 
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id 
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^03)  <702 


09 
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{901 


603iff02 
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eS3) 


Let  G    and  G    be  the  components 


of  the  rotation  tensors  defining  the  rotations  from  X  to  Sq ^  and  X  to  Bgg ,  respectively,  re- 
solved in  X.  In  the  deformed  configuration,  the  following  orthonormal  bases  are  constructed: 
fi'  =  {gi  =  4,92  =  Htei 53  =  4)  and Bl  =  {gi  =  eg, g|  =  44,93  =  4)-  LetS'  and 
G*  be  the  components  of  the  rotation  tensors  defining  the  rotations  from  X  to  Bg  and  Xto  B^, 
respectively,  resolved  in  X.  Finally,  two  additional  orthonormal  bases,  S^  =  (qri ,  5^2,  gris) 
and  Bng  =  (9m,9R2,9R3)  are  defined  as  g%^  =  ^^Sg^a  and  gj^^  =  E^Q^^o.,  respec- 
tively. The  rotation  (f>'^  of  the  revolute  joint  between  body  k  and  the  cruciform  is  defined  as 
{4'^9ri)  sin  0*  —  (4'^9r2)  cos  cj)''  —  0;  and  rotation  (f>^  of  the  revolute  joint  between  body  £ 
and  the  cruciform  is  {4'^gm)  sin  /  -  (eFff^a)  cos  /  =  0.  (1)  Show  that  g^'  =  ^^^*  {6'') 
and  G*  —  R^  R*  (6^),  where  6^  and  6^  are  the  angles  defining  the  planar  rotations  from  Bq  to 
B^g  and  Bq  to  B^g ,  respectively.  (2)  What  are  the  values  of  angles  4>''  and  0^  in  the  reference 
configuration?  (3)  Find  the  relationship  between  the  rotations  of  body  (.,  Rf,  as  a.  function  of 
the  rotation  of  body  k,  R^  and  of  the  rotations  (f)''  and  (f/  of  the  revolute  joints. 


Deformed 
configuration 


Reference 
configuration 


Fig.  10.27.  Configuration  of  the  universal  joint. 
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Constrained  systems:  advanced  formulations 


Multibody  systems  are  characterized  by  two  distinguishing  features:  system  compo- 
nents undergo  finite  relative  rotations  and  these  components  are  connected  by  me- 
chanical joints  that  impose  restrictions  on  their  relative  motion.  Finite  rotations  in- 
troduce geometric  nonlinearities,  hence,  multibody  systems  are  inherently  nonlinear. 
Mechanical  joints,  such  as  the  lower  pair  joints  presented  in  section  10.4,  result  in  al- 
gebraic constraints  leading  to  a  set  of  governing  equations  that  combines  differential 
and  algebraic  equations. 

Several  textbooks  are  devoted  to  the  description  of  the  many  formulations  that 
have  been  developed  to  deal  with  these  complex  systems:  see,  for  instance,  Rober- 
son  and  Schwertassek  [37],  Nikravesh  [38],  Amirouche  [39],  Schiehlen  [40],  Garcia 
de  Jalon  and  Bayo  [41],  or  Shabana  [42].  Computer  implementations  of  a  num- 
ber of  the  proposed  methods  and  a  comparison  of  their  salient  features  is  given  by 
Schiehlen  [43].  Bauchau  and  Laulusa  [44,  45]  have  presented  a  comprehensive  re- 
view of  the  many  formulations  and  numerical  techniques  that  have  been  used  to 
enforce  constraints  in  multibody  systems. 

A  survey  paper  by  Schiehlen  [46]  summarizes  different  approaches  to  the  deriva- 
tion of  the  equations  of  motion  for  multibody  systems.  The  choice  of  various  frames 
of  reference,  system  variables  and  mechanics  principles  are  reviewed.  While  the  dy- 
namic behavior  of  the  system  is,  of  course,  independent  of  the  formalism  used  to 
describe  it,  the  form  of  the  equations  of  motion,  the  effort  required  to  derive  them, 
and  the  computational  burden  associated  with  their  numerical  solution  are  all  af- 
fected by  the  choice  of  formalism.  The  same  remarks  apply  to  the  methods  used 
to  enforce  constraints:  the  effort  involved  in  the  derivation  of  the  complete  system 
of  governing  equations  and  associated  constraints,  the  computational  cost  required 
for  their  solution,  and  the  resulting  accuracy  all  critically  depend  on  the  theoretical 
formalism  and  numerical  methods  used  to  solve  the  problem. 

Chapter  10  generalizes  the  basic  formulations  of  dynamics  to  constrained  sys- 
tems. Lagrange's  multiplier  technique,  the  key  to  this  generalization,  is  shown  to  be 
both  effective  and  elegant.  Furthermore,  because  Lagrange's  multipliers  are  closely 
related  to  the  forces  of  constraint,  these  new  variables  are  often  physically  mean- 
ingful. Unfortunately,  the  use  of  Lagrange's  multipliers  changes  the  mathematical 
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nature  of  the  equations  of  motion,  which  now  become  differential-algebraic  equa- 
tions rather  than  the  ordinary  differential  equations  that  characterize  unconstrained 
systems. 

The  systematic  use  of  Lagrange's  multipliers  considerably  simplifies  the  devel- 
opment of  the  equations  of  motion  of  complex  mechanical  systems,  but  results  in 
large  systems  of  nonlinear  differential-algebraic  equations.  Consequently,  appropri- 
ate numerical  techniques  must  be  developed  to  deal  with  this  type  of  problems.  In 
fact,  the  availability  of  computationally  efficient  and  accurate  numerical  tools  for  the 
solution  of  systems  of  differential-algebraic  equations  enable  the  use  of  Lagrange's 
multiplier  approach.  This  chapter  surveys  the  numerical  tools  developed  for  this  task 
and  their  theoretical  underpinnings. 

Typically,  the  equations  of  motion  of  constrained  dynamical  systems  are  cast  in 
the  form  of  Lagrange's  equation  of  the  first  kind  presented  in  section  11.1.  Several 
approaches  that  eliminate  these  multipliers  are  presented  in  section  11.2:  Maggi's, 
the  index- 1,  the  null  space,  and  Udwadia  and  Kalaba's  formulations  are  summarized 
in  sections  11.2.1  to  11.2.7.  A  comparison  of  these  various  approaches  appears  in 
section  11.2.8.  The  geometric  interpretation  of  the  problem  presented  in  section  11.3 
presents  valuable  insight  into  the  behavior  of  constrained  systems.  If  projection  op- 
erations are  defined  in  a  space  endowed  with  a  metric  defined  by  the  inverse  of  the 
mass  matrix,  the  governing  equations  of  motion  of  constrained  system  can  be  pro- 
jected in  the  feasible  and  infeasible  directions.  Projections  in  the  feasible  direction 
yield  the  equations  of  motion  of  the  system  from  which  Lagrange's  multipliers  have 
been  eliminated,  and  projections  in  the  infeasible  direction  yield  an  expression  for 
the  forces  of  constraint. 

Section  1 1 .4  presents  Gauss'  principle  that  has  also  been  used  for  the  solution  of 
constrained  dynamical  systems.  Additional  formulations  of  a  more  theoretical  nature 
are  summarized  in  section  11.5. 


11.1  Lagrange's  equations  of  the  first  kind 

Consider  a  system  represented  by  n  generalized  coordinates  and  subjected  to  m  holo- 
nomic  or  nonholonomic  constraints.  Lagrange's  formulation  yields  the  equations  of 
motion  of  the  system  in  the  form  of  eqs.  (10.12)  or  (10.19),  for  holonomic  or  non- 
holonomic systems,  respectively.  These  equations,  often  called  Lagrange 's  equations 
of  the  first  kind,  take  the  following  form 

where  M  =  A£(q,  t)  is  the  symmetric,  positive-definite  mass  matrix,  F  =  F{q,  q,  t) 
are  the  dynamic  and  externally  applied  forces,  A  the  array  of  m  Lagrange's  multi- 
pliers, and  the  subscripts  indicate  the  sizes  of  the  corresponding  arrays.  In  the  litera- 
ture, Lagrange's  equations  of  the  first  kind  typically  appear  as  in  eqs.  (11.1)  instead 
(10.12):  the  constraint  force  term,  B_  A,  appears  on  the  left-  rather  than  right-hand 
side.  This  difference  is  unimportant  because  it  corresponds  to  a  change  of  sign  of 
Lagrange's  multipliers. 
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The  constraints  applied  to  the  system  are  written  as 

^(™)=I(™x„)(2'*)2(„)+^(™)(2'*)=0,  (11-2) 

where  B_{q,  t)  is  the  constraint  matrix.  Constraints  could  be  nonholonomic,  in  which 
case  eq.  (11.2)  expresses  relationships  among  the  generalized  velocities;  it  is  as- 
sumed that  these  relationships  depend  on  the  generalized  velocities  in  a  linear  man- 
ner. On  the  other  hand,  some  of  the  constraints  could  be  holonomic;  this  means  that 
they  can  be  integrated  to  the  form  C_{q,  t)  =  0,  see  section  9.2. 

If  all  the  constraint  are  holonomic,  the  n  generalized  coordinates  are  linked  by 
m  algebraic  constraints.  If  these  latter  are  independent,  it  is  conceptually  possible 
to  partition  the  generalized  coordinate  array  into  independent,  q^,  _  . ,  and  depen- 
dent coordinates,  q'r'  ,  such  that  q^  =  {g^"^,  (7^"^}  and  q^  =  f{q^),  leading  to  the 
elimination  of  the  dependent  variables.  Unfortunately,  this  approach  is  fraught  with 
difficulties:  it  is  not  clear  which  generalized  coordinates  should  be  selected  to  be  in- 
dependent. Furthermore,  a  poor  selection  of  the  independent  set  of  coordinates  might 
render  f{q^)  singular,  a  suitable  set  of  independent  coordinates  might  become  un- 
suitable for  different  configurations  of  the  system,  and  finally,  function  f(q^)  might 
be  so  complex  as  to  preclude  any  practical  computations. 

Lagrange's  equations  of  the  first  kind  form  a  set  of  (n+m)  Differential- Algebraic 
Equations  (DAEs)  for  the  (n  +  m)  unknowns,  q  and  A;  indeed,  Lagrange's  mul- 
tipliers are  algebraic  variables,  i.e.,  no  time  derivatives  of  these  variables  appear 
in  the  equations,  whereas  first-  and  second-order  derivatives  of  the  generalized  co- 
ordinates are  present,  as  implied  by  Newton's  second  law.  Gear,  Petzold  and  co- 
workers [47,  48,  49],  as  well  as  Brennan  [50],  have  given  a  formal  definition  of  the 
index  of  a  system  of  DAEs.  The  governing  equations  for  mechanical  systems  with 
holonomic  constraints  are  index-3  DAEs;  typically,  higher  indices  result  in  more  ar- 
duous solution  processes. 

Constraints  written  in  the  form  of  eq.  (1 1.2)  are  sometimes  called  velocity  level 
constraints.  A  time  derivative  of  these  constraints  then  yields 

R{g,t)<i  =  -h.{q.t)  - h{q,t)  q  =  C(^^){q,q,t),  (11.3) 

the  acceleration  level  constraints.  The  linear  dependency  of  eq.  (11.2)  on  the  gen- 
eralized velocities  implies  the  linear  dependency  of  eq.  (11.3)  on  the  generalized 
accelerations. 


11.2  Algebraic  elimination  of  Lagrange's  multipliers 

In  this  section,  algebraic  procedures  for  the  solution  of  Lagrange's  equations  of  the 
first  kind  are  presented.  In  all  cases,  the  approach  eliminates  Lagrange's  multipli- 
ers to  obtain  a  set  of  ordinary  differential  equations  (ODEs).  Maggi's  formulation 
is  presented  in  section  11.2.1  and  introduces  the  important  concepts  of  null  space 


428  11   Constrained  systems:  advanced  formulations 

and  orthogonal  complements.  Next,  the  index- 1  and  null  space  formulations  are  in- 
troduced in  sections  11.2.3  and  11.2.5,  respectively.  Finally,  Udwadia  and  Kalaba's 
formulation  is  presented  in  section  11.2.7.  A  comparison  of  the  features  of  these 
various  approaches  is  the  focus  of  section  11.2.8. 

11.2.1  Maggi's  formulation 

While  the  original  derivation  of  Maggi's  formulation  appeared  in  1896  [51],  then 
again  in  1901  [52],  it  is  only  in  1972  that  it  is  presented  in  the  English  literature  by 
Neimark  and  Fufaev  [53].  More  recently,  Kurdila  et  al.  [54]  and  Papastavridis  [55] 
have  shown  the  relevance  of  this  formulation  to  computational  methods  for  con- 
strained multibody  systems. 

The  formulation  begins  with  the  definition  of  a  set  of  [n  —  m)  kinematic  charac- 
teristics, denoted  e,  that  satisfy  the  following  relationships 


Q(m) 

—{n—m) 


2(m) 
-[n—m) 


(11.4) 


The  first  m  equations  of  this  system  represent  the  constraints,  eq.  (1 1.2),  and  the  last 
(n—m)  equations  define  independent  kinematic  characteristics,  which  are  sometimes 
called  kinematic  parameters,  generalized  speeds  or  independent  quasi-velocities.  In 
general,  these  quantities  cannot  be  integrated,  i.e.,  no  p  exist  such  that  p  =  e. 

The  choice  of  the  kinematic  parameters,  a  crucial  aspect  of  the  procedure,  is  left 
to  the  analyst.  The  number  of  degrees  of  freedom  of  the  system  is  n  —  m.  The  matrix 
formed  by  _B  and  B_  defines  a  linear  transformation  that  is  assumed  to  be  invertible; 
this  implies  a  full  rank  constraint  matrix  and  a  judicious  choice  of  the  kinematic 
parameters. 

The  following  notation  is  used 


B 


B 

^={{n—m)  xn) 


ig.t) 


(11.5) 


The  inverse  of  this  matrix  is  denoted 


B"^     =  \r,         Jq,t)  r,      ,  Aq,t) 

=nxn  [=(nxm)^i'    ^  =(rix  (ri-m))  ^i'    ' 


(11.6) 


The  generalized  velocities  are  now  readily  expressed  in  terms  of  the  kinematic  char- 
acteristics as 


i=[£(g,i)£(g,0] 


re-{rb+rb)  =  re-d{q,t).  (11.7) 


Because  eqs.  ( 1 1 .4)  and  (11.7)  are  inverse  of  each  other,  the  following  relationships 
must  be  satisfied 


[m 


bT  Br 
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(11.8) 
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and 

LR  +  LR  =  L  (11-9) 

Matrix  F  plays  a  central  role  in  Maggi's  formulation.  The  property  _B  _£  =  0 
implies  that  _r  spans  the  null  space  of  the  constraint  matrix;  _B  and  r_  are  orthogo- 
nal complements.  Next,  the  generalized  accelerations  are  expressed  in  terms  of  the 
kinematic  characteristics  by  taking  a  time  derivative  of  eq.  (11.7),  leading  to 

'q  =  £e  +  £e-d.  (11.10) 

The  governing  equations  of  the  system  can  be  expressed  in  terms  of  the  kinematic 
iract 
to  find 


characteristics  by  introducing  eq.  (11.10)  into  eq.  (11.1),  and  pre-multiplying  by /^ 


i£  KL)e  +  {£;KL)e  =  £;F  +  £^Kd.  (11-11) 

Lagrange's  multipliers  have  been  eliminated  from  Maggi's  equations:  in  view  of 
eq.  (1 1.8),  the  term  F^ bJ X  vanishes. 

The  choice  of  kinematic  characteristics  is  not  unique.  Ignoring,  for  simplicity, 
arrays  b  and  h,  eq.  (11.7)  becomes  q  =  Fe:  the  generalized  velocities  are  uniquely 
defined,  any  set  of  linearly  independent  vectors  can  be  selected  to  span  the  null  space, 
r_,  each  leading  to  a  new  set  of  kinematic  characteristics.  Maggi's  formulation  con- 
sists of  eqs.  (11.11)  and  (11.7),  which  form  a  system  of  (2n  —  m),  first-order  ODEs 
for  the  (2n  —  m)  unknown,  e  and  q. 

Maggi's  formulation  eliminates  Lagrange's  multipliers  from  Lagrange's  equa- 
tions of  the  first  kind.  It  is  possible,  however,  to  compute  these  multipliers  once 
Maggi's  equations  have  been  solved.  Properties  (11.8)  imply  that  _B/]  =  /,  hence, 

multiplying  eq.  (11.1)  by  F  yields  A  =  -£  (M?  -  £)•  Introducing  eq.  (11.10) 
then  leads  to 

X  = -^  \KLe  +  ^£e- ^d- f\.  (11-12) 

Example  11.1.  The  simple  pendulum 

Figure  10.5  depicts  a  point  of  mass  m  and  coordinates  x  and  y,  constrained  to  remain 
at  a  distance  £  from  an  inertial  point  O,  and  discussed  in  section  10.4.  The  generalized 
coordinates  of  the  pendulum  are  q^  =  {a;,?/}.  The  constraint  condition  is  C  = 
{q^q  —  £'^)/2£  and  the  constraint  matrix  is  now 

g=[x/£,y/£].  (11.13) 

A  first  form  of  the  equations  of  motion  for  this  constrained  problem  is  Lagrange's 
equations  of  the  first  kind,  eq.  (11.1),  or  M<7  —  _B  A  =  mg,  where  g^  =  5  {l,0},  g 
the  acceleration  of  gravity  and  M  =  diag(m,  m)  the  mass  matrix  of  the  system. 

To  derive  Maggi's  equations  for  the  pendulum,  the  kinematics  of  the  problem  are 
recast  in  the  form  of  eq.  (11 .4),  as 


'}  =  - 

e  £ 


X  y 

-y  X 


q, 
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where  the  second  row  of  the  matrix  on  the  right-hand  side  defined  matrix  _B. 

The  single  kinematic  characteristic  of  the  system  was  defined  as  e  =  {—yx  + 
xy)/£.  To  interpret  this  quantity,  the  coordinates  of  the  point  mass  are  expressed  in 
terms  of  angle  0,  such  that  x  =  £  cos  0  and  y  =  £  sin  9.  It  then  follows  that  e  =  £6, 
i.e.,  the  kinematic  characteristic  is  related  to  the  angular  velocity  of  the  pendulum. 

The  relationship  between  the  generalized  velocities  and  the  kinematic  character- 
istics give  rise  to  the  matrices  r_  and  r_,  defined  in  eq.  (11. 7), 


t-\ 


^^-\ 


It  is  easily  verified  that  the  following  relationship  holds,  as  implied  by  eq.  (1 1.8). 
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Simple  algebraic  manipulations  show  that  F   M_r  =  m  and  _r   M  _r  =  0.  The 
equations  of  motion  of  the  system  then  follow  from  eq.  (1  I.I  1)  as 


(11.14) 


It  is  easily  verified  that  this  equation  is  indeed  the  equation  of  motion  of  the  pendu- 
lum: 0  +  g/£  sin  ^  =  0.  Note  that  the  right-hand  side  of  Maggi's  equation  involves 
r_{q),  a  function  of  the  generalized  coordinates  q. 

Example  11.2.  Quick  return  mechanism 

The  quick  return  mechanism  shown  in  fig.  10.6  consists  of  a  uniform  crank  of  length 
Lc  and  mass  rric,  and  of  a  uniform  arm  of  length  La  and  mass  nia.  The  crank  is 
pinned  at  point  R  and  the  arm  at  point  O;  the  distance  between  these  two  points  is 
denoted  d.  At  point  S,  a  slider  allows  the  tip  of  the  crank  to  slide  along  the  arm.  Mass 
M  is  attached  at  point  T,  the  tip  of  the  arm.  A  spring  of  stiffness  constant  k  connects 
the  tip  of  the  arm,  point  T,  to  fixed  point  A;  the  spring  is  un-stretched  when  the  arm 
is  in  the  vertical  position. 

This  problem  was  treated  in  examples  8.15  and  10.5  on  pages  329  and  396,  re- 
spectively, using  Lagrange's  formulation  with  one  and  two  generalized  coordinates, 
respectively.  Use  Maggi's  formulation  to  derive  the  equations  of  motion  of  the  sys- 
tem with  two  generalized  coordinates,  angles  0  and  (f). 

Considering  triangle  ORS,  it  is  clear  that  (3  =  (f>  —  0,  and  the  law  of  sines  then 
yields  Lcsm{(t>  —  0)  =  ds\n(j).  This  equation  expresses  the  kinematic  constraint 
between  the  two  generalized  coordinates  of  this  single  degree  of  freedom  problem, 
C  =  dsm(t)  —  Lcsin(0  —  0)  =Q,  and  the  constraint  matrix  is  given  by  eq.  (10.14). 

To  start  Maggi's  formulation,  the  following  linear  transformation  is  constructed 


{^i{ 


LcCcfj-g  dC^  —  LcC^ 


1 


0 


(11.15) 


The  first  equation  represents  the  velocity  level  constraint,  C  =  0,  and  the  first  line  of 
matrix  B  is  the  constraint  matrix  defined  by  eq.  (10.14).  The  second  line  of  matrix 


11.2  Algebraic  elimination  of  Lagrange's  multipliers         431 

B  defines  the  single  kinematic  characteristic  of  the  problem,  e  =  9,  chosen  to  be  the 
angular  velocity  of  the  crank,  6.  Of  course,  the  choice  of  the  kinematic  characteristic 
is  not  unique.  For  instance,  the  kinematic  characteristic  could  be  chosen  to  be  the 
angular  velocity  of  the  arm,  e  =  (p. 
Inverting  eq.  (11.15)  yields 


B-  '  «^ 


=      1  e  I        LcC^-e  -  dC, 


LcC^-e  —  dCtj, 


The  first  column  of  matrix  B~^  defines  matrix  £,  and  the  second  column  defines  the 
null  space  of  the  constraint  matrix,  F. 

Maggi's  formulation  calls  for  the  evaluation  of  the  following  terms 

L^KL  =  ^  +  (M  +  ^)Llh\     L^Kt  =-{M+  ^)Llhge, 
where  L^  =  L^/d,  h  =   {LcC^-e)/{LcC^-e  -  C^),  and  g  =  Lc{C^S^-e  + 

Sgh)/{LcC^-g  —  C^)    . 

In  non-dimensional  form,  Maggi's  equations  become 


(11.16) 


The  following  notations  were  defined:  La  =  La/d,  a  =  hStjj,  i^a  =  'nria/M,  /Xc  = 
rric/M,  and 

/3  =  (l  +  ^)%,      7=^  +  (l  +  ^)/^^      e  =  eM 

The  non-dimensional  time  r  =  ujt,  where  w^  =  k/M,  was  introduced  and  notation 
(•)'  indicates  a  derivative  with  respect  to  r. 

Maggi '  s  equations,  eqs .  ( 1 1 . 1 6),  take  the  form  of  three  coupled  differential  equa- 
tions for  the  kinematic  characteristic  and  the  two  generalized  coordinates  of  the  prob- 
lem. Because  Lagrange's  multiplier  was  eliminated,  the  equations  are  ordinary  dif- 
ferential equations  instead  of  the  algebraic-differential  equations  that  characterize 
Lagrange's  equations  of  the  first  kind,  eqs.  (10.15). 

Maggi's  equations  can  be  integrated  using  classical  numerical  tools  developed 
for  the  solution  of  ordinary  differential  equations.  It  is  left  to  the  reader  to  verify  that 
the  dynamic  response  predicted  by  Maggi's  formulation  is  identical  to  that  obtained 
using  Lagrange's  formulation,  see  figs  8.10  to  8.12.  Of  course,  slight  discrepancies 
between  the  two  predictions  are  expected  due  to  the  approximate  nature  of  numerical 
solution  techniques. 

Maggi's  formulation  enforces  velocity  level  constraints,  C  =  0,  at  each  instant 
in  time.  Indeed,  the  velocity  level  constraint  is  the  third  equation  of  system  (11.16). 
An  exact  solution  of  these  governing  equations  would  then  imply  C  =  0,  provided 
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Fig.  11.1.  Constraint  violation  versus  non- 
dimensional  time.  Solid  line,  Ns  —  100; 
dashed  line,  Ns  —  200;  dashed-dotted  line, 
Ns  =  400;  dotted  line,  Ns  =  800. 


Fig.  11.2.  Time  history  of  Lagrange's  multi- 
plier. 


that  the  constraint  is  satisfied  at  time  r  =  0.  An  approximate  solution  of  the  same 
equations  resuhs  in  an  approximate  satisfaction  of  the  holonomic  constraint  equation, 

Figure  11.1  shows  the  time  history  of  the  con.vfra;nfv/o/af/oM,  i.e.,C  as  a  function 
of  non-dimensional  time.  Maggi's  equations  were  integrated  for  t  e  [0, 1.2]  using  a 
fourth-order  Runge-Kutta  algorithm  [5]  with  Ng  =100,  200, 400,  and  800  time  steps 
of  equal  size.  As  the  time  step  size  is  reduced,  the  constraint  violation  decreases; 
note  the  logarithmic  scale  along  the  vertical  axis.  The  same  data  is  also  presented 
in  table  11.1  on  page  441:  the  constraint  violations  at  time  t  =  1  are  listed  in  the 
second  column  of  the  table  for  the  four  time  step  sizes. 

For  small  time  step  sizes,  accurate  solutions  are  obtained  that  closely  satisfy  the 
constraint  conditions.  For  long  term  simulations,  the  constraint  violation  will  keep 
increasing  as  the  simulation  proceeds:  this  is  known  as  the  drift  phenomenon.  For 
short  time  simulations,  the  drift  phenomenon  can  be  overcome  by  using  small  time 
step  sizes.  For  longer  time  simulations,  the  use  of  small  time  step  might  become 
unpractical,  and  constraint  violation  stabilization  techniques  should  be  used,  see  sec- 
tion 12.3. 

Although  Lagrange's  multipliers  have  been  eliminated  from  Maggi's  formula- 
tion, they  can  be  evaluated  with  the  help  of  eq.  (11.12).  The  following  quantities  are 
computed  first. 


FMr  =  -{M+'^)  ^'^' 


3     LpG, 


c'^tji-e 


Equation  (11.12)  then  yields  the  desired  multipliers,  expressed  here  in  non- 
dimensional  form  as 


A 


A 

kLc 


Ll 


LlCs 


Figure  1 1.2  shows  the  time  history  of  the  non-dimensional  multiplier. 
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Example  11.3.  The  9  degree  of  freedom  rigid  body 

Consider  a  rigid  body  moving  in  space  while  one  of  its  points,  denoted  O,  re- 
mains fixed,  as  depicted  in  fig.  11.3.  The  orientation  of  the  body  is  determined  by 
an  orthonormal  basis  £  =  (61,62,63);  nine  generalized  coordinates  will  be  used 
to  represent  the  configuration  of  the  body,  the  nine  components  of  unit  vectors 
ei,  62,  and  63.  The  inertial  position  vector  of  an  arbitrary  point  P  of  the  body  is 
rp  =  slei  +  5262  +  5363,  where  s*  are  the  components  of  the  position  vector  of 
point  P  with  respect  to  point  O,  resolved  in  basis  £. 

The  kinetic  energy  of  the  rigid  body  is  readily  found  as  K  =  1/2  q^M_*q,  where 
array  q  stores  the  generalized  coordinates  of  the  system  q^ 
mass  matrix  is 

'Mill  M12L  Mui 

M*  =      M12Z  ^^221  M23I 
M13Z  M23Z  M33I 

where  the  quantities  Mij  =  Jy  ps*  s*  dV  are  closely  related  to  the  components  of 
the  tensor  of  moments  of  inertia,  p  is  the  material  density,  and  V  the  volume  of  the 
body. 


[ej,  €2,  e'^],  and  the 


Fig.  11.3.  Configuration  of  the  rigid  body. 

The  kinematics  of  the  rigid  body  are  defined  by  the  nine  generalized  coordinates 
stored  in  array  q.  Clearly,  six  constraints  must  be  imposed:  three  conditions  on  the 
normality  of  vectors  ei,  62,  and  63,  and  three  additional  constraints  enforcing  their 
orthogonality.  The  array  of  holonomic  constraints  and  the  constraint  matrix  then  be- 
come 


r(efei-l)/2] 

(61^62  -  l)/2 
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and     B^{q) 
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el  el  Q\ 


(11-17) 
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The  first  form  of  the  equations  of  motion  for  this  constrained  problem  are  La- 
grange's equations  of  the  first  kind,  eq.  (11.1),  M*g  —  B  A  =  F^,  where  £**  are  the 
externally  applied  forces. 

To  apply  Maggi's  formulation,  the  kinematic  characteristics  of  the  problem  are 
selected  as  the  components  of  the  angular  velocity  resolved  in  the  material  frame. 

see 


'bTb 


This  means  that  e  =  a;*  =  1/2  {eg  62 

eq.  (4.53),  leading  to  the  following  expression  for  matrix  B, 
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and  6  =  0,  6  =  0. 

The  relationship  between  the  generalized  velocities  and  the  kinematic  character- 
istics give  rise  to  matrices  _£  and  r_,  defined  in  eq.  (1 1.7), 
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It  is  readily  verified  that  the  properties  defined  by  eqs.  (1 1.8)  and  (1 1.9)  are  satisfied; 
in  particular,  B_I^  =  0:  Fh  the  null  space  of  the  constraint  matrix. 

The  equations  of  motion  of  the  system  now  follow  from  eq.  (11.11);  simple  al- 
gebraic  manipulations  show  that  _r  M^  r_  =  I_  ,  where  /  are  the  components  of 
the  mass  moment  of  inertia  tensor  of  the  rigid  body  resolved  in  the  material  frame. 
Furthermore,  ^M,*L  =  d,  where  d  =  [1/2  tr(X*)X  -  I*]  e,  leading  to 


el* 


m: 


O' 


where  M_q  are  the  components  of  the  externally  applied  moment  computed  with 
respect  to  point  O,  expressed  in  the  material  frame.  As  expected,  these  equations  are 
Euler's  equations  for  the  rigid  body. 

The  choice  of  the  kinematic  characteristics  is  not  unique.  Indeed,  instead  of  the 
components  of  the  angular  velocity  vector  resolved  in  the  material  frame,  the  compo- 
nents of  the  same  vector  in  the  inertial  frame  could  have  been  selected  as  kinematic 
characteristics,  e  =  w  =  (eiei  +  6262  +  e3e3)/2.  This  choice  is  associated  with  the 
following  matrices 


Mi^  *^^  2 1-^'^  ^^  "^^-1 '   = 


62 


(11.19) 


The  derivation  of  Maggi's  equations  based  on  this  set  of  kinematic  characteristics  is 
left  to  the  reader  as  an  exercise. 

Clearly,  the  null  space  of  the  constraint  matrix  is  unique;  the  choice  of  a  set  of 
linearly  independent  vectors  spanning  this  null  space,  however,  is  not  unique.  Two 
specific  choices  were  pointed  out  here:  they  correspond  to  the  columns  of  matrix  r_ 
as  defined  in  eqs.  (11.18)  and  (11.19),  respectively. 


11.2  Algebraic  elimination  of  Lagrange's  multipliers         435 


Example  11.4.  The  skateboard 

Figure  10.11  depicts  the  simplified  configuration  of  a  skateboard  of  mass  m  and 
moment  of  inertia  /  about  its  center  of  mass  G,  as  discussed  in  examples  9.6  and  10.6. 
The  skateboard  rolls  without  sliding  on  the  horizontal  plane  by  means  of  a  wheel 
aligned  with  axis  ei  of  the  skateboard  and  located  at  point  C,  a  distance  t  from  the 
center  of  mass.  The  position  vector  of  the  center  of  mass  is  written  as  r^.  =  xii+yi2, 
and  the  axis  of  the  skateboard  makes  an  angle  6  with  the  horizontal. 

Let  the  generalized  coordinates  of  the  problem  he.q^  =  {x,  y,  0} .  The  system  is 
subjected  to  a  constraint:  because  the  wheel  does  not  slip,  the  velocity  vector  of  the 
contact  point  must  be  along  axis  ei.  The  velocity  of  point  C  is  w^  =  xii  +  yi2  + 

0,  leading  to  the  constraint  matrix 


to  62,  and  hence,  the  constraint  is  e^y_(j 

B  =  \-s 


,£]■ 


(11.20) 


This  constraint  is  nonholonomic. 

The  first  form  of  the  equations  of  motion  for  this  constrained  problem  are  La- 
grange's  equations  of  the  first  kind,  eq.  (1 1.1),  or  M  g  —  _B  A  =  0,  where  the  mass 
matrix  is  a  diagonal  matrix:  M_  =  diag(m,  m,  /). 

To  derive  Maggi's  equations  for  the  skateboard,  the  kinematics  of  the  problem 
are  recast  in  the  form  of  eq.  (1 1.4),  as 


"0" 

—  sin  6  cos  6  i 
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cos  8  sm9  0 
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_      0          0     1 

<7, 


(11.21) 


where  matrix  B_{q)  is  defined  by  the  last  two  line  of  the  matrix  appearing  on  the 
right-hand  side  of  this  equation.  The  kinematic  characteristics  of  the  problem  were 
selected  as  ei  =  i;  cos  9  +  y  sin  9,  the  velocity  of  the  wheel  in  the  driving  direction, 
and  62  =  9,  the  angular  velocity  of  the  skateboard. 

The  relationship  between  the  generalized  velocities  and  the  kinematic  character- 
istics give  rise  to  the  matrices  £_  and  £_,  defined  by  eq.  (1 1.7), 
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(11.22) 


Here  again,  matrix  F  defines  the  null  space  of  the  constraint  matrix  _B  since  Br  =  0. 
The  equations  of  motion  of  the  system  now  follow  from  eq.  (1 1.1 1);  simple  algebraic 
manipulations  yield  Maggi's  equations  as 
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0  / 
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(11.23) 


11.2.2  Problems 

Problem  11.1.  Bar  sliding  on  guides 

A  homogeneous  bar  of  length  L  and  mass  m  slides  on  two  guides  at  its  end  points,  as  shown 
in  fig.  10. 10.  At  the  left  end,  the  bar  is  connected  to  a  spring  of  stiffness  constant  k  that  is  un- 
stretched  when  the  bar  is  horizontal.  At  the  right  end,  the  bar  is  connected  to  a  point  mass  M. 
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Gravity  acts  along  axis  i2.  This  single  degree  of  freedom  problem  will  be  represented  using 
three  generalized  coordinates:  x,  y,  and  6.  (1)  Derive  the  constraints  among  the  three  gener- 
alized coordinates  and  the  constraint  matrix.  (2)  Use  Lagrange's  formulation  for  constrained 
systems  to  derive  the  equations  of  motion  of  the  system.  Interpret  the  physical  meaning  of  the 
multipliers.  (3)  Derive  and  solve  Maggi's  equations.  For  this  problem,  the  angular  velocity  of 
the  bar  is  a  good  choice  for  the  kinematic  characteristic.  (4)  On  one  graph,  plot  the  time  history 
of  X  and  y.  (5)  Plot  the  time  history  of  angle  9.  (6)  On  one  graph,  plot  the  time  histories  of  x 
and  y.  (7)  Plot  the  time  history  of  angular  velocity  of  the  ban  (8)  On  one  graph,  plot  the  time 
history  of  the  constraint  violations.  Comment  on  your  results.  (10)  Plot  the  time  history  of  the 
total  mechanical  energy.  (11)  On  one  graph,  plot  the  time  history  of  Lagrange's  multipliers. 
Use  the  following  data:  L  —  0.45  m;  m  =  5  and  M  —  5  kg;  k  —  150  N/m;  acceleration  of 
gravity  g  —  9.81  m/s^.  At  the  initial  time,  x  =  0,  9  —  0  and  the  system  is  at  rest.  Plot  the 
results  for  t  G  [0,  2]  s. 

Problem  11.2.  Bar  sliding  on  guides 

Repeat  the  previous  problem  using  two  generalized  coordinates  only,  x  and  y. 

Problem  11.3.  Crank-slider  mechanism 

The  crank-slider  mechanism  depicted  in  fig.  9.8  consists  of  a  uniform  crank  of  length  Li 
and  mass  mi  connected  to  the  ground  at  point  O;  let  6  be  the  angle  from  the  horizontal  to 
the  crank.  At  point  B,  the  crank  connects  to  a  uniform  linkage  of  length  L2  and  mass  m,2 
that  slides  along  point  P,  a  fixed  point  in  space,  located  at  a  distance  d  from  point  O.  Let 
w  denote  the  distance  from  point  B  to  point  P  and  <j)  the  angle  from  the  horizontal  to  link 
BP.  A  linear  spring,  not  shown  on  the  figure,  connects  point  B  to  the  support  at  point  P;  the 
strain  energy  of  this  spring  is  V  =  1/2  kw'^.  The  system  is  represented  by  three  generalized 
coordinates:  9,  4>,  and  w.  (1)  Derive  the  constraints  among  the  three  generalized  coordinates 
and  the  constraint  matrix.  (2)  Use  Lagrange's  formulation  to  derive  the  equations  of  motion  of 
the  constrained  system.  Interpret  the  physical  meaning  of  the  multipliers.  (3)  Derive  and  solve 
Maggi's  equations.  For  this  problem,  the  angular  velocity  of  the  crank  is  a  good  choice  for  the 
kinematic  characteristic.  (4)  Plot  the  time  history  of  the  kinematic  characteristic.  (5)  On  one 
graph,  plot  the  time  histories  of  angles  6  and  <}>■  (6)  On  one  graph,  plot  the  time  histories  of 
angular  velocities  of  the  two  bars.  (7)  Plot  the  time  history  of  w.  (8)  Plot  the  time  histories 
of  li).  (9)  On  one  graph,  plot  the  time  history  of  the  constraint  violations.  Comment  on  your 
results.  (10)  Plot  the  time  history  of  the  total  mechanical  energy.  (11)  On  one  graph,  plot  the 
time  history  of  Lagrange's  multipliers.  Use  the  following  data:  Li  —  0.25,  L2  —  0.75  and 
d  =  0.35  m;  mi  —  1.5  and  m.2  —  4  kg;  fc  =  10  kN/m.  At  the  initial  time,  x  =  0,  ^  =  0  and 
the  angular  velocity  of  the  first  bar  is  uii  —  100  rad/s.  Plot  the  results  for  t  G  [0,  0.10]  s. 

Problem  11.4.  The  crank  piston  mechanism 

The  crank  slider  mechanism  depicted  in  fig.  10.4  comprises  a  bar  of  length  Li  and  mass  m,i 
connected  to  the  ground  at  point  O  by  means  of  a  hinge.  At  point  A,  a  hinge  connects  the 
first  bar  to  a  second  bar  of  length  L2  and  mass  m.2.  A  slider  of  mass  M,  that  is  constrained 
to  move  in  the  horizontal  direction,  is  connected  to  this  second  bar.  A  spring  of  stiffness 
constant  k  connects  the  slider  to  the  ground  and  is  un-stretched  when  the  two  bars  are  aligned. 
This  system  will  be  represented  with  three  generalized  coordinates:  x  and  y,  the  coordinates 
of  point  A  and  2,  the  horizontal  position  of  point  B.  (1)  Write  the  constraint  equations  for 
this  problem.  (2)  Use  Lagrange's  formulation  to  derive  the  equation  of  motion  of  the  system. 
Interpret  the  physical  meaning  of  the  multipliers.  (3)  Derive  and  solve  Maggi's  equations  for 
this  problem.  It  will  be  convenient  to  use  the  angular  velocity  of  the  first  bar  as  the  kinematic 
characteristic.  (4)  Plot  the  kinematic  characteristic  as  a  function  of  time.  (5)  On  one  graph. 


11.2  Algebraic  elimination  of  Lagrange's  multipliers         437 

plot  the  three  generalized  coordinates  as  a  function  of  time.  (6)  On  one  graph,  plot  the  time 
history  of  the  constraint  violations.  Comment  on  your  results.  (7)  Plot  the  time  history  of  the 
total  mechanical  energy.  (8)  On  one  graph,  plot  the  time  history  of  Lagrange's  multipliers. 
Use  the  following  data:  Li  =  0.25  and  L2  =  0.45  m;  mi  =  1.5,  m2  =  2.5,  M  =  10  kg; 
k  =  100  N/m.  At  the  initial  time,  x  —  0,  y  —  Li  and  the  angular  velocity  of  the  first  bar  is 
uji  =  100  rad/s.  Plot  the  results  for  t  e  [0,  0.25]  s. 

Problem  11.5.  Slider-arm  mechanism 

Consider  the  mechanism  depicted  in  fig.  1 1.4  that  con- 
sists of  a  slider  of  mass  M  free  to  move  along  axis  ii 
and  connected  to  arm  AP  of  length  La  and  mass  rria- 
The  arm  is  free  to  rotate  in  the  plane  normal  to  ii.  A 
spring  of  stiffness  constant  k  is  attached  to  the  slider 
and  gravity  acts  in  the  direction  indicated  on  the  figure. 
This  system  will  be  represented  with  three  generalized 
coordinates,  the  Cartesian  coordinates  of  point  P,  xi, 

a;2,  and  xs.  fi)  Derive  the  constraints  among  the  three      x^.     ,,.„,.  , 

,.     ,  ,.  ,   ,  .  .      ,^,      Fis.  11.4.  Shder  with  arm  mecha- 

generalized  coordinates  and  the  constraint  matrix.  (2) 
;,     T  ,    r         ,    ■  ,    ■       ,  ■         r      nism. 

Use  Lagrange  s  formulation  to  derive  the  equation  of 

motion  of  the  system.  Interpret  the  physical  meaning  of  the  multipliers.  (3)  Derive  Maggi's 

equations  for  this  problem. 

Problem  11.6.  The  spatial  mechanism 

The  spatial  mechanism  depicted  in  fig.  10.9  consists  of  a  crank  of  length  Lc  and  mass  ttic 
attached  to  the  ground  at  point  A  and  rotating  about  axis  ii.  The  crank  moves  in  plane  (12, 13). 
A  rigid  arm  of  length  La  and  mass  iria  connects  point  P,  at  the  tip  of  the  crank,  to  point 
Q  that  is  free  to  slide  along  axis  ii.  The  slider  at  point  Q  has  a  mass  M.  The  generalized 
coordinates  of  the  problem  are  y  and  z,  defining  the  position  of  point  P  and  x,  defining  the 
position  of  point  Q.  (1)  Write  the  constraint  equations  for  this  problem.  (2)  Use  Lagrange's 
formulation  to  derive  the  equation  of  motion  of  the  system.  Interpret  the  physical  meaning 
of  the  multipliers.  (3)  Derive  Maggi's  equations  for  this  problem.  It  will  be  convenient  to 
use  the  angular  velocity  of  the  first  bar  as  the  kinematic  characteristic.  (4)  Plot  the  kinematic 
characteristic  as  a  function  of  time.  (5)  On  one  graph,  plot  the  three  generalized  coordinates  as 
a  function  of  time.  (6)  On  one  graph,  plot  the  three  generalized  velocities  as  a  function  of  time. 

(7)  On  one  graph,  plot  the  time  history  of  the  constraint  violations.  Comment  on  your  results. 

(8)  Plot  the  time  history  of  the  total  mechanical  energy.  Use  the  following  data:  h  —  0.15, 
Lc  =  0.50  and  La  =  0.75  m;  rric  =  1.4,  nia  =  5,  M  =  125  kg;  k  =  500  N/m.  At  the  initial 
time,  y  —  0,  y  —  Lc  +  h  and  the  angular  velocity  of  the  crank  is  lji  —  100  rad/s.  Plot  the 
results  for  t  e  [0,  0.20]  s. 

Problem  11.7.  The  quick  return  mechanism 

The  quick  return  mechanism  shown  in  fig.  10.6  consists  of  a  uniform  crank  of  length  Lc  and 
mass  TUc,  and  of  a  uniform  arm  of  length  La  and  mass  ma-  The  crank  is  pinned  at  point  R 
and  the  arm  at  point  O;  the  distance  between  these  two  points  is  denoted  d.  At  point  S,  a  slider 
allows  the  tip  of  the  crank  to  slide  along  the  arm.  A  mass  M  is  attached  at  point  T,  the  tip  of 
the  arm.  A  spring  of  stiffness  constant  k  connects  the  tip  of  the  arm,  point  T,  to  fixed  point  A; 
the  spring  is  un-stretched  when  the  arm  is  in  the  vertical  position.  The  generalized  coordinates 
of  the  problem  are  the  angles  6  and  cf}  as  defined  on  the  figure.  (1)  Derive  the  constraints  among 
the  two  generalized  coordinates  and  the  constraint  matrix.  (2)  Use  Lagrange's  formulation  to 
derive  the  equation  of  motion  of  the  system.  Interpret  the  physical  meaning  of  the  multiplier. 
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(3)  Derive  Maggi's  equations  for  this  problem.  Use  the  angular  velocity  of  the  arm  as  the 
kinematic  characteristic.  (4)  Plot  the  kinematic  characteristic  as  a  function  of  time,  f  J)  On 
one  graph,  plot  the  angles  6  and  <f>  sls  sl  function  of  time.  (6)  On  one  graph,  plot  the  angular 
velocities  of  the  two  bars  as  a  function  of  time.  (7)  On  one  graph,  plot  the  time  history  of  the 
constraint  violations.  Comment  on  your  results.  (8)  Plot  the  time  history  of  the  normal  force 
at  point  S.  (9)  Plot  the  time  history  of  the  total  mechanical  energy.  Use  the  following  data: 
Lc  —  Lc/d  —  0.50  and  La  =  La/d  —  3  ra;  Hc  ~  rric/M  =  2.4,  fia  ~  rua/M  —  1. 
At  the  initial  time,  9  —  0  and  6'  =  2,  where  (•)'  indicates  a  derivative  with  respect  to  the 
non-dimensional  time  r  —  ujt,  uj'^  —  k/M.  Plot  the  results  for  r  G  [0, 1.2]. 

Problem  11.8.  Two  bar  linkage  tracking  a  curve 

Figure  10.8  shows  a  planar  two  bar  linkage  tracking  curve  C  The  first  bar,  of  length  Li  and 
mass  mi,  is  connected  to  the  ground  at  point  O.  The  second  bar,  of  length  L2  and  mass  7712, 
connects  to  the  first  bar  at  point  A  and  tracks  curve  C  at  point  P.  A  concentrated  mass,  M,  is 
located  at  point  P  and  an  elastic  spring  of  stiffness  constant  constant  k  connects  this  mass  to 
point  R.  Curve  C  is  described  by  its  coordinates  x{rj)  and  y{ri),  where  77  defines  an  arbitrary 
parametrization  of  the  curve.  This  system  will  be  represented  by  three  generalized  coordinates: 
angles  6  and  (j),  as  defined  on  the  figure,  and  rj,  the  parameter  along  curve  C  (1)  Write  the 
constraint  equations  for  this  problem.  (2)  Use  Lagrange's  formulation  to  derive  the  equation  of 
motion  of  the  system.  Interpret  the  physical  meaning  of  these  multipliers.  (3)  Derive  and  solve 
Maggi's  equations  for  this  problem.  It  will  be  convenient  to  use  the  angular  velocity  of  the  first 
bar  as  the  kinematic  characteristic.  (4)  Plot  the  kinematic  characteristic  as  a  function  of  time. 
(5)  On  one  graph,  plot  angles  6  and  4>  as  a  function  of  time.  (6)  Plot  r;  as  a  function  of  time. 
(7)  On  one  graph,  plot  the  angular  velocities  of  the  two  bars.  (8)  Plot  ?)  as  a  function  of  time. 

(9)  On  one  graph,  plot  the  time  history  of  the  constraint  violations.  Comment  on  your  results. 

(10)  Plot  the  time  history  of  the  total  mechanical  energy.  (11)  On  one  graph,  plot  the  time 
history  of  Lagrange's  multipliers.  Use  the  following  data:  d  =  1,  Li  —  0.20  and  L2  —  1.50 
m;  mi  =  1.2,  m2  =  1.5,  M  =  25  kg;  /c  =  500  N/m.  At  the  initial  time,  6*  =  0,  r;  >  0  and 
the  angular  velocity  of  the  first  bar  is  coi  —  25  rad/s.  The  curve  is  defined  as  x(ri)  —  d  +  arj, 
y{ri)  —  hrf ,  where  a  —  1  and  6  =  2;  note  that  rj  is  not  the  intrinsic  parametrization  of  the 
curve.  Plot  the  results  for  i  e  [0, 1]  s. 

11.2.3  Index-1  formulation 

Consider  the  system  of  equations  consisting  of  the  Lagrange's  equations  of  the  first 
kind,  eqs.  (ILl),  and  the  acceleration  level  constraints,  eq.  (11.3),  written  in  a  matrix 
form  as 

(11.24) 

This  system  is  now  an  index-1  set  of  DAEs,  which  can  be  formally  solved  for  the  ac- 
celerations and  Lagrange's  multipliers.  This  system  is  equivalent  to  Lagrange's  equa- 
tions of  the  first  kind,  eq.  (11.1),  if  and  only  if  the  initial  conditions  of  the  problem 
satisfy  the  constraint  conditions,  i.e.,  C_{q  ,  to)  =  0  and  ^(<7„,  <?(,,  to)  =  0  for  holo- 
nomic  and  nonholonomic  constraints,  respectively,  where  q  =  q{to)  and  q  =  q{to) 
are  the  initial  conditions  of  the  problem. 

It  is  easily  shown  that  system  (11 .24)  has  a  unique  solution  if  and  only  if  matrix 
-B  is  of  full  rank  and  the  mass  matrix  is  invertible,  see  e.g.  Nikravesh  [56].  To  start, 
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the  first  equations  are  pre-multiplied  by  B_M_~^  and  accelerations  are  eliminated 
with  the  help  of  the  second  equations,  to  find  Lagrange's  multipliers  as 

\  =  -iM^Mr^R^)~\c-^Mr^F).  (11.25) 

Next,  the  multipliers  are  introduced  in  the  first  equations  to  yield  the  accelera- 
tions of  the  system  as 

K'i  =  F  +  ^^{^Mr^^y^  {c-  RMT^E) ,  (11.26) 

and  the  forces  of  constraint,  Ff  =  B_  A,  become 

F"  =       -^  {RMT^R^y^  (c-RMT^F) .  (11.27) 

System  (11.26)  is  now  a  system  of  second-order  ODEs,  which  can  be  solved 
to  predict  the  dynamic  behavior  of  the  system.  These  equations  have  appeared  in 
Hemami  and  Weimer  [57],  Lotstedt  et  al.  [58,  48]  and  Gear  et  al.  [59] 

Example  11.5.  Quick  return  mechanism 

The  quick  return  mechanism  shown  in  fig.  10.6  consists  of  a  uniform  crank  of  length 
Lc  and  mass  rac,  and  of  a  uniform  arm  of  length  La  and  mass  ma-  The  crank  is 
pinned  at  point  R  and  the  arm  at  point  O;  the  distance  between  these  two  points  is 
denoted  d.  At  point  S,  a  slider  allows  the  tip  of  the  crank  to  slide  along  the  arm. 
A  mass  M  is  attached  at  point  T,  the  tip  of  the  arm.  A  spring  of  stiffness  constant 
k  connects  the  tip  of  the  arm,  point  T,  to  fixed  point  A;  the  spring  is  un-stretched 
when  the  arm  is  in  the  vertical  position.  This  problem  was  treated  in  examples  8.15 
and  10.5  on  pages  329  and  396,  respectively,  using  Lagrange's  formulation  with  one 
and  two  generalized  coordinates,  respectively.  The  same  problem  was  treated  with 
Maggi's  formulation  in  example  11.2  on  page  430.  Use  the  index-1  formulation  to 
derive  the  equations  of  motion  of  the  system  with  two  generalized  coordinates,  angles 
0  and  (f). 

The  kinematics  of  the  problem  were  presented  in  the  previous  examples  dealing 
with  this  system  and  will  not  be  repeated  here.  In  the  index- 1  formulation,  constraints 
are  enforced  at  the  acceleration  level.  For  the  quick  return  mechanism,  the  kinematic 
constraint  is  C  =  dsm(j)  —  Lc  sin((/)  —  6)  =  Q;  the  velocity  level  constraint  is  the 
C  =  Rq  =  0  where  the  constraint  matrix  is  defined  in  eq.  (10.14).  Finally,  using  the 
notation  of  eq.  (11.3),  the  acceleration  level  constraint  is.  C  =  Rq  —  c  =  0,  where 

c=-Rq  =  LcS^-e{^-6f-dS^^'^. 

The  equations  of  motion  written  in  index-1  form,  eq.  (1 1.24),  are  now 


mcL^/3  0 


0  (M  +  malZ)Ll 


-LnCrb-a  LrCrb-e  —  dC^ 


—  LcC^-g 
LcC^-g  —  dCtj, 


0 


(11.28) 


The  first  step  of  the  index-1  formulation  is  to  solve  for  Lagrange's  multiplier 
using  eq.  (11.25)  to  find 
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(11.29) 


where  the  various  non-dimensional  quantities  appearing  in  this  expression  were  de- 
fined in  example  1 1.2  and 
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(11.30) 


The  governing  equations  of  the  problem  are  given  by  eqs.  (11 .26),  which  become 
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These  equations  form  a  set  of  ordinary  differential  equations  for  the  two  generalized 
coordinates  of  this  problem;  Lagrange's  multiplier  is  eliminated  from  the  formula- 
tion. 

The  index- 1  equations  can  be  integrated  using  classical  numerical  tools  devel- 
oped for  the  solution  of  ordinary  differential  equations.  The  dynamic  response  pre- 
dicted by  the  index- 1  formulation  is  identical  to  that  obtained  by  Lagrange's  or 
Maggi's  formulations,  see  figs  8.10  to  8.12.  Of  course,  due  to  the  approximations 
inherent  to  numerical  solution  techniques,  slight  discrepancies  between  the  various 
predictions  should  be  expected. 
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Fig.  11.5.  Constraint  violation  versus  non- 
dimensional  time.  Solid  line,  Ns  —  100; 
dashed  line,  Ns  =  200;  dashed-dotted  line, 
Ns  =  400;  dotted  line,  Ns  =  800. 


Fig.  11.6.  Time  history  of  Lagrange's  multi- 
plier. 


The  index- 1  formulation  enforces  acceleration  level  constraints,  C  =  0,  at  each 
instant  in  time.  Indeed,  the  acceleration  level  constraint  is  the  third  equation  of  sys- 
tem (11.28).  An  exact  solution  of  these  governing  equations  would  then  imply  C  =  0, 
provided  that  the  displacement  and  velocity  level  constraints  are  satisfied  at  time 
T  =  0.  An  approximate  solution  of  the  same  equations  results  in  an  approximate 
satisfaction  of  the  holonomic  constraint  equation,  C  «  0. 
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Figure  1 1.5  shows  the  time  history  of  the  constraint  violation,  i.e.,C  as  a  function 
of  the  non-dimensional  time.  The  index- 1  equations  were  integrated  using  a  fourth- 
order  Runge-Kutta  algorithm  [5]  with  Ng  =100,  200,  400,  and  800  time  steps  of 
equal  size.  As  the  time  step  size  is  reduced,  the  constraint  violation  decreases;  note 
the  logarithmic  scale  along  the  vertical  axis.  The  same  data  is  also  presented  in  ta- 
ble 11.1:  the  constraint  violations  at  time  r  =  1  are  listed  in  the  third  column  of  the 
table  for  the  four  time  step  sizes. 


Table  11.1.  Constraint  violations  for  Maggi's,  index-1,  and  null  space  formulations. 


Number  of 

Maggi's 

Index- 1 

Null  space 

time  steps 

formulation 

formulation 

formulation 

100 

3.5  X  10-"" 

4.0  X  10-"'=' 

4.0  X  10-'" 

200 

1.7  X  10-"« 

3.1  X  10-°'' 

3.1  X  10-°" 

400 

1.0  X  lO""'^ 

2.0  X  10-°" 

2.0  X  10-°" 

800 

6.0  X  10-°» 

1.2  X  10-'"' 

1.2  X  10-°° 

It  is  important  to  compare  columns  two  and  three  of  table  11.1.  These  two 
columns  list  the  constraint  violation  for  Maggi's  and  index-1  formulations  when 
the  same  integration  technique  and  identical  time  step  sizes  are  used.  Much  larger 
constraint  violations  are  observed  for  the  index-1  formulation,  which  enforces  con- 
straints at  the  acceleration  level,  than  for  Maggi's  formulation,  which  enforces  con- 
straints at  the  velocity  level.  Clearly,  larger  constraint  violation  are  expected  for  the 
formulations  that  enforce  constraints  at  the  acceleration  level,  resulting  in  a  more 
pronounced  drift  phenomenon. 

Although  Lagrange's  multipliers  have  been  eliminated  from  the  index-1  formu- 
lation, they  can  be  evaluated  with  the  help  of  eq.  (1 1.29).  Figure  1 1.6  shows  the  time 
history  of  the  non-dimensional  multiplier. 

11.2.4  Problems 


Problem  11.9.  Bar  sliding  on  guides 

Treat  problem  11.1  using  the  index-1  formulation. 

Problem  11.10.  Bar  sliding  on  guides 

Treat  problem  11.2  using  the  index-1  formulation. 

Problem  11.11.  Crank-slider  mechanism 

Treat  problem  11.3  using  the  index-1  formulation. 

Problem  11.12.  The  crank  piston  mechanism 

Treat  problem  11.4  using  the  index-1  formulation. 

Problem  11.13.  Slider-arm  mechanism 

Treat  problem  11.5  using  the  index-1  formulation. 
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Problem  11.14.  The  spatial  mechanism 

Treat  problem  11.6  using  the  index- 1  formulation. 

Problem  11.15.  The  quick  return  mechanism 

Treat  problem  11.7  using  the  index- 1  formulation. 

Problem  11.16.  Two  bar  linkage  tracking  a  curve 

Treat  problem  11.8  using  the  index- 1  formulation. 

11.2.5  The  null  space  formulation 

It  is  also  possible  to  solve  system  (11.24)  in  an  expeditious  manner  with  the  help  of 
the  null  space  of  the  constraint  matrix  introduced  in  section  1 1.2.1.  Pre-multiplying 
the  first  equations  by  £  eliminates  Lagrange's  multipliers  and  yields  system  accel- 
erations as 

r  r^  A/f  1         r  r^  p1 

(11.31) 


B 


Here  again,  this  system  forms  a  set  of  second-order  ODEs,  the  solution  of  which 
requires  the  constraint  matrix  to  be  of  full  rank  and  the  mass  matrix  to  be  invertible. 

A  number  of  authors  developed  this  formulation  independently.  Hemami  and 
Weimer  [57]  introduced  the  orthogonal  complement,  F,  of  the  constraint  matrix 
to  obtain  eqs.  (11.31)  for  small-scale  systems,  although  no  systematic  procedure 
was  proposed  to  determine  the  orthogonal  complement.  They  also  demonstrated 
the  equivalence  of  this  approach  to  Kane's  equations  [60,  61].  Garcia  de  Jalon  et 
al.  [62,  63]  also  derived  eqs.  (11.31). 

Borri  et  al.  [64]  proposed  the  acceleration  projection  method,  which  decomposes 
the  generalized  acceleration  as  g  =  _r  (^  +  S  77.  Substituting  this  decomposition  into 
eqs.  (1 1.31)  express  C,  and  rj  in  terms  of  M,  B_,  F^  ,F_  and  c,  leading  to  second-order 
ODEs.  ~        ~ 

Example  11.6.  Quick  return  mechanism 

The  quick  return  mechanism  shown  in  fig.  10.6  consists  of  a  uniform  crank  of  length 
Lc  and  mass  rac,  and  of  a  uniform  arm  of  length  La  and  mass  nia-  The  crank  is 
pinned  at  point  R  and  the  arm  at  point  O;  the  distance  between  these  two  points  is 
denoted  d.  At  point  S,  a  slider  allows  the  tip  of  the  crank  to  slide  along  the  arm. 
A  mass  M  is  attached  at  point  T,  the  tip  of  the  arm.  A  spring  of  stiffness  constant 
k  connects  the  tip  of  the  arm,  point  T,  to  fixed  point  A;  the  spring  is  un-stretched 
when  the  arm  is  in  the  vertical  position.  This  problem  was  treated  in  examples  8.15 
and  10.5  on  pages  329  and  396,  respectively,  using  Lagrange's  formulation  with  one 
and  two  generalized  coordinates,  respectively.  The  same  problem  was  treated  with 
Maggi's  and  the  index- 1  formulations  in  example  11.2  and  11.5,  respectively.  Use 
the  null  space  formulation  to  derive  the  equations  of  motion  of  the  system  with  two 
generalized  coordinates,  angles  6  and  (p. 

The  kinematics  of  the  problem  were  presented  in  the  previous  examples  dealing 
with  this  system  and  will  not  be  repeated  here.  In  the  null  space  formulation,  con- 
straints are  enforced  at  the  acceleration  level.  For  the  quick  return  mechanism,  the 
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kinematic  constraint  i&C  =  d sin (j)  —  Lc sin(0  —  9)  =  0;  the  velocity  level  constraint 
is  the  C  =  B_q  =  0  where  the  constraint  matrix  is  defined  in  eq.  (10.14).  Finally, 
using  the  notation  of  eq.  (1 1.3),  the  acceleration  level  constraint  i&C  =  B_q  —  c  =  0, 

where  c  =  —B_q  =  LcS^-g{4)  —  O^  —  dS^cj)^. 

The  governing  equations  of  the  problem  are  given  by  eqs.  (1 1.31),  which  become 


LrCrh-9  —  Crh 


hLlS, 
c 


(11.32) 


where  c  is  defined  by  eq.  (1 1 .30),  and  the  various  non-dimensional  quantities  appear- 
ing in  this  expression  were  defined  in  example  11.2.  These  equations  form  a  set  of 
ordinary  differential  equations  for  the  two  generalized  coordinates  of  this  problem; 
Lagrange's  multiplier  is  eliminated  from  the  formulation. 

The  null  space  equations  can  be  integrated  using  classical  numerical  tools  de- 
veloped for  the  solution  of  ordinary  differential  equations.  The  dynamic  response 
predicted  by  the  index- 1  formulation  is  identical  to  that  obtained  by  Lagrange's, 
Maggi's,  or  index-1  formulations,  see  figs  8.10  to  8.12.  Of  course,  due  to  the  approx- 
imations inherent  to  numerical  solution  techniques,  slight  discrepancies  between  the 
various  predictions  should  be  expected. 
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Fig.  11.7.  Constraint  violation  versus  non- 
dimensional  time.  Solid  line,  Ns  —  100; 
dashed  line,  Ns  —  200;  dashed-dotted  line, 
Ns  =  400;  dotted  line,  Ns  =  800. 


Fig.  11.8.  Time  history  of  Lagrange's  multi- 
plier. 


The  null  space  formulation  enforces  acceleration  level  constraints,  C  =  0,  at 
each  instant  in  time.  Indeed,  the  acceleration  level  constraint  is  the  third  equation  of 
system  (11.32).  An  exact  solution  of  these  governing  equations  would  then  imply 
C  =  0,  provided  that  the  displacement  and  velocity  level  constraints  are  satisfied  at 
time  T  =  0.  An  approximate  solution  of  the  same  equations  results  in  an  approximate 
satisfaction  of  the  holonomic  constraint  equation,  C  ss  0. 

Figure  11.7  shows  the  time  history  of  the  constraint  violation,  i.e.,  C  as  a  func- 
tion of  the  non-dimensional  time.  The  null  space  equations  were  integrated  using  a 
fourth-order  Runge-Kutta  algorithm  [5]  with  N^  =100,  200, 400,  and  800  time  steps 


444         1 1   Constrained  systems:  advanced  formulations 

of  equal  size.  As  the  time  step  size  is  reduced,  the  constraint  violation  decreases; 
note  the  logarithmic  scale  along  the  vertical  axis.  The  same  data  is  also  presented  in 
table  11.1:  the  constraint  violations  at  time  t  =  1  are  listed  in  the  fourth  column  of 
the  table  for  the  four  time  step  sizes. 

The  behavior  of  the  constraint  violations  are  very  similar  for  the  index- 1  and 
null  space  formulations,  see  figs.  11.5  and  11.7,  respectively,  or  the  third  and  fourth 
columns  of  table  11.1,  respectively.  This  observation  is  consistent  with  the  fact  that 
both  index- 1  and  null  space  formulations  enforce  acceleration  level  constraints. 

11.2.6  Problems 

The  null  space  formulation  requires  the  determination  of  the  null  space  of  the  con- 
straints. While  the  null  space  is  uniquely  defined,  different  sets  linearly  indepen- 
dent vectors  spanning  the  null  space  can  be  selected,  leading  to  different  equations 
of  motion.  In  the  problems  below,  use  Maggi's  formulation  to  determine  the  null 
space;  Problems  11.1  to  11.8  provide  hints  on  how  to  select  the  kinematic  parame- 
ters, thereby  leading  to  a  unique  definition  of  the  null  space. 

Problem  11.17.  Bar  sliding  on  guides 

Treat  problem  11.1  using  the  null  space  formulation. 

Problem  11.18.  Bar  sliding  on  guides 

Treat  problem  11.2  using  the  null  space  formulation. 

Problem  11.19.  Crank-slider  mechanism 

Treat  problem  11.3  using  the  null  space  formulation. 

Problem  11.20.  The  crank  piston  mechanism 

Treat  problem  11.4  using  the  null  space  formulation. 

Problem  11.21.  Slider-arm  mechanism 

Treat  problem  11.5  using  the  null  space  formulation. 

Problem  11.22.  The  spatial  mechanism 

Treat  problem  11.6  using  the  null  space  formulation. 

Problem  11.23.  The  quick  return  mechanism 

Treat  problem  11.7  using  the  null  space  formulation. 

Problem  11.24.  Two  bar  linkage  tracking  a  curve 

Treat  problem  11.8  using  the  null  space  formulation. 

11.2.7  Udwadia  and  Kalaba's  formulation 

The  results  presented  in  the  previous  section  can  also  be  recast  in  a  more  compact 
and  general  form  in  terms  of  Moore-Penrose  generalized  inverses.  The  term  fea- 
turing the  matrix  inverse  in  eq.  (11.26)  can  be  written  as  B^(B  M~^B^)~^   = 
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M}/\RMr^/Y[iRMr'^^){RMr^^Y]~^  =  ^'\RMr^'^)+,  where  the 
last  equality  follows  fromeq.  (18.16).  Equations  (11.26)  and  (11.27)  now  become 

K'i=  F  +  ^''^{BMT^''^)'"  {c-RMT^F) ,  (11.33) 

and 

F==        -M^^^iRMT^^'^)^  {c- RMT^F)  ,  (11.34) 

respectively. 

A  process  similar  to  that  developed  by  Udwadia  et  al.  [65]  can  be  used  to 
solve  the  system  formed  by  eqs.  (11.31)  and  F  _F^  =  0,  to  recover  eqs.  (11.33) 
and  (11.34).  This  underlines  the  close  relationship  between  the  present  formulation 
and  the  null  space  formulation  of  section  1 1.2.5. 

Equations  (11.33)  and  (11.34)  were  first  presented  by  Udwadia  and  Kal- 
aba  [66,  67,  68,  69],  based  on  Gauss'  principle:  the  explicit  equations  of  motion 
were  expressed  as  the  solution  of  a  quadratic  minimization  problem  subjected  to 
constraint  conditions  at  the  acceleration  level. 

In  a  later  paper  [70],  the  same  equations  were  derived  from  d' Alembert's  princi- 
ple. This  formulation  is  more  general  than  those  presented  in  the  previous  sections, 
which  require  the  constraint  matrix  to  be  of  full  rank,  whereas  the  Moore-Penrose 
generalized  inverse  is  unique  and  always  exists.  The  same  authors  [71]  later  pre- 
sented a  simpler  derivation  of  their  formulation  that  bypasses  the  concepts  of  gener- 
alized inverses.  When  rank(i?)  =  m,  they  proved  the  existence  of  Lagrange's  mul- 
tipliers and  expressed  them  in  terms  of  the  constraint  forces;  when  rank(i?)  <  m, 
Lagrange's  multipliers  are  not  unique,  although  the  constraint  forces  are  unique. 

Udwadia  et  al.  [65]  presented  an  extended  form  of  d' Alembert's  principle  that  is 
able  to  deal  with  nonholonomic  constraints,  which  might  be  nonlinear  expressions 
of  the  generalized  velocities.  Furthermore,  they  showed  that  the  previous  formula- 
tion could  be  derived  without  invoking  Moore-Penrose  pseudo  inverses.  The  geo- 
metric interpretation  of  the  results  in  terms  of  projection  operators,  as  presented  in 
section  1 1.3,  appeared  in  ref.  [72]  and  the  relationship  of  this  formulation  to  Gibbs- 
Appell's  equations  was  explored  in  ref.  [73].  Finally,  the  same  authors  [74,  75]  gen- 
eralized the  formulation  to  deal  with  mechanical  system  involving  non-ideal  con- 
straints, i.e.,  constraints  associated  with  constraint  forces  whose  virtual  work  might 
not  vanish.  The  textbook  authored  by  Udwadia  and  Kalaba  [76]  gives  ample  details 
on  all  aspects  of  the  formulation. 

11.2.8  Comparison  of  the  ODE  formulations 

The  formulations  presented  above  all  transform  the  (2n  +  m)  first-order  DAEs  as- 
sociated with  Lagrange's  equations  of  the  first  kind  into  ODEs  by  eliminating  La- 
grange's multipliers.  Maggi's  formulation,  eqs.  (11.11)  and  (1 1.7),  yields  (2n  —  m) 
first-order  ODEs  for  the  (n  —  m)  kinematic  characteristics  and  n  generalized  coordi- 
nates. The  index-1,  eqs.  (11.26),  null  space,  eqs.  (11.31),  or  Udwadia  and  Kalaba's, 
eqs.  (11.33),  formulations  form  sets  of  n  second-order  ODEs  for  the  n  generalized 


446  11   Constrained  systems:  advanced  formulations 

coordinates,  which  could  alternatively  be  recast  as  sets  of  2n  first-order  ODEs  for 
the  n  generalized  coordinates  and  n  generalized  velocities. 

The  first  observation  is  that  these  methods  decrease  the  size  of  the  problem  from 
(2n  +  m)  for  Lagrange's  equations  of  the  first  kind  to  2n  for  the  index- 1 ,  null  space, 
and  Udwadia  and  Kalaba's  formulations,  and  {2n—m)  for  Maggi's  formulation.  This 
dimensional  reduction,  however,  comes  at  a  price:  the  evaluation  of  the  null  space 
of  the  constraint  matrix  in  Maggi's  and  null  space  formulations,  or  the  evaluation 
of  generalized  inverses  in  Udwadia  and  Kalaba's  formulation.  Lagrange's  equations 
of  the  first  kind  are  typically  formulated  in  terms  of  generalized  coordinates  that 
will  render  system  matrices  highly  sparse,  leading  to  efficient  solution  techniques, 
as  discussed  by  Orlandea  et  al.  [77,  78].  Hence,  the  main  advantage  of  the  above 
techniques  is  not  so  much  the  reduction  in  the  number  of  equations,  but  rather  the 
change  in  their  mathematical  nature,  from  DAEs  to  ODEs. 

The  second  observation  is  that  Maggi's  formulation  enforces  velocity  level  con- 
straints for  holonomic  constraints,  whereas  acceleration  level  constraints  are  en- 
forced in  the  other  formulations.  This  fact  has  important  implications  for  numeri- 
cal implementations  of  these  approaches:  the  constraint  drift  phenomenon  will  be 
significantly  more  pronounced  when  using  the  latter  formulations  than  when  using 
Maggi's  formulation.  Typically,  the  constraint  violation  stabilization  techniques  de- 
scribed in  section  12.3  will  be  required  to  compensate  for  this  drift. 

Although  the  enforcement  of  the  constraints  at  the  acceleration  level  is  a  widely 
used  practice  in  multibody  dynamics,  it  has  the  potential  to  adversely  affect  the  nu- 
merical solution  procedure.  In  fact,  Campbell  and  Leimkuhler  [79]  studied  the  effects 
of  differentiation  of  the  constraints  in  DAEs;  they  concluded:  "Thus,  the  differenti- 
ated system  may  be  less  well  behaved  numerically  for  a  given  method  than  either  the 
original  DAEs  or  an  equivalent  state-space  form  for  that  method.  These  numerical 
difficulties  can  take  the  form  of  increased  stiffness,  extraneous  positive  eigenvalues, 
and  more  stringent  step-size  restrictions." 

Maggi's  formulation  requires  the  definition  of  a  set  of  m  kinematic  parameters. 
Since  the  set  of  linearly  independent  vectors  spanning  the  null  space  is  not  uniquely 
defined,  the  choice  of  kinematic  parameters  is  not  unique  and  the  reduced  equations 
can  take  a  variety  of  forms.  The  same  remark  applies  to  the  null  space  formulation. 
While  the  null  space  is  uniquely  defined,  different  sets  linearly  independent  vectors 
spanning  the  null  space  can  be  selected,  leading  to  different  equations  of  motion. 

In  Maggi's  formulation,  the  selected  set  of  kinematic  parameters  appears  explic- 
itly in  the  equations  of  motion.  In  contrast,  these  additional  variables  do  not  appear 
in  the  index- 1  and  null  space  formulations,  whose  equations  of  motion  are  expressed 
in  terms  of  the  sole  generalized  coordinates  originally  used  to  describe  the  system. 

Udwadia  and  Kalaba's  formulation  presents  a  number  of  advantages  over  the 
other  formulations.  The  Moore-Penrose  generalized  inverse  appearing  in  eq.  (1 1.33) 
always  exists,  whereas  the  other  formulations  require  a  full  rank  constraint  matrix. 
Hence,  Udwadia  and  Kalaba's  formulation  is  capable  of  dealing  with  problems  fea- 
turing rank  deficient  constraint  matrix,  such  as  those  involving  redundant  constraints. 
Furthermore,  problems  with  variable  number  of  degrees  of  freedom,  such  as  inter- 
mittent contact  problems,  or  problems  involving  rolling  and  slipping,  are  readily 
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treated.  In  contrast,  such  situations  will  be  problematic  for  minimum  set  approaches, 
since  the  number  of  kinematic  parameters  must  change  as  the  constraints  change  or 
become  redundant. 


11.2.9  Problems 

Problem  11.25.  Transformation  of  DAEs  to  ODEs 

Consider  a  constrained  dynamical  system  represented  by  n  generalized  coordinates  and  sub- 
jected to  m  holonomic  constraints.  The  following  questions  deal  with  the  solution  of  such 
problem  using  Maggi's,  index-1,  and  null  space  formulations,  which  all  three,  transforms  the 
equations  of  the  problem  from  DAEs  to  ODEs.  (1)  Which  of  the  three  formulations  is  least 
sensitive  to  the  drift  phenomenon?  Why?  (2)  For  each  of  the  three  methods,  what  is  the  na- 
ture of  the  variables  appearing  in  the  final  set  of  ODEs?  (3)  For  each  of  the  three  methods, 
how  many  variables  appear  in  the  final  set  of  ODEs?  (4)  For  each  of  the  three  methods,  in 
which  form  are  the  constraints  enforced?  (5)  Are  the  variable  appearing  in  Maggi's  formu- 
lation uniquely  defined?  Why?  6)  Is  the  system  of  equations  characterizing  the  null  space 
formulation  uniquely  defined?  Why? 


11.3  The  geometric  interpretation  of  constraints 


Many  features  of  the  dynamic  response  of  constrained 
systems  can  be  interpreted  in  a  purely  geometric  man- 
ner. Consider  the  problem  of  a  simple  pendulum  of  mass 
m  and  length  L,  as  depicted  in  fig.  11.9.  This  single 
degree  of  freedom  system  could  be  described  by  single 
generalized  coordinate  0.  Alternatively,  two  generalized 
coordinates,  the  Cartesian  coordinates,  qi  and  q2,  defin- 
ing the  position  vector  of  the  bob,  r  =  qiii  +  q2i2, 
could  be  used,  subjected  to  a  single  holonomic  con- 
straint, C  =  {r^z/L  —  L)/2  =  0.  This  constraint  en- 
forces the  constant  length  condition  for  the  pendulum; 
the  constraint  matrix  is  _B  (q)  =  r/L  =  Cgii  +  Sgi2, 
where  Cg  =  cos  9  and  Sg  =  sin  0. 

Figure  11.9  also  shows  the  unit  vectors,  ei  and  62, 
of  a  polar  coordinate  system  that  can  be  used  to  con- 
veniently compute  the  accelerations  of  the  particle  as 
a  =  —LO^  ei  +  L9e2-  Since  the  path  of  the  particle 
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Fig.  11.9.  Geometric  in- 
terpretation of  accelerations 
for  a  simple  pendulum. 


is  a  circle  of  radius  L,  motion  is  allowed  in  the  tangential  direction,  62,  but  prohib- 
ited in  the  radial  direction,  ei .  For  this  particular  problem,  the  constraint  matrix  is  a 
unit  vector  along  ei  and  defines  the  direction  in  which  the  motion  is  constrained. 

In  more  general  terms,  the  configuration  space,  defined  here  by  the  plane  (u,  12), 
is  divided  into  two  mutually  orthogonal  subspaces:  the  subspace  defined  by  unit  vec- 
tor 62  in  which  motion  is  allowed,  and  the  subspace  defined  by  unit  vector  ei,  i.e., 
the  subspace  defined  by  the  constraint  matrix,  along  which  motion  is  prohibited.  This 
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discussion  provides  a  geometric  interpretation  of  the  constraint  matrix:  it  defines  a 
subspace  of  the  configuration  space  along  which  motion  is  not  allowed. 

Next,  Newton's  second  law  will  be  written  for  the  particle.  A  free  body  diagram 
of  the  particle  reveals  that  gCe  —  F'^/m  =  a,,  and  —gSg  =  ae,  where  a^  =  —L9'^, 
and  ao  =  L6  are  the  radial  and  tangential  components  of  acceleration,  respec- 
tively. The  geometric  interpretation  of  these  results  is  depicted  in  the  right  portion 
of  fig.  11.9.  First,  the  constraint  force  is  entirely  contained  in  the  subspace  defined 
by  the  constraint  matrix.  Next,  the  externally  applied  load  has  a  component,  —mgSe, 
in  the  feasible  direction,  62;  this  component  actually  drives  the  motion  of  the  parti- 
cle. The  externally  applied  load  also  has  a  component,  mgCe,  in  the  direction  of 
prohibited  motion,  ei.  Finally,  due  to  this  applied  load,  the  particle  experiences  an 
acceleration  featuring  components  in  both  feasible  and  infeasible  directions.  The 
projection  of  this  acceleration  along  the  feasible  direction  equals  the  component  of 
load  applied  in  this  direction  divided  by  the  mass  of  the  particle,  ae  =  —gSg.  The 
projection  of  the  acceleration  along  the  infeasible  direction  equals  the  component  of 
load  applied  in  this  direction  divided  by  the  mass  of  the  particle  and  corrected  by  the 
acceleration  associated  with  the  constraint  force,  F'^/m,  Ur  =  gCe  —  F'^/m. 

This  discussion  outlines  the  geometric  interpretation  of  all  the  quantities  in- 
volved in  this  simple  constrained  dynamical  problem.  Of  course,  at  this  point,  these 
observations  are  limited  to  the  simple  pendulum  problem  presented  above.  In  the 
sections  below,  the  above  results  will  be  shown  to  apply  to  all  constrained  dynamical 
systems.  This  geometric  interpretation  of  the  problem  has  been  investigated  by  a 
number  of  authors  using  similar  concepts:  Brauchli  et  al.  [80,  81]  and  Udwadia 
and  Kalaba  [72].  To  generalize  the  above  observations,  however,  the  concept  of 
projection  must  first  be  generalized.  Instead  of  the  orthogonal  projections  used  in 
fig.  1 1 .9,  a  more  general  type  of  projection,  defined  with  respect  to  a  certain  metric 
of  the  configuration  space,  must  be  defined  first. 

11.3.1  The  orthogonal  projection  operator 

Consider  a  plane  in  a  three-dimensional  space;  the  plane  is  defined  by  its  unit  normal 
vector  fi.  This  unit  vector  divides  the  three-dimensional  space  into  two  subspaces:  the 
subspace  spanned  by  n,  and  the  subspace  orthogonal  to  n,  i.e.,  the  subspace  spanned 
by  two  mutually  orthogonal  vectors,  u  and  v,  spanning  the  plane  normal  to  n,  as 
shown  in  fig.  11.10. 

Intuitively,  the  projection  operator,  denoted  T^. ,  projects  an  arbitrary  vector  in  the 
direction  parallel  to  n.  It  is  readily  verified  that  in  the  simple  case  considered  here, 
the  projection  operator  is  T^    =  fin^ .  Indeed 

'P_ua  =  nn   a  =  ||a||  cosa  n  =  an.  (11.35) 

As  shown  in  fig.  11.10,  Qm  is  the  projection  of  a  along  n.  Note  that  this  is  an  orthog- 
onal projection  of  a  along  unit  vector  n. 

The  following  terminology  is  now  defined:  fi  is  the  image  of  the  projector, 
whereas  [u,  v]  is  the  kernel  or  null  space  of  the  projector.  Note  that  while  the  kernel 
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of  the  projector  is  uniquely  defined  as  the  subspace  orthogonal  to  n,  vectors  [u,  v] 
are  not  uniquely  defined.  Indeed,  any  two  mutually  orthogonal  vectors  normal  to  n 
could  be  selected.  The  meaning  of  this  terminology  is  easily  understood  in  view  of 
the  following  results 


"£_  n  =  n, 
2|l  [u,  v]  =  0. 


(11.36a) 
(11.36b) 


Equation  (11.36a)  implies  that  the  projection  of  the  image  is  the  image  itself,  and 
eq.  ( 1 1 .36b)  implies  that  the  projection  of  the  null  space  vanishes. 

Another  interpretation  of  these  results  is 
that  the  image  of  the  projector  spans  its  eigen- 
vectors associated  with  unit  eigenvalues,  and 
the  kernel  of  the  projector  spans  its  eigenvectors 
associated  zero  eigenvalues,  hence,  the  kernel  is 
also  called  the  null  space. 

Finally,  it  is  easily  verified  that 


2,2 


=11 


(11.37) 


Geometrically,  this  corresponds  to  the  fact  that 
once  an  arbitrary  vector  has  been  projected 
along  the  image  to  find  a,, ,  any  further  projec- 
tion of  ail  will  leave  this  vector  unchanged. 
The  complementary  projector,  denoted  2   . 


Fig.     11.10.    Projection    in    three- 
dimensional  space  by  a  unit  vector  n. 


projects  an  arbitrary  vector  in  the 


direction  perpendicular  to  n:  Oj^  =  2  ,  «■  Figure  11. 10  reveals  that  a  =  flj^  +  aii,  and 
hence,  2  ■  S  =  {L~'F.k )a-  Since  this  result  must  hold  true  for  any  arbitrary  vector  a, 
it  follows  that 

(11.38) 


2x 


'=-^, 


--T 

nn    . 


The  vectors  n,  u,  and  v  form  the  column  of  an  orthogonal  matrix,  and  the  following 
identity  is  readily  verified  nn^  +  uu^  +  vv^  =  I.  Hence,  V  .    =  I 


L  Hence,  2^ 


--T 

nn 


+  vv   .  This  last  result  then  implies 


2   2 


0. 


(11.39) 


Finally,  it  is  easily  shown  that  the  projections  of  an  arbitrary  vector  in  the  two 
orthogonal  subspaces  are  orthogonal  to  each  other,  as  expected. 


=  o^2_L2||a 


0. 


(11.40) 


The  developments  presented  in  this  section  could  have  been  started  by  consid- 
ering an  image  subspace  formed  by  the  plane  defined  by  units  vector  u  and  v,  the 
kernel  or  null  space  would  then  be  unit  vector  n.  All  results  obtained  above  would 
be  recovered,  except  for  the  fact  that  subscripts  (•)||  and  {■)±  would  be  interchanged. 
The  two  projection  operators  are  complementary  of  each  other. 
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In  this  section,  all  projections  were  orthogonal  projections:  orthogonal  vectors,  a 
and  b,  satisfy  the  condition  a^b  =  0.  It  is  possible  to  extend  the  concept  of  orthog- 
onality: two  vectors  are  said  to  be  orthogonal  with  respect  to  a  metric,  M_,  of  the 
space,  if  the  following  condition  is  satisfied 

a^Mb  =  0.  (11.41) 

The  metric,  Al,  of  the  space  is  a  symmetric,  positive-definite  matrix.  In  the  present 
section,  orthogonality  was  defined  with  respect  to  a  metric  equal  to  the  identity 
matrix  M_  =  L  In  the  next  section,  the  projection  operator  concept  will  be  extended 
to  a  space  where  orthogonality  is  defined  with  respect  to  a  non-identity  metric. 


11.3.2  The  projection  operator 

Instead  of  following  the  rather  intuitive,  geometric  development  used  in  last  section, 
a  formal  definition  of  the  projection  operator  is  the  starting  point  of  this  section.  A 
projection  operator,  V_.. ,  is  ann  x  n  linear  transformation  that  acts  like  the  identity 
on  its  image, 

E||£  =  £,  (11-42) 

where  the  image  of  the  projection,  £,  is  an  n  x  m  matrix  such  that  rank(£)  =  m  <  n. 
The  projection  operation  is  assumed  to  act  in  a  space  where  orthogonality  is  defined 
with  respect  to  a  metric,  M_,  see  eq.  (1 1.41). 

At  first,  the  metric  of  the  space  is  factorized  as  Ad  =  S   S,  using  the  Cholesky 
factorization  [82],  for  instance.  Equation  (11.42),  is  rewritten  as  iS'P_.^S_~^){S_£_)  = 

{S_£_),  or  '£.«£.  =  £.,  where  the  following  scaled  quantities  were  defined:  £_  =  S£_ 

and  P  =  S_'P.S_~^.  Notation  (•)  indicates  scaled  quantities.  The  singular  value  de- 
composition presented  in  section  18.1  will  be  used  extensively  in  this  development. 
The  scaled  image,  £_,  is  factorized  with  the  help  of  the  singular  value  decomposition, 
eq.  (18.10),  to  find" 

g  =  g^Y^-  (11.43) 

The  null  space  or  kernel,  £,  of  the  projection  is  defined  by  eq.  (18.8)  as 

£^r  =  0.  (11.44) 


Introducing  the  singular  value  decomposition,  eq.  (11.43),  into  the  definition  of  the 
projection  operator  yielc 
matrices,  it  follows  that 


projection  operator  yields  'PMS_V_     =  U_S_V_   .  Since  V_  and  S_  are  non  singular 


2  =££^.  (11.45) 

This  result  implies  that  T^.  is  a  symmetric  matrix,  and  furthermore,  in  view  of 
eq.  (18.6b), 
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2||2|l=2||,  (11-46) 

a  characteristic  property  of  projection  operations. 

An  explicit  expression  of  the  projector  can  be  obtained  that  does  not  rely  on  the 
singular  value  decomposition.  In  view  of  the  orthogonality  of  matrix  y_,  eq.  (1 1.45) 
is  recast  as 


(11.47) 


Since  £^£  =  VS^V'^,  it  follows  that 


2||  =£l£    £         £    ■  (11.48) 


The  complementary  projection  operator,  2  .  ,  is  defined  as 

E^=I-E||,  (11-49) 

where  /  is  the  identity  matrix;  this  implies  'P_  =!  —  '£..,,  where  the  scaled  comple- 
mentary projection  operator  is  defined  as  2 ,  =  S_'P_  S_~ ^ .  It  is  readily  verified  that 
2^  =  X  -  2  is  a  symmetric  matrix  and  that  'R^'E_^  =  (L-  £11  )U  ~  ^n )  =  2^, 
two  characteristic  properties  of  projection  operators.  In  view  of  property  (18. 6a)  of 

the  singular  value  decomposition,  ^"^££^^  +  §r^££^§,  =  L  or  §r^LL^§,  = 
/— 2|i ,  and  hence,  the  explicit  expression  for  the  complementary  projection  becomes 

2^=££'^-  (11.50) 

This  shows  that  the  image  of  the  complementary  projection  is  r_,  the  null  space  or 
kernel  of  the  projection.  It  is  also  clear  that  2.||2. ,  =  'R.'F.u  =  0,  where  proper- 
ties (18.7)  were  used. 

Consider  now  an  arbitrary  vector,  a,  and  its  scaled  counterpart,  o  =  5  a;  the 
components,  c,  of  this  vector  along  the  orthogonal  basis  U_  defined  by  the  singular 

value  decomposition  of  matrix  £_  are  such  that  a  =  U_c.  In  view  of  the  partition  (18.3) 
of  U_,  this  becomes 

a=  [££]  c  =  £c|| +£c_L  =a|| +a_L-  (11.51) 

The  projections  of  vector  a  are  found  to  be 

2||  a  =  ££^  [£c|| +2c_l]  =£c||=a||.  (11.52a) 

't±  ^  =  LL^  \K^\\  +  L^±\  =£c_L=a_L-  (11.52b) 

Clearly,  the  projection  and  the  complementary  projection  operators  project  an  ar- 
bitrary vector  onto  the  image  of  the  projector  and  its  null  space,  respectively. 
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These  two  complementary  subspaces  are  orthogonal  in  metric  Al;  indeed,  au  Oj^  = 
fi  2|i  £  I  a  =  0,  and  hence, 

alMa||=0.  (11.53) 

Projection  operators  are  closely  related  to  the  Moore-Penrose  generalized  inverse 
defined  in  18.2.  Indeed,  the  Moore-Penrose  inverse  of  the  scaled  image  of  the  pro- 
jector, £_  ,  satisfies  condition  {\%.\\),i.e.,  £_£_  £_  =  £_.  Comparing  this  result  to  the 
scaled  version  of  eq.  (11.42)  yields  'P_.  =  £_£_   ,  which,  with  the  help  of  eq.  (18.16), 

becomesP  =£.[£.  £}~^£.  .  This  simple  manipulation  re-establishes  eq.  (11.48)  in 
an  expeditious  manner.  The  fact  that  the  projector  is  a  symmetric  operator  mirrors 
property  (18.13)  of  the  generalized  inverse:  P.  =  £_£_  =  £_  £_  .  Transposing 
property  (18.12)  of  the  generalized  inverse  applied  to  the  scaled  image  of  the  projec- 
tor  leads  to  £      £_  k.       =  L      >  or 

»      ,  +T         ~  +T 

2||£       =g      ■  (11-54) 

-.+T 

This  result  implies  that  £_  is  entirely  contained  in  the  subspace  defined  by  the 
image,  £_,  of  the  projector. 

Example  11.7.  Orthogonal  projection  in  three-dimensional  space 

Consider  a  simple  projection  in  three-dimensional  space  defined  by  the  image  £_  =  n, 
where  n  is  a  unit  vector,  and  a  metric  M_  =  /,  where  /  is  the  3x3  identity,  as  de- 
picted in  fig.  1 1.10.  It  follows  that  the  scaled  quantities  are  identical  to  their  unsealed 
counterparts.  This  problem  was  treated  in  an  intuitive  manner  in  section  11.3.1;  in 
this  example,  the  projection  operator  will  be  obtained  from  the  more  formal  deriva- 
tion presented  above. 

In  view  eq.  (11 .48),  the  projection  operator  becomes 

,        rp  -|  rp  rp 

2,1  =  n{n   n)      n     =  nn    . 

The  kernel  of  the  projector  is  _r  =  [uv],  where  u  and  v  are  two  mutually  orthogonal, 
unit  vectors  contained  in  the  plane  normal  to  n.  It  satisfies  eq.  (1 1.44),  n^  [u  v]  =  0. 
Equation  (11 .50)  now  yields  the  complementary  projection  operator  V_.  =  r_r_  = 
uu^  +  vv^ .  It  is  easily  verified  that  2||  +  2 ,  =  nn^  +  uu^  +  vv^  =  /,  where  the 
last  equality  holds  because  n,  u,  and  v  form  an  orthogonal  basis. 

Consider  now  an  arbitrary  vector  a;  application  of  the  projection  operators  yields 

2||  o  =  nn   a={n   a)n  =  \\a\\  cos  a  n  =  au. 

and 

V     a=(u   a)u  +  {v    a)v  =  aj_. 

These  results  reproduce  those  obtained  in  a  more  intuitive  manner  in  section  11.3.1. 
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Example  11.8.  Orthogonal  projection  in  three-dimensional  space 

Consider  now  a  second  example  in  three-dimensional  space  defined  by  the  image 
£_  =  n,  where  n  is  a  non-unit  vector,  and  a  metric  M_  =  S_  S_.  The  scaled  image  is 
n  =  Sn  and,  in  view  eq.  (11.48),  the  scaled  projection  operator  becomes 

2,|=n(n^n)-in^  =  A|L,  (n.55) 

-II  \\m  \\m\ 

where  n  /\\n\\  represents  the  image  of  the  projection  normalized  in  the  space  of 
metric  Ai.  Consider  now  an  arbitrary  vector  a,  scaled  as  a  =  S_a;  application  of  the 
projection  operator,  eq.  (11.52a),  yields 

■^  Tl       Tl  Tl 

E||  a=  TT^]7^a=  ||a||cosa -^  =a||,  (11.56) 

-II  llnll  ||n||  ||n||         II 

where  a  is  the  angle  between  a  and  n,  i.e.,  a   n=  \\a\\  \\n\\  cos  a. 


11.3.3  Projection  of  the  equations  of  motion 

The  equations  of  motion  of  constrained  dynamical  systems  have  been  cast  in  the 
form  of  eq.  (11.1).  Maggi's  formulation,  as  presented  in  section  11.2.1,  is  a  purely 
algebraic  approach  to  the  problem;  this  section  focuses  on  a  more  geometric  interpre- 
tation of  constrained  dynamical  problems,  which  has  been  investigated  by  a  number 
of  authors:  Brauchli  et  al.  [80,  81],  Udwadia  and  Kalaba  [72],  Blajer  and  his  cowork- 
ers [83,  84,  85]. 

Because  the  mass  matrix  is  a  symmetric  positive-definite  matrix,  it  can  be  factor- 
ized  as  M_  =  S_S_  using  the  Cholesky  factorization  [82],  for  instance.  Multiplying 
the  governing  equations  of  motion  by  S_~  ^  then  leads  to 

'i_-t  =  t  (11-57) 

where  the  scaled  accelerations  were  defined  asq  =  S_  q,  the  scaled  constraint  forces 
as  £  =  S_~^F_'^  and  scaled  forces  as  £  =  S_~^F.  Next,  the  scaled  constraint  matrix 
is  defined  as  E  =  S_~^B_   .  Finally,  the  acceleration  level  constraint,  eq.  (11.3),  is 

written  as  _B  S_~    S_  q  =  c,  leading  to  the  following  scaled  expression,  E_  q  =  c. 
A  scaled  projection  operator  is  now  introduced 

^11=1  [1^1]      1^-  (11.58) 

In  view  of  eq.  (1 1.48),  the  image  of  this  projector  is  the  scaled  constraint  matrix,  E_, 
and  it  operates  in  a  space  of  metric  M_  =  M_~^,  i.e.,  the  inverse  of  the  mass  ma- 
trix. By  construction,  the  projection  operator,  P_. ,  projects  an  arbitrary  vector  into 
the  subspace  parallel  to  the  constraint  matrix;  of  course,  the  projection  operation  is 
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performed  in  a  space  endowed  with  a  metric  defined  by  the  inverse  of  the  mass  ma- 
trix. This  basic  property  of  the  projector  can  be  verified  by  projecting  the  constraint 
forces:  since  F  =  S  B_  \  =  EX,  the  constraint  forces  are  entirely  contained  in 
the  subspace  defined  by  the  constraint  matrix,  and  hence,  the  projection  operation 
has  no  effect 

PuE=E-  (11.59) 


The  projection  of  the  scaled  accelerations  yields  P.   q 


E[KE\-^K'h 


E[E   E\-'^c,  and  finally,  in  view  of  eq.  (18.16), 


(11.60) 


where  the  last  equality  follows  from  property  (11 .54)  of  the  projection  operator. 


Image  of  the 
projector 
constraint 
gradient 


The  scaled  equations  of  motion, 
eqs.  (1 1.57),  are  multiplied  by  the  projector 
to  find 


=11  -   "-    "=ll  ^~=\\- 


Constraint 
manifold 


P^|,  (^+""0 


(r"c-z) 


(11.61) 


where  the  last  equality  was  obtained  with 
the  help  of  eq.  (11.60).  This  important  re- 
lationship shows,  once  again,  that  the  con- 
straint forces  are  entirely  contained  within 
the  image,  E,  of  the  projector,  i.e.,  the  con- 
straint forces  belong  to  the  space  defined  by 
the  scaled  constraint  matrix. 
Next,  the  accelerations  of  the  system  are  computed  from  eq.  (1 1.57)  as 


Fig.  11.11.  Geometric  representation  of 
constraint  dynamics  with  holonomic  con- 
straints. Although  appearing  as  orthogonal 
projections  in  this  illustration,  projections 
are,  in  fact,  operating  in  the  metric  of  the 
inverse  of  the  mass  matrix. 


^  c 

F 


F 


£.(r. 


F 


■E^F  +  K      c. 


(11.62) 


Clearly,  system  accelerations  have  a  component  in  the  image  of  the  projector,  P   q 


1,+T 


E_  c  and  a  component  in  the  orthogonal  subspace,  P  q  =  E,  E-  The  geometric 
interpretation  of  these  results  is  illustrated  in  fig.  11.11. 

According  to  eq.  (1 1.57),  the  scaled  unconstrained  forces,  P,  are  the  sum  of  the 

"  c 

scaled  constraint  forces,  F  ,  and  the  scaled  accelerations  of  the  system.  The  scaled 
constraint  forces  are  the  difference  between  vectors  P  ,  P  and  P  c,  both  contained 
in  the  image  of  the  projector,  as  implied  by  eq.  (1 1.61).  On  the  other  hand,  system 
accelerations  are  the  sum  of  vector  P  c,  contained  in  the  image  of  the  projector, 
and  vector  P    P,  contained  in  the  orthogonal  subspace. 

The  various  projection  involved  in  this  geometric  interpretation  of  the  equations 
of  motion  of  constraint  dynamical  systems  are  not  orthogonal  projection.  Indeed, 
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the  projection  operator  is  defined  in  a  space  with  a  metric  defined  by  the  inverse  of 
the  mass  matrix.  Although  appearing  as  orthogonal  projections  on  this  illustration, 
projections  are,  in  fact,  operating  in  the  metric  of  the  inverse  of  the  mass  matrix. 

11.3.4  Elimination  of  Lagrange's  multipliers 

In  the  last  section,  geometric  aspect  of  the  problem  have  been  underlined  by  using 
the  geometric  concept  of  projection  operator.  It  is,  however,  easy  to  recast  the  main 
results  of  the  last  section  in  a  form  that  does  not  make  use  of  these  geometric  con- 
cepts. Indeed,  eqs.  (11.62)  and  (11.61)  are  rewritten  as 


\lq  =  F  +  B^  (BM-^B^)      (c - 

-  BM-^F)  , 

(11.63a) 

£'=      ^{gMr'g^y\c- 

-BM-^F), 

(11.63b) 

respectively.  These  results  are  identical  to  those  obtained  by  Udwadia  and  Kal- 
aba  [66,  69,  71,65,73]. 

Equations  (11.63a)  form  a  set  of  n  second-order,  ordinary  differential  for  the 
n  generalized  coordinates  q.  Clearly,  Lagrange's  multipliers  present  in  the  origi- 
nal equations,  eqs.  (11.1),  have  been  eliminated;  the  governing  equations  of  motion 
are  now  ordinary  differential  equations  rather  that  differential-algebraic  equations. 
Clearly,  eqs.  (1 1.63a)  could  be  recast  as  a  set  of  2n  first-order,  ordinary  differential 
for  the  n  generalized  coordinates  q  and  n  generalized  velocities  q.  This  contrasts  with 
Maggi's  equations,  eqs.  (11.11)  and  (1 1.7),  thatconsist  of  2n— tti  first-order,  ordinary 
differential  for  the  n  —  m  kinematic  characteristics  and  n  generalized  coordinates. 
Although  Lagrange's  multipliers  have  been  eliminated,  an  explicit  expression  for  the 
forces  of  constraint  is  available  as  eq.  (1 1.63b). 

Example  11.9.  The  simple  pendulum 

Here  again,  the  simple  pendulum  problem  is  considered  as  a  first  example.  The  con- 
straint matrix  of  the  problem  is  given  by  eq.  (11.13),  and  hence  [B_M_~  B_  )  = 
m,  the  mass  of  the  particle.  The  acceleration  level  constraint,  eq.  (11.3),  yields 
c  =  —  (i^  +  y'^)/£.  The  system  accelerations  then  follow  from  eq.  (11.63a)  as 

yl(    y\  x^  +  y"^  I  ( X 


mq  =  mg--  <         >  -  m         „        „  . 
-  £  £  [-xj  £       £  [y 

The  constraint  forces  are  found  with  the  help  of  eq.  (11 .63b) 

rnc  2;  1    (x]  x^  +  ip-  \   (x 

t_    =  —mg-       '      '       -" 


££  \y]  £      £  \y 

The  geometric  interpretation  of  this  result,  as  discussed  in  section  1 1.3.4,  is  particu- 
larly striking  for  this  simple  pendulum  example.  For  reference,  the  scaled  projectors 
are  easily  found  to  be 


P    =1 

=11  £2 


x^  xy 
xy  y^ 


and  i^  =  p 


y2  -xy 
-xy     x^ 
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Example  11.10.  The  rigid  body 

Figure  11.3  depicts  a  rigid  body  moving  in  space  while  one  of  its  points,  denoted 
O,  remains  fixed.  The  orientation  of  the  body  is  determined  by  an  orthonormal  basis 
B  =  (ei,  62,  63).  The  kinematics  of  the  rigid  body  are  defined  by  the  nine  general- 
ized coordinates  stored  in  array  g-^  =  {ej ,  62,  63  }.  Clearly,  six  constraints  must  be 
imposed:  three  conditions  on  the  normality  of  vectors  ei,  62,  and  63,  and  three  addi- 
tional constraints  enforcing  their  orthogonality.  The  corresponding  constraint  matrix 
is  given  by  eq.  (11.17)  and  the  projector  defined  by  eq.  (11.58)  is  found  to  be 


^11 


\  _   Ml  eae^ 

4     M1+M2 


Mi+M2_    ^    "^ 
VM1M3-   -T 


M1  +  M3 
T 


VM1M2-   -T 
M2  ei e^  M2e3el 


=         M1+M2 


M2+M3  "^2^3 


M2  +  M3 
T 


VM1M3-   -T 
Mi+M3^3Ci 

VM2M3-   -T 

M2+M3  ^^3^2 
Magjgf   _  M3e2el 
M3  +  M1  M3+M2 


and  the  pseudo  inverse  of  the  image  of  the  projector  becomes 


E 


+T 


r,        M3VMLp    Mi^MLp  ' 

"  Mi+M3^3    M1+M2     '^ 

M3VM2.P  n  Miv'Ml- 

M2+M3^3  "  Mi+M2^^ 

^^^3^3    Ma+Ma'^S    M1+M3 '^l  " 


where,  for  simplicity,  the  mass  matrix  was  assumed  to  be  diagonal,  M_*  = 
diag(Mi/,  M2I,  M3I).  The  scaled  constraint  forces  and  accelerations  are  then  given 
by  eqs.  (11.61)  and  (11.62),  respectively. 


Example  11.11.  The  skateboard 

Figure  9.6  depicts  the  simplified  configuration  of  a  skateboard  of  mass  m  and  mo- 
ment of  inertia  /  about  its  center  of  mass  G.  The  skateboard  rolls  without  sliding  on 
the  horizontal  plane  by  means  of  a  wheel  aligned  with  the  axis  ei  of  the  skateboard 
and  located  at  point  C,  a  distance  £  from  the  center  of  mass.  The  position  vector  of 
the  center  of  mass  is  written  as  r^  =  xii  +  yi2,  and  the  axis  of  the  skateboard 
makes  an  angle  9  with  the  horizontal.  Let  the  generalized  coordinates  of  the  problem 
heq^  =  {x,  y,  ^} .  Clearly,  the  system  is  subjected  to  a  constraint:  because  the  wheel 
does  not  slip,  the  velocity  vector  of  the  contact  point  must  be  along  axis  ei .  The  ve- 
locity of  point  Cis.  v^  =  ill  +  yi2  +  i9  62,  and  hence,  the  constraint  is  e^Vc  =  0, 
leading  to  the  constraint  matrix  given  by  eq.  (1 1.20). 

The  procedure  described  in  the  previous  section  leads  to  the  elimination  of  La- 
grange's multiplier  by  constructing  the  projection  operator  The  accelerations  of  the 
system,  given  by  eq.  (1 1.63a),  then  become 
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^i-  I  +  mP 


6  (x  cos  9  +  ysm9) 


where  the  mass  matrix  is  a  diagonal  matrix,  M  =  diag(m,  m,  I).  Since  there  are  no 
externally  applied  forces,  it  follows  that  F'^  =  M  p. 
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11.4  Gauss'  principle 

Consider  a  dynamical  system  characterized  by  generalized  coordinates  denoted  q.  By 
definition  (8.1),  the  inertial  forces  acting  on  the  system  are  F_  ='^mia^,  where  m^ 
are  the  masses  of  the  particles  and  a^  their  acceleration  vectors.  When  the  position 
vectors  of  all  particles  are  expressed  in  terms  of  generalized  coordinates,  the  inertial 
forces  become  F  =  —M^q  —  f  ,  where  M  =  M_{q,  t)  is  the  symmetric,  positive- 
definite  mass  matrix,  and  /  =  f  (q,  q,  t)  the  dynamical  forces.  Note  that  inertial 
forces  are  linear  functions  of  the  generalized  accelerations. 

D'Alembert's  principle,  eq.  (8.3),  now  implies  that  6q^[—M_q  —  f  +  /°]  = 
0,  for  all  kinematically  admissible  virtual  changes  in  the  generalized  coordinates. 
In  this  statement  of  the  principle,  Sq^ f^  represents  the  virtual  work  done  by  all 
externally  applied  conservative  and  non-conservative  forces.  D'Alembert's  principle 
is  now  recast  in  a  compact  manner  as 

6q^  [Kg-F]  =0,  (11.64) 

where  Kiq,  q,  t)  =  /"^{q,  q,t)  —  f  {q,  q,  t)  is  the  sum  of  all  dynamical  and  externally 
applied  forces. 

The  generalized  coordinates  are  functions  of  time  and  a  Taylor  series  expansion 
yields  q{t  +  At)  =  q(t)  +  q{t)dt  +  q(t)dt'^ /2  +  h.o.t.  The  position  and  velocity 
vectors  of  all  particles  of  the  system  are  now  assumed  to  be  given,  fixed  quantities  at 
time  t,  implying  that  Sq  =  0  and  6q  =  0.  Neglecting  higher-order  terms,  variation  of 
the  series  expansion  now  yields 

6q{t  +  dt)  =  -Sq{t)dt^. 

Introducing  this  result  into  d'Alembert's  principle,  eq.  (1 1.64),  leads  to 

6-f  [K'q-F]  =0,  (11.65) 

for  all  kinematically  admissible  virtual  changes  in  the  generalized  accelerations. 
Within  the  framework  of  the  present  development,  variations  of  all  quantities  that 
are  sole  functions  of  the  generalized  coordinates  and  velocities  vanish;  for  instance, 
SMg,  t)  =  0  or  5F{q,q,  t)  =  0.  This  impUes  that  5q  =  5[Mr^{Kg  -  E)]  and 
eq.  (11.65)  becomes 

[Kg-Pf  5[Mr^  {K'g-E)]  =0, 

and  finally,  5G  =  0,  where  the  Gaussian  of  the  system  is  defined  as 

G=-[M^g-F\Mr^[M^q-F\,  (11.66) 

which  is  a  quadratic  function  of  the  generalized  accelerations. 
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Thus  far,  d' Alembert's  principle  has  been  used  to  prove  that  among  all  kinemati- 
cally  admissible  generalized  accelerations,  the  actual  accelerations  of  the  constrained 
system  are  a  stationary  point  of  its  Gaussian,  5G  =  0. 

If  the  system  is  constrained  by  a  combination  of  holonomic  and  nonholonomic 
constraints,  the  accelerations  level  constraints  are  expressed  by  eqs.  (11. 3),  which  are 
linear  functions  of  the  generalized  accelerations.  Conceptually,  generalized  accelera- 
tions could  be  divided  into  two  sets,  the  independent  and  dependent  accelerations,  de- 
noted q^  and  g^,  respectively.  The  accelerations  level  constraints,  eq.  (11.3),  would 
then  yield  a  linear  relationship  between  the  two  sets,  q'^  =  T{q,  t)q^  +  d{q,  q,  t). 
Introducing  this  expression  into  eq.  (11.66),  shows  that  the  Gaussian  now  becomes 
a  quadratic  expression  of  the  independent  generalized  accelerations,  and  hence,  its 
stationary  point  corresponds  to  its  absolute  minimum. 

This  discussion  establishes  Gauss'  principle  [86,  87]. 

Principle  18  (Gauss'  principle)  Among  all  kinematically  admissible  generalized 
accelerations,  the  actual  acceleration  of  a  constrained  system  minimizes  its  Gaus- 
sian. 

Because  the  Gaussian  is  a  quadratic  function  of  the  generalized  acceleration  and 
because  the  acceleration  level  constraints  are  linear  functions  of  the  same  variables, 
the  stationary  point  of  the  Gaussian  corresponds  to  it  absolute  minimum.  Conse- 
quently, Gauss'  principle  is  a  true  minimum  condition,  rather  than  the  stationarity 
condition  that  characterizes  d' Alembert's  principle. 

The  use  of  Gauss'  principle  for  the  solution  of  constrained  multibody  systems 
was  proposed  by  Lilov  and  Lorer  [88]  in  1982;  their  approach  involves  the  Moore- 
Penrose  inverse  of  the  constraint  matrix.  The  importance  of  Gauss'  principle  and 
its  relationship  to  d' Alembert's  principle  was  studied  in  a  mathematical  manner  by 
Cardin  and  Zanzotto  [89],  within  the  framework  of  differential  geometry.  Possibly 
non-Riemannian  mechanical  systems  with  holonomic  constraints  were  considered, 
generalizing  Gauss'  principle. 

Example  11.12.  The  simple  pendulum 

Derive  the  equations  of  motion  of  the  simple  pendulum  problem  depicted  in  fig.  11.9 
using  Gauss'  principle.  Two  generalized  coordinates,  the  Cartesian  coordinates, 
q^  =  {x,  y},  defining  the  position  vector  of  the  bob  are  used,  subjected  to  a  sin- 
gle holonomic  constraint:  C  =  [q^q  —  i^)/2  =  0.  This  constraint  enforces  the 
constant  length  condition  for  the  pendulum;  the  constraint  matrix  of  the  problem  is 

The  acceleration  level  constraint  is  C  =  B_q+x^-\-y^  =  0.  Within  the  framework 
of  Gauss'  principle,  variations  of  all  quantities  that  are  sole  functions  of  the  general- 
ized coordinates  and  velocities  vanish:  5B_  =  Q,  5x  =  0,  and  5y  =  G.  A  variation  of 
the  acceleration  level  constraint  then  yields  x5x  +  y6y  =  0,  which  demonstrates  that 
the  variations  in  the  generalized  accelerations,  5x  and  5y,  are  not  independent  of  each 
other.  If  j/  is  selected  to  be  the  independent  acceleration  component,  5x  =  —ySy/x. 

For  this  simple  problem,  the  Gaussian  is  G  =  m[{x  —  g)"^  +  j/^]/2,  and  the 
stationarity  condition  becomes  SG  =  m[(i  —  g)Sx  +  y6y]  =  0.  Because  6x  and  Sy 
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are  not  independent  quantities,  the  stationarity  condition  does  not  yield  the  equation 
of  motion.  Eliminating  5x  leads  to  5G  =  ra[—y{x  —  g) / x  +  y\5y  =  0,  and  the 
equation  of  motion  of  the  problem  becomes 

—yx  +  xy  +  gy  =  0.  (11.67) 

To  verify  that  this  result  is  correct,  the  position  of  the  particle  is  written  as  a;  = 
LCe,  y  =  LSe,  where  L  is  the  length  of  the  pendulum.  Equation  (1 1.67)  can  then  be 
recast  as  6'  +  Seg/L  =  0,  as  expected. 

This  example  call  for  several  remarks.  First,  the  elimination  process  is  fraught 
with  difficulties.  Indeed,  equation  Sx  =  —ySjj/x  becomes  singular  when  x  =  0. 
Selecting  6x  to  be  the  independent  acceleration  component  would  not  circumvent 
the  problem  because  equation  6jj  =  —xSx/y  would  now  becomes  singular  when 

y  =  o. 

Second,  equation  (1 1.67)  is  still  expressed  in  terms  of  the  two  generalized  coor- 
dinates selected  to  represent  the  configuration  of  the  problem,  x  and  y.  Eliminating 
one  of  the  two  generalized  coordinates  leads  to  very  complicated  expressions  for  the 
single  equation  of  motion  and  singularities  will  appear,  whether  a;  or  y  is  selected  as 
the  independent  variable. 

Rather  than  eliminating  one  of  the  generalized  coordinates,  it  is  simple  to  append 
to  equation  (11.67)  the  acceleration  level  constraint,  thereby  creating  a  set  of  two 
ordinary  differential  equations  for  the  two  generalized  coordinates.  It  is  left  to  the 
reader  to  verify  that  this  set  of  equations  is  identical  to  that  generated  by  application 
of  the  null  space  formulation  presented  in  section  1 1.2.5. 

Example  11.13.  Derivation  of  the  index-1  formulation  from  Gauss'  principle 

Derive  the  index-1  formulation  for  constrained  dynamical  systems  from  Gauss'  prin- 
ciple. As  shown  in  the  previous  example,  the  elimination  of  the  dependent  accelera- 
tions is  a  perilous  exercise.  Furthermore,  it  is  difficult,  in  general,  to  express  depen- 
dent acceleration  components  in  terms  of  their  independent  counterparts.  To  avoid 
this  potentially  difficult  step,  the  constraints  will  be  enforced  using  Lagrange's  mul- 
tiplier technique  described  in  section  9.1. 

The  following  augmented  Gaussian,  G"*",  is  introduced, 

G+  =  G  +  \'[n{g,t)q-c{q,q,t)\, 

where  the  Gaussian  of  the  system,  G,  is  defined  by  eq.  (11.66),  and  A  is  the  array 
of  Lagrange  multipliers  used  to  enforce  the  constraints.  The  augmented  Gaussian 
is  now  an  unconstrained  function  of  two  sets  of  variables,  the  generalized  accelera- 
tions, q,  and  Lagrange's  multipliers,  A.  Variation  of  the  augmented  Gaussian  leads 

to  5G+  =  5'(^  [Mg  -  Z  +  ^^A]  +  ^A^  [^  1  ~  c]  =0,  and  because  variations  5g 
and  5\  are  arbitrary,  the  two  bracketed  terms  must  vanish,  leading  to  the  equations  of 
motion  of  the  problem.  When  recast  in  a  matrix  form,  these  two  sets  of  equations  are 
identical  to  those  characterizing  the  index-1  formulation  developed  in  section  1 1.2.3, 
see  eq.  (11.24). 
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Example  11.14.  Independent  quasi-accelerations 

In  general,  it  is  difficult  to  express  dependent  velocity  components  in  terms  of  their 
independent  counterparts.  To  overcome  this  difficulty,  kinematic  parameters  or  inde- 
pendent quasi- velocities  were  introduced  at  the  onset  of  the  development  of  Maggi's 
formulation  presented  in  section  11. 2.1.  Develop  the  corresponding  concept  of  inde- 
pendent quasi-accelerations  for  Gauss'  principle. 

The  relationship  between  generalized  velocities  and  kinematic  parameters  ex- 
pressed by  eqs.  (11.7)  is  at  the  heart  of  Maggi's  formulation  and  introduces  the  null 
space,  r_.  A  time  derivative  of  this  expression  yields  eqs.  (11.10),  repeated  here  for 
convenience,  q  =  re  +  Pe  —  d. 

Within  the  framework  of  Gauss'  principle,  variations  of  all  quantities  that  are 
sole  functions  of  the  generalized  coordinates  and  velocities  vanish:  SI^{q,  t)  =  0, 
5e  =  0,  5r_  =  0,  and  &d  =  0.  Taking  a  variation  of  eqs.  (11.10)  then  yields 

5q  =  g5e.  (11.68) 

This  important  relationship  expresses  variations  of  the  system's  generalized  accel- 
erations in  terms  of  variations  of  a  set  of  independent  quasi-accelerations,  e,  which 
are  the  time  derivatives  of  the  kinematic  parameters  introduced  in  Maggi's  formula- 
tion. As  mentioned  earlier,  the  choice  of  the  kinematic  parameters  is  not  unique  and 
the  selection  of  a  specific  set  is  left  to  the  analyst.  Similarly,  the  choice  of  specific 
quasi-accelerations  is  not  unique 

Example  11.15.  Derivation  Maggi's  and  null  space  formulations  from  Gauss' 
principle 

Derive  Maggi's  and  null  space  formulations  from  Gauss'  principle.  The  condition  of 
stationarity  of  the  Gaussian  implies  S(f"  [M  q  —  E]  =0.  Because  the  generalized 
acceleration  are  not  independent  variables  for  a  constrained  dynamical  system,  this 
stationarity  condition  does  not  yield  the  equations  of  motion  of  the  system. 

To  remedy  this  problem,  the  generalized  accelerations  are  expressed  in  terms  of 
independent  quasi-accelerations  using  eq.  (1 1.68),  leading  to  Se^F  [M  q  —  F\  = 
0.  Because  the  quasi-accelerations  are  independent  variables,  the  stationarity  condi- 
tion now  yields  the  equations  of  motion  of  the  problem  as 

^  [M£-Z]  =0.  (11.69) 

Introducing  the  generalized  accelerations  from  eqs.  (11.10)  into  eqs.  (II  .69)  then 
yields  the  governing  equations,  eqs.  (II. II),  of  Maggi's  formulation.  On  the  other 
hand,  appending  the  acceleration  level  constraints  to  eqs.  (11.69)  leads  to  the  gov- 
erning equations,  eqs.  (11.31),  of  the  null  space  formulation. 

The  developments  summarized  in  the  last  two  examples  show  that  the  index- 1 , 
null  space,  and  Maggi's  formulations  can  all  be  derived  from  Gauss'  principle.  This 
should  be  expected  because  Gauss'  principle  is  a  fundamental  principle  of  dynam- 
ics. It  is  indeed  derived  from  d'Alembert's  principle,  which  itself,  was  shown  to  be 
equivalent  to  Newton's  second  law. 
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11.5  Additional  formulations 

The  theoretical  developments  presented  in  the  above  sections  are  well  known,  but 
additional  formulations  have  also  been  presented  in  research  papers,  often  of  a  more 
theoretical  nature.  In  fact,  many  papers  focus  on  explaining  relationships,  and  often 
establishing  equivalence,  between  various  formulations  rather  than  proposing  prac- 
tical numerical  methods  for  the  enforcement  of  constraints.  For  instance,  Borri  et 
al.  [90]  have  shown  the  equivalence  of  Maggi's  and  Kane's  equations  [60,  61].  Ange- 
les and  Lee  [91]  independently  derived  Maggi's  formulation  for  mechanical  systems 
composed  of  rigid  bodies  coupled  by  holonomic  constraints. 

The  formalism  of  Riemannian  geometry  was  used  by  MaiBer  [92]  to  study  holo- 
nomic multibody  systems.  This  work  focuses  on  rigid  multibody  systems  with  a  tree 
topology  and  emphasizes  the  generation  of  the  equations  of  motion  within  the  Rie- 
mannian formalism  with  the  help  of  Christoffel  symbols.  Coordinate  partitioning  was 
suggested  as  a  solution  method  for  the  resulting  equations.  Jungnickel  [93]  further 
investigated  the  equations  of  motion  for  combined  holonomic  and  general  nonholo- 
nomic  constraints,  i.e.,  constraints  that  might  be  nonlinear  in  the  generalized  veloci- 
ties, within  the  framework  of  a  Riemannian  space  endowed  with  a  metric  depending 
on  the  generalized  mass  matrix  of  the  system  and  the  constraints.  The  equations  of 
motion  were  projected  onto  the  tangent  space  resulting  in  index- 1  DAEs  from  which 
Lagrange's  multipliers  were  eliminated. 

Essen  [94]  considered  systems  of  particles  and  derived  a  minimal  set  of  equa- 
tions of  motion  for  holonomic  systems  by  projecting  Newton's  equations  onto  the 
space  tangent  to  the  constraint  manifold.  These  projected  Newton  equations  were 
then  shown  to  be  equivalent  to  Lagrange's  equations.  Generalizing  to  nonholonomic 
constraints  in  Pfaffian  form,  Essen  obtained  equations  of  motion  in  terms  of  quasi- 
velocities  by  projection  of  Newton's  equations  onto  the  null  space  of  the  constraint 
matrix.  The  resulting  equations  were  shown  to  be  general  Boltzmann-Hamel  equa- 
tions. The  relationship  of  this  approach  to  Kane's  method  was  also  underlined. 

Blajer  [85,  95]  summarized  much  of  the  work  done  within  the  framework  of  dif- 
ferential Riemannian  geometry:  index- 1  formulations,  null  space  formulations,  and 
Maggi's  formulation  for  combined  holonomic  and  nonholonomic  constraints  have 
all  been  presented  in  this  framework.  For  holonomic  systems,  the  equivalence  of 
Maggi's  formulation  and  Boltzmann-Hamel  equations  was  shown,  as  was  the  equiv- 
alence of  the  projective  formulation  and  of  the  matrix  setting  of  Gibbs-Appell  equa- 
tions. The  author  underlined  the  need  to  develop  efficient  methods  for  computing  the 
time  derivative  of  the  null  space,  an  indispensable  ingredient  for  the  application  of 
Maggi's  and  projective  formulations.  He  also  proposed  a  technique  for  the  elimina- 
tion of  constraint  violations  that  affect  the  index- 1,  null  space  and  Maggi's  formu- 
lations. The  Boltzmann-Hamel  equations  are  immune  from  these  violations  because 
independent  generalized  coordinates  are  introduced. 
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Constrained  systems:  numerical  methods 


The  classical  and  advanced  formulations  presented  in  chapter  10  and  11,  respec- 
tively, provide  the  theoretical  background  for  the  analysis  of  constrained  dynamical 
systems.  In  this  chapter,  practical  numerical  algorithm  are  described  and  compared. 

Lagrange's  equations  of  the  first  kind  have  been  derived  and  form  a  set  of  index- 
3  differential-algebraic  equations  (DAEs).  Gear  [96]  clearly  underlined  the  difficul- 
ties associated  with  the  solution  of  this  type  of  equations.  The  same  author  and  his 
coworkers  [97,  47]  have  studied  DAEs  extensively  and  concluded  in  1984:  "If  the  in- 
dex does  not  exceed  1,  automatic  codes  [...]  can  solve  the  problem  with  no  trouble." 
Furthermore,  "If  [...]  the  index  is  greater  than  one,  the  user  should  be  encouraged  to 
reduce  it." 

These  observations  prompted  the  multibody  community  to  engage  along  two  dis- 
tinct avenues  of  research.  First,  the  development  of  the  ordinary  differential  equation 
techniques  described  in  section  12.1,  which  eliminate  Lagrange's  multipliers  all  to- 
gether, reducing  the  DAEs  to  ODEs.  Methods  developed  for  the  solution  of  ordinary 
differential  equations  (ODEs)  are  then  applicable  to  the  reduced  system  of  equations. 
Second,  the  index  reduction  techniques  presented  in  section  12.2,  which  reduce  the 
governing  equations  of  motion  to  index- 1  equations. 

A  survey  paper  by  Haug  [98]  describes  in  a  conceptual  manner  these  two  ap- 
proaches to  computational  methods  in  constrained  dynamics.  Nikravesh  [56]  inves- 
tigated two  algorithms  representative  of  those  two  approaches:  the  first  algorithm 
reduces  the  problem  to  an  index- 1  system  by  enforcing  the  constraints  at  the  accel- 
eration level,  the  second  used  a  coordinate  partitioning  method  based  on  ref.  [99]. 

Many  of  the  methods  proposed  for  the  solution  of  constrained  dynamical  systems 
do  not  enforce  constraints  exactly,  rather,  small  constraint  violations  are  allowed  that 
could  grow  over  time.  This  phenomenon,  called  the  drift  phenomenon,  was  illus- 
trated in  examples  11.2,  11.5,  and  11.6,  when  using  Maggi's,  the  index- 1,  and  the 
null  space  formulations,  respectively.  Figures  11.1, 11.5,  and  11.7  show  the  time  his- 
tories of  the  constraint  violations  and  results  are  summarized  in  table  11.1.  It  was 
noted  that  the  drift  phenomenon  is  more  pronounced  for  the  index- 1  and  null  space 
formulations  than  for  Maggi's  formulation  because  the  two  former  approaches  en- 
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force  the  constraint  at  the  acceleration  level,  but  the  latter  enforces  constraints  at  the 
velocity  level. 

Section  12.3  presents  several  constraint  violation  stabilization  techniques  that 
were  developed  to  alleviate  the  drift  phenomenon.  Constraint  violation  elimination 
techniques  that  completely  circumvent  this  problem  are  discussed  in  section  12.4. 

Finally,  in  recent  years,  the  finite  element  method  has  played  an  increasingly 
important  role  in  multibody  dynamics  formulations  and  the  tools  and  techniques 
used  within  this  framework  are  the  subject  of  section  12.5. 

This  chapter  concludes  with  a  detailed  discussion  of  scaling  methods  presented  in 
section  12.6.  It  is  shown  that  with  the  proper  scaling  of  the  equations  of  motion,  the 
index-3  DAEs  stemming  from  the  modeling  of  constrained  dynamical  systems  are 
not  more  difficult  to  integrate  than  the  ODEs  characteristic  of  unconstrained  systems. 


12.1  Ordinary  differential  equation  techniques 

The  challenges  posed  by  the  differential-algebraic  nature  of  Lagrange's  equations  of 
the  first  kind  can  be  dealt  with  by  means  of  alternative  formulations  of  the  equations 
of  motion.  This  section  deals  with  methods  that  recast  the  governing  equations  of  mo- 
tion in  terms  of  ODEs.  A  logical  approach  is  to  eliminate  the  redundant  generalized 
coordinates  to  obtain  a  minimum  set  of  equations,  bypassing  the  need  for  constraints; 
this  is  the  approach  followed  in  Maggi's  formulation  presented  in  section  11.2.1.  It 
is  also  possible,  however,  to  obtain  ODEs  for  all  the  generalized  coordinates  selected 
by  the  user  to  describe  the  system;  this  is  the  approach  followed  in  the  null  space  and 
Udwadia  and  Kalaba's  formulations  discussed  in  sections  1 1.2.5  and  1 1.2.7,  respec- 
tively. 

12.1.1  "Maggi-like"  formulations 

The  essence  of  Maggi's  formulation  developed  in  section  11.2.1  is  the  construction 
of  the  null  space,  which  enable  the  elimination  of  Lagrange's  multipliers  through 
the  use  of  orthogonal  complements,  B_r_  =  0.  Because  the  constraint  matrix  is  a 
function  of  time,  the  null  space  is  itself  a  function  of  time,  and  in  numerical  imple- 
mentations, it  must  be  recomputed  at  each  time  step,  a  considerable  computational 
burden.  Hence,  the  vectors  spanning  the  null  space  at  two  different  steps  could  be 
different,  resulting  in  a  new  set  of  kinematic  characteristics  at  each  time  step. 

To  overcome  these  problems,  many  researchers  have  evaluated  the  null  space 
at  the  beginning  of  the  simulation,  F,  and  kept  it  constant  for  the  subsequent  time 
steps  of  the  analysis.  When  using  this  approach,  Lagrange's  multipliers  are  no  longer 
eliminated,  because  B_(t)r_  ^  0.  At  regular  intervals,  the  null  space  is  recomputed. 
Typically,  a  criterion  is  developed  that  identifies  the  appropriate  time  step  when  this 
expensive  operation  is  to  be  performed;  various  criteria  have  been  used  by  various 
researchers.  It  should  be  noted  that  these  methods  no  longer  represent  a  numeri- 
cal implementation  of  Maggi's  formulation;  they  might  be  better  characterized  as 
"Maggi-like"  methods. 
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Kurdila  et  al.  [54]  and  Papastavridis  [55]  first  pointed  out  the  unifying  role  of 
Maggi's  formulation,  wiiich  forms  tiie  basis  for  many  of  these  coordinate  reduction 
techniques  that  are  equally  applicable  to  holonomic  and  nonholonomic  constraints. 
They  point  out  that  various  methods  only  differ  by  the  choice  of  the  basis  selected 
to  span  the  null  space  of  the  constraint  matrix,  which  in  turns,  determines  the  kine- 
matic characteristics;  the  equations  of  motion  are  then  projected  onto  this  subspace. 
Clearly,  matrix  B  and  its  inverse,  as  defined  by  eqs.  (11.5)  and  (11.6),  respectively, 
fully  characterize  Maggi's  formulation. 

A  number  of  "Maggi-like"  formulations  only  differ  by  the  computational  tool 
used  to  evaluate  the  null  space  of  the  constraint  matrix.  The  following  approaches 
have  been  used:  the  zero  eigenvalue  method  [100],  the  coordinate  partitioning 
method  based  on  the  LU  factorization  [99,  101],  and  the  singular  value  decompo- 
sition method  [102,  103].  Because  these  approaches  were  reviewed  by  Kurdila  et 
al.  [54],  details  are  not  repeated  here.  The  following  sections  discuss  methods  that 
were  developed  after  their  review  paper  appeared. 

The  recursive  Householder  transformation  method 

Amirouche  et  al.  [104]  applied  the  Householder  transformation  technique  to  the 
transpose  of  the  constraint  matrix,  assumed  to  be  of  full  rank,  to  obtain  a  full 
rank,  upper  triangular  matrix  B  ,  ,  =  H  B^ ,  where  H ,  ,  is  the  prod- 
uct  of  successive  Householder  transformations.  The  Gram-Schmidt  orthonormal- 
ization  process  was  then  employed  to  find  an  orthonormal  basis,  D_,  which  was 

partitioned  as  ^^^^^^^  =  [£i(„><„)  ^2(nx(n-m))]  •  ^i  and  g^^  span  the  same 
subspace,  S  D  =  B_H_  D  =  0,  becuse  D  D  =  0.  D_^  precisely  spans  the 
null  space  of  B_HJ  ,  while  iJ    D    spans  the  null  space  of  S.  The  fundamental 

rp  r  T"  T^  1 

matrices  of  Maggi's  formulation  are  easily  identified  as  B     —   \^    S-  ^o    ^^d 

§"^  =  \^ D^^{M^^ R-^)~^  ^^^aj  ■  The  authors  pointed  out  that  this  approach 
is  equivalent  to  the  zero  eigenvalue  [100]  and  singular  value  decomposition  meth- 
ods [102,  103],  while  achieving  higher  computational  efficiency. 

The  tangent  coordinate  method 

Agrawal  and  Saigal  [105]  also  used  the  Gram-Schmidt  orthogonalization  process  to 
generate  a  basis  of  the  null  space  of  constraint  matrix.  For  holonomic  constraints, 
this  null  space  is  tangent  to  the  constraint  manifold,  hence  the  name  of  the  method. 
This  approach  is  very  similar  to  that  presented  by  Liang  and  Lance  [106],  except  that 
matrix  E_  is  also  constructed  using  the  Gram-Schmidt  process,  a  method  that  is  faster 
and  requires  less  computer  memory.  The  process  generates  an  orthogonal  matrix  T, 

which  is  partitioned  as  g^^^^^  =  [x[(„^„)  ^^(„x(„-m))]  ■  ^f  ^nd  ^  span  the 
same  subspace  and  B_T^  =  0,  because  T_T^  =  0,  while  T^  precisely  spans  the 
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tangent  space.  The  fundamental  matrices  of  Maggi's  formulation  are  easily  identified 
as§^  =  [^  '^\  and§-^  =  [^[(i^f)"^  ^^]  • 

12.1.2  Maggi's  formulations 

Wampler  et  al.  [107]  devised  a  simple  approach  in  which  Maggi's  kinematic  charac- 
teristics are  selected  to  be  a  subset  of  the  generalized  speed  within  the  framework  of 
Kane's  method.  They  only  presented  analytical  examples  of  their  procedure.  A  few 
authors  have  developed  approaches  that  update  the  null  space  at  each  time  step.  Kim 
and  Vanderploeg  [108]  proposed  an  updating  scheme  which  maintains  the  directional 
continuity  of  the  null  space.  However,  matrix  Q  of  the  underlying  QR  decomposi- 
tion does  not  remain  orthogonal,  and  hence,  the  full  QR  decomposition  must  be 
repeated  at  regular  intervals,  based  on  a  criterion  reflecting  the  condition  number  of 
a  matrix  involved  in  the  null  space  update.  This  approach  was  reviewed  by  Kurdila 
et  al.  [54],  details  are  not  repeated  here.  The  following  sections  discuss  methods  that 
were  developed  after  their  review  paper  appeared. 

The  Gram-Schmidt  method 

Liang  and  Lance  [106]  have  used  the  Gram-Schmidt  orthonormalization  process  to 
generate  independent  coordinates  that  are  continuous  and  differentiable.  At  first,  ma- 
trix P,  ,  =  \B_  s  E_,  ,  N>  is  constructed,  where  E^  is  an  arbitrary 
matrix  such  that  P_  is  nonsingular.  Typically,  E_  is  determined  by  singular  value 
decomposition  or  by  LU  factorization.  Matrix  P_  is  then  transformed  into  an  or- 
thogonal matrix  V_  =  []£„  ]£,]  through  the  Gram-Schmidt  process,  where  y  and 
y_    are  of  the  same  dimensions  as  S     and  E_  ,  respectively.  y_     and  _B     span  the 

same  subspace,  hence,  B_y_  =  0  because  y_  V_  =  0.  V_  precisely  spans  the  null 
space  of  B.  The  fundamental  matrices  of  Maggi's  formulation  are  easily  identified 

asg^  =[g  Zj  andg-i  =  [ZM^d)''  LiY 

The  extraction  procedure  approach 

Constraints  equations  are  intimately  related  to  the  choice  of  coordinates  used  to  rep- 
resent mechanical  systems.  Garcia  de  Jalon  et  al.  developed  the  concept  of  "basic 
coordinates"  for  systems  composed  rigid  bodies;  the  approach  was  developed  for  the 
kinematic  analysis  of  planar  lower-pair  mechanisms  [109,  1 10]  and  later  expanded 
to  deal  with  spatial  mechanisms  [111,  112].  Serna  et  al.  [113]  used  this  framework 
to  analyze  the  dynamic  response  of  planar  mechanisms.  Maggi's  and  the  null  space 
formulations  were  both  presented,  together  with  an  original  approach  to  the  determi- 
nation of  the  null  space. 

The  authors  note  that  each  column  of  the  null  space  can  be  determined  by  means 
of  the  solution  of  an  elementary  velocity  problem;  this  is  a  more  physical  approach 
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that  contrasts  with  the  purely  numerical  procedures  described  in  the  previous  sec- 
tions. Similarly,  the  term  Fe  that  appears  in  Maggi's  equations  (11.11)  can  be  eval- 
uated as  the  solution  of  elementary  acceleration  problems.  The  same  approach  was 
used  by  Garcia  de  Jalon  et  al.  [1 14]  who  presented  a  formulation  for  both  open-  and 
closed-loop  systems  based  on  natural,  or  fully  Cartesian  coordinates.  These  coor- 
dinates have  the  advantages  of  leading  to  a  constant  mass  matrix,  and  to  relatively 
simple  expression  of  the  constraint  matrix. 

Garcia  de  Jalon  et  al.  [28]  later  showed  how  "natural  coordinates"  evolved  from 
the  earlier  basic  coordinates,  and  used  this  new  concept  to  describe  multibody  sys- 
tems. The  null  space  is  determined  from  eq.  (11.7),  written  as  g  =  r_e,  because 
all  constraints  are  assumed  to  be  holonomic  and  scleronomic.  It  is  then  possible  to 
determine  the  null  space  corresponding  to  kinematic  characteristics  that  are  an  "ex- 
traction" of  components  of  the  generalized  velocity  array.  In  view  of  eq.  (1 1.4),  this 
implies  that  each  row  of  matrix  B_  has  a  single  nonzero  entry.  A  good  choice  of  this 
extraction  is  initially  determined  by  performing  a  Gaussian  triangulation  of  the  con- 
straint matrix  with  full  pivoting:  the  pivot  locations  indicate  the  generalized  velocities 
to  be  extracted.  This  choice  might  become  unsuitable  during  the  simulation,  when  a 
previously  selected  pivot  becomes  very  small;  a  new  extraction  is  then  selected.  In  a 
subsequent  paper,  Garcia  de  Jalon  et  al.  [62]  also  investigated  the  use  of  the  singu- 
lar value  decomposition  to  identify  the  kinematic  parameters.  They  concluded  that 
while  this  approach  might  yield  a  set  of  kinematic  parameters  that  are  suitable  over 
a  longer  period  of  the  motion,  it  is  also  more  expensive  than  the  extraction  approach. 

Avello  et  al.  [115]  further  elaborated  on  the  extraction  procedure  by  showing 
that  it  leads  to  a  highly  parallelizable  algorithm.  The  columns  of  the  null  space,  -T, 
are  each  computed  in  parallel  as  the  solution  of  an  elementary  velocity  problem, 
and  furthermore,  the  triple  product  I^M_r  can  also  be  evaluated  in  parallel.  The 
terms  of  array  Pe  appearing  in  Maggi's  equations  are  also  computed  in  parallel 
and  correspond  to  solutions  of  elementary  acceleration  problems.  For  computational 
efficiency,  the  overall  approach  uses  recursive  techniques  for  open  loop  mechanisms; 
in  the  presence  of  closed  loops,  the  augmented  Lagrangian  formulation  is  used,  see 
section  12.3.2. 


12.1.3  Discussion  of  the  methods  based  on  Maggi's  formulation 

While  the  null  space  of  the  constraint  matrix  is  unique,  individual  vectors  that  span 
this  subspace  are  not.  The  methods  presented  above  all  define  the  null  space  by  differ- 
ent sets  of  vectors  that  are  obtained  by  means  of  different  computational  processes. 
Two  fundamental  criteria  can  be  used  to  assess  the  various  approaches.  First,  is  the 
subspace  defined  by  a  set  of  linearly  independent  vectors?  Second,  how  robust  and 
efficient  is  the  numerical  process  used  to  generate  the  subspace?  The  first  criterion  is 
a  necessary  condition  for  the  viability  of  the  approach:  if  the  vectors  are  not  linearly 
independent,  the  null  space  is  not  properly  defined.  Kurdila  et  al.  [54]  pointed  out 
that  the  approaches  of  Kane  [60]  and  Wehage  and  Haug  [99]  are  not  robust  because 
they  sometimes  lead  to  a  poorly  conditioned  or  even  singular  representations  of  the 
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null  space.  To  overcome  this  problem,  most  other  approaches  generate  an  orthogonal 
basis  spanning  the  null  space. 

The  second  criterion  deals  with  computational  robustness  and  efficiency.  Based 
on  operation  count,  the  computational  cost  of  the  singular  value  decomposition  is 
known  to  be  two  to  ten  times  higher  than  that  of  the  QR  algorithm,  depending  on 
the  size  of  the  constraint  matrix.  In  turns,  the  QR  algorithm  is  about  two  times  more 
costly  than  the  LU  factorization.  On  the  other  hand,  the  singular  value  decomposition 
is  many  times  more  expensive  than  the  Gram-Schmidt  orthonormalization  process. 
The  singular  value  decomposition,  however,  is  probably  the  most  robust  algorithm 
since  it  can  be  safely  used  even  when  the  constraint  matrix  is  not  of  full  rank  [102], 
as  is  the  case  in  the  presence  of  redundant  constraints.  Clearly,  the  singular  value 
decomposition  is  the  most  robust  and  stable  algorithm,  but  is  also  the  most  expensive. 

An  important  feature  of  Maggi's  formulation  is  that  constraints  are  enforced  at 
the  velocity  level.  Hence,  nonholonomic  constraints  will  be  satisfied  to  numerical  ac- 
curacy, whereas  holonomic  constraints  will  drift  due  to  the  inherent  errors  associated 
with  the  integration  process.  This  drift,  however,  is  minimal,  because  the  kinematic 
characteristics  lie  in  the  hyperplane  tangent  to  the  constraint  manifold.  In  fact,  Liang 
and  Lance  [106]  mention  that  with  their  approach,  "the  numerical  solution  will  be 
satisfactory  without  any  positive  constraint  violation  control  or  constraint  violation 
stabilization."  This  is  an  important  benefit  of  a  rigorous  application  of  Maggi's  for- 
mulation. The  situation,  however,  is  different  with  the  Maggi-like  methods  that  do 
not  update  the  null  space,  because  the  kinematic  characteristics  no  longer  exactly 
reside  in  the  tangent  hyperplane.  To  obtain  accurate  solutions,  a  Newton-Raphson 
iteration  procedure  that  enforces  the  constraint  is  often  added  to  the  time  integration 
process. 

12.1.4  Null  space  formulations 

This  section  discusses  the  approaches  based  on  the  null  space  formulation  presented 
in  section  1 1.2.5.  Kamman  and  Huston  [116,  117]  developed  an  approach  where 
the  zero  eigenvalue  theorem  was  used  to  determine  the  null  space  of  the  constraint 
matrix.  System  dynamic  response  was  then  obtained  based  on  the  null  space  formu- 
lation. Borri  et  al.  [64]  pointed  out  that  this  approach  is  not  much  more  computation- 
ally expensive  than  other  null  space  methods  because  the  most  costly  task  is,  by  far, 
the  determination  of  the  null  space. 

Section  12.1.2  described  the  extraction  procedure  used  by  Garcia  de  Jalon  and 
his  coworkers  [62]  to  determine  the  null  space  of  the  constraint  matrix.  In  these  pa- 
pers, the  authors  introduced  the  index-I,  Maggi's  and  null  space  formulations  for  the 
modeling  of  rigid  multibody  systems  within  the  framework  of  reference  point  and 
natural  coordinates.  Of  particular  interest  is  the  second  paper  [63],  which  compares 
different  approaches  to  the  modeling  of  constrained  mechanical  systems.  The  salient 
conclusions  of  the  work  are  as  follows.  First,  the  relative  efficiency  of  all  formu- 
lations depends  on  the  number  of  generalized  coordinates  and  degrees  of  freedom 
of  the  system.  Second,  the  null  space  formulation  tended  to  be  more  efficient  than 
the  index- 1  approach.  Finally,  Maggi's  formulation  tended  to  outperform  the  null 
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space  formulation.  Note  that  this  study  provides  qualitative  information  for  the  spe- 
cific framework  described  by  the  authors.  For  instance,  it  is  unclear  whether  such 
conclusions  would  still  hold  when  dealing  with  elastic  multibody  systems. 

Chiou  et  al.  [118]  presented  a  numerical  approach  to  the  solution  of  the  equa- 
tions of  motion  expressed  in  terms  of  independent  velocities.  Based  on  a  partitioning 
scheme  that  makes  use  of  the  velocity  transformation  relations,  the  null  space  of  the 
constraint  matrix  was  constructed.  Maggi's  equations  and  a  system  of  ODEs  were 
obtained  for  open-  and  closed-loop  systems,  respectively.  The  explicit-implicit  stag- 
gered procedure  devised  by  Park  et  al.  [119]  was  employed  to  integrate  the  system 
of  ODEs.  A  parallel  implementation  of  the  proposed  approach  was  proposed  but  the 
authors  underlined  the  need  to  increase  the  efficiency  of  the  algorithm. 

12.1.5  Udwadia  and  Kalaba's  formulations 

This  section  discusses  the  approaches  based  on  Udwadia  and  Kalaba's  formulation 
described  in  section  11.2.7.  Arabyan  and  Wu  [120]  extended  Udwadia  and  Kalaba's 
formulation,  which  was  originally  developed  for  systems  of  particles,  to  constrained 
rigid  body  problems.  The  main  challenge  to  the  use  of  this  approach  is  that  it  calls 
for  the  computation  of  a  generalized  inverse  at  each  time  step,  see  eq.  (11.33).  The 
singular  value  decomposition  is  one  tool  to  compute  the  generalized  inverse,  but  it  is 
very  costly  [82].  The  authors  proposed  to  use  the  Gram-Schmidt  orthogonalization 
process  [82]  to  this  end;  depending  on  the  size  of  the  constraint  matrix,  this  process 
can  be  considerably  cheaper  than  the  singular  value  decomposition.  Furthermore, 
the  Gram-Schmidt  algorithm  is  able  to  identify  inconsistencies  in  the  specification 
of  constraints.  These  claims  were  substantiated  by  a  number  of  examples  comparing 
the  performance  of  the  index- 1  approach  to  that  based  on  the  generalized  inverse 
computed  by  both  singular  value  decomposition  and  Gram-Schmidt  algorithms. 

12.1.6  The  projective  formulation 

Blajer  [83,  121]  proposed  a  projection  method  for  the  analysis  of  constrained  dy- 
namical problems.  Instead  of  introducing  the  concept  of  projectors,  as  discussed  in 
section  11.3,  Blajer  uses  differential  Riemannian  geometry:  linear  metric  spaces  in 
which  vectors  are  resolved  into  their  covariant  and  contravariant  components,  and 
the  metric  of  the  space  is  defined  by  the  mass  matrix.  The  effect  of  this  metric  is  akin 
to  the  scaling  of  all  quantities,  as  performed  in  section  1 1.3,  and  adds  consistency  to 
the  formalism.  The  term  "geometric  projection"  is  used  because  the  proposed  method 
projects  the  index- 1  equations  onto  the  subspaces  tangent  and  orthogonal  to  the  ad- 
missible subspaces.  Maggi  equations  (11.11)  were  then  obtained  by  substitution  of 
the  independent  variables  into  the  equations  projected  on  the  tangent  subspace.  The 
independent  variables  forma  set  of  independent  quasi-velocities,  inref.  [121],  or  in- 
dependent quasi-accelerations,  in  ref.  [83].  When  applied  to  holonomic  systems,  the 
projective  formulation  is  equivalent  to  Kane's  form  of  Appell's  equations  [61];  for 
nonholonomic  systems,  it  is  equivalent  to  Maggi's  formulation.  Analytical  examples 
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were  presented  in  these  papers  but  numerical  implementation  and  computational  ef- 
ficiency issues  for  complex  multibody  systems  were  not  addressed.  In  a  subsequent 
paper,  Blajer  et  al.  [84]  used  the  projective  formulation  to  devise  a  criterion  for  the 
optimal  selection  of  independent  coordinates,  to  be  used  in  the  coordinate  partition- 
ing method  proposed  by  Wehage  and  Haug  [99]. 

Blajer  [122]  also  addressed  the  numerical  implementation  of  the  projective  for- 
mulation. The  Gram-Schmidt  orthogonalization  process  was  used  to  obtain  a  tan- 
gent subspace,  as  earlier  suggested  by  other  researchers  [106,  105].  In  this  approach, 
however,  orthogonality  of  the  tangent  and  constraint  subspaces  is  not  achieved  in  a 
Cartesian  space,  as  was  the  case  for  earlier  methods,  but  rather  in  a  space  endowed 
with  a  metric  defined  by  the  mass  matrix.  The  projective  formulation  requires  the 
computation  of  the  inverse  of  the  mass  matrix  and  of  its  time  derivative,  operations 
that  are,  in  general,  computationally  expensive.  Hence,  Blajer  recommends  the  use  of 
this  method  in  conjunction  with  absolute  coordinates  that  lead  to  constant  mass  ma- 
trices; in  such  case,  the  inverse  must  be  computed  once  only  and  its  time  derivative 
vanishes. 

12.1.7  Modified  phase  space  formulation 

Borri  et  al.  [123]  derived  governing  DAEs  that  feature  the  following  unknowns:  the 
generalized  coordinates,  q,  the  modified  momenta,  p* ,  which  are  related  to  the  actual 
momenta,  p*  =  p  —  B_  p,  and  the  multipliers,  p,  which  are  related  to  Lagrange's 
multipliers,  p.  =  —A.  Unlike  the  momenta,  the  modified  momenta  are  unconstrained, 
i.e.,  the  state  vector  {q,  p*)  evolves  in  a  modified,  unconstrained  phase  space,  and 
hence,  significant  reduction  of  the  constraint  violations  can  be  expected.  While  the 
constraint  forces,  driven  by  Lagrange's  multipliers,  sometimes  exhibit  large  ampli- 
tude oscillations,  thus  affecting  the  accuracy  of  the  solution  and  imposing  smaller 
time  step  sizes,  the  multipliers,  p,  have  a  smoother  behavior  because  they  are  in- 
tegrals of  Lagrange's  multipliers,  easing  the  integration  process.  The  approach  is 
robust  in  the  presence  of  singular  configurations.  The  DAEs  are  transformed  into 
first-order  ODEs  in  q  and  p*  for  integration.  Good  numerical  results  were  shown, 
particularly  in  terms  of  satisfaction  of  the  constraint  conditions.  A  penalty  formula- 
tion of  the  approach,  similar  to  that  employed  in  Park  and  Chiou  [124],  was  derived 
to  render  the  method  even  more  insensitive  to  singular  configurations. 


12.2  Index  reduction  techniques 

Index  reduction  techniques  are  typically  presented  as  mathematical  processes  that 
reduce  the  index  of  a  set  of  DAEs.  Numerical  analysis  techniques  are  then  used  to 
prove  that  the  application  of  specific  types  of  time  integrators  to  the  reduced  order 
DAEs  provides  a  reliable  solution  of  the  problem.  Gear  et  al.  [59]  proposed  a  method, 
called  the  stabilized  index-2  or  GGL  method,  that  reduces  the  index  from  3  to  2  and 
showed  that  variable-order,  variable-step  backward  difference  methods  converge  for 
the  resulting  index-2  problem.  Later,  Gear  [125]  developed  an  approach  to  further 
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reduce  the  problem  to  index- 1  DAEs.  Of  course,  these  approaches  imply  additional 
computational  cost  in  the  form  of  additional  Lagrange  multipliers  to  be  solved  for. 

Gear  [126]  transformed  first-order  ODEs  with  equality  and  inequality  invari- 
ants into  index-2  DAEs,  and  provided,  for  equality  invariants,  a  convergence  anal- 
ysis for  variable-order,  variable-step  size,  multi-step  methods  applied  to  the  result- 
ing DAEs.  The  proposed  approach  generalizes  the  one-step  integrators  proposed  by 
Shampine  [127],  who  minimally  perturbed  the  solution  of  ODEs  after  each  step  to 
satisfy  the  invariants.  This  is  equivalent  to  projecting  the  solution  onto  the  invariant 
manifolds.  Convergence  was  proved  for  one-step  integration  methods. 

Lotstedt  [58]  studied  rigid  multibody  systems  subjected  to  unilateral  holonomic 
and  nonholonomic  constraints.  The  equations  of  motion  consisted  of  second-order 
ODEs  and  inequalities  defining  a  linear  complementarity  problem.  The  occurrence 
of  discontinuities  in  the  displacement,  velocity,  and  acceleration  fields  when  con- 
straint are  activated  or  released  was  studied  and  bounds  on  the  velocity  vector  were 
derived.  Existence  of  solutions  was  discussed;  particularly,  displacements  and  con- 
straint forces  were  proved  to  be  unique  in  all  configurations,  whereas  Lagrange  mul- 
tipliers are  unique  only  when  the  constraint  matrix  has  full  rank.  Because  solutions 
of  linear  complementarity  problems  are  also  solutions  of  quadratic  programming 
problems.  Gauss'  principle  was  shown  to  generalize  to  rigid  body  problems  with 
unilateral  constraints. 

Lotstedt  and  Petzold  [48]  proved  that  fc*''-order,  constant  step  size,  backward 
difference  methods  converge  when  applied  to  index- 1,  -2,  or  -3  DAEs;  the  numer- 
ical solution  is  accurate  to  order  0{h'^),  where  h  is  the  time  step  size.  The  same 
authors  [49]  further  investigated  the  practical  difficulties  of  implementing  variables 
step  size  integration  methods  for  the  same  types  of  problems.  The  difficulties  associ- 
ated with  the  solution  of  index-3  DAEs  were  underlined:  the  condition  number  of  the 
Newton  iteration  matrix,  i.e.,  the  tangent  matrix  used  to  solve  the  discretized  nonlin- 
ear algebraic  equations  is  0{h~^),  resulting  in  increasingly  ill  conditioned  problems 
for  decreasing  time  step  sizes.  This  conditioning  problem  can  be  completely  elimi- 
nated for  index-3  DAEs  by  using  the  scaling  techniques  presented  in  section  12.6. 

Eich  [128]  provided  a  convergence  analysis  for  a  coordinate  projection  approach 
combined  with  backward  difference  methods  to  integrate  index- 1  DAEs.  The  ap- 
proach projects  the  numerical  solution  of  the  underlying  ODEs  onto  the  position  and 
velocity  invariants  to  reduce  constraint  violations.  The  accuracy  of  the  projected  so- 
lution was  shown  to  be  identical  to  that  of  backward  difference  methods  applied  to 
the  ODEs.  For  linear  systems,  it  was  shown  that  only  the  errors  lying  in  the  invariants 
were  propagated,  rendering  the  solution  more  accurate. 

For  holonomic  systems.  Yen  et  al.  [129,  130]  reduced  the  index- 1  DAEs  to  ODEs 
by  means  of  local  parametrizations.  The  ODEs,  which  are  similar  to  Boltzmann- 
Hamel  equations,  feature  local  parameters  that  implicitly  define  independent  gen- 
eralized coordinates  and  speeds.  Then,  using  the  local  parametrization  mapping  and 
the  constraint  equations,  the  original  generalized  coordinates  and  velocities  are  re- 
covered. A  convergence  analysis  is  presented  that  demonstrate  an  0{h^)  accuracy 
when  fc*'' -order  linear  multistep  methods  are  used.  In  numerical  applications,  local 
parameterizations  were  obtained  using  the  generalized  coordinate  partitioning  and 
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tangent  space  methods.  Local  parameterizations  using  the  tangent  space  determined 
by  QR  decomposition  were  also  used  by  Potra  and  Yen  [131].  A  similar  approach 
was  used  by  Haug  and  Yen  [132]  who  determined  local  parameters  using  the  gen- 
eralized coordinate  partitioning  technique.  Based  on  backwards  difference  methods, 
the  discretized  Boltzmann-Hamel  equations  were  shown  to  be  equivalent  to  a  set  of 
discretized  DAEs,  involving  the  constraints  at  the  displacement,  velocity,  and  accel- 
eration levels.  For  practical  applications,  these  DAEs  were  used. 

Yen  et  al.  [133,  134]  introduced  the  "coordinate- split  formulation"  for  the  solu- 
tion of  the  index-2  DAEs  characteristic  of  flexible  multibody  systems.  A  family  of 
second-order  a-methods  with  user  controllable  numerical  dissipation  was  proposed, 
which  extend  the  corresponding  methods  used  for  ODEs  in  structural  dynamics,  the 
HHT  algorithm  of  Hilber  et  al.  [135]  and  the  generalized-a  algorithm  of  Chung  and 
Hulbert  [136].  The  coordinate-split  method  is  a  numerical  implementation  of  the  null 
space  formulation  applied  to  the  stabilized  index-2  approach  of  Gear  et  al.  [59];  it 
eliminates  the  two  sets  of  Lagrange  multipliers  associated  with  this  approach.  Pro- 
jections in  the  space  of  the  mass  matrix  were  used  to  impose  the  constraints  at  both 
position  and  velocity  levels.  To  deal  with  the  highly  oscillatory  nature  of  the  re- 
sponse of  flexible  multibody  systems,  the  authors  introduced  a  modification  of  the 
Newton  iteration  process,  denoted  "modified  coordinate-split  iteration."  Improved 
convergence  was  proved  mathematically  and  demonstrated  by  means  of  examples. 

For  holonomic  systems,  Tseng  et  al.  [137]  devised  an  algorithm,  called 
"Maggi's  equations  with  perturbation  iteration,"  which  further  develops  the  modi- 
fied coordinate-split  iteration  by  perturbing  the  solution  that  is  projected  onto  the 
constraint  manifold  to  eliminate  constraint  violations.  In  this  approach,  the  deter- 
mination of  the  generalized  accelerations,  velocities,  and  displacements  is  separated 
from  that  of  the  Lagrange  multipliers,  which  are  recovered  in  a  post-processing  oper- 
ation. Good  numerical  results  were  obtained,  although  the  authors  stressed  the  need 
for  further  validation  of  the  approach,  especially  in  the  presence  of  flexible  bodies. 
The  authors  considered  the  coordinate-split  formulation  to  be  a  numerical  implemen- 
tation of  Maggi's  equations,  but  in  the  classification  introduced  herein,  this  approach 
belongs  to  null  space  formulations. 

Another  approach  to  index  reduction  is  the  embedded  projection  method  devel- 
oped by  Borri  et  al.  [138],  which  can  be  used  to  systematically  reduce  the  index  of 
the  original  DAEs  system  from  3  to  I.  Furthermore,  the  method  splits  the  original 
problem  into  its  algebraic  and  differential  parts,  which  can  then  be  solved  sequen- 
tially. While  the  accuracy  and  robustness  of  the  procedure  were  demonstrated,  its 
complexity  is  also  apparent. 

Parczewski  and  Blajer  [139,  140]  investigated  systems  subjected  to  program  con- 
straints, i.e.,  systems  forced  to  follow  a  prescribed  path.  The  control  forces  that  im- 
pose the  prescribed  motion  might  have  components  in  directions  both  tangential  and 
orthogonal  to  the  constraint  manifold.  This  feature  of  control  problems  contrasts  with 
the  classical  theory  of  constrained  dynamics,  for  which  constraint  forces  are  acting 
in  the  direction  normal  to  the  constraint  manifold,  see  fig.  1 1.1 1.  A  classification  of 
program  constraint  realizations  was  developed,  which  includes  both  orthogonal  and 
tangent  realizations,  involving  normal  and  tangent  control  forces,  respectively.  The 
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authors  provided  several  examples  of  program  constraint  realizations  and  determined 
the  associated  control  forces;  the  difficulties  inherent  to  non  orthogonal  realizations 
were  underlined.  Constraint  forces  that  have  components  in  directions  both  tangen- 
tial and  orthogonal  to  the  constraint  manifold  are  said  to  be  "non-ideal"  constraint 
forces.  Udwadia  and  Kalaba  [74]  also  studied  such  systems  and  gave  explicit  ex- 
pressions for  both  ideal  and  non-ideal  constraint  forces  in  terms  of  Moore-Penrose 
generalized  inverses. 


12.3  Constraint  violation  stabilization  techniques 

A  number  of  techniques  impose  the  constraints  at  the  acceleration  level,  as  is  the 
case  for  the  index- 1,  null  space,  or  Udwadia  and  Kalaba's  formulations,  see  sec- 
tions 11.2.3  and  11.2.5,  respectively.  Considering  holonomic  constraints,  letC  =  0, 
C  =  0,  and  C  =  0  represent  the  displacement,  velocity,  and  acceleration  level  con- 
straints, respectively.  The  system  consisting  of  the  equations  of  motion  and  the  ac- 
celeration level  constraints  then  forms  a  set  of  index- 1  DAEs  with  invariants.  Indeed, 
for  the  exact  solution,  C  =  0  and  C  =  0  represent  two  invariants  of  the  system. 

Unfortunately,  due  to  numerical  approximations  and  round-off  errors,  numerical 
solutions  will  not  evolve  along  the  invariant  manifolds,  resulting  in  C  7^  0  and  C  7^  0. 
This  phenomenon,  called  the  drift  phenomenon,  was  illustrated  in  examples  11.2, 
11.5,  and  11.6,  when  using  Maggi's,  the  index-1,  and  the  null  space  formulations, 
respectively.  Figures  11.1,  11.5,  and  11.7  show  the  time  histories  of  the  constraint 
violations  and  results  are  summarized  in  table  11.1.  From  a  mathematical  standpoint, 
equation  C  =  0  is  not  stable  because  its  poles  are  located  at  the  origin  of  the  s- 
plane,  where  s  is  the  variable  of  Laplace's  transform;  consequently,  C  and  C_  will 
not  converge  to  zero  if  any  deviation  occurs.  The  constraint  violation  stabilization 
techniques  presented  in  this  section  attempt  to  minimize  or  eliminate  this  drift;  they 
are  not,  per  se,  solution  methods  for  constrained  dynamical  problems,  but  rather,  are 
used  in  conjunction  with  various  solution  techniques  that  are  sensitive  to  the  drift 
phenomenon. 

If  the  mechanical  system  is  conservative,  the  total  mechanical  energy,  E,  is  an 
additional  invariant  of  the  system,  E  =  Q.lf  nonconservative  forces  are  externally 
applied,  the  work  they  perform  can  be  added  to  the  total  mechanical  energy  to  form 
an  invariant  of  the  system.  As  was  the  case  for  the  holonomic  constraints  considered 
above,  due  to  numerical  approximations  and  round-off  errors,  the  solution  will  drift 
away  from  this  manifold,  i.e.,  the  total  mechanical  energy  will  not  be  preserved. 
In  fact,  the  energy  preservation  constraint  is  a  particular  case  of  a  nonholonomic 
constraint  Vf^q,  q)  =  0. 

12.3.1  Control  theory  based  stabilization  techniques 

The  most  popular  stabilization  technique  is  probably  Baumgarte  's  method,  which 
can  be  interpreted  within  the  framework  of  control  theory.  Several  researchers  im- 
proved Baumgarte's  original  method  and  these  efforts  are  described  below. 
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Baumgarte's  constraint  violation  stabilization 

To  compensate  the  observed  drift  of  the  solution,  Baumgarte  [141]  introduced  a  stabi- 
lization method  in  which  the  original  acceleration  level  constraint,  C  =  0,  is  replaced 
by 

C  +  2aC  +  fJ^C  =  0,  (12.1) 

where  a  and  /?  are  user  defined,  positive  parameters.  In  practical  implementation,  the 
choice  a  =  /?  is  often  appropriate  because  critical  damping  is  achieved.  In  the  case  of 
nonholonomic  constraints,  see  eq.  (11.2),  the  velocity  level  constraint,  V^(q,  q,  t)  = 
B{q,  t)  q  +  b{q,  t),  is  replaced  by 

V  +  -fV  =  0,  (12.2) 

where  7  is  a  user  defined,  positive  parameter.  The  total  energy  constraint  was  treated 
in  a  similar  manner.  Baumgarte's  stabilization  method  has  been  very  widely  used  in 
multibody  dynamics  because  it  is  easily  implemented  in  conjunction  with  a  variety 
of  formulations  of  the  equations  of  motion  and  time  integration  procedures.  Oster- 
meyer  [142]  explained  the  effects  of  Baumgarte's  stabilization  method  within  the 
framework  of  control  theory. 

Unfortunately,  parameters  a  and  /3  are  problem  dependent,  and  no  general  pro- 
cedure exists  for  their  determination;  hence,  the  approach  tends  to  be  unreliable 
and  cannot  be  recommended  for  general  purpose  use  in  multibody  dynamics  be- 
cause the  constraints  are  never  exactly  satisfied.  Eich  and  Hanke  [143]  mention  that: 
"Choosing  a  and  (3  too  large  results  in  stiff  ODEs  and  a  great  amount  of  comput- 
ing time."  Nevertheless,  some  authors  reported  successful  computations  with  Baum- 
garte's method.  For  instance,  Nikravesh  et  al.  [144]  found  an  index-1  formulation  in 
conjunction  with  Baumgarte's  stabilization  to  be  significantly  more  efficient  compu- 
tationally than  the  coordinate  partitioning  approach.  They  mention  that:  "Experience 
has  shown  that  for  most  practical  problems,  positive  values  less  than  5  for  a  and  /3 
are  adequate.  When  a  =  (3,  critical  damping  is  achieved,  which  usually  provides  the 
fastest  error  reduction." 

Park  and  Haug  [145]  have  combined  Baumgarte's  stabilization  method  with  the 
generalized  coordinate  partitioning  method  and  shown  that  this  hybrid  approach  out- 
performs both  methods  applied  individually.  They  mention  that:  "Thus,  the  constraint 
stabilization  method  alone  cannot  handle  every  situation  accurately  and  efficiently." 
Their  rational  for  this  conclusion  is  that  the  choice  of  a  and  /3  at  each  integration 
step  is  difficult  and  expensive,  and  erroneous  solutions  can  appear  when  the  con- 
straint matrix  is  nearly  singular. 

Improvements  of  Baumgarte's  stabilization  method 

Chang  and  Nikravesh  [146]  proposed  an  approach  to  adaptively  determine  the  damp- 
ing coefficient  as  the  simulation  proceeds.  They  assumed  a  =  (i  and  used  adaptive 
control  concepts  to  estimate  optimal  damping  coefficients  that  are  different  for  each 
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constraint.  Numerical  examples  demonstrate  that  better  control  of  constraint  viola- 
tions is  achieved  with  the  adaptive  approach.  Another  improvement  of  Baumgarte's 
method  was  proposed  by  Ostermeyer  [142]  who  added  to  eq.  (12.1)  a  term  involving 
the  time  integral  of  the  constraint  violation,  based  on  optimum  control  theory. 

Bae  and  Yang  [147]  also  proposed  an  approach  to  the  evaluation  of  the  stabi- 
lization parameters.  First,  they  replaced  eq.  (12.1)  by  C  -I-  aC_  +  aC_  =  0,  where  a 
represents  the  magnitude  of  the  penalty  factor  for  both  position  and  velocity  con- 
straint violations,  arguing  that  both  violations  are  equally  undesirable.  Larger  values 
of  a  will  yield  smaller  constraint  violations.  If  a  is  too  large,  however,  the  system  be- 
comes unstable.  Hence,  the  value  of  a  is  limited  by  the  stability  characteristics  of  the 
numerical  procedure  used  to  integrate  the  equations  of  motion;  the  Adams-Bashforth 
integrator  was  used  in  their  work.  This  condition  yields  a  closed  form  expression  for 
a  as  a  function  of  the  time  step  size  and  stability  boundaries  of  the  integrator. 

A  similar  study  was  undertaken  by  Yoon  et  al.  [148]  who  showed  that  under 
suitable  assumptions,  the  constraint  equation,  written  as  C  -I-  aC_  +  /3C_  =  d,  where 
d  represent  the  disturbances  due  to  truncation  errors,  is  indirectly  integrated  with 
the  same  numerical  scheme  as  that  used  for  the  dynamics  equations.  This  enables  a 
rigorous  study  of  the  accuracy  and  stability  characteristics  of  Baumgarte's  method 
to  be  performed.  In  view  of  the  complexity  of  the  analysis,  however,  results  were 
only  shown  for  one  case,  the  simple  pendulum.  The  authors  also  pointed  out  the 
importance  of  stabilizing  the  energy  preservation  constraint. 

Based  on  the  input-output  feedback  linearization  technique,  Chiou  and  Wu  [149] 
transformed  the  nonlinear  governing  DAEs  into  a  set  of  linear  equations.  Next,  they 
showed  that  a  pole  placement  technique  leads  to  Baumgarte's  method  and  proposed 
a  new  approach  to  stabilization  based  on  the  variable  structure  control  technique. 
While  they  demonstrated  the  superiority  of  their  approach  over  Baumgarte's  method 
by  means  of  examples,  no  guidelines  were  provided  on  how  to  select  the  constants 
appearing  in  either  approach. 

Control  theory  concepts  are  also  the  basis  for  Lin  and  Hong's  [150]  stability  anal- 
ysis of  Baumgarte's  method  using  digital  control  theory.  They  notice  that  selecting 
a  and  /3  to  be  positive  numbers  is  not  sufficient  to  guarantee  convergence  of  C  and  C 
to  zero  as  implied  by  stability  analysis  applied  to  eq.  (12.1).  Hence,  they  performed 
a  stability  analysis  of  the  discretized  equations  using  the  Z-transform  concept.  They 
defined  two  parameters,  a  =  a/h  and  /3  =  (i/h?,  and  concluded  that  while  a  and 
/3  are  independent  of  the  problem  and  time  step  size,  they  do  depend  on  the  time 
integration  scheme  used  for  the  simulation.  Desirable  values  of  a  and  (i  were  given 
for  the  Adams-Bashforth  and  Adams-Moulton  predictor-corrector  integrators. 


12.3.2  Penalty  based  stabilization  techniques 

In  penalty  formulations,  constraints  are  enforced  by  means  of  a  penalty  term  added 
to  the  Lagrangian  of  the  system, 

\  C^EC,  (12.3) 
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where  2  =  diag(p?),  and  pi  are  the  penalty  factors.  It  is  common  practice  to  use 
the  same  penalty  factor,  p  =  pi,  for  all  constraints  and  hence,  the  penalty  term  is 
often  written  as  1/2  p^  C_  C_.  The  idea  behind  this  formulation  is  to  choose  large 
penalty  factors  so  as  to  drive  the  constraints  to  zero,  i.e.,  p  — >  oo  and  C  — >  0. 
Taking  a  variation  of  the  penalty  term  yields  Sq^B_  p^C_,  revealing  the  equivalent 
externally  applied  generalized  force,  _B  (p^C),  which  at  the  limit,  become  _B  A, 
where  A  are  Lagrange's  multipliers.  Of  course,  in  practical  applications,  a  finite  value 
of  the  penalty  factor  must  be  selected  to  avoid  numerical  ill  conditioning  and  hence, 
the  constraints  are  never  exactly  enforced  and  the  quantities  A  =  p^C  approximate 
Lagrange's  multipliers. 

The  staggered  stabilization  technique 

Park  and  Chiou  [124]  presented  a  stabilization  technique  based  on  a  penalty  formu- 
lation. The  Lagrange  multipliers  associated  with  holonomic  constraints  were  written 
as  A  =  C_{q,  t)/e,  where  e  =  1/p^  is  the  penalty  factor;  time  differentiation  of  this 

expression  then  leads  to 

1  3C 

A=-(S<?+^).  (12.4) 

Taken  together  with  eq.  (11.1),  these  equations  form  a  set  of  coupled  ODEs.  For 
nonholonomic  constraints,  a  similar  procedure  can  be  followed  by  selecting  La- 
grange's multipliers  as  A  =  1/e  {Bq  +  dV/dt).  Introducing  governing  eq.  (11.1) 
leads  to  eA  +  [RMT^R^))^  =  RMT^E  +  dV/dt.  If  Lagrange's  multipliers 
are  written  as  A  =  A  exp(cri),  the  homogeneous  part  of  this  equations  becomes 
(cr  -I-  BM_~^B_  /e)A  =  0.  This  implies  that  the  constraint  decay  rates,  ai,  are  the 
eigenvalues  matrix  RMT^R  /e;  in  other  words,  the  decay  rates  are  a  function  of 
the  physical  characteristics  of  the  system,  in  contrast  with  Baumgarte's  method  that 
depends  on  abstract  coefficients  unrelated  to  system  properties. 

A  single  derivative  of  the  constraints  was  taken,  and  hence,  this  approach  will  be 
less  sensitive  to  the  drift  phenomenon  than  methods  requiring  two  time  derivatives. 
Furthermore,  it  depends  on  a  single  coefficient,  the  penalty  factor.  Examples  treated 
by  Park  and  Chiou  [124]  showed  improved  accuracy  for  displacement  level  con- 
straint invariants  as  compared  to  the  results  of  Baumgarte's  method.  This  stabilized 
technique  is  robust  as  it  can  accommodate  nearly  rank  deficient  constraint  matrices, 
while  Baumgarte's  technique  cannot. 

Park  et  al.  [1 19]  presented  an  explicit-implicit,  staggered  procedure  to  implement 
the  stabilization  procedure  described  in  the  previous  paragraph.  The  approach  calls 
for  the  developments  of  two  distinct  modules,  one  integrates  the  generalized  coor- 
dinates knowing  the  constraint  forces,  the  other  integrates  the  Lagrange  multipliers 
knowing  the  generalized  coordinates.  Calls  to  the  two  modules  alternate,  hence,  the 
approach  is  called  a  "staggered  procedure."  Several  application  examples  were  given, 
demonstrating  the  accuracy  and  effectiveness  of  the  procedure,  which  is  robust  but 
conditionally  stable. 
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Augmented  Lagrangian  formulation 

The  augmented  Lagrangian  formulation  developed  by  Bayo  et  al.  [151]  starts  as 
a  penalty  formulation  of  the  problem.  Corresponding  to  the  fc''^  holonomic  con- 
straint, the  following  terms  are  added  to  the  Lagrangian  of  the  system:  a  penalty 
term,  1/2  akUJkCl,  a  Rayleigh  dissipative  forces  terms,  —2  akUJkiJ.kCk,  and  a  fic- 
titious kinetic  energy  term,  1/2  akC^.  The  governing  equations  of  the  system  now 
become  index- 1  equations 

K'i  + 1^^(^  +  2£mC  +  £^C)  =  F,  (12.5) 

where  a  =  diag(Q;fe),  [2  =  diag(cjfc)  and  /i  =  diag(/ife).  This  penalty  formula- 
tion will  only  yield  accurate  predictions  for  large  penalty  factors,  a^  — >  oo;  the 
coefficients  tJk  and  /i^  play  a  stabilizing  role  similar  to  that  of  the  corresponding 
coefficients  of  Baumgarte's  method. 

In  the  augmented  Lagrangian  formulation,  a  set  of  Lagrange  multipliers  is  intro- 
duced together  with  the  penalty  terms,  leading  to 

K'i  +  ^  ^(C  +  2Q^li_C+  ^C)  =F-^\*.  (12.6) 

Had  the  sole  Lagrange  multipliers  been  introduced,  the  governing  equations  would 
have  been  M^'q  =  F-  ^ \,  and  hence,  A  =  A*  +  ^(C  +  2£^C  +  ^Q.  Because 
the  Lagrange  multipliers  are  sufficient,  per  se,  to  impose  the  constraints,  the  penalty 
coefficient  is  no  longer  required  to  be  large;  the  formulation,  however,  now  involves 
m  additional  unknowns.  In  the  proposed  approach,  the  Lagrange  multipliers.  A*,  are 
not  treated  as  unknowns;  rather,  they  are  computed  through  an  iterative  process 

^.(i+i)  ^  ^,(,)  ^  ^^^  +  2gfiC  +  ^2c)(^+i) ,  (12.7) 

where  the  superscript  (•)(*'  indicates  the  iteration  number  and  A**-*^^  =  0.  Combining 
this  iterative  scheme  with  eq.  (12.6)  leads  to 

(M  +  ^^g^)9^'+^^  =  M?'*'  -  ^^{Bq  +  2£^C  +  £^C),  (12.8) 

where  M  9*°'  =  F. 

The  augmented  Lagrangian  formulation  reduces  the  problem  to  a  set  of  ODEs 
with  no  additional  unknowns.  The  iterative  solution  of  the  Lagrange  multipliers  is 
inexpensive  since  iterations  are  already  required  for  the  solution  of  the  nonlinear 
equations  of  motion.  Numerical  experimentation  shows  that  accurate  solutions  can 
be  obtained  for  a  wide  range  of  penalty  factors,  ak  G  [10^,  10^].  The  formulation 
can  be  generalized  to  accommodate  nonholonomic  constraints. 

Bayo  et  al.  [152]  further  elaborated  the  augmented  Lagrangian  formulation.  The 
penalty  term  was  simplified  to  keep  two  terms  only,  resulting  in  A  =  A*  +a(C +  /iC). 
They  observed  that  the  velocity  level  constraint  in  the  penalty  factor  was  necessary 
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to  prevent  the  appearance  of  high  frequency  numerical  oscillations  during  the  simu- 
lation. To  integrate  the  equations  of  motion,  the  trapezoidal  rule  was  used  with  ac- 
celerations or  displacements  as  primary  variables:  the  latter  were  shown  to  provide 
superior  performance. 

Using  penalized  potential  and  kinetic  energies,  and  Raleigh  dissipation  functions, 
Kurdila  et  al.  [153]  formulated  penalized  equations  of  motion  for  holonomic  sys- 
tems. For  conservative  systems,  convergence  to  the  original,  non  penalized  equations 
was  shown,  stability  analysis  was  performed,  and  sufficient  conditions  for  Lyapunov 
and  asymptotic  stability  were  given.  Good  numerical  results  were  shown  for  singular 
configurations,  due  to  the  dissipative  function.  Systems  with  relatively  large  number 
of  degrees  of  freedom  and  constraints  could  also  be  accurately  simulated.  The  equa- 
tions were  developed  for  holonomic  systems,  and  are  thus  somewhat  limited  in  their 
applications. 


12.4  Constraint  violation  elimination  techniques 

In  contrast  to  the  constraint  violation  stabilization  techniques  presented  in  the  previ- 
ous section,  constraint  violation  elimination  techniques  are  method  which  result  in 
the  exact  satisfaction  of  the  constraint,  or  at  least  to  satisfaction  of  the  constraints 
within  machine  accuracy. 

12.4.1  Geometric  projection  approach  to  stabilization 

Yoon  et  al.  [154]  developed  an  approach  to  constraint  violation  stabilization.  Let  q 
and  |;„  be  the  generalized  coordinates  and  velocities,  respectively,  predicted  by  the 
integration  of  the  equations  of  motion  at  the  end  of  time  step  n.  Due  to  numerical  ap- 
proximations, both  holonomic  and  nonholonomic  constraints  will  not  be  exactly  sat- 
isfied, i.e.,  C_{q  ,  tn)  7^  0  and  Viji  ,  £„,  i„)  7^  0,  respectively.  The  approach  consists 
in  correcting  or  perturbing  the  generalized  coordinates  and  velocities,  q  =  q  +q  , 
and  Vn  =  v^  +  Un'  respectively,  where  q  and  w„  are  the  unknown  coordinate  and 
velocity  corrections,  respectively,  both  assumed  to  be  small.  The  updated  coordi- 
nates, q  ,  and  velocities,  v„ ,  satisfy  the  holonomic  and  nonholonomic  constraints, 
i.e.,  C{q  ,  tn)  =  0  and  V{q  ,  w„,  i„)  =  0,  respectively. 

At  first,  the  generalized  coordinate  corrections  are  evaluated  by  linearizing  the 
holonomic  constraints  to  find  _B(<7  ,  t„)  g  «  —C{q  ,tn).  Since  these  equations  are 
overdetermined,  it  is  assumed  that  the  corrections  lie  in  the  subspace  defined  by  the 
constraint  matrix,  i.e.,  q     =  S   e„,  where  e„  is  an  unknown  array.  It  then  follows 

that  e„  =  -{RR^)~'^C_{q^,tn),  and  finally 

1  =  -I^(II^)''£(L'*")-  (12.9) 

Next,  the  generalized  velocity  corrections  are  evaluated  by  linearizing  the  nonholo- 
nomic constraints  to  find  B{q  ,  v^,  tn)  u„  ~  —'H.iQ  >  £«'  ^n)-  In  this  second  phase, 
the  generalized  coordinates  are  kept  constant,  since  they  were  corrected  in  the  first 
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phase  of  the  procedure.  Here  again,  these  equations  are  overdetermined  and  it  is  as- 
sumed that  £„  =  5  7  .  It  then  follows  that  7  =  —{B_B_  )~^V{q  ,|;„,i„),  and 
finally 

Vn  =  -g^iBR^yUgn'^n^tn).  (12.10) 

The  procedure  alleviates  constraint  violations  without  modifying  the  equations 
of  motion,  in  contrast  with  Baumgarte's  method.  The  approach  is  geometric  in  na- 
ture: r  (q  —  Q  )  =  H  B_  e^  =  0,  the  corrected  solution  is  a  projection  of  the 
approximate  solution  onto  the  constraint  manifold.  Clearly,  the  geometric  procedure 
alleviates  the  constraint  violations  without  eliminating  them;  complete  elimination 
would  require  an  iterative  solution  of  the  constraint  equations.  Yoon  et  al.  [154] 
demonstrated  the  effectiveness  of  the  procedure  for  holonomic,  nonholonomic  and 
energy  constraints. 

Blajer  [85,  155]  developed  a  similar  approach  to  constraint  elimination  based  on 
the  geometric  interpretation  of  constrained  dynamics  he  presented  with  his  cowork- 
ers in  ref.  [84].  Based  on  geometric  arguments,  the  following  correction  schemes  are 
found  for  the  generalized  coordinates 

1  =  -Mr'R^iRK-'R^)-'C{g„,tn),  (12.11) 

and  velocities, 

v„  =  -M"'i^(iM-'l^)-'2(g„,I„,tn),  (12.12) 

respectively.  Blajer's  corrections,  eqs.  (12.11)  and  (12.12),  are  more  physically 
consistent  than  Yoon's,  eqs.  (12.9)  and  (12.10),  respectively,  because  matrix 
{B_M_~^B  )  involves  terms  that  are  of  consistent  units,  in  contrast  with  matrix 
{B_B^)  that  does  not.  Indeed,  when  generalized  coordinates  have  different  units, 
such  as  displacements  and  rotations,  matrix  {B_B_  )  weighs  all  components  equally; 
in  contrast,  matrix  {B_M_~^B^)  weighs  each  component  by  an  appropriate  inertial 
term.  In  numerical  applications,  the  position  corrections,  eq.  (12.11),  are  used  first 
in  an  iterative  manner  until  constraint  violations  are  completely  eliminated,  i.e.,  until 
the  constraint  equations  are  satisfied  to  machine  accuracy.  If  nonholonomic  con- 
straints are  present,  the  same  process  is  applied  to  correct  the  velocities. 

Baumgarte  [156]  developed  a  new  stabilization  method,  which  is  derived  from  a 
modified  statement  of  Hamilton's  principle.  The  resulting  equations  of  motion  fea- 
ture non  classical  Lagrangian  multipliers  and  the  holonomic  constraints  need  to  be 
differentiated  only  once  with  respect  to  time.  Unfortunately,  no  applications  were 
presented,  making  the  assessment  of  the  approach  rather  difficult. 

Terze  et  al.  [157]  formulated  a  constraint  elimination  method  within  the  frame- 
work of  the  null  space  approach.  Using  the  projective  criterion  defined  by  Blajer  et 
al.  [84],  they  identified  a  set  of  independent  variables.  Displacement  constraint  vi- 
olations were  then  iteratively  eliminated  by  adjusting  the  sole  dependent  variables 
to  satisfy  the  displacement  level  constraint  equations.  In  a  second  step,  the  velocity 
constraint  violations  were  eliminated  using  the  velocity  level  constraint  equations. 
During  both  correction  steps,  the  independent  displacements  and  velocities  were  kept 
unchanged. 
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12.4.2  The  mass-orthogonal  projection  formulation 

Bayo  and  Avello  [158]  proposed  an  augmented  Lagrangian  formulation  based  on  the 
canonical  equations  of  Hamilton.  Compared  to  the  index- 1  based  formulation  de- 
rived earlier  by  Bayo  et  al.  [151],  the  new  formulation  exhibits  better  accuracy  and 
robustness  in  the  presence  of  singular  configurations.  The  improved  performance 
was  credited  to  the  fact  that  a  single  differentiation  of  the  holonomic  constraints  is 
required  in  canonical  formulations,  rather  than  the  double  differentiation  associated 
with  index- 1  formulations.  Effectiveness  of  the  new  approach  was  illustrated  by  nu- 
merical examples.  A  similar  formulation  was  derived  for  nonholonomic  constraints 
although  no  example  was  given. 

While  the  augmented  Lagrangian  formulation  presented  in  section  12.3.2  satis- 
fies the  weighted  constraint,  C  +  2Q_  fiC  +  []^C_,  see  eq.  (12.5),  to  machine  accuracy, 

individual  constraints  at  the  position,  C  =  0,  velocity,  C  =  0,  and  acceleration  lev- 
els, C  =  0,  are  not  necessarily  satisfied  to  the  same  level  of  accuracy.  To  improve 
this  situation,  Bayo  and  Ledesma  [159]  combined  the  augmented  Lagrangian  for- 
mulation with  a  mass  orthogonal  projection  technique.  To  impose  the  position  level 
constraint,  they  propose  to  minimize  V  =  1/2  {q  —  q*  )M_{q  —  q* )  subject  to  the  con- 
straint C(q,  t)  =  0,  where  q*  is  the  solution  obtained  at  the  end  of  a  time  step  using 
the  augmented  Lagrangian  formulation.  This  minimization  problem  is  itself  solved 
using  an  augmented  Lagrangian  formulation,  transforming  V  into 

V*  =  ^iq-q*fmq-q*)  +  lc^aC+C^X.  (12.13) 

Simple  algebraic  manipulations  lead  to  the  following  iterative  scheme  to  impose  the 
position  constraint 

{K  +  R^aR)A^'^^^  =  -M{q^'^  -  q*)  -  ^k^'^  (12.14) 

where  ^^'+^)  =  g^'^^'  -  9*''  and  A('+^'  =  A^''  +  ^&+^\  From  a  computational 
view  point,  this  iterative  procedure  is  not  expensive  because  the  system  matrix,  (M  + 
B_  aB_),  is  identical  to  that  of  eq.  (12.8).  Hence,  this  matrix  is  factorized  once  only 
and  the  additional  computational  cost  consists  of  the  evaluation  of  the  right-hand 
side  of  eq.  (12. 14)  followed  by  forward  reductions  and  backward  substitutions.  This 
contrasts  with  the  approaches  presented  in  section  12.4.1  that  typically  involve  more 
computational  effort.  The  constraints  at  the  velocity  and  acceleration  levels  can  be 
treated  in  a  similar  manner  and  are  formulated  in  such  a  way  that  the  resulting  system 
matrix  is  identical  to  that  of  eq.  (12.14),  minimizing  computational  cost. 

Bayo  and  Ledesma  [159]  illustrated  their  approach  with  several  numerical  ex- 
amples. Application  of  the  mass-orthogonal  projection  at  each  time  step  eliminates 
constraint  violations  to  machine  accuracy  and  dramatically  increases  the  accuracy 
of  the  simulation.  A  mechanism  presenting  singular  configurations  was  successfully 
simulated  to  demonstrate  the  robustness  of  the  augmented  Lagrangian  formulation. 
The  trapezoidal  rule  was  used  to  integrate  the  equations  of  motion  with  accelerations 
or  displacements  as  primary  variables:  the  latter  were  shown  to  provide  superior  per- 
formance. 
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Comparative  studies 

For  holonomic  systems,  Schiehlen  [160]  derived  governing  DAEs  and  ODEs,  the 
Boltzmann-Hamel  equations,  as  well  as  equations  of  motion  based  on  a  recursive 
approach.  The  recursive  approach,  suitable  for  chain  topologies,  can  be  much  more 
competitive  than  the  ODE  formulation,  although  for  small  numbers  of  degrees  of 
freedom,  the  latter  is  still  competitive  as  the  former  is  rather  complex.  In  general, 
recursive  approaches  require  0{n)  operations,  in  contrast  with  ODE  formulations 
that  may  need  up  to  0{n^)  arithmetic  operations.  A  comparative  study  showed  that 
the  ODE  formulations  are  more  efficient  than  their  DAEs  counterpart,  although  this 
conclusion  was  based  on  very  simple,  rigid  multibody  systems  examples  involving 
very  few  degrees  of  freedom. 

Cuadrado  et  al.  [161]  compared  four  methods  that  are  used  to  simulate  multi- 
body  dynamics  with  constraints.  These  methods  are:  the  augmented  Lagrangian  for- 
mulation index- 1  and  index-3  with  projections,  a  modified  state-space  formulation 
(equations  of  motion  in  independent  coordinates)  and  a  fully  recursive  formulation. 
Modifications  were  performed  to  the  classical  state-space  formulation  to  improve  its 
performance  in  the  presence  of  stiff  systems.  The  augmented  Lagrangian  index- 1 
and  index-3  formulations  used  natural  or  fully  Cartesian  coordinates,  as  described  in 
ref.  [41].  These  coordinates  have  the  advantage  of  leading  to  a  constant  mass  matrix. 

A  number  of  rigid  multibody  problems  were  solved  with  all  four  methods  to 
compare  their  performance;  none  was  found  to  be  fully  satisfactory.  The  index-3  for- 
mulation with  projections  failed  to  converge  when  using  time  step  sizes  smaller  than 
10~^  sec,  while  for  time  step  sizes  larger  than  10~^  sec,  the  index-1  formulation 
failed  to  converge.  The  space-state  and  the  fully  recursive  formulation  lacked  robust- 
ness as  they  failed  to  handle  singular  configurations.  In  addition,  the  fully  recursive 
formulation  behaved  poorly  in  the  presence  of  stiff  systems  or  systems  presenting 
redundant  constraints.  Nevertheless,  for  non-stiff  problems  of  large  size,  this  method 
became  competitive.  Of  all  the  methods  tested,  the  index-3  formulation  with  projec- 
tions was  the  most  efficient,  while  the  index-1  formulation  with  projections  was  the 
most  robust.  The  authors  suggested  that  a  combined  index-1  and  index-3  formulation 
would  constitute  a  very  good  tool  for  solving  multibody  dynamics  with  constraints. 
Further  evaluation  of  the  methods  was  recommended,  however,  especially  for  large 
scale  industrial  problems.  It  is  not  clear  how  the  various  methods  presented  in  this 
study  would  perform  for  elastic  multibody  systems. 


12.5  Finite  element  based  techniques 

Multibody  dynamics  analysis  was  originally  developed  as  a  tool  for  modeling  mech- 
anisms with  simple  tree-like  topologies  composed  of  rigid  bodies,  but  has  consider- 
ably evolved  to  the  point  where  it  can  handle  nonlinear  flexible  systems  with  arbitrary 
topologies.  The  modeling  of  the  elastic  bodies  is  one  of  the  most  difficult  aspects  of 
multibody  systems  dynamics,  and  many  different  formulations  have  been  presented 
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in  the  literature.  Comprehensive  reviews  of  the  state  of  the  art  in  the  field  are  given 
by  Shabana  [162],  or  Wasfy  and  Noor  [163]. 

Traditionally,  elasticity  in  multibody  systems  has  been  taken  into  account  using 
the  floating  frame  of  reference  approach  [162],  which  is  discussed  in  section  12.5.1. 
The  displacement  field  of  a  flexible  body  is  then  decomposed  into  two  additive  parts, 
a  rigid  body  and  an  elastic  displacement  field.  The  rigid  body  displacement  field  is 
represented  by  the  arbitrarily  large  motion  of  a  suitably  selected  frame  of  reference, 
which  could  be  rigidly  connected  to  a  material  point  of  the  flexible  body,  or  could 
be  in  motion  with  respect  to  the  flexible  body,  hence  the  name  "floating  frame  of 
reference."  On  the  contrary,  the  elastic  displacement  field,  resolved  in  the  floating 
frame  of  reference,  is  assumed  to  remain  small,  and  hence,  is  adequately  represented 
using  modal  expansion  techniques.  If  this  assumption  is  satisfied,  the  elastic  behav- 
ior of  flexible  bodies  can  be  accurately  captured  using  a  small  number  of  modal 
degrees  of  freedom.  Component  mode  synthesis  techniques,  initially  developed  for 
finite  element  analysis,  are  now  routinely  used  in  flexible  multibody  dynamics  and 
section  12.5.2  summarizes  several  commonly  used  approaches. 

In  finite  element  based  multibody  dynamics  approaches,  a  given  mechanism  is 
modeled  by  an  idealization  process  that  represents  each  component  of  the  flexible 
mechanism  by  an  "element"  chosen  from  an  extensive  library  of  elements  imple- 
mented in  the  code.  In  fact,  this  approach  is  at  the  heart  of  the  finite  element  method, 
which  has  enjoyed,  for  this  very  reason,  an  explosive  growth  in  the  last  few  decades. 
Each  element  provides  a  basic  functional  building  block,  for  example  a  rigid  or  flexi- 
ble member,  a  hinge,  a  motor,  etc.  Assembling  the  various  elements,  the  construction 
of  a  mathematical  description  of  the  mechanism  with  the  required  level  of  accuracy 
becomes  possible.  In  addition  to  the  classical  beam,  plate,  shell,  and  solid  brick  ele- 
ments found  in  all  finite  element  codes,  kinematic  constraints  are  also  formulated  as 
"finite  elements,"  such  as  revolute  joint  or  universal  joint  elements,  to  name  but  a  few. 
A  detailed  description  of  the  formulation  is  given  by  Geradin  and  Cardona  [164]. 

12.5.1  Floating  frame  of  reference  approach 

One  of  the  most  common  approaches  to  the  modeling  of  flexible  multibody  systems 
is  based  on  the  concept  of  floating  frames  [162] .  The  total  motion  of  the  flexible  body 
is  broken  into  two  parts:  rigid  body  motions  represented  by  the  motion  of  the  floating 
frame,  and  superimposed  "elastic  motions."  This  decomposition  allows  the  introduc- 
tion of  simplifying  assumptions:  although  the  total  motion  is  always  finite,  the  elastic 
motions  may,  in  some  cases,  be  assumed  to  give  rise  to  infinitesimal  deformations. 

Many  problems  of  great  practical  importance  fall  into  this  category.  Consider, 
for  instance,  road  or  rail  vehicles:  the  body  of  the  vehicle  undergoes  large  rigid  body 
motions  but  the  elastic  deformations  remain  small.  Of  course,  this  assumption  is  no 
longer  valid  during  a  crash:  in  that  case,  large  plastic  deformations  will  be  encoun- 
tered. Other  components  of  the  vehicle,  however,  such  as  the  suspension,  wheels, 
and  tires  are  inherently  of  a  nonlinear  nature.  Another  example  is  rotorcraft.  Under 
normal  operation,  the  fuselage  undergoes  large  rigid  body  motions  but  small  elastic 
deformations.  During  maneuvering  flight,  large  rotations  will  be  encountered.  Here 
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again,  the  other  components  of  the  rotorcraft,  the  main  and  tail  rotor,  and  the  landing 
gear,  are  inherently  nonlinear. 

When  deformations  remain  small,  it  seems  natural  to  use  modal  reduction  tech- 
niques to  represent  the  small  elastic  motions  in  an  efficient  manner.  The  system  size 
will  be  considerably  reduced,  together  with  the  resulting  computational  cost.  In  ad- 
dition, since  high  frequency  modes  are  eliminated,  larger  time  step  sizes  can  be  used 
in  the  simulation. 

Although  the  concept  of  floating  frame  seems  rather  intuitive,  the  implementa- 
tion of  a  computational  procedure  based  on  this  idea  must  deal  with  several  thorny 
issues.  First,  the  accuracy  of  the  analysis  will  critically  depend  on  the  selection  of 
a  suitable  modal  basis.  Second,  a  specific  floating  frame  must  be  selected:  it  could 
be  attached  to  a  point  of  the  elastic  body  or  moving  with  respect  to  it.  Third,  the 
modal  based  elements  should  be  easy  to  couple  with  the  other  components  of  the 
system  modeled  with  multibody  formulations.  This  points  towards  the  use  of  com- 
ponent mode  synthesis  techniques  that  are  well  developed  for  structural  dynamics 
problems.  Fourth,  in  the  absence  of  elastic  deformations,  the  formulation  should  re- 
cover the  exact  equations  of  motion  for  a  rigid  body.  Finally,  the  formulation  should 
be  independent  of  the  finite  element  analysis  package  used  to  compute  the  modes  of 
the  elastic  components.  These  various  issues  will  be  discussed  in  more  detail  in  the 
following  paragraphs. 

The  first  critical  step  is  the  selection  of  a  suitable  modal  basis,  which  is  closely 
related  to  the  choice  of  a  specific  floating  frame  of  reference  [165,  166,  167,  168]. 
Ideally,  the  selected  modes  should  capture  as  accurately  as  possible  the  deformation 
patterns  encountered  during  operation.  Consequently,  the  analyst  should  be  given 
the  greatest  possible  freedom  to  select  the  type  of  modes  he  sees  fit.  The  formulation 
should  not  put  any  restriction  on  the  choice  of  the  modal  basis.  Several  authors  have 
addressed  the  mode  selection  process  [169,  170,  171,  172,  173,  174,  175,  176,  177]. 

Next,  a  specific  floating  frame  must  be  selected.  Since  there  exits  no  unique  man- 
ner of  defining  the  "rigid"  and  "elastic  motions,"  the  floating  frame  can  be  selected 
in  a  number  of  different  ways  and  specific  conditions  must  be  selected  to  remove  this 
indeterminacy.  Several  authors  make  use  of  body-attached  frames,  i.e.,  the  floating 
frame  is  attached  to  an  arbitrary  point  in  the  body  [178,  172,  174].  Other  authors  rely 
on  floating  frames  moving  with  respect  to  the  elastic  body  [167,  179,  177].  Cavanin 
and  Likins  [168]  studied  different  options  including  frames  attached  to  a  material 
point  of  the  flexible  body,  frames  oriented  along  the  principal  axes  of  inertia,  the 
Tisserand  frame,  the  Buckens  frame  and  the  rigid  body  mode  frame.  They  concluded 
that  the  Tisserand  frame  was  the  most  advantageous  choice  and  showed  the  equiva- 
lence of  several  of  these  choices  when  the  body  undergoes  small  deformations. 

The  moving  frame  approach  seems  to  be  more  desirable  than  the  body-attached 
approach  because  it  eliminates  the  need  to  arbitrarily  select  a  material  point  where 
to  attach  the  floating  frame.  On  the  other  hand,  the  moving  frame  approach  also 
involves  the  analyst's  insight  since  a  specific  condition  must  be  selected  to  determine 
its  location.  Furthermore,  this  latter  approach  comes  at  the  expense  of  additional 
computational  complexity. 
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In  some  formulations,  the  choice  of  the  floating  frame  is  intimately  linked  to 
that  of  the  modes  used  in  the  reduction  technique  [180,  181,  175,  176,  163,  182]. 
This  connection  hinders  the  selection  of  the  most  appropriate  modes  because  the 
boundary  conditions  used  to  compute  them  do  not  necessarily  match  those  of  the 
flexible  component  once  it  is  part  of  a  multibody  system. 

In  the  classical  application  of  modal  analysis  [183],  the  displacement  field  is 
represented  as  a  linear  combination  of  modes  shapes.  This  type  of  representation 
has  been  used  by  some  authors  [184]  in  the  context  of  multibody  dynamics  analysis, 
but  it  requires  special  techniques  for  coupling  the  modal  based  element  with  the 
other  components  of  the  system.  Typically,  this  is  done  by  formulating  a  constraint 
condition  that  equates  the  modal  superposition  to  the  physical  displacement  at  a  node 
ofthe  model  [185]. 

12.5.2  Component  mode  synthesis  methods 

These  approaches  do  not  take  advantage  of  the  component  mode  synthesis  tech- 
niques that  have  been  developed  for  structural  dynamics  problems  over  the  past 
forty  years.  These  techniques  are  aimed  at  computing  the  eigenmodes  of  very  large 
structures  in  an  efficient  manner.  The  complete  structure  is  broken  into  a  number 
of  substructures  whose  eigenmodes  are  easily  computed.  The  substructures  are  then 
connected  together  to  yield  a  lower-order  model  ofthe  complete  structure.  Each  sub- 
structure involves  two  types  of  degrees  of  freedom:  physical  degrees  of  freedom  at  a 
limited  number  of  connection  points  (called  "boundary  nodes"),  and  modal  degrees 
of  freedom  representing  its  internal  flexibility. 

Clearly,  the  need  to  interconnect  the  substructures  is  an  integral  part  of  the  re- 
duction technique  and  seems  therefore  ideally  suited  to  the  present  problem.  Among 
the  most  widely  used  component  mode  synthesis  techniques  are  those  of  Craig  and 
Bampton  [186],  MacNeal  [187],  Rubin  [188].  Other  efforts  include  those  of  Hert- 
ing  [189],  Hintz  [190],  and  refinements  ofthe  Craig-Bampton  method  [191]. 

Component  mode  synthesis  methods  have  been  used  in  the  context  of  multibody 
dynamics  by  Shabana  [178],  Haug  and  coworkers  [170,  171,  192,  193],  and  later 
by  Cardona  and  coworkers  [172,  174,  177]  who  used  the  Craig-Bampton  method. 
Unfortunately,  this  method  requires  the  use  of  modes  associated  with  clamped  con- 
ditions at  the  boundary  nodes,  thereby  limiting  the  analyst's  freedom  to  select  the 
most  appropriate  modal  basis.  Consequently,  the  modal  basis  might  poorly  approxi- 
mate the  elastic  behavior  of  the  component. 

This  fundamental  limitation  of  the  approach  was  recognized  by  Craig  and  Bamp- 
ton who  suggested  the  use  of  "static  correction  modes"  to  alleviate  the  problem; 
Schwertassek  and  coworkers  [175,  176]  used  this  concept  for  flexible  multibody 
systems.  It  also  prompted  the  development  of  the  MacNeal-Rubin  method.  In  this 
case,  however,  free  conditions  must  be  used  at  all  boundary  nodes,  limiting  again  the 
analyst's  freedom.  Furthermore,  this  method  is  more  cumbersome  to  implement  than 
the  Craig-Bampton  method. 

Finally,  Herting's  method  [189]  offers  a  more  general  approach  that  enables  the 
analyst  to  choose  any  type  of  modes.  In  fact,  predictions  based  on  the  Craig-Bampton 
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and  MacNeal-Rubin  methods  were  found  to  be  in  good  agreement  with  those  ob- 
tained with  Herting's  method  [189].  Herting's  method  seems  to  be  the  most  appro- 
priate choice  as  it  provides  the  analyst  maximum  flexibility  in  the  choice  of  the  modal 
basis.  Furthermore,  it  allows  independent  choices  to  be  made  for  the  selection  of  the 
floating  frame  and  of  the  modal  basis  [194,  195]. 

The  formulation  of  modal  based  elements  should  be  independent  of  the  fi- 
nite element  analysis  package  used  to  compute  the  modes  of  the  elastic  compo- 
nents [170,  171,  172,  174,  177].  This  means  that  the  computation  of  the  mass  and 
stiffness  coefficients  used  for  the  formulation  of  a  modal  based  element  should  be 
solely  based  on  the  information  readily  provided  by  the  finite  element  package.  Some 
formulations  have  been  proposed  in  which  the  finite  element  analysis  tool  is  embed- 
ded in  the  multibody  formulation  [196].  Although  higher  accuracy  can  be  achieved  in 
that  manner,  this  is  clearly  not  a  practical  option  if  a  large  dimensional  finite  element 
model  is  required  for  the  representation  of  the  elastic  components. 

Yoo  and  Haug  [170,  171]  showed  that  by  assuming  a  lumped  mass  represen- 
tation of  the  elastic  body,  the  modal  based  formulation  could  be  fully  decoupled 
from  the  finite  element  package.  Unfortunately,  the  lumped  mass  approximation  is 
rarely  used  in  today's  finite  element  models  of  complex  structures.  Cardona  and 
Geradin  [172,  174,  177]  used  corotational  techniques  to  achieve  the  same  decou- 
pling without  resorting  to  the  lumped  mass  approximation. 

Herting's  transformation  leads  to  an  approximation  that  is  fully  independent  of 
the  finite  element  analysis  package.  The  mass  and  stiffness  coefficients  of  the  modal 
based  element  are  computed  on  the  sole  basis  of  the  unconstrained  mass  and  stiffness 
matrices  of  the  elastic  component  and  Herting's  transformation,  which  also  applies 
to  the  inertial  velocities  required  to  compute  the  kinetic  energy  of  the  elastic  compo- 
nent, under  the  sole  assumption  of  small  displacements. 

In  summary,  Herting's  transformation  is  an  attractive  approach  for  the  implemen- 
tation of  component  mode  synthesis  techniques  in  flexible  multibody  systems.  First, 
it  allows  the  use  of  any  modal  basis  the  analyst  sees  fit.  This  contrasts  with  other  ap- 
proaches, such  as  those  based  on  Craig-Bampton  or  Rubin-MacNeal  transformations 
that  require  specific  boundary  conditions  for  the  selected  modes.  Second,  it  can  be 
used  with  both  body-attached  or  moving  frames  of  reference.  Third,  the  modal  based 
element  is  readily  coupled  to  other  components  of  the  multibody  system  through  the 
boundary  nodes  that  retain  physical  degrees  of  freedom  for  this  purpose.  Fourth,  the 
formulation  recovers  the  exact  equations  of  motion  for  a  rigid  body  in  the  absence 
of  elastic  deformations.  Finally,  it  is  completely  independent  of  the  finite  element 
package  used  to  compute  the  modes  of  the  elastic  components. 

12.5.3  Basic  solution  tecliniques  for  finite  element  models 

Application  of  finite  element  concepts  to  multibody  dynamics  analysis  has  been  the 
focus  increased  research  in  recent  years.  The  textbook  by  Geradin  and  Cardona  [164] 
describes  such  a  procedure  and  presents  numerical  examples  obtained  with  a  com- 
mercial implementation  the  approach.  As  compared  with  rigid  multibody  dynamics 
or  even  flexible  multibody  dynamics  using  a  modal  approximation,  a  distinguishing 
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feature  of  finite  element  methods  is  the  much  larger  number  of  degrees  of  freedom 
used  to  model  the  system.  While  multibody  systems  involve  tens  or  at  the  most  a  few 
hundreds  of  degrees  of  freedom,  finite  element  element  models  often  involve  tens  of 
even  hundreds  of  thousands  of  degrees  of  freedom.  Because  solution  costs  grow  as 
a  power  of  the  number  of  degrees  of  freedom,  efficient  solution  techniques  are  an 
enabling  technology  for  finite  element  formulations. 

Because  of  the  large  number  of  degrees  of  freedom  involved  in  finite  element 
formulations  and  the  likely  presence  of  high  frequencies  associated  with  the  dis- 
cretization process,  time  integration  relies  almost  exclusively  on  implicit  schemes. 
For  linear  systems,  the  HHT  integrator  [135],  the  workhorse  used  in  most  commer- 
cial codes,  is  second-order  accurate,  unconditionally  stable,  and  presents  high  fre- 
quency numerical  damping;  these  three  features  are  considered  indispensable  for  the 
successful  integration  of  large  finite  element  systems,  as  discussed  in  textbooks  such 
as  Hughes  [197]  or  Bathe  [198].  This  contrasts  with  multibody  formulations  that  tend 
to  use  explicit,  predictor  multi-corrector  algorithms  such  as  the  Adams-Bashforth  in- 
tegrator [199],  for  instance.  Although  of  much  higher-order  accuracy,  this  integrator 
is  conditionally  stable. 

Implicit  integrators  require  the  solution  of  a  linear  system  at  each  time  step.  Typ- 
ical solution  procedures  rely  on  the  trifactorization  of  the  sparse,  banded  dynamic 
stiffness  matrix,  I^,  as  K_  =  LD_L^,  where  L  is  a  lower  triangular,  D_  a  diago- 
nal, and  L  an  upper  triangular  matrix,  followed  by  a  back-substitution  phase.  More 
details  concerning  this  approach  called  the  "skyline  solver"  or  the  "active  column 
solver"  are  found  in  many  textbooks,  such  as  Bathe  [198],  for  instance.  The  cost, 
Cb,  of  the  trifactorization  of  a  sparse,  banded  matrix  can  be  roughly  estimated  as 
Cb  oc  nw^ ,  where  n  is  the  number  of  freedom  and  w  the  average  bandwidth  of  the 
dynamic  stiffness  matrix.  If  this  matrix  were  to  be  fully  populated,  the  factorization 
cost,  Cfp,  would  become  Cfp  ex  n^.  For  a  finite  element  problem  of  modest  size 
where  n  =  10,000  and  w  =  100,  Cb/Cfp  =  (m/n)^  =  10""';  clearly,  the  advan- 
tage of  the  sparse  solver  is  overwhelming  and  is  an  enabling  technique  of  the  finite 
element  method. 

An  important  implication  of  these  observations  is  that  any  formulation  that  de- 
stroys the  sparsity  of  the  system  matrix  generated  by  the  finite  element  method  is 
unlikely  to  be  effective.  For  instance,  applications  of  Maggi's  formulation  presented 
in  section  1 1. 2. 1  requires  the  computation  of  the  null  space  of  the  constraint  matrix. 
The  various  algorithms  used  to  compute  the  null  space,  whether  the  LU  factorization 
with  pivoting,  Gram-Schmidt  orthogonalization  algorithm,  or  singular  value  decom- 
position, all  alter  the  band  structure  of  the  system  matrix.  The  index- 1  formulation 
requires  the  inverse  of  the  mass  matrix,  another  band  destroying  operation;  of  course, 
the  null  space  formulation  requires  the  evaluation  of  the  null  space;  finally,  the  com- 
putation of  the  pseudo-inverse  called  for  by  Udwadia  and  Kalaba's  formulation  is 
once  more  an  operation  that  does  not  preserve  sparsity. 

Clearly,  far  fewer  methods  are  available  for  the  effective  enforcement  of  con- 
straints when  handedness  of  the  system  matrix  must  be  preserved.  Hence,  it  should 
not  come  as  a  surprise  that  the  sparsity  based,  index-3  DAEs  formulation  of  Orlan- 
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dea  et  al.  [11,  78]  discussed  in  section  12.6  has  been  used  within  the  framework  of 
finite  element  formulations.  The  penalty  based  stabilization  techniques  presented  in 
section  12.3.2  have  also  been  used  in  this  framework.  Finally,  the  staggered  stabiliza- 
tion technique  of  Park  and  Chiou  [124]  and  the  augmented  Lagrangian  formulation 
of  Bay o  et  al.  [151]  were  originally  developed  for  finite  element  formulations. 

12.5.4  Numerically  dissipative  schemes 

In  view  of  the  difficulties  associated  with  the  solution  of  index-3  DAEs,  consid- 
erable effort  was  devoted  to  the  development  of  time  integration  techniques  suitable 
for  large  finite  element  systems.  Cardona  and  Geradin  [200,  31]  showed  that  the  clas- 
sical Newmark  [201]  trapezoidal  rule  is  unconditionally  unstable  for  linear  systems 
in  the  presence  of  constraints.  The  use  of  dissipative  algorithms  such  as  HHT  [135] 
scheme,  however,  resulted  stable  behavior,  even  for  nonlinear  systems.  Further  work 
by  Farhat  et  al.  shows  that  both  HHT  and  generalized-a  [136]  methods  achieve  sta- 
bility for  a  class  of  constrained  hybrid  formulations.  In  these  approaches,  stabiliza- 
tion of  the  integration  process  is  inherently  associated  with  the  dissipative  nature  of 
the  algorithms.  While  stability  is  mathematically  proven  for  linear  systems,  there  is 
no  guarantee  when  it  comes  to  nonlinear  systems  [202].  A  more  detailed  description 
of  the  generalized-a  scheme  is  given  in  section  17.4. 

12.5.5  Nonlinear  unconditionally  stable  schemes 

To  remedy  this  situation,  considerable  work  has  been  done  in  recent  years  with 
energy  preserving  schemes.  In  these  schemes,  unconditional  nonlinear  stability  is 
achieved  by  proving  a  discrete  energy  preserving  statement,  Ef  =  Ei,  where  E 
denotes  the  total  mechanical  energy  of  the  system,  and  the  subscripts  (•)j  and  (•)/ 
denote  the  value  of  the  corresponding  quantity  at  the  initial  and  final  times  of  the 
time  step,  respectively,  denoted  ti  and  tf,  respectively.  This  algorithmic  preservation 
property  is  a  direct  consequence  of  the  specific  discretization  used  for  the  inertial 
and  elastic  forces  acting  on  the  system.  In  view  of  the  positive-definite  nature  of  the 
total  mechanical  energy,  this  discrete  conservation  law  guarantees  the  stability  of  the 
computational  scheme  for  nonlinear  problems. 

It  is  important  to  understand  that  while  the  exact  solution  of  the  equations  of 
motion  implies  the  exact  preservation  of  the  total  mechanical  energy,  a  numerical, 
i.e.,  an  inherently  approximate,  solution  of  the  problem  does  not,  in  general,  guar- 
antee the  preservation  of  energy  at  the  discrete  level.  When  using  energy  preserving 
schemes,  the  computed,  approximate  solution  exactly  satisfies  the  energy  preserva- 
tion condition.  A  number  of  researchers  have  developed  energy  preserving  schemes 
for  rigid  bodies  [203,  204,  205],  beams  [206,  207],  and  plates  and  shells  [208,  209]. 
Section  17.5  describes  energy  preserving  and  decaying  schemes  in  more  details,  but 
an  exhaustive  review  of  these  schemes  is  beyond  the  scope  of  this  book. 

While  nonlinear  unconditional  stability  is  the  first  step  towards  the  development 
of  robust  algorithms,  energy  preserving  schemes  are  not  well  suited  for  large  finite 
element  problems  because  high  frequency  oscillations,  especially  in  the  velocity  and 
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stress  fields,  can  corrupt  the  computed  system  response,  as  observed  by  Bauchau  et 
al.  [210,  211].  Consequently,  the  presence  of  high  frequency  numerical  dissipation  is 
an  indispensable  feature  of  robust  time  integrators  for  multibody  systems,  a  fact  that 
was  already  observed  for  linear  systems  and  prompted  the  development  of  numeri- 
cally dissipative  algorithms  such  as  the  HHT  [135]  or  generalized-a  [136]  methods. 
Numerically  dissipative  schemes  that  feature  nonlinear  unconditional  stability 
can  be  developed  by  proving  a  discrete  energy  decay  statement,  -Ej+i  =  Ei  —  Ed, 
where  Ed  >  0  i&  the  energy  dissipated  within  the  time  step.  This  approach  was 
followed  by  a  number  of  researchers  who  developed  energy  decaying  schemes  for 
beams  [212],  shells  [213]  and  multibody  systems  [214,  215].  An  exhaustive  sur- 
vey of  energy  decaying  algorithms  is  beyond  the  scope  of  this  book;  Bottasso  and 
Trainelli  [216]  attempted  a  classification  of  a  number  of  such  algorithms. 

12.5.6  Enforcement  of  the  constraints 

The  development  of  energy  preserving  and  decaying  algorithm  has  considerably  in- 
creased the  robustness  of  time  integration  schemes  for  multibody  systems.  The  main 
idea  behind  these  techniques  is  to  develop  discretizations  of  the  equations  of  motion 
that  imply  algorithmic  preservation  of  a  known  first  integral  of  the  motion,  the  total 
mechanical  energy.  When  it  comes  to  enforcement  of  the  constraints,  a  similar  path 
has  been  followed:  the  well  known  fact  that  the  work  done  by  the  constraint  forces 
must  vanish  is  implemented  at  the  algorithmic  level  [210,  217]. 

The  work  done  by  the  constraint  forces  is  W^  =  J  E^  q  <it  =  J  \  B_q  dt  = 
J  \  C_dt  and  hence,  the  vanishing  of  this  work  is  intimately  linked  to  the  vanishing 
of  the  constraint  derivatives.  This  observation  helps  understand  why  it  is  important 
to  enforce  constraints  at  both  displacement  and  velocity  levels.  Here  again,  it  must 
be  noted  that  an  approximate  solution  of  the  constrained  equations  of  motion  will 
not  necessarily  imply  the  vanishing  of  the  work  done  by  the  constraint  forces  at 
the  algorithmic  level.  This  provides  a  potential  source  of  "numerical  energy,"  which 
could  destabilize  the  integration  scheme. 

Focusing  on  holonomic  constraints,  the  following  relationship  is  used  to  define 
the  algorithmic  constraint  matrix,  B    ,  as 

Cf-C^.=Rjg,-qJ,  (12.15) 

where  the  subscript  (•)„  indicates  quantities  evaluated  at  the  midpoint  of  the  time 
step.  Note  that  the  mean  value  theorem  guarantees  the  existence  of  B    .  The  dis- 

cretized  forces  of  constraint  now  become  F_'^  =  _B  A„,  where  A,^  are  midpoint 
Lagrange's  multipliers,  and  the  work  done  by  these  discretized  forces  of  constraint 
follows  as  W^  =  {q^  -  qfP:^  =  >^rMjlf  -  li)  =  A™(C/  -  CJ.  Clearly, 
the  vanishing  of  the  work  done  by  the  algorithmic  forces  of  constraints  implies 
At  C„  =  Cf—C^  =0,  which  echoes,  at  the  algorithmic  level,  the  condition  required 
for  the  exact  solution,  C  =  0.  Rather  than  imposing  the  condition  Cf  —  C^^  =  0,  it 
is  preferable  to  enforce  Cf  =  Oat  each  time  step,  to  avoid  the  drift  phenomenon. 


12.5  Finite  element  based  techniques         489 

Discretizations  of  numerous  constraints  that  satisfy  eq.  (12.15)  can  be  found  in  the 
following  references  [218,  219,  220,  221].  Additional  details  about  this  approach  are 
found  in  section  17.5.4. 

Gonzalez  [222]  formulated  an  integration  scheme  for  solving  the  equations  of 
motion  of  Hamiltonian  system  expressed  in  the  form  of  DAEs.  Holonomic  con- 
straints were  considered.  The  numerical  scheme  was  based  on  the  notion  of  discrete 
derivative,  which  satisfied  properties  such  as  directionality,  consistency  and  orthogo- 
nality; eq.  (12. 15)  is  an  example  of  discrete  derivative.  The  proposed  scheme  satisfies 
the  constraints,  and  leads  to  the  conservation  of  the  Hamiltonian  and  linear  and  an- 
gular momenta,  but  constraints  are  not  satisfied  at  the  velocity  level.  Bauchau  [223] 
showed  that  the  approach  to  modeling  constraints  characterized  by  eq.  (12.15)  is 
closely  related  to  the  stabilized  index-2  method  of  Gear  et  al.  [59],  although  no  ad- 
ditional unknowns  are  required. 

The  approach  summarized  in  the  last  two  sections  combines  two  algorithmic  fea- 
tures: preservation/dissipation  of  energy  and  vanishing  of  the  work  done  by  the  con- 
straint forces.  This  provides  a  formal  proof  of  numerical  stability  for  the  integration 
of  nonlinear,  flexible  multibody  systems,  and  constraints  are  enforced  to  machine 
accuracy,  both  at  the  displacement  and  velocity  levels.  The  price  to  pay  for  these  de- 
sirable features  is  that  the  discretization  of  inertial,  elastic  and  constraint  forces  must 
be  carefully  crafted  for  each  element  type  so  that  the  preservation  characteristics  of 
the  algorithms  can  be  proved.  This  stands  in  sharp  contrasts  with  the  more  traditional 
approach  to  multibody  simulations  that  use  a  variety  of  formulations  of  the  equations 
of  motion,  but  rely  on  "black  box"  integration  routine,  which  are  designed  for  the  so- 
lution of  DAEs,  but  are  otherwise  unaware  of  the  specific  features  and  characteristics 
of  the  equations  being  solved. 

12.5.7  The  discrete  null  space  approach 

Betsch  et  al.  [224,  225,  226]  have  recently  proposed  an  original  method  for  the 
time  integration  of  constrained  dynamical  systems,  based  on  Maggi's  formulation. 
In  this  approach,  the  index-3  DAEs  are  first  discretized  with  an  energy/momentum 
preserving  scheme  based  on  the  algorithms  of  Gonzalez  [222],  and  Betsch  and 
Steimann  [227].  Next,  the  discrete  Lagrange  multipliers  are  eliminated  using  a  dis- 
crete null  space:  using  the  notation  of  eq.  (12.15),  the  discrete  null  space,  r_  ,  is  the 
orthogonal  complement  of  the  discrete  constraint  matrix,  B  ,  such  that  F^  B^  =  0. 
As  discussed  in  section  12.5.6,  analytical  expressions  of  the  discrete  constraint  ma- 
trix can  be  derived  for  a  wide  range  of  constraints;  the  originality  of  proposed  ap- 
proach is  to  show  that  analytical  expressions  of  the  discrete  null  space  can  also  be  ob- 
tained for  numerous  constraints.  This  approach  bypasses  the  need  for  the  numerical 
evaluation  of  the  null  space  using  the  many  techniques  described  in  sections  12.1.1 
and  12.1.2,  and  the  associated  numerical  cost.  Furthermore,  the  discrete  null  space 
is  computed  for  each  element  of  the  system  independently,  and  hence,  can  be  used 
within  the  framework  of  finite  element  methods  without  harming  the  bandwidth  of 
the  system. 
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12.6  Scaling  of  Lagrange's  equation  of  the  first  kind 

Orlandea  et  al.  [77,  78]  have  presented  an  approach  to  the  dynamic  analysis  of  me- 
chanical systems  based  on  the  solution  of  Lagrange's  equation  of  the  first  kind,  a 
system  of  index-3  DAEs  in  the  presence  of  holonomic  constraints.  While  the  number 
of  generalized  coordinates  used  in  this  approach  is  larger  than  the  minimum  set,  they 
argue  that  numerical  solutions  of  the  resulting  equations  can  be  efficiently  obtained 
by  taking  advantage  of  their  sparsity  through  the  use  of  appropriate  algorithms. 

To  overcome  the  numerical  problems  associated  with  the  solution  of  DAEs,  nu- 
merically dissipative  time  integrators  were  used  that  are  specifically  designed  for  stiff 
problems,  see  Gear  [228].  This  early  approach  proposes  a  purely  numerical  solution 
to  the  challenges  posed  by  Lagrange's  equations  of  the  first  kind:  stiff  integrators  are 
used  to  deal  with  DAEs. 

Petzold  and  Lotstedt  [49]  have  shown  that  index-3  DAEs  are  severely  ill  con- 
ditioned for  small  time  step  sizes  when  using  backwards  difference  formulas:  un- 
less corrective  actions  are  taken,  the  condition  number  of  the  iteration  matrix 
is  of  0{h~^),  where  h  denotes  the  integration  time  step  size.  Furthermore,  er- 
rors in  the  displacement,  velocity,  and  multiplier  fields  are  shown  to  propagate  at 
rates  of  0(h~^),  0{h~'^),  and  0{h~^),  respectively.  A  perturbation  analysis  by 
Arnold  [229]  indicates  that  errors  and  constraint  violations  grow  very  rapidly  as  the 
time  step  size  is  reduced,  preventing  the  practical  use  of  time  refinement  procedures, 
and  imposing  tight  tolerances  on  the  solution  of  the  nonlinear  discrete  equations. 

Petzold  and  Lotstedt  [49]  presented  a  simple  scaling  transformation  of  the  DAEs 
that  yields  a  condition  number  of  0{h~'^)  and  an  improvement  of  one  order  in  the 
errors  for  all  solution  fields.  Although  the  sensitivity  to  perturbations  is  reduced, 
numerical  problems  are  still  observed  in  practice.  Their  scaling,  termed  "left  precon- 
ditioning," consists  of  dividing  the  constraint  equations  by  the  time  step  size,  while 
the  dynamic  equilibrium  equations  are  multiplied  by  the  same  quantity. 

While  the  mathematical  rational  for  preconditioning  is  recent,  the  technique  has 
been  used  for  a  number  of  years  by  Cardona  [31]  or  Bauchau  et  al.  [230].  Clearly, 
scaling  can  and  should  be  used  in  conjunction  with  other  techniques  for  the  solution 
of  DAEs:  it  is  easily  implemented,  does  not  require  a  reformulation  of  the  equations 
of  motion,  and  does  not  introduce  additional  unknowns. 

In  recent  years  the  direct  solution  of  index-3  DAEs  has  regained  popularity,  spe- 
cially when  finite  element  formulations  are  used  to  model  flexible  multibody  sys- 
tems, see  section  12.5.  Because  of  the  large  number  of  degrees  of  freedom  involved 
in  these  formulations  and  the  likely  presence  of  high  frequencies  associated  with 
the  spatial  discretization  process,  time  integration  relies  almost  exclusively  on  im- 
plicit schemes  such  as  the  HHT  integrator  [135],  or  more  recently,  the  generalized-a 
scheme  [136]. 

While  dissipative  time  integration  schemes  seem  to  be  indispensable  to  the  suc- 
cessful integration  of  constrained  dynamical  systems  modeled  with  index-3  DAEs, 
scaling  of  the  governing  equations  and  constraints  seems  to  be  an  equally  important 
technique,  which  is,  in  fact,  hardly  new. 
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In  the  framework  of  engineering  optimization,  scaling  of  constraint  equations  is  a 
well-known  practice  that  is  recommended  in  numerous  textbooks,  such  as  Fox  [23 1], 
1971,orReklaitiseraZ.  [232],  1983.  In  his  1984  textbook,  Vanderplaats  [233]  specifi- 
cally mentions:  "Often,  numerical  difficulties  are  encountered  because  one  constraint 
function  is  of  different  magnitude  or  changes  more  rapidly  than  the  others  and  there- 
fore dominates  the  optimization  process.  [...,]  we  have  normalized  the  constraints  so 
they  become  of  order  of  unity.  This  improves  the  conditioning  of  the  optimization 
problem  considerably,  and  should  always  be  done  when  formulating  the  problem." 
Although  engineering  optimization  and  multibody  dynamics  simulation  are  numer- 
ically similar  problems  that  must  both  deal  with  constraints,  it  is  disturbing  to  note 
that  scaling  of  the  constraint  equations  is  rarely  mentioned  in  multibody  dynamics 
papers  or  textbooks. 

Cardona  and  Geradin  [234]  showed  that  the  condition  number  of  the  iteration 
matrix  obtained  from  the  HHT  integrator  is  of  0{h~^)  and  stated  that  "If  we  try 
to  solve  this  problem  without  scaling,  the  Newton  algorithm  will  not  converge  since 
round-off  errors  would  become  of  the  same  order  as  the  Newton  correction  itself."  To 
remedy  this  problem,  they  proposed  a  symmetric  scaling  of  the  equations  of  motion 
that  render  the  condition  number  of  the  system  matrix  independent  of  the  time  step 
size  and  of  the  mean  value  of  the  mass  matrix. 

A  more  systematic  analysis  of  the  scaling  procedure  was  discussed  by  Bottasso 
et  al.  [235]  who  proposed  a  simple  scaling  transformation  for  the  index-3  DAEs  de- 
scribing constrained  multibody  dynamical  systems.  The  approach  amounts  to  a  left 
and  right  preconditioning  of  the  iteration  matrix,  in  an  effort  to  decrease  solution 
sensitivity  to  perturbation  propagation.  A  remarkable  result  was  obtained:  both  error 
propagation  and  iteration  matrix  conditioning  are  of  0{h^),  and  hence,  the  behavior 
of  the  numerical  solution  of  index-3  DAEs  is  identical  to  that  of  regular  ODEs.  Bot- 
tasso et  al.  [236]  later  extended  the  same  ideas  to  the  Newmark  family  of  integration 
schemes  and  provided  a  better  theoretical  foundation  to  explain  how  perturbations 
affect  the  solution  process. 

In  section  12.6.1,  physical  arguments  are  used  to  derive  a  simple  scaling  proce- 
dure that  is  directly  applied  to  the  governing  equations  of  motion,  before  the  time 
discretization  is  performed,  and  an  augmented  Lagrangian  term  is  added  to  the  for- 
mulation, see  section  12.6.2.  Application  of  any  time  discretization  scheme,  such  as 
that  described  in  section  12.6.3,  followed  by  a  linearization  of  the  resulting  nonlin- 
ear algebraic  equations  then  lead  to  a  Jacobian  matrix  that  is  independent  of  the  time 
step  size;  hence,  the  condition  number  of  the  Jacobian  and  error  propagation  are  both 
oi  0{h^):  the  numerical  solution  of  index-3  DAEs  behaves  as  in  the  case  of  regular 
ODEs.  Since  the  scaling  factor  depends  on  the  physical  properties  of  the  system,  the 
proposed  scaling  decreases  the  dependency  of  this  Jacobian  on  physical  properties, 
further  improving  the  numerical  conditioning  of  the  resulting  linearized  equations. 
Finally,  the  additional  benefits  stemming  from  the  augmented  Lagrangian  term  are 
discussed  in  section  12.6.5.  Specifically,  this  term  enables  the  use  of  sparse  solvers 
that  do  not  rely  on  pivoting  for  the  stable  and  accurate  solution  of  the  linearized 
equations  of  motion. 
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12.6.1  Scaling  of  the  equations  of  motion 

In  this  section,  simple  physical  arguments  are  used  to  scale  Lagrange's  equation  of 
the  first  kind,  eqs.  (11.1),  which  form  a  set  of  index-3  DAEs, 


r 2 

C{q,t)  =  0,  (12.16b) 


M—%  +  BfX  =  F,  (12.16a) 


where  M  =  AI{q,  t)  is  the  symmetric,  semi  positive-definite  mass  matrix,  and 
F_  =  F_{q,  q,  t)  the  array  of  dynamic  and  externally  applied  forces.  For  simplicity 
of  the  exposition,  the  constraints  are  all  assumed  to  be  holonomic,  but  the  derivation 
presented  here  equally  applies  to  nonholonomic  constraints,  or  a  mixture  thereof. 

To  ease  the  discussion,  the  damping  and  stiffness  matrices  will  be  explicitly 
shown  in  the  equations  of  motion,  and  eqs.  (12.16a)  and  (12.16b)  are  restated  as 

(Pq           dff  „ 

M—^+D-=+Kq  +  B^\  =  G,  (12.17a) 

—  di^      — at — 

C(g,t)  =  0,  (12.17b) 

where  _D  =  D.{q)  is  the  damping  matrix,  K_  =  K_{q)  the  stiffness  matrix,  and  G_  = 
G(q,  q,  t)  the  array  of  remaining  dynamic  and  externally  applied  forces. 

Following  the  advice  of  Vanderplaats  [233]  for  optimization  problems,  con- 
straints are  normalized  so  as  to  become  of  the  order  of  unity.  This  can  be  readily 
achieved  by  introducing  normalized  generalized  coordinates,  q,  such  that  q  =  £rq, 
where  £r  is  a  reference  or  characteristic  length  of  the  system. 

For  dynamical  systems,  it  is  also  important  to  introduce  a  normalized  time  vari- 
able, T,  such  that  t  =  hr,  where  h  is  the  time  step  size.  The  equations  of  motion, 
eqs.  (12.17a)  and  (12.17b),  have  not  yet  been  discretized  in  time,  but  the  time  step 
size  is  anticipated  to  become  an  important  characteristic  time  of  the  problem  from  a 
numerical  standpoint. 

The  equations  of  motion  now  become 

M,'^+h^k  +  h^Kq  +  R^h^>i  =  h'^G,  (12.18a) 

C(g,T)=0.  (12.18b) 

Matrices  M,  D^,  K_,  and  _B  as  well  as  arrays  G  and  C_  are  now  expressed  in  terms  of 
the  normalized  generalized  coordinates.  Matrices  M,  D.,  and  K_  have  been  multiplied 

by  (,r',  for  simplicity,  the  same  notation  is  used  from  here  on.  Notation  (•)  is  used  to 
denote  a  derivative  with  respect  to  the  non-dimensional  time,  r.  The  equations  of 
motion,  eqs.  (12.18a),  were  multiplied  by  K^  to  avoid  division  by  a  potentially  small 
number,  h?. 

A  cursory  examination  of  the  normalized  equations  of  motion,  eqs.  (12.18a) 
and  (12.18b),  reveals  two  obvious  numerical  problems.  First,  if  the  mass  and/or 
damping  and/or  stiffness  of  the  system  become  large,  one  or  more  of  the  first  three 
terms  of  the  equations  of  motion  will  become  large,  whereas  the  constraint  equations 
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remain  unchanged.  In  other  words,  for  systems  with  large  mass,  damping,  or  stiff- 
ness, the  constraint  equations  become  "invisible"  to  the  numerical  process.  Second, 
the  unknowns  of  the  problem  are  of  different  orders  of  magnitude:  displacements  are 
typically  very  small  quantities,  but  Lagrange's  multipliers  are  force  quantities,  and 
hence,  typically  much  larger,  potentially  by  many  orders  of  magnitude. 

The  first  problem  is  easily  solved  by  multiplying  the  constraint  equations, 
eqs.  (12.18b),  by  a  scalar  factor,  called  the  scaling  factor,  s,  to  render  the  constraint 
equations  and  the  equations  of  motion,  eqs.  (12.18a),  of  comparable  magnitudes. 
Clearly,  selecting  s  =  rrir  +  drh  +  krh^  accomplishes  this  goal.  In  this  expression, 
m,.,  dr,  and  kr  represent  characteristic  mass,  damping  and  stiffness  coefficients  of 
the  system,  which  can  be  selected  as  rur  =  ||M||oo,  dr  =  ||-D||oc  and  kr  =  \\K\\qc\ 
another  convenient  choice  is  to  select  rrir,  dr,  and  kr  as  the  average  of  the  diagonal 
terms  of  the  mass,  damping  and  stiffness  matrices,  respectively. 

The  second  problem  can  be  solved  by  scaling  Lagrange's  multipliers  by  writing 
h^X  =  sX.  Clearly,  in  view  of  Newton's  law,  selecting  s  =  rrir  +  drh  +  krh^, 
makes  A  a  quantity  of  magnitude  comparable  to  that  of  displacement  quantities.  The 
equations  of  motion  of  the  problem,  eqs.  (12.18a)  and  (I2.I8b),  now  become 

Ki+h^h+h'^Kg  +  ^sX  =  h'^G,  (12.19a) 

sC  =  Q.  (12.19b) 

The  techniques  used  here  are  well-known  scaling  techniques  for  systems  of  equa- 
tions, as  discussed  in  textbooks  on  matrix  computations.  For  instance,  Golub  and  Van 
Loan  [82]  state:  "The  basic  recommendation  is  that  the  scaling  of  the  equations  and 
unknowns  must  proceed  on  a  problem-by-problem  basis.  General  scaling  strategies 
are  unreliable.  It  is  best  to  scale  (if  at  all)  on  the  basis  of  what  the  source  problem 
proclaims  about  the  significance  of  each  aij  [i.  e. ,  each  matrix  entry] ."  In  the  proposed 
scaling  strategy,  the  scaling  factor  was  selected  on  the  basis  of  physical  arguments 
about  the  nature  and  order  of  magnitude  of  each  term  appearing  in  the  equations  of 
motion. 

At  this  point,  it  is  convenient  to  simplify  the  notation  and  write  the  scaled  gov- 
erning equations  of  index-3  multibody  systems  as 

Mh  +  ^sX  =  h^F,  (12.20a) 

sC  =  0,  (12.20b) 

where  the  scaling  factor  is  defined  as, 

s  =  nir  +  drh  +  krh  .  (12.21) 

Notation()  indicates  a  derivative  with  respect  to  the  non-dimensional  time,  t  =  t/h, 
and  all  generalized  coordinates  have  been  normalized  by  the  reference  length,  £r . 

12.6.2  The  augmented  Lagrangian  term 

An  augmented  Lagrangian  term  is  now  added  to  the  scaled  formulation  of  the  equa- 
tions of  motion,  as  proposed  by  Bayo  et  al.  [151,  152], 
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Ki  +  ^s\  +  :^psC  =  h^F,  (12.22a) 

sC  =  0.  (12.22b) 

The  penalty  factor,  ps,  was  defined  as  the  product  of  the  scaling  factor  defined  in 
eq.  (12.21)  by  p;  for  p  =  1,  the  penalty  factor  is  equal  to  the  scaling  factor.  A  set  of 
modified  Lagrange's  multipliers, 

p  =  \  +  pC,  (12.23) 

is  introduced  to  simplify  the  above  equations,  leading  to 

Ml  +  ^^*A  =  ^^^^  (12.24a) 

sC  =  0.  (12.24b) 

The  equations  of  motion  were  scaled  first,  then  the  augmented  Lagrangian  term 
was  added.  Had  this  latter  term  be  added  from  the  onset  of  the  formulation,  the 
penalty  factor  would  become  h'^p,  i.e.,  the  penalty  factor  would  vanish  for  small 
time  step  sizes,  negating  any  advantage  this  term  could  have.  It  is  possible  to  include 
the  augmented  Lagrangian  term  from  the  onset  of  the  formulation  by  using  a  penalty 
factor  written  as  ps  =  ps/K^,  which  yields  results  identical  to  those  presented  here. 

12.6.3  Time  discretization  of  the  equations 

To  understand  the  implications  of  the  scaling  factor  and  augmented  Lagrangian  term 
presented  above,  the  equations  of  motion  will  now  be  discretized  in  the  time  domain. 
A  simple  mid-point  scheme  is  used  for  this  task 

Mivf  -  Vi)  +  lf„.sA  =  /i'Z™,  (12.25a) 

g^-g,  =  fe+£/)/2,  (12.25b) 

sC^  =  0.  (12.25c) 

Subscripts  (•)i  and  (•)/  indicate  quantities  at  the  beginning  and  end  times  of  the 
time  step,  denoted  U  and  tj,  respectively,  B^^^  =  (B^  +  B)/2,  C„  =  (C^  +  C^)/2, 
E.m  =  (:Ei+£!/)/2,  and/i  are  the  mid-point,  modified  Lagrange  multipliers.  Equa- 
tion (12.25b)  is  the  discretized  velocity-displacement  relationship  obtained  from  the 
mid-point  rule;  with  the  present  notation,  y_  =  q  =  dg/dr  =  h  dq/dt. 

In  view  of  the  scaling  of  the  time  dimension  performed  in  the  previous  section, 
the  formulae  associated  with  time  discretization  are  independent  of  the  time  step  size, 
which  is,  in  fact,  taken  to  be  unity;  see  eq.  (12.25b),  for  example.  This  means  that  the 
time  step  size  dependency  of  the  various  terms  of  the  equations  of  motion  indicated 
in  eqs.  (12.24a)  and  (12.24b)  will  not  be  affected  by  the  time  discretization,  no  matter 
what  time  integration  scheme  is  used. 

The  unknown  velocity,  v_f,  is  easily  eliminated  from  the  discretized  equations, 
leading  to 
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mikf  -  ii 


Blsfi  =  h^F^, 


sC„ 


0. 


(12.26a) 
(12.26b) 


Next,  these  nonlinear  algebraic  equations  will  be  solved  using  a  Newton- 
Ralphson  iterative  process  based  on  the  following  set  of  linear  algebraic  equations 


J  Ax 


The  Jacobian  of  the  system,  J,  is 


(12.27) 

(12.28) 
(12.29) 


where  the  notation  (•)_q  was  used  to  indicate  a  derivative  with  respect  to  the  gen- 
eralized coordinates,  and  subscript  [•]„  indicates  that  the  Jacobian  matrix  is  evalu- 
ated at  the  mid-point.  The  corrections  to  the  unknowns  of  the  problem  are  Ax     = 

\  Aq^ ,  AX^  \,  and  the  residual  array  is 


"2M  +  s( 

I^A),i  - 

-  h'^Fq  sB 

^c,. 

0 

=11  =12 

U  0  . 

1 

{2K% 


sC  I 


(12.30) 


The  asymptotic  behavior  of  the  Newton  corrections.  Ax,  as  the  time  step  size  tends  to 
zero  depends  on  the  asymptotic  behavior  of  both  the  Jacobian,  J,  and  the  right-hand 

side,  b.  In  fact, 

(12.31) 


lim(JZix)  =  lira  (J)  lim(Z\x) 

/i-s-O  =  h-s-O  =    /i^O 


lim  b, 

h^0~ 


and  therefore,  if  \imh^o{J)  =  0{h°)  and  \imh^o{b)  =  0{h°),  \imh^Q{Ax)  = 
0{h°).  ~         ~ 

The  following  results  are  easily  obtained  from  examination  of  eqs.  (12.28) 
and  (12.30), 


J 


0{h°)      0 


and  I 


Furthermore,  it  is  readily  verified  that  the  inverse  Jacobian  matrix  is 


J 


'0/1°)  £(/iO)' 
O(/i0)  O(/i0) 


(12.32) 


(12.33) 


It  then  follows  that  the  condition  number  of  the  Jacobian  matrix,   k{J_)     = 

||;Z||oo||iZ     Hoc,  is  clearly  independent  of  the  time  step  size,  k(J)  =  0(h'^).  In  view 
of  eqs.  (12.27)  and  (12.31),  it  follows  that 
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(12.34) 


Of  course,  scaling  of  the  variables  has  to  be  considered  when  the  criterion  for  con- 
vergence of  Newton  iterations  is  evaluated. 

This  behavior  is  markedly  different  from  what  happens  when  scaling  of  the  equa- 
tions is  not  performed.  Indeed,  applying  the  mid-point  time  discretization  to  the  un- 
sealed, augmented  equations  of  motion,  eqs.  (12.16a)  and  (12.16b),  leads  to 


2M 


(12.35a) 
(12.35b) 


where  the  unsealed  modified  Lagrange  multiplier  is  defined  as  /i  =  A  +  pC.  A 
Newton-Ralphson  approach  is  taken  again  to  solve  this  set  of  nonlinear  algebraic 
equations;  linearization  leads  to  J_Ax  =  —b,  where  the  Jacobian  of  the  system,  J,  is 


c„ 


£.?! 


(12.36) 


and  the  residual  array  is 


'  2M 


C*  1 


(12.37) 


The  following  results  are  easily  obtained  from  examination  of  eqs.  (12.36) 
and  (12.37), 


J 


■0/1-2)  0/iO)' 

O(/i0)       0 


^^^^=\O(/i0) 


The  inverse  Jacobian  matrix  is 


J- 


■0/i2)   QihP) 


(12.38) 


(12.39) 


It  then  follows  that  the  condition  number  of  the  Jacobian  matrix,  k(  J),  exhibits  a 
strong  dependency  on  the  time  step  size,  k(  J)  =  0{hr^),  and 


Aq_^  =  Oih^),     ziA„  =  0{h-^). 


(12.40) 


Example  12.1.  The  simple  pendulum 

Figure  12.1  depicts  a  simple  pendulum  of  length  £  and  bob  of  mass  m.  In  this  ex- 
ample, the  root  torsional  spring  is  ignored.  This  problem  will  be  treated  with  two 
generalized  coordinates:  the  bob's  horizontal  and  vertical  Cartesian  coordinates,  de- 
noted xi  and  X2,  respectively,  q^  =  {a;i,  X2}.  Because  the  system  features  a  single 
degree  of  freedom,  a  single  constraint  must  be  enforced:  the  pendulum  arm  must 
remain  of  constant  length,  £.  The  governing  equations  of  the  problem  are 
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M37f +i    A  =  0, 


C  =  0, 


(12.41a) 
(12.41b) 


where  M_  =  diag(m,  m),  _B  =  2q'^ ,  C  =  q^q  —  l"^,  and  A  =  Ai.  The  Jacobian  of  the 
unsealed  system  is  readily  obtained  from  eqs.  (12.41a)  and  (12.41b)  as 


2M,/h^  +  iR^^).q  R^ 


(12.42) 


Fig.  12.1.  Configuration  of  the  pendulum  with  a  root  torsional  spring. 


These  equations  of  motion  can  be  scaled  then  augmented  using  the  proposed 
approach,  and  with  the  help  of  the  mid-point  time  discretization  method,  the  Jacobian 
of  the  linearized  system  then  becomes 


2M- 


s(S   A),q  sBf 


sCg 


0 


(12.43) 


It  is  readily  verified  that  all  blocks  of  this  Jacobian  and  of  the  corresponding  right- 
hand  side  are  0{h'^).  For  this  simple  problem,  this  is  true  even  without  the  augmented 
Lagrangian  term,  i.e.,  even  if  p  =  0. 

Example  12.2.  Simple  pendulum  with  torsional  spring 

The  problem  treated  in  example  12.1  will  now  be  repeated  with  the  addition  of  the 
root  torsional  spring  of  stiffness  constant  k,  as  depicted  in  fig.  12.1.  Three  general- 
ized coordinates  will  be  used  here:  the  bob's  horizontal  and  vertical  Cartesian  co- 
ordinates, and  the  root  rotation  angle,  (f).  Since  the  system  features  a  single  degree 
of  freedom,  two  constraints  must  be  enforced,  the  pendulum  arm  must  remain  of 
constant  length,  i,  and  angle  0  can  be  obtained  from  elementary  trigonometric  con- 
siderations. The  governing  equations  of  this  problem  are 


A^q  „ 


-C2,4,y^2 


0, 

c  =  o, 


(12.44a) 

(12.44b) 
(12.44c) 
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where  C^  =  cos  (j),  S^  =  sin 
C2  =  qiC^  +  (?2<S'0,  and 


,^,A^  =  {Ai,A2},C^  =  {Ci,C2},Ci  =fq-e. 


B 


2qi  C^ 
2<72  S^ 


(12.45) 


The  relative  rotation  angle,  0,  is  an  algebraic  variable,  which,  in  contrast  with  the 
Lagrange  multipliers  A,  appears  explicitly  in  the  constraint  equations,  eq.  (12.44b). 
This  equation  simply  represents  the  static  equilibrium  of  the  spring  and  hence,  in- 
volves no  time  derivative  of  this  angle.  The  explicit  definition  of  the  relative  rotations 
at  the  root  readily  allows  for  the  introduction  of  root  spring. 

The  Jacobian  of  the  unsealed  system  is  readily  obtained  from  eqs.  (12.44a) 
to  (12.44c)  as 


J 


2K/h^  +  (^^A),,       (^^A),0       g^' 

{C2,<i}^2),q  k  +  (C2,0A2),</,  C_^ 


c. 


c. 


0 


(12.46) 


2M+S{g[l),g 

s{gk)^4> 

sg' 

s{C2.4,fi2),q 

h^k  +  s(C2,0/i2) 

4>  *ti,0 

^c. 

sC^ 

0 

These  equations  of  motion  can  be  scaled  and  augmented  using  the  proposed  ap- 
proach, and  with  the  help  of  the  mid-point  time  discretization  method,  the  Jacobian 
of  the  linearized  system  then  becomes 


(12.47) 


Here  again,  it  is  readily  verified  that  all  blocks  of  this  Jacobian  and  of  the  corre- 
sponding right-hand  side  are  of  0{hP).  The  key  to  this  proof  is  in  the  fact  that 
sfi  =  s\  +  spC  =  h^X  +  spC  =  0{h'^).  In  contrast  with  example  12.1,  the  aug- 
mented Lagrangian  term  is  indispensable  to  achieving  this  result;  indeed,  if  p  =  0, 
s/j,  =  sX  =  h^X  =  Oih^). 

Clearly,  the  proposed  scaling  of  the  unknowns  and  equations  is  sufficient  to 
achieve  time  step  size  independent  Jacobians  when  the  sole  algebraic  variables  of  the 
problem  are  Lagrange's  multipliers.  When  the  problem  involves  additional  algebraic 
variables,  such  as  the  relative  rotation  of  this  example,  the  scaling  of  the  unknowns 
and  of  the  equations  must  be  used  in  conjunction  with  the  augmented  Lagrangian 
term  to  achieve  time  step  size  independent  formulations. 


12.6.4  Relationship  to  tlie  preconditioning  approach 

A  preconditioning  approach  for  index-3  DAEs  was  proposed  by  Bottasso  et  al.  [235, 
236].  The  starting  point  of  their  development  is  the  Jacobian  matrix  resulting  from 
the  linearization  of  the  governing  equations  (12.16a)  and  (12.16b).  The  Jacobian  is 
multiplied  by  left  and  right  preconditioning  matrices,  denoted  L  and  R,  respectively, 
such  that  J  =  LJ_R,  where  L  =  diag(/i"')  and  R  =  diag(/i'^').  The  powers  of  the 
time  step  size,  i.e.,  coefficients  ai  and  /3i,  are  selected  to  render  the  preconditioned 
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Jacobian,  J,  independent  of  h.  To  prevent  confusion,  it  must  be  noted  tlie  scaling 
factor  defined  here,  s,  and  that  defined  by  Bottasso  et  al,  s'  (but  noted  s  in  refs.  [235, 
236]),  are  different:  s'  =  s/h"^. 

For  the  problem  presented  in  example  12.1,  the  preconditioning  and  scaling  ap- 
proaches yield  identical  Jacobian  matrices  if  the  preconditioning  matrices  are  se- 
lected to  be  L  =  diag(/i^,  s)  and  R  =  diag(l,  s/h?).  For  the  problem  presented  in 
example  12.2,  identical  Jacobians  are  obtained  by  selecting  L  =  diag(/i^,  /i^,  s)  and 
R  =  diag(l,  1,  s/h?).  Clearly,  left  and  right  preconditioning  matrices  can  be  found 
that  will  yield  identical  Jacobians  for  the  two  approaches. 

For  the  problem  presented  in  example  12.2,  a  time  step  size  independent  Jacobian 
is  only  obtained  with  the  addition  of  an  augmented  Lagrangian  term;  indeed,  without 
these  terms,  the  Jacobian  becomes 


J 


2M  +  {B;  h^K).q         d  h?k),<p         R 


C 


0 


(12.48) 


Clearly,  not  all  blocks  of  this  Jacobian  are  0{h^).  The  reasons  why  this  feature  is 
desirable  is  discussed  in  the  next  section.  While  the  use  of  the  augmented  Lagrangian 
term  was  not  addressed  in  refs.  [235,  236],  it  is  clear  that  if  such  term  is  added  to  the 
equations  of  motion  from  the  onset  of  the  formulation,  the  two  methods  become 
equivalent. 

12.6.5  Benefits  of  the  augmented  Lagrangian  formulation 

In  practical  implementations  of  the  finite  element  method,  the  linearized  set  of  gov- 
erning equations  is  solved  in  two  steps  [198,  82]:  first,  the  system  Jacobian  is  factor- 
ized  as  J_=  LDL  ,  where  L  is  a  lower  triangular  matrix  and  D  a  diagonal  matrix, 
and  second,  the  solution  is  found  by  back-substitution.  The  advantage  of  this  ap- 
proach is  that  it  preserves  the  banded  structure  of  the  Jacobian,  if  its  factorization  is 
performed  without  pivoting.  In  general,  factorization  of  the  Jacobian  without  pivoting 
is  numerically  unstable,  unless  the  Jacobian  is  symmetric  and  positive-definite  [82]. 
This  is  always  the  case  for  the  stiffness  and  mass  matrices  of  structures  because  they 
can  be  derived  from  the  minimization  of  quadratic  energy  functionals.  Consequently, 
factorizations  without  pivoting,  also  called  "skyline  solvers,"  are  used  systematically 
in  finite  element  codes. 

The  Jacobian  matrices  of  constrained  multibody  systems,  however,  are  not  iden- 
tical to  the  mass  and  stiffness  matrices  of  structures.  Consider  the  Jacobian  obtained 
without  the  augmented  Lagrangian  term  given  by  eq.  (12.48),  and  note  the  presence 
of  the  factor  h'^  along  some  columns  of  the  matrix. 

Consider  next  the  very  simple  linear  system,  J_x  =  b,  where 


"1   0 

0' 

Oh^ 

1 

0   1 

0 

and  b  ■ 


(12.49) 
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which  shares  the  characteiistics  of  eq.  (12.48);  although  symmetric,  the  Jacobian  is 
not  positive-definite.  It  is  easy  to  show  that  the  condition  number  of  this  Jacobian  is 
unity,  and  for  h  =  0.001,  the  exact  solution  is  xi  =  2:2  =  1,  and  x^  =  0.999999.  Us- 
ing finite  precision  arithmetic  with  five  significant  digits,  the  solution  of  the  system 
with  full  pivoting  yields  xi  =  X2  =  1,  and  2:3  =  0.99999,  whereas  solution  without 
pivoting  leads  to  an  incorrect  answer,  xi  =  1,  a;2  =  10,  and  x^  =  0.99999.  Clearly, 
when  using  a  skyline  solver,  /.  e. ,  when  factorization  of  the  Jacobian  is  performed 
without  pivoting,  the  condition  number  of  the  system  matrix  is  not  a  good  indicator 
of  the  accuracy  of  the  solution. 

While  a  low  condition  number  is  a  necessary  condition  for  obtaining  accurate 
solutions  of  linear  problems,  it  is  not  a  sufficient  condition  when  skyline  solvers 
are  used.  Consider,  for  instance,  the  Jacobian  matrices  of  example  12.2  defined  in 
eqs.  (12.47)  and  (12.48),  obtained  with  and  without  the  augmented  Lagrangian  term, 
respectively.  Because  of  the  presence  of  the  multiplicative  factor,  /i^,  across  entire 
columns  of  the  Jacobian  in  eq.  (12.48),  pivoting  will  be  required  to  ensure  accu- 
rate solutions.  On  the  other  hand,  all  the  sub-matrices  of  the  Jacobian  obtained  with 
the  present  scaling  approach,  see  eq.  (12.47),  are  independent  of  the  time  step  size, 
enabling  the  safe  use  of  skyline  solvers. 

The  augmented  Lagrangian  term  of  the  proposed  formulation  was  shown  above 
to  be  key  to  achieving  time  step  size  independent  Jacobians,  see  eq.  (12.28).  The 
Hessian  of  the  system,  see  eq.  (12.29),  can  be  expressed  as  J  =  2M  +  s{B_  A)  g  — 
h'^F_  -  +  spB^B_,  where  the  last  term  represents  the  contribution  of  the  penalty  term 
and  provide  two  further  benefits. 

First,  consider  the  problem  described  in  example  12.2  and  assume  that  the  system 
is  at  rest  att  =  0.  Because  the  first  Lagrange  multiplier  represents  the  tension  in  the 
rod  and  the  second  the  moment  in  the  spring,  it  is  clear  that  A  =  0  at  t  =  0.  In  the 
absence  of  penalty  term,  i.e.,  for  p  =  0,  the  Jacobian  of  the  linearized  system  at  that 
instant  becomes 
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2M 

0 

sB^ 

0 

0 

<, 

-% 

sC^ 

0 

(12.50) 


Although  this  Jacobian  is  not  singular,  a  skyline  solver  will  obviously  fail  if  pivoting 
is  not  used.  Clearly,  if  a  skyline  solver  is  used,  the  augmented  Lagrangian  term  is 
indispensable  to  the  success  of  the  simulation's  first  time  step. 

Second,  Gill  et  al.  [237]  showed  that  there  always  exists  a  p*  such  that  the  Hes- 
sian of  the  augmented  Lagrangian,  j_,,,i^  positive-definite  for  all  p  >  p* .  As  men- 
tioned earlier,  positive-definiteness  is  key  to  the  reliable  use  of  skyline  solvers:  this 
implies  that  the  sub-system  J_..Ax'  =  —h  ,  where  x*  and  h  are  vectors  of  appro- 
priate dimensions,  can  be  solved  without  pivoting.  Experience  shows  that  p  =  1  is  a 
good  choice;  this  implies  that  the  penalty  factor  is  taken  equal  to  the  scaling  factor. 

Finally,  now  that  it  has  been  proved  that  the  Hessian  of  the  augmented  La- 
grangian, J  ,  can  be  factorized  without  pivoting,  it  must  also  be  proved  that  the 
complete  solution  can  be  obtained  without  pivoting.  At  first,  consider  a  system  with 
a  single  constraint:  J     and  J     are  then  column  and  row  vectors,  respectively.  Since 
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the  constraint  matrix  is  assumed  to  be  of  full  rank,  its  single  column,  J  ,  must 
contain  a  least  one  non-zero  element,  and  hence,  factorization  without  pivoting  can 
proceed  safely.  Mathematical  induction  then  implies  that  factorization  without  piv- 
oting can  proceed  for  systems  with  an  arbitrary  number  of  constraints,  for  as  long  as 
columns  and  rows  of  J  and  J  ,  respectively,  are  linearly  independent,  a  property 
that  is  guaranteed  by  the  fact  that  the  constraint  matrix  is  of  full  ranlc. 

As  a  last  note  of  interest,  the  proof  presented  above  assumes  that  the  degrees 
of  freedom  of  the  system  are  segregated:  first,  all  the  generalized  coordinates  of  the 
system,  then,  Lagrange's  multipliers.  In  practice,  this  ordering  is  not  desirable  be- 
cause it  does  not  minimize  the  bandwidth  of  the  system  of  equations.  It  can  be  easily 
shown  that  generalized  coordinates  and  Lagrange's  multipliers  can  be  interspersed, 
as  desired  for  minimization  of  the  bandwidth,  while  still  using  a  skyline  solver.  The 
only  requirement  is  that  Lagrange's  multipliers  must  be  placed  after  the  generalized 
coordinates  that  participate  in  the  corresponding  constraint  equation,  as  was  already 
observed  by  Cardona  [31]. 

12.6.6  Using  other  time  integration  schemes 

While  the  proposed  scaling  method  has  been  presented  so  far  within  the  framework 
of  the  mid-point  time  integration  scheme,  it  is  easily  extended  to  the  more  advanced 
integration  methods  that  are  used  for  the  analysis  of  realistic  mechanical  systems. 
Consider,  for  example,  the  generalized-a  method  [136]  applied  to  the  scaled  general 
equations  of  motion  of  a  multibody  system,  see  eqs.  (12.24a)  and  (12.24b).  The 
resulting  discretization  is 

Ma  +  s^l  =  h'^F,  (12.51a) 

sC  =  Q.  (12.51b) 

Here,  the  mass  matrix,  constraints,  constraint  matrix,  and  forces  are  evaluated  using 
the  algorithmic  variables  defined  by  eqs.  (17.38)  and  (17.50).  The  corresponding 
variables  at  the  end  of  the  time  step  are  related  to  their  values  at  the  beginning  of  the 
time  step  through  eqs.  (17.41). 

Linearization  of  eqs.  (12.51a)  and  (12.51b)  with  respect  to  these  increments 
yields  a  system  of  algebraic  equations  identical  to  eq.  (12.27)  with  a  Jacobian  ma- 
trix presenting  the  same  structure  as  in  eq.  (12.29),  where  the  sub-matrices  are 

ill  =  (1  -  "m)/'^  M  +  ^'(1  -  "^)7//5  £,i  +  ^'(1  -  aF)£,g  +  s{R^E)4' 
J  =  s(l  —  ap)B_  ,  and  J  =  s(l  —  aF)C^%,  respectively,  and  their  asymp- 
totic behavior  is  independent  of  the  time  step  size  as  was  observed  for  the  simple 
mid-point  scheme. 

The  developments  presented  above  can  be  repeated  for  other  integration  schemes 
such  as  the  well-known  HHT  scheme  [135],  implicit  Runge-Kutta  methods  including 
the  class  of  RADAU  schemes  [26],  or  backward  difference  formula  (BDF)  [96].  In 
all  cases,  the  application  of  the  time  integration  scheme  to  the  proposed  scaled  equa- 
tions, see  eqs.  (12. 24a)  and  (12.24b),  leads  to  a  Jacobian  matrix  that  is  independent 
of  the  time  step  size. 
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Example  12.3.  Scaling  of  a  simple  pendulum  problem 

Consider  the  simple  pendulum  problem  described  in  example  12.2  and  depicted  in 
fig.  12.1,  with  m  =  \  kg,  A:  =  10  N-m/rad,  and  £  =  1  m,  simulated  within  the  time 
range  t  e  [0, 1]  sec.  Table  12.1  lists  the  condition  numbers  of  iteration  matrix,  /«(J), 
at  convergence  of  the  last  time  step,  for  time  step  size  h  e  [IQ-^,  IQ-^]  s. 


Table  12.1.  Condition  numbers  of  the  itera- 
tion matrix  at  convergence  of  the  last  time 
step. 


h 

No 

s  =  1  in 

s  from 

scaling 

eq.  (12.21) 

eq.  (12.21) 

110-' 

4  10* 

10. 

12. 

510-^ 

6  10^ 

8.9 

13. 

110-" 

3  10« 

9.2 

14. 

5  10-3 

5  10« 

9.2 

14. 

110-3 

3  10^^ 

9.2 

14. 

5  10-" 

5  10^3 

9.2 

14. 

110-* 

3  10^^ 

9.2 

14. 

510-5 

5  10" 

9.2 

14. 

110-5 

3  10=^° 

9.2 

14. 

Table  12.2.  Condition  numbers  of  the  itera- 
tion matrix  at  convergence  of  the  last  time 
step. 


Mass 

No 

s  =  1  in 

s  from 

scaling 

eq.  (12.21) 

eq.  (12.21) 

10-^ 

3  10"^ 

2  10" 

13. 

10-1 

3  10« 

9  10" 

14. 

10" 

3  10"' 

4  10' 

14. 

10^ 

3  10^^ 

3  10-* 

14. 

10^ 

3  10^^ 

3  10** 

14. 

103 

3  10^^ 

3  10» 

14. 

lO" 

3  10i» 

3  10"^ 

14. 

The  second  column  of  table  12.1  lists  the  condition  numbers  in  the  absence  of 
scaling.  As  predicted,  k(  J)  =  0{h~^),  clearly  demonstrating  the  need  for  scaling. 
The  next  two  columns  list  the  condition  numbers  with  scaling  factors  s  =  1  and  s 
selected  according  to  eq.  (12.21),  for  the  third  and  fourth  columns,  respectively. 

Example  12.4.  Scaling  of  a  simple  pendulum  problem 

Next,  the  same  problem  is  solved  with  a  fixed  time  step  size,  h  =  0.01  s,  and 
fixed  spring  stiffness  constant,  fc  =  10  N-m/rad,  but  for  a  range  of  mass  values, 
m  e  [IQ-^,  10'']  kg.  Table  12.2  lists  the  condition  numbers  of  iteration  matrix,  k(  J), 
at  convergence  of  the  last  time  step. 

The  second  column  of  table  12.2  lists  the  condition  numbers  in  the  absence  of 
scaling.  As  the  mass  of  the  system  increases,  the  condition  number  of  the  Jaco- 
bian  matrix  increases,  demonstrating  here  again  the  need  for  scaling.  The  next  two 
columns  list  the  condition  numbers  with  scaling  factors  s  =  1  and  s  selected  ac- 
cording to  eq.  (12.21),  for  the  third  and  fourth  columns,  respectively.  These  results 
highlight  the  importance  of  scaling  the  problem  with  respect  to  its  dependency  on 
physical  properties.  Selecting  the  scaling  factor  according  to  eq.  (12.21)  renders  the 
condition  number  of  the  Jacobian  independent  of  the  value  of  the  mass.  Of  course, 
varying  the  spring  stiffness  constant  would  yield  similar  results. 

Example  12.5.  Flexible  beam  actuated  by  a  crank 

Figure  12.2  depicts  a  cantilevered  beam  of  length  L  =  1  m  actuated  by  a  crank  mech- 
anism. The  beam  has  a  rectangular  cross-section  of  depth  /i  =  0. 1  m  and  width  w 
=  2.5  mm;  it  is  made  of  aluminum  of  Young's  modulus  E  =  13  GPa  and  Poisson's 
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ratio  i^  =  0.3.  This  beam  is  modeled  by  eight  cubic  beam  elements;  the  geometrically 
exact  beam  element  formulation  is  described  in  section  16.3.  The  tip  of  the  beam  is 
connected  to  a  spherical  joint  at  point  C  by  means  of  a  short  connector  modeled  by 
two  cubic  elements  and  featuring  physical  properties  identical  to  those  of  the  beam. 
In  turn,  the  spherical  joint  is  connected  to  a  flexible  steel  {E  =  210  GPa  and  u  =  0.3) 
link  of  length  Lg  =  0.5  m  with  a  hollow  circular  cross-section  of  outer  radius  Ro  = 
15  mm  and  thickness  i  =  8  mm. 


L  =  lin 


Beam 


Cross-section 

d  =  5  mm 

^Connector 


®  Spherical  joint 
o  Revolute  joint 


h=  0.1  m 

w  =  2.5  mm 


Link 
Crank. 


C 

■Link 


P 


0.5m 


ML 
L,  =  30  mm 


Fig.  12.2.  Beam  actuated  by  a  tip  crank. 


Next,  the  link  connects  to  a  crank  of  length  Lc  =  30  mm  by  means  of  a  revolute 
joint  at  point  L;  the  crank's  cross-section  is  identical  to  that  of  the  link.  Finally,  a 
revolute  joint  connects  the  crank  to  the  ground  at  point  G.  Points  G,  L,  and  C  define 
the  plane  of  the  crank-link  mechanism,  which  is  offset  by  a  distance  d  =  5  mm  from 
plane  (ii  ,43)  of  the  cantilevered  beam.  The  relative  rotation  of  the  revolute  joint  at 
point  G  is  prescribed  as  cj)  =  1.6(1  —  cos  2'Kt/T)  rad,  where  T  =  1.6  s. 

As  the  crank  rotates  up,  the  vertical  transverse  shear  force  in  the  beam  increases, 
and  the  beam  buckles  laterally.  Figure  12.3  shows  the  three  displacement  components 
at  the  beam's  mid-point:  at  about  0.05  s  in  the  simulation,  the  lateral  displacement 
component,  U2,  suddenly  increases.  Lateral  buckling  is  accompanied  by  rotation  of 
the  beam's  mid-section. 

The  following  observations  will  be  made  concerning  this  simulation.  First,  in  the 
absence  of  augmented  Lagrangian  terms,  the  simulation  failed  at  the  first  iteration  of 
the  first  time  step.  Indeed,  at  the  first  time  step,  the  Jacobian  of  the  system  presents 
a  structure  similar  to  that  presented  in  eq.  (12.50),  and  the  skyline  solver  fails  to 
factorize  the  Jacobian. 

Next,  augmented  Lagrangian  terms  were  included  in  the  simulation,  but  no  scal- 
ing was  used,  i.e.,  s  =  1  was  selected.  In  this  case,  the  skyline  solver  was  able  to 
factorize  the  Jacobian  at  the  first  time  step,  but  iterations  failed  to  converge  because 
of  the  poor  conditioning  of  the  system.  Finally,  when  using  the  proposed  scaling,  the 
simulation  ran  smoothly  to  completion,  as  shown  in  fig.  12.3. 
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Fig.  12.3.  Displacement  components  at  tlie 
beam's  mid-span.  Component  ui:  solid  line; 
U2:  dashed-dotted  line;  and  u^:  dashed  line. 


Fig.  12.4.  Three  integration  schemes.  Radau 
llA:  solid  line;  energy  decaying  scheme: 
dashed-dot  line;  HHT:  dashed  line. 


The  applicability  of  the  proposed  scaling  to  various  time  integration  schemes  will 
also  be  demonstrated  here.  Simulations  were  run  with  three  integration  schemes: 
the  Radau  IIA  scheme  [26],  the  energy  decaying  scheme  [218],  and  the  HHT 
scheme  [135].  Figure  12.4  demonstrates  the  convergence  characteristics  of  the  three 
schemes  by  plotting  the  solution  error  as  a  function  of  the  inverse  of  the  time  step 
size.  Errors  were  computed  with  respect  to  a  reference  solution  obtained  by  using 
the  Radau  IIA  scheme  with  a  very  small  time  step  size,  h  =  5  /isec.  Note  the  good 
convergence  of  all  three  schemes,  even  for  very  small  time  step  sizes. 


12.7  Conclusions 


This  chapter  has  presented  a  comprehensive  review  of  the  numerical  tools  used  for 
the  enforcement  of  constraints  in  multibody  systems.  The  classical  formulation  of 
Lagrange's  equations  of  the  first  kind  yields  index-3,  differential-algebraic  equations. 
In  view  of  the  difficulties  associated  with  the  solution  of  these  equations,  several 
approaches  have  been  used  to  algebraically  eliminate  Lagrange's  multipliers. 

The  first  approach  is  to  use  Maggi's  formulation,  which  plays  a  pivotal  role  in 
constrained  dynamics,  although  its  importance  was  not  initially  recognized.  The  se- 
lection of  a  set  kinematic  characteristics  is  required,  and  for  both  holonomic  and 
nonholonomic  systems,  constraints  are  enforced  at  the  velocity  level.  The  central 
ingredient  of  the  approach  is  the  null  space  of  the  constraint  matrix. 

The  next  two  approaches  are  the  index- 1  formulation  that  is  widely  used  in  multi- 
body  codes,  and  the  null  space  formulation  that  has  also  received  considerable  atten- 
tion. Both  methods  enforce  constraints  at  the  acceleration  level,  and  hence,  signifi- 
cant drift  of  numerical  solutions  should  be  expected.  Finally,  Udwadia  and  Kalaba's 
formulation  provides  new  insight  to  the  behavior  of  constrained  dynamical  system. 
Here  again,  constraints  are  enforced  at  the  acceleration  level,  but  the  use  of  Moore- 
Penrose  inverses  provides  increased  generality  and  robustness.  The  salient  features 
of  these  four  approaches  were  reviewed  and  compared. 
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Extensive  mathematical  studies  of  DAEs  concluded  that  the  best  approach  for 
the  solution  of  DAEs  is  the  reduce  their  index.  Consequently,  two  distinct  avenues 
of  research  were  pursued:  first,  coordinate  reduction  techniques  were  developed  to 
reduce  the  DAEs  to  ODEs,  and  second,  index  reduction  techniques  were  proposed 
that  bring  the  DAEs  index  from  3  to  2  or  1 . 

Maggi's  method  has  been  extensively  used  as  a  coordinate  reduction  technique 
that  transform  DAEs  into  ODEs.  A  distinction  was  made  between  Maggi-like  meth- 
ods that  do  not  eliminate  Lagrange's  multipliers  and  true  Maggi  formulations  for 
which  these  multipliers  are  completely  eliminated.  Many  of  these  methods  only  dif- 
fer by  the  numerical  process  used  to  compute  the  null  space  of  the  constraint  matrix. 
This  contrasts  with  the  extraction  procedure  that  evaluates  the  null  space  based  on 
kinematic  considerations.  The  null  space  formulation  has  also  been  used  to  obtain 
ODEs.  Numerical  implementations  of  Udwadia  and  Kalaba's  formulation  inherits 
the  advantages  of  this  powerful  technique.  Finally,  more  geometric  arguments  form 
the  basis  of  the  projective  formulation,  which  uses  the  concepts  of  tangent  and  or- 
thogonal subspaces  to  obtain  ODEs. 

Index  reduction  techniques  are  formal  mathematical  procedures  that  reduce  the 
index  of  DAEs  from  3  to  2  or  1 .  In  many  cases,  properties  of  the  proposed  schemes 
are  proved  mathematically.  While  the  order  of  accuracy  of  the  solution  is  often  pro- 
vided, the  problem  of  violation  of  the  constraints  was  rarely  addressed. 

Due  to  approximations  and  round-off  errors,  many  numerical  solutions  do  not 
satisfy  the  constraints  exactly,  a  phenomenon  known  as  "drift."  Numerous  constraint 
violation  stabilization  techniques  have  been  developed  to  remedy  this  problem,  but 
Baumgarte's  method  is  probably  the  most  widely  used.  It  presents  two  shortcom- 
ings: first,  constraints  are  never  exactly  satisfied,  and  second,  no  general  procedure 
exists  to  determine  the  problem  dependent  parameters  appearing  in  the  formulation. 
Consequently,  this  approach  cannot  be  recommended  for  general  use  in  multibody 
systems. 

Penalty  based  formulations  have  also  been  used  to  control  the  drift  phenomenon. 
The  augmented  Lagrangian  formulation  is  probably  the  most  robust  and  efficient 
method  of  that  type.  Next,  constraint  violation  elimination  techniques  have  been 
developed  to  enforce  the  exact  satisfaction  of  the  constraints,  at  least  to  machine 
accuracy.  In  those  approaches,  the  solution  obtained  through  the  approximate  time 
integration  process  is  corrected  or  perturbed  to  satisfy  the  constraints.  This  correction 
is  typically  based  on  geometric  concepts:  the  approximate  solution  is  projected  onto 
the  constraint  manifold  and  an  iterative  process  is  required  to  completely  eliminate 
constraint  violations. 

Next,  new  algorithms  have  been  developed  for  the  enforcement  of  constraints 
within  the  framework  of  the  finite  element  method,  which  has  gained  popularity  for 
multibody  dynamics  applications.  Based  on  the  physical  concepts  of  energy  preser- 
vation and  vanishing  of  the  work  done  by  the  constraint  forces,  robust  algorithms 
have  been  developed  that  present  mathematical  proofs  of  stability,  but  at  the  expense 
of  more  complex  discretization  schemes,  moving  away  from  the  traditional  "black 
box"  approach  to  time  integration  schemes.  Typically,  constraints  are  satisfied  to  ma- 
chine accuracy  at  both  displacement  and  velocity  levels. 
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For  the  several  past  decades,  the  numerical  solution  of  DAEs  has  been  known  to 
be  fraught  with  difficulties,  mainly  due  to  their  undesirable  behavior  for  vanishingly 
small  time  step  sizes.  The  importance  of  scaling  of  both  equations  of  motion  and 
solution  fields  has  been  underlined  and  the  following  facts  have  been  established. 

1.  Scaling  can  be  performed  at  the  level  of  the  equations  of  motion,  prior  to  time 
discretization.  By  curing  problems  a  priori,  benefits  are  reaped  for  all  time  inte- 
gration schemes. 

2.  The  proposed  scaling  factor  depends  on  both  time  step  size  and  system  physical 
properties,  further  improving  the  numerical  conditioning  of  the  problem. 

3.  In  multibody  formulations,  algebraic  variables  stem  from  the  presence  of  La- 
grange's multipliers,  but  also  from  the  definition  of  additional  algebraic  variables 
such  as  relative  motions.  In  such  cases,  scaling  in  conjunction  with  an  augmented 
Lagrangian  term  was  shown  to  yield  time  step  size  independent  Jacobians. 

4.  The  combined  use  of  scaling  and  augmented  Lagrangian  term  also  enables  the 
safe  use  of  sparse  linear  equation  solvers  that  do  not  rely  on  pivoting  to  ensure 
stable,  accurate  solutions.  While  finite  element  codes  routinely  rely  on  such  sky- 
line solvers,  their  safe  use  for  DAEs  has  been  justified  and  considerably  improves 
the  efficiency  of  the  solution  process. 

Although  further  theoretical  work  is  needed  before  more  general  conclusions 
can  be  drawn,  the  following  facts  are  emerging  from  the  discussion  presented  in 
section  12.6  and  in  refs.  [234,  235,  236,  238]. 

1.  High  index  DAEs,  once  properly  scaled,  are  not  more  difficult  to  integrate  than 
ODEs.  Unless  leading  to  computational  savings,  there  is  no  reason  to  avoid  La- 
grange's multipliers,  the  main  source  of  algebraic  variables. 

2.  While  numerous  researchers  have  advocated  the  use  of  specific  time  integration 
schemes  to  overcome  the  ill-conditioning  of  the  linearized  index-3  equations, 
section  12.6  shows  that  these  problems  can  be  resolved  a  priori,  for  all  stable 
integration  schemes.  Furthermore,  scaling  does  not  alter  the  basic  properties  of 
time  integration  schemes.  If  an  integration  scheme  is  energy  preserving,  its  ap- 
plication to  scaled  equations  of  motion  will  still  preserve  energy. 

3.  Promoting  index  reduction  techniques  to  avoid  the  perceived  numerical  prob- 
lems associated  with  DAEs  might  be  ill  advised:  section  12.6  results  indicate  that 
these  techniques  might  not  required.  Furthermore,  they  might  create  difficulties 
that  were  not  present  in  the  original  formulation  based  on  DAEs;  for  instance, 
index  reduction  techniques  often  enforce  constraints  through  their  higher-order 
derivatives,  leading  to  the  drift  phenomenon,  which  does  not  affect  the  direct 
solution  of  high-index  DAEs.  While  the  drift  problem  may  be  alleviated  or  com- 
pletely eliminated  by  the  use  of  projections  onto  the  constraint  manifold,  the 
index-3  approach  is  conceptually  simpler  and  possibly  more  efficient  since  it 
does  not  incur  the  extra  costs  of  computing  and  applying  projection  operators. 

4.  The  results  presented  in  section  12.6  do  not  provide  a  general  approach  to  the 
solution  of  DAEs.  Indeed,  the  approach  presented  in  that  section  only  deals  with 
the  index-3  DAEs  stemming  from  the  modeling  of  mechanical  systems,  which 
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present  a  linear  dependency  on  generalized  accelerations,  on  Lagrange's  multi- 
pliers, and  on  the  generalized  velocities  appearing  in  nonholonomic  constraints. 
The  results  presented  in  section  12.6  are  limited  to  DAEs  presenting  these  three 
characteristics. 
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13 

Parameterization  of  rotation 


The  effective  description  of  rotations  lias  led  to  the  development  of  numerous  param- 
eterization techniques  presenting  various  properties  and  advantages,  as  described  in 
the  following  review  papers  [239,  240,  241,  242,  243,  244,  245].  Whether  originating 
from  geometric,  algebraic,  or  matrix  approaches,  parameterization  of  rotation  is  most 
naturally  categorized  into  two  classes:  vectorial  and  non-vectonaZ  parameterizations. 
The  former  refers  to  parameterization  in  which  a  set  of  parameters,  sometimes  called 
rotational  "quasi-coordinates,"  define  a  geometric  vector,  whereas  the  latter  cannot 
be  cast  in  the  form  of  a  vector.  These  two  types  of  parameterizations  are  sometimes 
denoted  as  invariant  and  non-invariant  parametenzation,  respectively. 

The  Cartesian  rotation  vector,  the  Euler-Rodrigues  parameters,  or  the  Wiener- 
Milenkovic  parameters  all  are  examples  of  vectorial  parameterizations.  These  are  all 
characterized  by  a  minimal  set  of  three  parameters,  which  behave  as  the  Cartesian 
components  of  a  vector  in  three-dimensional  space.  Non- vectorial  parameterizations, 
on  the  other  hand,  may  be  either  minimal,  as  in  the  case  of  Euler  angles,  or  "redun- 
dant," as  for  Euler  parameters,  Cayley-Klein  parameters,  and  the  matrix  of  direction 
cosines. 

Redundancy  arises  when  more  than  three  parameters  are  employed:  four  in  the 
case  of  Euler  and  Cayley-Klein  parameters,  nine  in  the  case  of  direction  cosines. 
In  fact,  rotation  may  be  described  as  the  motion  of  a  point  on  a  three-dimensional 
nonlinear  manifold,  the  Lie  group  of  special  orthogonal  transformations  of  the  three- 
dimensional  space.  The  various  parameterizations  of  rotation  are,  in  differential  ge- 
ometry terminology,  different  charts  available  for  this  particular  manifold. 

Stuelpnagel  [246]  provides  a  concise  analysis  of  different  parameterizations  of 
rotations.  He  shows  that  the  six  parameter  representation  consisting  of  the  first  two 
columns  of  the  rotation  tensor  yields  a  set  of  linear  differential  equations  for  the  mo- 
tion of  a  rigid  body.  He  further  proves  that  a  minimum  of  five  parameters  is  required 
to  obtain  a  bijective  mapping  of  the  rotation  group.  This  parameterization  yields  a 
set  of  nonlinear  equations  of  motion  for  a  rigid  body  and  is  not  recommended  for 
practical  applications.  Four  parameter  representations,  such  as  the  quaternion  repre- 
sentation [247,  248,  249],  are  singularity  free,  in  contrast  with  minimal  set  parame- 
terizations, which  he  proves  to  always  involve  singularities. 
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The  various  parameterization  techniques  detailed  in  the  literature  present  distinct 
advantages  and  drawbacks.  Advantages  can  be  of  a  theoretical  nature,  such  as  ease  of 
geometric  interpretation,  or  convenience  in  algebraic  manipulations,  for  instance,  or 
of  a  computational  nature,  low  cost  function  evaluations,  wide  range  of  singularity- 
free  behavior,  etc.  These  features  provide  guidelines  for  selecting  parameterizations 
that  are  best  suited  for  specific  applications.  A  survey  of  the  literature  reveals,  how- 
ever, that  for  both  theoretical  and  numerical  applications,  the  choice  of  parameteri- 
zation is  often  based  on  personal  taste  and  traditions  rather  than  cost/benefit  consid- 
erations. 

Section  13.1  presents  an  algebraic  description  of  rotation  that  contrasts  with  the 
geometric  approach  developed  in  chapter  4.  Cayley's  elegant  formulation  is  intro- 
duced based  on  the  fundamental  property  of  the  rotation  operation:  preservation  the 
length  of  the  rotated  vector.  Next,  section  13.3  introduces  the  well-known  Euler  pa- 
rameters [247,  246,  250, 249]  that  provide  an  elegant,  purely  algebraic  representation 
of  rotation.  When  using  the  quaternion  algebra  presented  in  section  13.2,  all  rotation 
operations  become  bi-linear  expressions  of  quaternions.  These  advantages,  however, 
come  at  a  high  cost:  four  parameters  must  be  used  instead  of  three,  i.  e. ,  Euler  param- 
eters do  not  form  a  minimum  set. 

Euler's  theorem  on  rotations,  see  section  4.5,  states  that  an  arbitrary  motion  of  a 
rigid  body  that  leaves  one  of  its  point  fixed  can  be  represented  by  a  single  rotation 
of  magnitude  (p  about  unit  vector  n.  It  is  readily  shown  that  the  associated  rotation 
tensor,  R,  possesses  a  positive  unit  eigenvalue  and  the  corresponding  eigenvector  is 
n,  see  section  4.7. 

The  vectorial  parameterization  of  rotation  is  introduced  in  section  13.4  and  con- 
sists of  minimal  set  of  parameters  defining  the  components  of  a  rotation  parameter 
vector,  p  =  p(4>)n,  where  p{(j))  is  the  generating  function.  The  vectorial  parameteri- 
zation of  rotation  presents  two  fundamental  properties.  First,  it  is  tensorial  in  nature: 
the  tensorial  nature  of  the  second-order  rotation  tensor  implies  and  is  implied  by  the 
tensorial  nature  of  the  rotation  parameter  vector,  a  first-order  tensor  Second,  rotation 
parameter  vectors  are  parallel  to  the  eigenvector  of  the  rotation  tensor  corresponding 
to  its  unit  eigenvalue.  Because  these  two  properties  imply  each  other,  either  can  be 
taken  as  the  definition  of  the  vectorial  parameterization  of  rotation.  A  parameteriza- 
tion of  rotation  is  tensorial  if  and  only  if  the  rotation  parameter  vector  is  parallel  to 
the  eigenvector  of  the  rotation  tensor  associated  with  its  unit  eigenvalue. 

The  Cartesian  rotation  vector,  the  Cayley-Gibbs-Rodrigues  parameters,  or  the 
Wiener-Milenkovic  parameters  all  are  special  cases  of  the  vectorial  parameterization 
of  rotation  corresponding  to  specific  choices  of  the  generating  function.  Furthermore, 
these  parameterizations  are  recovered  as  members  of  two  different  families:  the  sine 
and  the  tangent  family.  The  occurrence  of  singularities  in  the  proposed  vectorial  pa- 
rameterization is  the  focus  of  section  13.6.  Finally,  section  13.7  details  a  number  of 
useful  parameterizations:  the  Cartesian  rotation  vector,  the  Euler-Rodrigues  param- 
eters, the  Cayley-Gibbs-Rodrigues  parameters,  and  the  Wiener-Milenkovic  parame- 
ters. 

Euler  parameters  are  closely  related  to  the  vectorial  parameterization.  On  the 
other  hand,  minimal  non-vectorial  parameterizations  such  as  Euler  and  Euler-type 
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angles  are  not  easily  related  to  vectorial  techniques.  Rather,  they  may  be  investigated 
in  terms  of  exponential  coordinates  of  the  second  kind,  in  contrast  with  the  exponen- 
tial parameterization,  which  is  an  application  of  exponential  coordinates  of  the  first 
kind  [251]. 


13.1  Cayley's  rotation  parameters 

In  chapter  4,  rotation  operations  were  described  in  geometric  terms,  based  on  the 
visualization  of  an  orthonormal  basis  B  rotating  to  a  new  basis  £.  It  is  possible, 
however,  to  describe  rotations  without  resorting  to  geometric  concepts.  Indeed,  the 
fundamental  property  of  rotation  operations  is  to  preserve  length:  the  length  of  a 
vector  is  the  same  when  computed  from  its  components  resolved  in  two  arbitrary 
orthonormal  bases. 

Consider  an  arbitrary  vector  b  and  its  components,  fe'^'  and  ¥^' ,  resolved  in  bases 
B  and  £,  respectively.  Let  R  be  the  rotation  tensor  that  brings  basis  B  to  £.  The 
relationship  between  the  components  of  6  in  these  two  bases  is  given  by  eq.  (4.27)  as 
b}  '  =  R  Ir  '.  The  basic  property  of  rotation  is  to  preserve  the  length,  i,  of  vector  6, 
i.e.,  e  =  6[^1^&[^1  =  fel^l^fol^'l,  which  implies 

Vectors  /  and  g  are  now  defined  as  /  =  6'  '  —  6'  '  =  {R  —  Q  T  ,  and  g  = 
6'  ^  -\-U     =  {R  +  V}]r  \  and  the  length  preservation  condition  now  simply  states 

5^/  =  0.  (13.2) 

Eliminating  M  '  from  vectors  /  and  g  leads  to  f  =  C_g,  where 

Q=  {R-  L){R  +  L)~^  =  {R  +  L}~\R-L)-  (13.3) 

Tensor  _R  +  J  is  only  singular  when  (f>  =  ±7r,  because  the  rotation  tensor  then  pos- 
sesses an  eigenvalue  A  =  —  1.  For  all  other  rotations,  R  +  I_  can  be  inverted.  The 
second  equality  of  eq.  (13.3)  is  readily  obtained  by  noting  that  (R  —  L){R  +  L)~^  = 
{R  +  L)~^{R  +  L){R~  L){R  +  L)~^'  where  the  second  and  third  factors  commute. 

The  length  preservation  condition,  eq.  (13.2),  now  becomes  g^C_g  =  0.  Ro- 
tation operations  preserve  the  length  of  any  arbitrary  vector.  Consequently,  scalar 
g^Cg  must  vanish  for  any  arbitrary  vector  g,  which  implies  that  C  must  be  a  skew- 
symmetric  tensor,  i.e.,  C_  =  a,  where  a  are  Cayley's  rotation  parameters. 

The  rotation  tensor  can  be  expressed  in  terms  of  this  skew-symmetric  tensor  by 
solving  eq.  (13.3)  for  R  to  find 

R={L-  C)-\l  +C)  =  {l  +  C){l-  C)-\  (13.4) 


514  13  Parameterization  of  rotation 


The  determinant  of  /  —  C  is  1  +  a^a;  hence,  this  matrix  is  always  invertible.  In 
summary,  there  exists  a  one  to  one  relationship  between  an  orthogonal  tensor  R  and 
a  skew -symmetric  tensor  C_.  Equation  (13.4)  is  known  as  Cayley's  formula. 
The  structure  of  the  rotation  tensor  is  obtained  from  eq.  (13.4) 


R= ^\{l  +  a^a)l+2a  +  2Ua\.  (13.5) 

—  1    J-  n^  n     '-  —  -I 


In  expanded  form,  this  becomes 


R  ' 


=       1  +  a^a 


1  +  aj  -  02  -  a|  2(0102-03)  2(0103  +  02) 
2(0102  +  03)  1  -  Oi  +  o|  -  o|  2(0203-01) 
2(0103-02)    2(0203  +  01) 


(13.6) 


The  algebraic  description  of  rotation  is  based  on  the  length  preservation  property, 
eq.  (13.1).  This  description  implies  the  specific  structure  of  the  rotation  tensor  given 
by  eq.  (13.5),  which  explicitly  shows  the  dependency  of  the  rotation  tensor  on  three 
parameters  only.  The  geometric  nature  of  these  parameters,  however,  is  not  evident 
in  this  purely  algebraic  approach. 


13.2  Quaternion  algebra 

In  section  13.3,  it  will  be  shown  that  rotation  operations  are  conveniently  expressed 
in  terms  of  quaternions.  The  present  preparatory  section  focuses  on  the  definition  of 
quaternions,  the  derivation  of  a  number  of  their  properties,  and  the  definition  of  the 
operators  that  ease  quaternion  algebra. 

A  quaternion  [247]  is  defined  as  an  array  of  four  numbers 

';},  (13.7) 

where  eo  is  the  scalar  part  of  the  quaternion  and  e  the  vector  part  of  the  quaternion. 
This  four  component  array  is  not  a  vector,  as  it  does  not  transform  like  a  vector,  see 
section  4.8.1.  The  norm  of  quaternion  p  is  defined  as 


p\\  =  Vp^P=\P'o+P^P-  (13-8) 


Quaternions  operators 

Quaternion  operations  are  conveniently  performed  using  the  following  matrices  or 
operators  of  size  4x4 
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A{e) 


m) 


Cie) 


eo 

-ei 

-e2  -ea 

eo 

-e^  ■ 

ei 

eo 

-ea  62 

e 

eol  +  e 

e2 

ea 

eo  -ei 

ea 

-e2 

ei  eo 

eo 

-ei 

-e2  -ea 

eo 

-e^  ■ 

ei 

eo 

ea  -e2 

e 

eol-  e 

e2 

-ea 

eo  ei 

.ea 

e2 

-ei  eo 

eo 

ei 

e2  ea 

eo 

e^   ■ 

ei 

-eo 

ea  -e2 

e 

-eol  -  e 

e2 

-ea 

-eo  ei 

ea 

e2 

-ei  -eo 

(13.9a) 


(13.9b) 


(13.9c) 


lip  is  an  arbitrary  quaternion,  these  operators  enjoy  the  following  properties 


AmA'ip)  =  BiPWiP)  =  c{p)Q'ip)  =  \\p\\% 


(13.10) 


where  /   is  the  4x4  identity  matrix. 


If  p  and  q  are  arbitrary  quaternions,  the  following  matrix  products  commute 


A{p)m)  =m)A{p),      g{p)^{q)=^{q)£{p), 

g{p)£{q) = m)g{p),    a^{p)m<i) = A^im^ip)- 

These  identities  then  imply  the  following  results 

A{p)q=m)p,  ^{p)q=^m,  ^m  =  m)p- 

Next,  the  following  results  are  easily  checked 

A{'p)A{q)  =  A{f)  ^^f  =  A{p)q  =  B{q)p, 
A{p)£{q)  =  A{f)  ^^  r  =  g{p)q  =  g^{q)p, 
A'ip)A{q)  =  A{f)  ^^  r  =  A'{p)q  =  C^ {q)p, 


(13.11a) 
(13.11b) 
(13.11c) 

(13.12) 

(13.13a) 
(13.13b) 
(13.13c) 


where  the  double-headed  arrows  indicate  that  the  two  equalities  imply  each  other. 
Similarly 


m)m)  =  R(r) 
mm^iq)  =  g{f) 

B^{p)Biq)  =  B{r) 


r  =  R{p)q  =  A{q)p, 

f  =  ^{p)q  =  £{q)p, 
f  =  B^{p)q  =  C{q)p. 


Finally,  the  skew-symmetric  operator  Siji)  is  defined  as 


Sip) 


0  0' 
0  p 


i^[A{p)-m)]- 


(13.14a) 
(13.14b) 
(13.14c) 


(13.15) 


—        —                     _ 

~                

—       — 

It  is  now  readily  verified  that  for  a  unit  quaternion  e, 

m  = 

■i  0^- 

0  ^(e) 

where  ^(e)  =  /  +  2eoe  +  2ee. 
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Unit  quaternions 

Quaternion  e  is  said  to  be  a  unit  quaternion  if  its  norm,  eq.  (13.8),  is  unity,  i.e., 
\\e\\  =  1.  In  view  of  identity  (13.10),  operators  A{e),  B_{e),  and  C_{e)  now  become 
orthogonal  matrices.  A  bi-linear  operator  is  now  defined 

D{e)  =  A{e)B^{e)  =  B^{e)A{e)  =  C{e)  C{e).  (13.16) 


(13.17) 


Orthogonal  quaternions 

Two  quaternions,  p  and  q,  are  said  to  be  orthogonal  if  fFq  =  0.  For  such  pair  of 
quaternions,  the  following  identities  hold 

£{m{q)  +  £{q)Aip)  =  Q,    A{p)£{q)  +  A{q)A^{p)  =  Q-      (I3.i8a) 
B^mm)  +  B^{q)B{p)  =  0,    BiPWiq)  +  BiqWip)  =  Q.     (O.isb) 


13.3  Euler  parameters 

Euler  parameters  [248,  247,  246,  250,  249,  252]  are  presented  in  this  section.  These 
parameters  lead  to  a  very  simple,  purely  algebraic  representation  of  rotation.  Four 
parameters,  however,  instead  of  three,  are  used  in  this  representation.  These  four 
parameters  are  related  by  a  normality  condition,  and  are  thus  not  independent. 
The  four  Euler  parameters  are  defined  as  follows 

eo=cos— ,      e  =  sin  — n,  (13.19) 

where  n  is  the  unit  vector  about  which  the  rotation  of  magnitude  4>  is  taking  place, 
according  to  Rodrigues'  rotation  formula,  eq.  (4. 15).  Consequently,  Euler  parameters 
define  a  rotation  operation.  Note  the  redundancy  in  this  representation:  four  param- 
eters are  used  instead  of  three.  Of  course,  these  four  parameters  are  linked  by  the 
following  constraint 

el  +  el  +  el  +  el  =  l,  (13.20) 

where  g"^  =  {ei  62  63}.  Euler  parameters  are  conveniently  interpreted  as  the  com- 
ponents of  a  unit  quaternion,  e-^  =  {eoje},  because  eq.  (13.20)  implies  ||e||  =  1. 
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13.3.1  The  rotation  tensor 

The  rotation  tensor  can  be  expressed  in  terms  of  the  Euler  parameters  by  introducing 
eqs.  (13.19)  into  Rodrigues'  rotation  formula,  eq.  (4.15),  to  find 

R{e)  =  1+ 2eoe  +  2^.  (13.21) 

Rotation  operations  using  Euler  parameters  are  most  easily  expressed  in  terms  of 
quaternions.  Instead  of  working  with  the  3x3  rotation  tensor,  R,  it  is  easier  to  work 
with  the  4x4  operator  D.  defined  by  eq.  (13.17),  which  is  closely  related  to  the 
rotation  tensor.  Identity  (13.16)  then  gives  various  expressions  for  operator  Z).  The 
rotation  tensor  is  now  a  purely  algebraic  function  of  Euler  parameters. 

13.3.2  The  angular  velocity  vector 

The  components  of  the  angular  velocity  vector  resolved  in  the  inertial  basis,  see 
section  4.10,  are  obtained  from  their  definition,  eq.  (4.56).  Here  again,  it  is  easier  to 
work  with  the  4x4  operators  defined  in  the  previous  section;  indeed. 


The  following  algebraic  manipulations  now  relate  the  components  of  the  angular 
velocity  vector  to  Euler  parameters 

nie)^{e)  =  [A{e)B'^{e)\  g{e)^{e)  =  A{h)£^ {e)  +  ^ {k)g{e),    (13.22) 

where  identities  (13.10)  and  (13.11a)  were  used.  Note  that  e^  =  {eo,e}  does  not 
form  a  unit  quaternion.  Because  B_{e)  is  an  orthogonal  operator,  B^{e)B{e)  = 
~B_   (e)-B(e),  and  eq.  (13.22)  becomes 

m)^{e)  =  A{^)£{e)  -  g{e)m  =  A{\)  -  1(f)  =  ^(^), 
where  identities  (13.13)  and  (13.14)  were  used  to  find 

Cj  =  2^{e)'e  =  2Q{i)e.  (13.23) 

The  vector  part  of  quaternion  ui  is  the  angular  velocity  vector.  Its  scalar  part,  ujq, 
follows  from  the  definition  of  operator  S,  eq.  (13.9b),  as  uiq  =  2 (eg eg  +  e-^e)  = 
2e^e  =  0,  because  e  is  a  unit  quaternion. 

The  components  of  the  angular  velocity  vector  resolved  in  the  rotating  frame,  see 
section  4.10,  are  obtained  in  a  similar  manner 

w*  =  2^{e)i  =  2Q^{e)e.  (13.24) 

Time  derivatives  of  Euler  parameters  can  be  related  to  the  angular  velocities  by 
inverting  eqs.  (13.23)  and  (13.24)  to  find  i  =  1/2  g{e)u}  and  i  =  1/2  ^(e)a)*, 
respectively.  Because  operators  A{e)  and  B_{e)  are  orthogonal  operators  for  unit 
quaternions,  these  relationships  are  free  of  singularities. 
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13.3.3  Composition  of  rotations 

The  concept  of  composition  of  rotations  was  discussed  in  section  4.9.  Consider  three 
unit  quaternions  p,  q,  and  r  such  that 


R{r}=m)m)- 


(13.25) 


The  problem  at  hand  is  to  determine  unit  quaternion  f  as  a  function  of  quaternions  p 
and  q. 

Here  again,  eq.  (13.25)  is  expressed  by  means  of  4  x  4  operators  to  ease  the 
algebraic  manipulations  as  i2(^)  =  I1{p)I2.{q)-  With  the  help  of  identity  (13.16), 
this  expands  to 

where  identity  (13.11a)  was  used.  Identities  (13.13)  and  (13.14)  then  imply 

f  =  A{p)q-  (13.26) 

It  is  readily  shown  that  f  is  also  a  unit  quaternion;  indeed  f^f  =  q^A    {p)A{p)q  = 
q^q  =  1,  since  p  and  q  both  are  unit  quaternions. 


13.3.4  Determination  of  Euler  parameters 

Equation  (13.21)  expresses  the  rotation  tensor  in  terms  of  Euler  parameters.  In  this 
section,  the  inverse  operation  is  developed,  but  unfortunately,  it  cannot  be  written  in  a 
simple  manner.  Indeed,  any  such  expression  will  involve  a  division  by  a  term  that  can 
vanish  for  certain  specific  rotation  tensors.  To  overcome  this  problem,  Klumpp  [253] 
and  Shepperd  [254]  introduced  the  procedure  described  in  this  section. 

Consider  the  following  symmetric  matrix  constructed  from  the  components  of 
the  rotation  tensor 


T 


■l  +  tr(^)  2axiaF(^) 

2  axial(^)  [l  -  tr(^)]  £  +  2  symm(^) 


Introducing  eq.  (13.21)  then  yields 


Sq    eoei  6062  6063 

6061  el    6162  6163 

6062  6162  62  6263 

6063  6163  6263      6§ 


4  66-' 


(13.27) 


Euler  parameters  can  be  computed  from  any  column  of  this  matrix,  for  instance, 
Gi  =  Tik/Ak,  1  =  0,1,2,3,  where  Ak  =  2^/Tkk.  This  expression  shows  the  problem 
associated  with  the  desired  inverse  relationships:  the  results  become  inaccurate  when 
the  denominator  Ak  becomes  very  small,  or  vanishes. 
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The  most  accurate  results  will  be  obtained  by  selecting  the  denominator  of  maxi- 
mum magnitude.  In  other  words,  the  best  results  will  be  obtained  by  extracting  Euler 
parameters  from  the  column  of  T  which  presents  the  largest  diagonal  term.  It  can  be 
readily  shown  that 

max(Too,Tii,r22,T33)  =  max  (tr(^),  i?ii,  i?22,  ^33)  •  (13.28) 

If  m  is  the  index  corresponding  to  the  column  with  the  maximum  diagonal  term, 
Euler  parameters  write 

ei  =  Tim/A^m,     i  =  0,l,2,3.  (13.29) 

The  combination  of  eqs.  (13.28)  and  (13.29)  provides  a  singularity  free  algorithm 
for  extracting  Euler  parameters  from  a  given  rotation  tensor.  In  contrast,  it  is  not 
possible  to  extract  Euler  angles  from  a  given  rotation  tensor  without  encountering 
singularities,  see  eq.  (4.13). 

Example  13.1.  Kinetic  energy  of  a  rigid  body 

The  kinetic  energy  of  a  rigid  body  undergoing  an  arbitrary  motion  was  developed  in 
section  6.2.  To  illustrate  the  use  of  Euler  parameters,  the  kinetic  energy  of  a  rigid 
body  undergoing  rotational  motion  about  a  fixed  inertial  point  will  be  evaluated  in 
this  example. 

The  kinetic  energy  of  the  rigid  body  is  given  by  eq.  (6.16).  To  express  this 
quantity  in  terms  of  Euler  parameters,  it  is  convenient  to  use  quaternion  w*^  = 
{wq  ^*^},  where  cj*  are  the  components  of  the  angular  velocity  vector  resolved 
in  the  body  attached  basis.  The  scalar  part,  luq  =  2e^e  =  0,  because  e  is  a  unit 
quaternion.  Next,  the  following  4x4  matrix  is  introduced 


j^B* 


m*   O^l 
0    I' 


(13.30) 


where  /  *  is  the  mass  moment  of  inertia  tensor  of  the  rigid  body  computed  with 
respect  to  the  fixed  inertial  point  and  m*  a  representative  mass  moment  of  inertia 
component.  Notation  (•)*  indicates  tensor  components  resolved  in  a  body  attached 
basis. 

The  kinetic  energy  now  becomes 

K  =  -lu*^M^*6j*.  (13.31) 

Because  the  scalar  part  of  quaternion  uj*  vanishes,  the  specific  value  of  coefficient 
m*  does  not  affect  the  value  of  the  kinetic  energy;  hence,  m*  is  simply  defined  as  a 
"representative  mass  moment  of  inertia  component." 

Quaternion  oj*  is  now  readily  expressed  in  terms  of  Euler  parameters  using 
eq.  (13.24),  to  find 

K  =  2  e^ A{e)K^* £' {e)h  =  2  e^£(g)M^*£^(g)e,  (13.32) 

where  the  last  equality  follows  from  identity  (13.12).  Clearly,  it  is  expeditious  to  ex- 
press all  quantities  in  the  quaternion  formalism  before  introducing  Euler  parameters. 
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Example  13.2.  Lagrange's  equations  of  the  first  kind  for  a  rigid  body 

Express  the  equations  of  motion  for  a  rigid  body  rotating  about  a  fixed  inertial  point 
in  terms  of  Euler  parameters.  This  representation  involves  four  generalized  coordi- 
nates, the  four  Euler  parameters,  which  are  linked  by  the  kinematic  constraint  ex- 
pressed by  eq.  (13.20).  Lagrange's  equations  of  the  first  kind  will  be  derived  for  this 
constrained  system. 

If  the  constraint  equation  is  written  as  C  =  (gq  -\-  e\  +  e\  +  e\—  l)/2  =  0,  the 
constraint  matrix  becomes  B_  =  {eo  ei  62  63}  =  (P" .  The  Lagrangian  of  the  system 
is  simply  L  =  K  —  V  =  K.  The  system's  generalized  momenta  and  the  derivatives 
of  the  Lagrangian  with  respect  to  the  generalized  coordinates  are  now 

p  =  ^  =  4  A{e)M''*£'{e)k,      ^  =  4  C{i)M^*C^ik)e. 
-de  ~     —     ~  oe  —     —     — 

Let  the  rigid  body  be  acted  upon  by  an  external  moment,  which  components 
resolved  in  the  material  basis  are  denoted  Q* .  The  virtual  work  done  by  this  mo- 
ment is  5VF"^  =  Q*'^S^* ,  where  S^p*  are  the  components  of  the  virtual  rotation 
vector  resolved  in  the  material  basis.  Here  again,  it  is  convenient  to  express  the  vir- 
tual work  in  terms  of  quaternions  as  5W^^'^  =  Q*'^S^p  ,  where  Q*^  =  {O  Q*^} 

and  6tp  =  {O  S-tp*"^}.  Both  quaternions  feature  a  vanishing  scalar  part.  By  anal- 
ogy with  eq.  (13.24),  Sip     =  2  A'"(e)6e  and  the  virtual  work  becomes  dW"''^  = 

Q*'^2£'{e)de. 

Lagrange's  equations  of  the  first  kind  are  readily  found  as 

Aie)K^*  [£'ieyi  +  £'{i)i^  +  [Me)-aii)]  M^* A^ ie)k  +  ji  =  ^A{e)Q*, 

(13.33) 
where  A  is  Lagrange's  multiplier  used  to  enforce  the  normality  of  the  Euler  parame- 
ters. The  equations  of  motion  for  the  rigid  body  do  not  involve  transcendental  func- 
tions, only  products  of  the  generalized  coordinates,  e. 

Example  13.3.  Maggi's  formulation  for  a  rigid  body 

Lagrange's  equation  of  the  first  kind  developed  in  the  previous  example  are 
differential-algebraic  equations.  Use  Maggi's  formulation  presented  in  section  11.2.1 
to  derive  ordinary  equations  of  motion  expressed  in  terms  of  Euler  parameters. 
Equation  (13.24)  is  recast  in  the  following  form 


°   '        2A^{e)e 


Be. 


The  first  row  of  matrix  B  defines  the  constraint  matrix,  and  the  next  three  row  define 
the  kinematic  characteristics  of  the  problem,  selected  to  be  the  components  of  the 
angular  velocity  vector  resolved  in  the  material  basis.  This  linear  transformation  is 
at  the  heart  of  Maggi's  formulation,  see  eq.  (1 1.4). 

To  eliminate  Lagrange's  multiplier  from  the  formulation,  Lagrange's  equations 
of  the  first  kind,  eqs.  (13.33),  are  multiplied  by  A^  {e)  to  yield 
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M     uj*  +  A'  (e)  L4(e)  -  C{e)    M"*uj*  +  - 


A  fl 


The  following  identity  is  readily  verified 

£'{e)  \A{e)-Qie) 
where 


2     Q 


0      r^     ■ 
0  Tq/  —  f 


Q* 


(13.34) 


f  =  g^m  =  \^{e)mu*  =  \ 


0 


These  results  indicate  that  expression  A^ {e)[A{e)  —  C(e)]  is  closely  related  to  the 
angular  velocity  vector. 

Introducing  these  results  into  Maggi's  equation,  eqs.  (13.34),  leads  to 


m*   Q^ 
0    / 


B* 


0  -w* 
0     UJ* 


m*    0 
0    / 


T  -1 


B* 


2  IQ 


(13.35) 


The  first  equation  yields  Lagrange's  multiplier  as  A  =  2  cj*^I_  *cj*  =  ^K:  La- 
grange's multiplier  is  a  moment  that  enforces  the  normality  condition  for  the  Eu- 
ler parameters  and  its  magnitude  equals  four  times  the  kinetic  energy  of  the  rigid 


body.  The  second  equation  is  /   *w*  -|-  lo*I_ 


B* 


to 


Q*,  which  is  the  pivot  equa- 


tion, eq.  (6.23),  for  the  angular  motion  of  a  rigid  body  about  a  fixed  inertial  point. 
Of  course,  this  equation  could  have  been  used  from  the  onset  of  this  development, 
bypassing  the  formal  derivation  of  Maggi's  formulation. 

The  complete  formulation  of  the  problem  consists  of  seven  ordinary  differen- 
tial equations  combining  Maggi's  equations,  eqs.  (13.35),  and  the  definition  of  the 
kinematic  characteristics,  eqs.  (13.24), 


a' 


A{e)u}*/2 


~*tB*      * 

LU    1        U! 


(13.36) 


where  the  scalar  part  of  quaternion  ui*  vanishes. 


Example  13.4.  Hamilton 's  principle  for  a  rigid  body 

In  example  8.16  on  page  332,  the  equations  of  motion  of  a  rigid  body  were  derived 
from  Lagrange's  formulation.  Because  this  formulation  requires  the  explicit  evalua- 
tion of  the  derivatives  of  the  Lagrangian  with  respect  to  the  generalized  coordinates 
and  generalized  velocities,  a  specific  parameterization  of  rotation  must  be  specified 
at  the  onset  of  the  formulation:  for  instance,  eq.  (13.32)  shows  the  explicit  expres- 
sion of  the  kinetic  energy  in  terms  of  Euler  parameters  and  their  time  derivatives. 
Examples  8.16  and  13.2  both  demonstrate  the  ensuing  complexity  of  the  analytical 
developments. 

Application  of  Hamilton's  principle  to  the  rigid  body  problem  leads  to  a  compact 
form  of  the  equations  of  motion,  as  was  shown  in  example  8.6  on  page  312.  Derive 
the  governing  equations  for  the  rotational  motion  of  a  rigid  body  in  terms  of  Euler 
parameters  based  on  Hamilton's  principle. 
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The  rigid  body  is  acted  upon  by  an  external  moment  and  the  virtual  work  done 
by  this  moment  is  SW'^'^  =  Q  5ip,  where  5tj)  are  the  components  of  the  virtual 
rotation  vector  resolved  in  the  inertial  basis.  It  is  convenient  to  express  the  virtual 

work  in  terms  of  quaternions  as  SW"'^  =  Q'^Stp,  where  Q  =  {O  Q}  and  6ip     = 
{Sipo  Sip    } ;  5tpo  is  the  scalar  part  of  the  virtual  rotation  quaternion. 

Similarly,  the  kinetic  energy  of  the  system  can  be  expressed  in  terms  of  the  an- 
gular velocity  quaternion,  see  eq.  (13.31),  and  variation  of  this  quantity  becomes 
6K  =  6u)*'^ M_  *ui*  =  5ili*'^h* ,  where  the  vector  part  of  quaternion  h*^  = 
{  0,  /i*^  }  stores  the  components  of  the  angular  momentum  vector  resolved  in  the  ma- 
terial basis.  Because  this  quaternion  has  a  vanishing  scalar  part,  eq.  (4.102b)  yields 

&K  =  Suf'^h*  =  Sip   Rh*  =  Stp   h,  where  array  h  stores  the  components  of  the 

angular  momentum  vector  resolved  in  the  inertial  basis.  Finally,  SK  =  Sip'^h,  where 
the  angular  momentum  quaternion  is  defined  as  h  =  {O,  hj. 

The  normality  constraint  to  be  imposed  on  Euler  parameters  is  expressed  as  C  = 
e^e  —1  =  0,  and  the  potential  of  the  constraint,  eq.  (10.6),  becomes  V^  =  —AC, 
where  A  is  Lagrange's  multiplier  used  to  enforce  the  constraint.  Variation  of  this 
potential  is  SV^  =  —SX  C  —  2XSe^e.  By  analogy  with  eq.  (13.23),  the  relationship 
between  the  virtual  rotation  quaternion  and  virtual  changes  in  Euler  parameters  is 
Sip  =  2_B    (e)(5e.  Variation  in  the  constraint  potential  becomes  SV^  =  —S\C  — 

Sip   Xi,  where  l  =  B_   (e)e={l,0"^}isa  quaternion  with  a  unit  scalar  part  and  a 
vanishing  vector  part. 

For  this  problem,  L+  =  K—V^  and  Hamilton's  principle  for  constrained  system, 
eq.  (10.10),  now  implies 


(sip'h  +  SXC  +  S'lp'^Xi  +  Sip^Q)  dt  =  0. 


All  boundary  terms  are  ignored  here.  After  integration  by  parts  of  the  first  term,  the 
equations  of  motion  of  the  system  are  found  to  be  C  =  0,  the  constraint  equation, 

and  h  —  XI  =  Q.  Lagrange's  multiplier  is  readily  eliminated  from  the  last  equation 
because  quaternion  1  has  a  vanishing  vector  part,  leading  to  h  =  Q. 

The  last  step  of  the  procedure  is  to  evaluate  the  time  derivatives  of  Euler  pa- 
rameters with  respect  to  time.  First,  eq.  (13.24)  yields  e  =  A(e)a)*/2,  and  finally, 

e  =  A(e)(M_  *)~^D    {e)h/2,  which  leads  to  the  following  system  of  ordinary  dif- 
ferential equations, 

.^1  =i4(e)(M^r'r(^)V2r         ^'^-^"^ 


where  the  scalar  part  of  quaternion  h  vanishes. 

It  is  left  to  the  reader  to  show  that  eqs.  (13.37)  are  identical  eqs.  (13.36)  ob- 
tained from  Lagrange's  formulation  from  which  Lagrange's  multipliers  have  been 
eliminated  using  Maggi's  formulation.  The  present  procedure,  based  on  Hamilton's 
principle,  is  far  more  expeditious. 
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13.3.5  Problems 


Problem  13.1.  Angular  velocity  with  Euler  parameters 

Starting  from  eq.  (4.55),  prove  that  the  components  of  the  angular  velocity  vector  expressed 
in  the  rotating  system  are  given  by  eq.  (13.24). 

Problem  13.2.  Euler  parameters  in  terms  of  Euler  angles 

Consider  the  Euler  angles  with  the  3-1-3  sequence  described  in  section  4.11.1.  Show  that  the 
Euler  parameters  defining  this  rotation  are  given  in  terms  of  Euler  angles  as 

'cos(<^  +  i/;)/2  cos  61/2' 

cos(0-  i/;)/2  sin6'/2 

sin(<^-  ■ip)/2  sin6'/2 
_sin(<^  + V;)/2  cos  61/2  _ 

Hint.  Express  the  rotation  as  a  succession  of  three  planar  rotations,  see  example  4.4.  Find  the 
Euler  parameters  of  each  planar  rotation.  Use  the  composition  of  rotation  formula,  eq.  (13.26), 
to  find  the  desired  result. 


Problem  13.3.  Time  dependent  quaternions 

Consider  the  following  time  dependent  quaternion, 

'  cos(j>/2 

sin 0/2  sm6  cosV" 

sm(f)/2  sinS  sin^ 
^  sin  (j>/2  cos  6 

where  0(i)  =  3i  +  5i^,  6{t)  =  2t  and  ^(i)  =  7t  -  '-it^.  (1)  Show  that  e  is  a  unit  quaternion. 
(2)  Compute  the  quaternion  e(t)  and  its  norm.  Is  it  a  unit  quaternion?  (3)  Plot  the  components 
of  angular  velocity  vector  in  the  fixed  system  for  t  e  [0,  2]  s.  (4)  Plot  the  components  of 
angular  velocity  vector  in  the  rotating  system  for  t  e  [0,  2]  s.  (5)  Consider  the  following 
approximation  for  the  components  of  the  angular  velocity  vector  in  the  fixed  system 


u}{t-\-  At/2)  ^ 
Prove  that  this  can  be  written  as 

uj{t  +  At/2)  ^ 


^{t  +  At)  -  Eit)  g^{t  +  At)  +  g^{t) 
At  2  ' 


[R{t  +  At)g^{t)]  -  [g{t  +  At)g^{t)]'^ 
2Ai 


(6)  On  one  graph,  plot  the  exact  and  approximate  components  of  angular  velocity  vector  in  the 
fixed  system  for  t  e  [0,  2]  s.  (7)  Find  the  corresponding  approximation  for  the  components 
of  the  angular  velocity  vector  in  the  rotating  system.  (8)  On  one  graph,  plot  the  exact  and 
approximate  components  of  angular  velocity  vector  in  the  rotating  system  for  t  e  [0,  2]  s. 


Problem  13.4.  Composition  of  rotations  with  quaternions 

Consider  components  of  three  rotation  tensors  R  ,  _R, 
single  basis  B.  The  components  of  _R    and  R   are 


and  ^  =  ^  ^  , 


all  resolved  in  a 


R. 


0.5996  0.7336  0.3199' 
-0.4732  0.6473  -0.5976 
-0.6455  0.2069  0.7352 


R^ 


-0.0282  0.2133  0.9766' 
-0.4423  0.8735  -0.2035 
-0.8964  -0.4377  0.0697 
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(1)  Extract  Euler  parameters  ei  and  62  corresponding  to  rotation  tensors  R  and  R  ,  respec- 
tively, using  the  procedure  described  in  section  13.3.4.  (2)  Compute  Euler  parameters  e  of  R 
using  the  composition  formula,  eq.  (13.26).  (3)  Compute  the  components  of  the  rotation  tensor 
R  —  R  R  .  Extract  Euler  parameters  e  corresponding  to  rotation  tensor  R.  Check  that  your 
answer  is  identical  to  that  of  question  (2). 

Problem  13.5.  Satellite  dynamics  with  quaternions 

Consider  a  satellite  with  a  body  attached  frame  B  =  (61,  62,^3)  that  is  aligned  with  the 
principal  axes  of  inertia  of  the  system.  Let  R  denote  the  components  of  the  rotation  tensor 
that  brings  the  inertial  frame  I  to  the  body  attached  frame  B.  The  components  of  the  angular 
velocity  vector  of  the  satellite,  resolved  in  B,  are  denoted  io* .  The  mass  moments  of  inertia 
are  /i  =  12,  /|  —  16  and  /J  —  20  kg-m^.  During  a  maneuver,  thrusters  apply  a  moment 
M{t)  to  the  satelhte  M*{t)  =  Q*  sin2nt/T  for  t  <  T  and  ATit)  =  0  for  i  >  T,  where 
T  —  5  s.  The  initial  angular  velocity  of  the  satellite  is  co*'^  {t  =  0)  =  {0,0.5,0}  rad/s. 
The  components  of  the  moment  vector  Q*  in  the  body  attached  frame  are  Q*"^  —  {5,  0, 0} 
N-m.  (1)  Solve  Euler's  equation  for  the  time  history  of  the  angular  velocity  of  the  satellite. 

(2)  Simultaneously  solve  for  the  Euler  parameters  e  parameterizing  R.  (3)  On  one  graph,  plot 
the  three  components  of  the  angular  velocity  vector  in  the  body  attached  frame  as  a  function 
of  time  for  t  G  [0,  30T].  (4)  Plot  the  Euler  parameters  ei,  62,  and  £3.  (5)  The  rotation  R{t) 
can  be  represented  by  a  rotation  of  magnitude  (f>(t)  about  axis  n{t).  Plot  the  angle  4>(t).  (6) 
Plot  the  components  of  axis  n{t)  in  frame  I.  (7)  Plot  the  components  of  axis  fi{t)  in  frame 
B.  Comment  on  your  results.  (8)  Plot  the  direction  cosines  of  axis  fei  with  respect  to  basis  I. 
(9)  Same  question  for  axis  &2.  (JO)  Same  question  for  axis  63.  (11)  Plot  the  quantity  e'^e  —  1. 
Comment  on  your  results. 
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The  vectorial  parameterization  of  rotation  [255]  consists  of  a  minimum  set  of  three 
parameters  defining  the  components  of  a  rotation  parameter  vector.  The  tensorial 
nature  of  this  class  of  parameterization  of  rotation  sets  it  apart  from  the  parameteri- 
zations  investigated  in  previous  sections. 

13.4.1  Fundamental  properties 

Consider  three  rotations  of  magnitudes  0i,  (/)2,  and  4>^,  about  unit  vectors  ni,  n2, 
and  n3,  respectively.  The  three  rotations,  denoted  (01,  ni),  ((?!'2,'^2),  and  (03,713), 
respectively,  are  associated  with  three  rotation  tensors,  denoted  R,  R  ,  and  R  , 
respectively,  through  Rodrigues'  rotation  formula,  eq.  (4.15). 

Assume  that  the  following  triple  product  of  rotation  tensors  relates  these  three 
quantities, 

R^=RIRS2-  (13.38) 

As  discussed  in  section  4.8.2,  this  operation  corresponds  to  a  change  of  basis  for 
second-order  tensors:  R  and  R  are  the  components  of  the  same  rotation  tensor 
expressed  in  two  bases  related  by  rotation  tensor  R  . 

Using  Rodrigues'  rotation  formula,  eq.  (4.15),  eq.  (13.38)  becomes 
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E^=  L  +  sin^i^^ni  +  (1  -  cos(j)i)^ni^ni, 

where  eq.  (4.30)  was  used.  Comparing  this  result  with  Rodrigues'  rotation  formula 
implies  that 

03  =  01,  (13.39a) 

n3=&lni.  (13.39b) 

These  equations  express  the  two  conditions  required  for  the  proper  transformation  of 
rotation  tensors  components  under  a  change  of  basis. 

Letj3((/))  be  an  odd  scalar  function  of  angle  (p;  eq.  (13.39a)  then  implies  p(03)  = 
p(0i).  Multiplication  of  eq.  (13.39b)  by  p{<t>3)  on  the  left-hand  side  and  p{<pi)  = 
p(4'3)  on  the  right-hand  side  then  yields 

p{h)n3  =  ^  Pi<f>i)ni-  (13.40) 

This  equation  is  equivalent  to  eqs.  (13.39).  Indeed,  taking  the  norm  of  eq.  (13.40) 
yields  p{(j>3)  =  p{<f>i),  or  03  =  0i,  because  fii  and  ni  are  unit  vectors  and  R  an 
orthogonal  tensor.  Dividing  eq.  (13.40)  by  p(4>3)  then  yields  eq.  (13.39b)  because 

p{h)  =p{4>i)- 

The  vectorial  parameterization  of  rotation  is  defined  as 

p  =  p{4>)n,  (13.41) 

where  p  is  the  rotation  parameter  vector.  Equation  (13.40)  can  now  be  recast  in  a 
more  compact  manner  as 

The  discussion  presented  above  establishes  that  the  tensorial  nature  of  the  ro- 
tation tensor  expressed  by  the  transformation  rule  of  its  components,  eq.  (13.38), 
implies  the  tensorial  nature  of  the  rotation  parameter  vector  expressed  by  the  trans- 
formation rule  of  its  components,  eq.  (13.42).  It  is  easily  shown  that  the  process  can 
be  reversed,  i.e.,  tensorial  nature  of  the  rotation  parameter  vector  implies  that  of  the 
rotation  tensor. 

In  summary,  the  vectorial  parameterization  of  rotation  presents  two  fundamental 
properties. 

1 .  The  vectorial  parameterization  of  rotation  is  tensorial  in  nature,  as  expressed  by 
the  following  equivalence, 

BP3)  =  ^^pM'^pMp2)  ^^  £3  =  ^^P2)Pi-  ^13.43) 

The  tensorial  nature  of  the  second-order  rotation  tensor  implies  and  is  implied 
by  the  tensorial  nature  of  the  rotation  parameter  vector,  a  first-order  tensor. 

2.  Rotation  parameter  vectors  are  parallel  to  the  eigenvector  of  the  rotation  tensor 
corresponding  to  its  unit  eigenvalue.  Because  unit  vector  n  is  the  eigenvector  of 
the  rotation  tensor  associated  with  its  unit  eigenvalue,  eq.  (4.24),  the  definition 
of  the  rotation  parameter  vector,  eq.  (13.41),  implies  its  parallelism  to  n. 
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Because  these  two  properties  imply  each  other,  either  can  be  taken  as  the  definition  of 
the  vectorial  parameterization  of  rotation.  A  parameterization  of  rotation  is  tensorial 
if  and  only  if  the  rotation  parameter  vector  is  parallel  to  the  eigenvector  of  the  rotation 
tensor  associated  with  its  unit  eigenvalue. 

The  rotation  parameter  vector  is  not  yet  fully  defined  because  function  p((t>), 
called  the  generating  function,  is  still  arbitrary.  Generating  functions  must  be  odd 
functions  of  the  rotation  angle,  </>,  and  present  the  following  limit  behavior 

\im  p{<t>)  =  <t>,  (13.44) 

i.e.,  all  rotation  parameter  vectors  must  approach  the  infinitesimal  rotation  vector 
when  (f)  — >  0.  It  will  be  shown  that  many  widely  used  rotation  parameterization 
belong  to  this  class  of  vectorial  parameterization. 

13.4.2  The  rotation  tensor 

The  explicit  expression  of  the  rotation  tensor  in  term  of  the  vectorial  parameterization 
is  easily  obtained  from  Rodrigues'  rotation  formula,  eq.  (4.15), 

R  =  L  +  Ci{4>)p  +  C2{<t>)pp,  (13.45) 

where  Ci  (0)  and  C,2  {<t>)  are  even  functions  of  the  rotation  angle,  (j),  defined  as 

^  ,   ,       sin  (h  (b       v"^ 

Ci  W-    = -  =  i^cos^  =  — ,  (13.46a) 

p  I        e 


1  —  cos  (/)       v^       eCi 
~p^       ~  T  ~  "2" 


C,(</,)  =  ^^^  =  ^  =  ^.  (13.46b) 


The  following  two  even  functions  of  the  rotation  angle  play  an  important  role  in 
the  vectorial  parameterization  of  rotation, 

v= -^,  (13.47a) 


V 
2  tan  (A/2 


p  cos  (/)/2 


(13.47b) 


In  view  of  eq.  (13.44),  hm^^o  v  =  \,  hm^^o  ^  =  1,  lim,^^o  Ci  =  1>  Um^^o  C2  = 
1/2,  and  lim^^o  i?  =  /,  as  expected. 

Functions  p((/)),  Ci(0);  andC2(0)  solely  depend  on  the  magnitude,  0,  of  the  ro- 
tation. Because  this  angle  is  invariant  under  a  change  of  basis,  these  functions  are 
also  invariant  under  a  change  of  basis,  and  hence,  are  zeroth  order  tensors.  Since  p  is 
a  second-order  tensor,  see  eq.  (4.30),  eq.  (13.45)  proves  that  the  rotation  tensor  is  a 
second-order  tensor  because  it  is  obtained  through  tensor  operations  from  zeroth  and 
second-order  tensors.  This  proof  of  the  tensorial  nature  of  the  rotation  tensor  mirrors 
that  provided  in  section  13.4.1. 
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The  components  of  the  rotation  tensor  resolved  in  the  canonical  basis,  £,  defined 
by  eq.  (4.32),  are 


i?[^l 


'10  0 

oi-p\2    -Ki 
0     pCi     1  -  p'C2 


1     0  0 

0  COS  0  —  sin  c; 
0  sin  (h      cos  ( 


(13.48) 


Clearly,  functions  Qi  and  ^2  are  not  independent  because  (1  —  p^C2)^  +  (pCi)^  =  1 
and  hence,  Ci  +  p^Cl  =  ^^■ 

The  two  multiplicative  decompositions  of  the  rotation  tensor,  eqs.   (4.20) 
and  (4.22),  are  easily  expressed  in  terms  of  the  vectorial  parameterization  as 


^       ,      V  ^      1  —  cos  0/2  __ 


(13.49) 


leading  io  R  =  G_G_,  and 


R  =  {1  +  Ip){1-  Ip)-'  =  a-  \p)-Hi+Ip)- 


Here  again. 


e       1       R  +  I 

a-  5?)-  =  -^- 


This  decomposition  implies 


E-L  =  CiPiL  +  |p)  =  (I  +  |p)CiP, 
g-L  =  ep{L-  |p)-'  =  a  -  lp)-^ep. 
Tensors  R  and  G  are  related  by  the  following  identities 


(13.50) 
(13.51) 

(13.52a) 
(13.52b) 


R  —  ]^=  ~  „  ~  ep  =  ep  = — =  =  h'Gp  =  pi'G_, 


ep{  = 


,G  +  G^ 


-}  =  (-= 


2 


ep  =  i/p  =  G—  G   , 
G  +  G^\ 


<i-ra=(i-f)c^  =  ^- 


(13.53a) 
(13.53b) 

(13.53c) 


13.4.3  The  angular  velocity  vector 


Taking  a  time  derivative  of  the  rotation  parameter  vector  yields  p  =  p'(j)n+pn,  where 
p'  =  dp/d(j).  Use  of  identity  (1.33b)  leads  to  nnp  =  pnnn  =  —pn  =  p'cpn  —  p, 
because  n  is  a  unit  vector  and  hence,  n^n  =  0.  Introducing  these  results  into  the 
expression  for  the  angular  velocity,  eq.  (4.58),  then  leads  to 


w  =  H_{p)p. 


(13.54) 
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Operator  Hip)  is  given  by 

Wj>)  =  <^o{<l>)  L  +  cri{4>)p  +  <^2  {(f>)  PP, 


(13.55) 


where  (7o{(f)),  a-i{(f>),  and  (72(0)  are  even  functions  of  the  rotation  angle,  (f>,  defined 
as 


f^o('/') 
M4>) 


(72(0) 


1 


1- 

-  COS 

0 

p2 

CTO 

-Ci 

(2, 


pz 


(13.56a) 
(13.56b) 
(13.56c) 


These  three  functions  are  zeroth  order  tensors  because  they  are  functions  of  angle 
(j),  which  is  invariant  under  a  change  of  basis.  Using  eq.  (13.44),  lim^^o  ^o  =  1, 
lim^_j.o  cTi  =  1/2,  lim^^o  cr2  =  0  and  lini0_yo  iL  =  L  Since  Hn  =  aofi,  gq  is  the 
eigenvalue  of  H_  corresponding  to  the  eigenvector  fi. 

Properties  of  the  tangent  tensor 

The  components  of  the  tangent  tensor,  resolved  in  the  canonical  basis,  £,  defined  by 
eq.  (4.32),  are 


7j[£] 


l/p'    0 

0 

0    Ci 

-pai 

=  V 

0      PCTI 

Ci  . 

l/{vp')       0  0 

0        cos  0/2  —sin  0/2 
0       sin  0/2      cos  6 12 


(13.57) 


The  eigenvalues,  /i^,  of  H_  are  jii  =  ctq  and  /i2.3  =  Ci  i  ipC,2  =  !^(cos0/2  ± 
i  sin  0/2).  The  determinant  of  iJ  is  readily  obtained  as 


det(i£)  =  — . 
—        p' 


(13.58) 


Time  derivatives  of  the  rotation  parameter  vector  can  be  expressed  in  terms  of 
angular  velocity  vector  as 

P  =  H-\p)u,  (13.59) 


where 


K   ^{p)  =  XoL  -  2^  +  ^2PP, 


(13.60) 
where  Xo(0)  and  X2(0)  are  even  functions  of  the  rotation  angle,  0,  defined  as 

Xo(0)=p',  (13.61a) 

X2('/')  =  ^(p'-^)-  (13.61b) 
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These  two  functions  are  zeroth  order  tensors  because  they  are  functions  of  angle  (f), 
which  is  invariant  under  a  change  of  basis. 

The  components  of  tensor  H~    resolved  in  the  canonical  base,  £,  defined  by 
eq.  (4.32)  are 

Wxo         0  0 

0        cos  (/>/2  sin  <?!)/2     .  (13.62) 

0     —  sin(/)/2  cos(/)/2 

As  expected,  the  eigenvalues,  p-k,  of  H~^  are  pi  =  xo  and  /i2,3  =   (cos 0/2  ± 
isin(t>/2)/i^. 

Operator  _ff  enjoys  the  following  remarkable  properties. 


H-m  =  i 


u 


R  =  HH'^  =  H-'^H, 

(13.63a) 

R-L  =  PK  =  KP: 

(13.63b) 

l-R^  =  ,y^pH-^=„^H-^p, 

(13.63c) 

P  =  H-^  -R-^. 

(13.63d) 

Finally,  the  components  of  the  angular  velocity  vector  resolved  in  the  rotating  system 
are  given  by  eq.  (4.55)  as  cj*  =  R  cj.  In  view  of  eq.  (13.63a),  u*  =  H_   {p)p  and 

the  inverse  relationship  is  p  =  H~    {p)ui* . 

As  discussed  in  section  7.3,  the  virtual  rotation  vector.  Sip,  can  be  defined  by 

analogy  to  the  angular  velocity  vector  as  S%p  =  SRR  .  Hence,  the  relationship  be- 
tween the  virtual  rotation  vector  and  virtual  changes  in  the  vectorial  parameters  is 
readily  found  to  be  Stp  =  H_{p)5p  and  similarly,  S^*  =  H_   {p)Sp. 

Tensorial  nature  of  the  tangent  operator 

Operator  iJ  is  specific  to  a  particular  vectorial  parameterization,  i.e.,  its  expression 
depends  on  the  choice  of  the  generating  function.  It  is,  however,  a  second-order  ten- 
sor. In  equation  (13.55),  p  is  a  second-order  tensor,  and  scalars  ao,  cti,  and  (72  are 
zeroth  order  tensors.  Consequently,  iJ  must  be  a  second-order  tensor  because  it  is 
obtained  through  tensor  operations  from  zeroth  and  second-order  tensors, 

KiEs)  =  ^^(P2WpMp2^  ^^23=  ^"^(22)21-  (13.64) 

Although  tensor  H  is  not  an  intrinsic  tensor  because  it  depends  on  the  choice  of  a 
specific  generating  function,  it  is  a  second-order  tensor  for  all  vectorial  parameteri- 
zations  of  rotation. 


13.4.4  Determination  of  the  rotation  parameter  vector 

The  determination  of  the  components  of  the  vectorial  parameterization  from  the  ro- 
tation tensor  is  best  accomplished  through  a  two  step  procedure:  first,  extract  Euler 
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parameters  from  the  rotation  tensor  using  eq.  (13.29),  and  second,  express  the  vec- 
torial parameterization  in  terms  of  Euler  parameters.  This  second  operation  simply 
states  that 

p=-e.  (13.65) 


13.4.5  Composition  of  rotations 

The  concept  of  composition  of  rotations  was  discussed  in  section  4.9  and  is  depicted 
in  fig.  4.7.  Let  p  ,  p  ,  and  p  with  rotation  angles  (pi,  (f>2,  and  (f>,  respectively,  be  the 
rotation  parameter  vectors  of  three  rotation  tensors  such  that  R{p)  =  R{p,  )K(p^)^ 
the  relationship  between  the  various  parameters  then  follows  from  eq.  (13.26) 

cos  -  =  ,,iU2  (^—  -  -p^  p^j  ,  (13.66a) 

up  =  viV2{  —p^  H p^  +  -P1P2  ]  •  (13.66b) 

The  first  equation  is  used  to  compute  (j)  and  hence,  v.  The  second  equation  then  yields 
the  components  of  the  rotation  parameter  vector. 


13.4.6  Linearization  of  the  tangent  tensor 

In  many  numerical  procedures,  linearization  of  the  tangent  tensor  will  be  required. 
For  example,  an  increment  in  the  angular  velocity  vector  defined  by  eq.  (13.54)  is 
Alu_  =  A[H_(p)p]  =  H{p)Ap  +  M(p,  p)Ap.  More  generally,  operator  M  is  defined 
as  M(p,  a)  =  d{H_{p)a) / dp,  where  a  is  an  arbitrary  vector. 
Tedious  algebra  shows  that  operator  M  is 

M(P)«)  =  ('5'o  +  o'lP  +  d-2pp)ap^  —  (T{d  -  (T2{2pd  -  ap),  (13.67) 

where  (Tq  =  a'Q/{pp'),  ai  =  a[/(pp'),  and  c72  =  o-'2/(pp')-  Notation  (•)'  indicates 
a  derivative  with  respect  to  angle  (p,  and  coefficients  ao,  ai,  and  (T2  are  given  by 
eq.  (13.56). 


13.4.7  Problems 

Problem  13.6.  Angular  velocity  with  vectorial  parameterization 

Prove  relationships  (13.55)  and  (13.60). 

Problem  13.7.  Properties  of  the  vectorial  parameterization 

Prove  relationships  (13.63a)  and  (13.63b). 

Problem  13.8.  Angular  velocity  with  vectorial  parameterization 

Prove  that  lo*  —  HJ  {p)p  starting  from  the  definition  of  the  angular  velocity  vector  expressed 
in  the  rotating  system  uj*  =  E^R. 
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Problem  13.9.  Tensorial  nature  of  the  tangent  tensor 

Prove  tliat  the  tangent  tensor  is  a  tensor  starting  directly  from  its  definition,  eq.  (13.55). 

Problem  13.10.  Composition  of  collinear  rotations 

Let  p  ,p  ,  and  p  be  the  rotation  parameter  vectors  of  three  rotations  with  rotation  angles  <f>i, 
<f>2,  and  <f>,  respectively,  such  that  R{p)  —  R(p  )R{p  ).  If  p  and  p  are  two  parallel  vectors, 
prove  that  p  is  also  parallel  to  them  and  that  (j)  =  (f>i  +  (t>2- 

Problem  13.11.  Relationship  between  tensors  G  and  H_ 

Prove  the  following  relationship 

G   H_~  vl_+  ((To  —  i')nn     =  o"o/  +  (o"o  —  v)nn.  (13.68) 

Problem  13.12.  Linearization  of  the  tangent  tensor 

Equation  (13.67)  defines  operator  M  involved  in  the  linearization  of  the  tangent  operator.  (1) 
Determine  operator  M* (p,  a)  —  d{H^{p)a)/dp. 


13.5  Specific  ciioices  of  generating  function 

The  formulation  presented  in  the  previous  section  is  very  general,  but,  in  practice,  a 
specific  choice  of  the  generating  function,  p{4'),  must  be  selected.  It  seems  natural 
to  select  a  generating  function  that  will  simplify  some  of  the  operators  involved  in 
rotation  manipulations. 

Specific  parameterizations 

The  simplest  choice  is  to  select  the  generating  function  as  the  rotation  angle  itself 

p{4>)  =  cf>.  (13.69) 

This  parameterization  is  called  the  Cartesian  rotation  vector,  or  the  exponential  map 
of  rotation;  details  concerning  this  parameterization  are  given  in  section  13.7.1. 

A  second  approach  is  to  simplify  the  expression  for  the  rotation  tensor,  R,  given 
by  eq.  (13.45),  by  requiring  Ci(0)  =  1-  This  yields 

p{4>)=sm(j).  (13.70) 

This  choice  is  called  the  linear  parameterization.  Note  that  requiring  C2(0)  =  1 
yields  p{(j))  =  \/2sin0/2.  Although  this  is  a  valid  parameterization,  it  does  not 
satisfy  the  limit  condition,  eq.  (13.44). 

An  alternative  approach  is  to  require  the  last  term  of  tensor  H_,  eq.  (13.55),  to 
vanish,  i.e.,  (J2{4>)  =  0.  This  leads  to  the  nonlinear  differential  equation p' sin  0  =  p, 
the  solution  of  which  is  p((p)  =  cta.n{(f>/2),  where  c  is  an  integration  constant.  The 
limit  condition,  eq.  (13.44),  implies  c  =  2,  and  hence, 

p(,/.)  =  2tan^.  (13.71) 
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This  parameterization  is  variously  called  after  Cayley,  Gibbs,  Rodrigues,  or  some 
combinations  of  these  names.  It  shall  be  referred  to  here  as  the  Cayley-Gibbs- 
Rodrigues  parameterization.  Details  concerning  this  parameterization  are  given  in 
section  13.7.3. 

Another  approach  is  to  require  the  last  term  of  tensor  iJ~  ^ ,  eq.  ( 1 3 .60),  to  vanish, 
i.e.,  p'  —  1/e  =  0.  This  leads  to  the  nonlinear  differential  equation  2p'  tan  (j)/2  =  p, 
the  solution  of  which  is  p((t>)  =  c  sin  0/2,  where  c  is  an  integration  constant.  Here 
again,  the  limit  condition  yields  the  solution  as 

p(0)  =  2sin^.  (13.72) 

This  parameterization  is  usually  termed  the  reduced  Euler-Rodrigues  parameteriza- 
tion. It  is  closely  connected  to  the  parameterization  technique  employing  unit  quater- 
nions: the  parameter  vector,  p,  coincides  with  the  vector  part  of  the  unit  quaternion 
of  the  rotation.  It  shall  be  referred  to  here  as  the  Euler-Rodrigues  parameterization. 
Details  concerning  this  parameterization  are  given  in  section  13.7.2. 

In  yet  another  approach,  operators  H_  and  G  are  required  to  be  multiples  of  each 
other,  i.e.,  H_  =  a{(f))G.  This  implies  two  conditions:  p'  =  l/a{(f>)  and  pa((p)  = 
2sin(/)/2.  Hence,  the  following  differential  equation  must  hold:  2p' sin  0/2  =  p. 
With  the  help  of  the  limit  condition,  the  solution  becomes 

p((/.)=4tanj.  (13.73) 

This  parameterization  also  bears  various  names  in  the  literature:  Wiener  [256], 
Milenkovic  [257],  or  modified  Rodrigues  parameterization  [243,  258].  It  is  also 
known  as  the  conformal  rotation  vector  (CRV)  parameterization.  It  shall  be  referred 
to  here  as  the  Wiener-Milenkovic  parameterization.  Details  concerning  this  parame- 
terization are  given  in  section  13.7.4. 

To  avoid  the  appearance  of  singularities  when  manipulating  tensor  _ff, 
eq.  (13.55),  it  might  be  desirable  to  work  with  a  parameterization  for  which 
det(iJ)  =  c,  where  c  is  a  constant.  From  eq.  (13.58),  this  requirement  implies 
cp'  =  v^ .  The  solution  of  this  nonlinear  differential  equation  leads  to 


p(0)  =  ^6(0  -  sin  0).  (13.74) 

Constant  c  was  evaluated  with  the  help  of  the  limit  condition  and  found  to  be  c  =  1. 
Hence,  this  particular  parameterization  is  such  that  det(iJ)  =  1  for  all  values  of  0. 
Clearly,  the  complex  expression  for  this  parameterization  makes  it  quite  unpractical 
to  use. 


The  sine  and  tangent  families 

This  discussion  indicates  that  two  subclasses  of  vectorial  parameterization  enjoy  in- 
teresting properties 
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pW 


msm  ■ 


m 


and     p{(f>)  =  mtan  ■ 


TO 


(13.75) 


To  ease  the  manipulation  of  the  trigonometric  functions,  m  is  typically  selected  to  be 
an  integer,  but  real  values  of  m  are  equally  valid. 

As  m  increases,  p{(j))  — j-  (/)  for  |0|  <  tt.  This  feature  is  illustrated  in  figs.  13.1 
and  13.2  for  the  sine  and  tangent  families,  respectively.  Note  the  convergence  by 
lower  and  upper  bound  for  the  sine  and  tangent  families,  respectively. 


2.5  3 


Fig.  13.1.  Generating  function  versus  angle 
(f)  for  the  sine  family,  m  =  1  (+),  2  (D),  3 
(A),  4  (o),  5  (v)-  The  dotted  line  represents 
the  generating  function  for  the  rotation  vec- 
tor, p(<f>)  =  <^. 
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Fig.  13.2.  Generating  function  versus  angle 
(\>  for  the  tangent  family,  m  =  1  (+),  2  (D),  3 
(A),  4  (o),  5  (v)-  The  dotted  line  represents 
the  generating  function  for  the  rotation  vec- 
tor, p((^)  =  <!>. 


13.6  The  extended  vectorial  parameterization 

The  vectorial  parameterization  presented  in  the  previous  section  exhibits  desirable 
features,  but  also  suffers  serious  drawbacks.  In  particular,  for  all  generating  function 
choices,  singularities  will  occur  for  specific  values  of  the  rotation  angle,  as  proved 
by  Stuelpnagel  [246]. 


13.6.1  Singularities  of  the  vectorial  parameterization 

More  specifically,  singularities  can  first  occur  in  the  definition  of  the  generating  func- 
tion when  p  — >  oo.  For  instance,  the  Cayley-Gibbs-Rodrigues  parameterization  is 
singular  when  4>  =  ±7r.  Because  the  representation  of  all  arbitrary  rotations  requires 
a  well  defined  parameterization  for  all  |(/)|  <  tt,  the  Cayley-Gibbs-Rodrigues  param- 
eterization can  not  be  used  when  dealing  with  rotations  of  arbitrary  magnitude. 

Next,  problems  can  occur  when  determining  the  component  of  the  vectorial  pa- 
rameterization from  the  rotation  tensor.  In  view  of  eq.  (13.65),  singularities  are  en- 
countered when  u  — !>  0  or  oo.  Linear  parameters,  for  instance,  experience  such  sin- 
gularity when  i^  — >  oo,  i.e.,  when  (p  =  ±7r. 
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Singularities  also  arise  from  the  manipulation  of  the  tangent  tensor  and  of  its 
inverse.  Inspection  of  eqs.  (13.55),  (13.58),  and  (13.60),  reveals  that  singularities 
will  appear  when  p'  — >  0  or  oo  and  i^  — >  0  or  oo. 

In  summary,  singularities  will  appear  when  p— !>oo,j^— !>0oroo,  and  p'  — >  0  or 
oo.  Table  13.1  lists  the  range  of  validity  of  various  parameterizations.  Figures  13.3 
and  1 3.4  show  the  relevant  function,  z^((/)),p'(0),  anddet(_H_)  for  the  sine  and  tangent 
families,  respectively.  Clearly,  the  parameterizations  with  larger  values  of  m  have  an 
extended  range  of  validity,  although  for  tti  =  4  the  range  settles  to  |0|  <  2tt  for  both 
the  sine  and  tangent  families,  and  does  not  increase  with  further  increases  in  m. 

Table  13.1.  Various  choices  of  the  generating  function. 


Name 

pW 

P 

V 

e 

Validity 
range 

Cartesian  rota- 
tion vector 

<t> 

1 

(sinf)/(|) 

(tan|)/(|) 

101  <  27r 

Cayley-Gibbs- 
Rodrigues 

2tan^ 

1    /           2   0 

1/cos'l 

0 

cos- 

1 

101  <7r 

Wiener- 
Milenkovic 

4tan^ 
4 

1    /           2   0 
1/  COS^  J 

cos^l 

1/(1  -  tan-  |) 

101  <  27r 

Linear 
Parameters 

sincji 

COS(t> 

l/(cos|) 

l/(cos-  |) 

101  <7r 

Euler 
Rodrigues 

2sin| 

4> 

cos- 

1 

l/(cos|) 

101  <7r 

4sin-^ 
4 

COS  — 

4 

0 

cos  — 

4 

(cos|)/(cos|) 

101  <  27r 

All  parameterizations  with  a  validity  range  of  |0|  >  tt  are  able  to  handle  all 
rotations.  Such  parameterizations,  however,  are  not  necessarily  "worry  free."  Indeed, 
rotation  are  often  used  in  incremental  procedures  where  a  small  incremental  rotation 
is  added  to  a  rotation  at  each  time  step,  for  instance.  In  this  case,  rotation  angles 
of  arbitrary  magnitude  are  routinely  encountered;  consider,  for  instance,  a  rotating 
shaft,  or  a  satellite  tumbling  in  space.  In  such  cases,  singularities  will  always  appear 
as  (^  increases  to  large  values.  For  the  sine  and  tangent  families,  problems  will  be 
encountered  when  |0|  reaches  27r,  for  m  >  4. 


13.6.2  The  rescaling  operation 

The  range  of  validity  of  the  sine  and  tangent  parameterizations  for  tti  =  4  can  be 
extended  by  using  a  rescaling  operation.  This  operation  is  based  on  the  observation 
that  rotations  of  magnitudes  0  and  ^l'  =  0  ±  27r  about  the  same  axis  n  correspond  to 
the  same  final  configuration. 
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Fig.  13.3.  Functions  v  (top  figure),  p  (mid- 
dle figure),  and  det(_ff)  (bottom  figure),  ver- 
sus (ji  for  the  sine  family,  m  =  1  (-I-),  2  (D),  3 
(A),  4  (o),  5  (V)-  The  dotted  line  gives  the 
coiTesponding  quantities  for  the  rotation  vec- 
tor, p((/))  =  (j>. 


Fig.  13.4.  Functions  v  (top  figure),  p  (mid- 
dle figure),  and  det(_ff)  (bottom  figure),  ver- 
sus (j)  for  the  tangent  family,  m  =  1  (-I-),  2  (D), 
3  (A),  4  (o),  5  (v)-  The  dotted  line  gives  the 
corresponding  quantities  for  the  rotation  vec- 
tor, p{ij>)  =  (/). 


Rescaling  the  Wiener-Milenkovic  parameterization 

The  Wiener-Milenkovic  parameterization  characterized  by  the  generating  function 
p  =  An  tan  (/)/4  is  considered  first.  The  norm  of  the  rotation  parameter  vector,  p  = 
\\p\\,  is  such  that p  <  4  when  \(j)\  <  it.  Let  p  and  p^  be  associated  with  the  rotations 
(j)  and  <p^ ,  respectively.  The  relationship  between  these  two  sets  of  parameters  is 


9'  =  4n  tan  — - 


which  implies 


4n  tan     —  ±  — 
4       2 


p' 


-An 


tan  0/4  tan^  0/4 ' 


1 


-P- 


(13.76) 


(13.77) 


Taking  the  norm  of  eq.  (13.76)  yields  p^  =  p /  ta.v?  (j) / A,  and  hence,  pp^  = 
p^/(tan^  0/4),  or  pp^  =  16.  If  tt  <  \(p\  <  2Tr,  p  >  4,  and  hence  p^  <  4;  in 
other  words,  the  rescaling  operation  decreases  the  norm  of  the  rotation  parameter 
vector. 

Let  p  ,  p  ,  and  p  be  the  parameters  of  three  rotation  tensors  such  that  R{p)  = 
R{p,)R{p„)-  Equation  (13.66b)  then  provides  the  following  rotation  composition 
formula 

J^l  i^2    /   1  1  1  . 

P   =    —Pi     H Py 


2Pi£2 


(13.78) 


where,  in  view  of  eq.  (13.66a),  2i^  —  1  =  cos  0/2  =  i^ii/2  (l/^i^s  —  P^P^/^)-  As 
incremental  rotations  are  added  to  the  initial  orientation,  p  increases  and  when  |0| 
becomes  larger  than  ■K,p>  A  and  a  rescaling  operation,  eq.  (13.77),  becomes  neces- 
sary. The  two  operations,  composition  and  rescaling,  are  conveniently  combined  into 
a  single  operation 
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i^lJ/2    /I  1  1^       \  1 

—p    H p    +  -piP. 

Po  — r        i^^  —^        )      — - 


^^1^2/1  1  1~\  1 


,/i  + -22  +  2^122  )  '     -^2- 


(13.79) 


Rescaling  the  sine  parameterization 

Similar  developments  hold  for  the  sine  parameterization  characterized  by  the  gener- 
ating function  p  =  An  sin  0/4.  The  norm  of  the  rotation  parameter  vector,  p  =  \\p\\, 
is  such  thatp^  <  8  when  \4>\  <  tt.  The  rescaling  operation  now  becomes 

pt  =     J^—p.  (13.80) 

~  Vl  —  I' 

and  implies  p"^  +  p^^  =  16.  Here  again,  the  rescaling  operation  decreases  the  norm 
of  the  rotation  parameter  vector. 

Using  the  same  approach  as  for  the  Wiener-Milenkovic  parameterization,  the 
update  and  rescaling  operations  are  conveniently  combined  into  a  single  operation 

<^  Y  (13.81) 

2P1E2 

where,  in  view  of  eq.  (13.66a),  2i^^  —  1  =  cos(/)/2  =  i^i!^2(l/^i£2  —  pTp^/^)- 

The  two  parameterizations,  p  =  An  sin  0/4  and  p  =  An  tan  0/4,  are  now  able 
to  handle  rotations  of  truly  arbitrary  magnitude  provided  that  any  update  operation 
is  combined  with  a  possible  rescale,  as  indicated  in  eqs.  (13.79)  and  (13.81),  respec- 
tively. 

Compact  notation 

It  is  often  convenient  to  indicate  the  composition  of  rotations  combined  with  an  op- 
tional rescaling  by  the  following  notation 

i(£)=i(£i)i(£2)^£  =  Ei®E2'  (13.82) 

which  implies  that  p  is  computed  with  the  help  of  eq.  (13.79)  or  (13.81)  for  the 
Wiener-Milenkovic  or  sine  parameterization,  respectively. 

Composition  operations  such  as  R{p)  =  R^{p  )R{p  )  are  also  commonly  en- 
countered. In  view  of  eq.  (13.45),  R^ip. )  =  R{—p, )  and  hence,  the  following  no- 
tion is  used 

E{p)=R^ip,mp^)^p  =  p;  ©£2'  (13.83) 

where  notation  p~  indicates  that  the  sign  of  the  rotation  parameter  vector  should  be 
changed  before  using  eqs.  (13.79)  or  (13.81). 
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Note  the  simplicity  of  eqs.  (13.79)  or  (13.81)  as  compared  to  the  direct  ap- 
plication of  the  composition  equation.  Indeed,  given  p  and  p  ,  equation  R{p)  = 
R{p  )R{p„ )  requires  a  four  step  procedure  for  the  evaluation  of  p:  (I)  evaluate  R{p. ) 
using  eq.  (13.45),  (2)  evaluate  R{p„)  using  the  same  equation,  (3)  evaluate  the  matrix 
product  R{p)  =  R{p,  )R{p„),  (4)  extract  parameters  p  from  R(p)  using  the  proce- 
dure described  in  section  13.3.4  and  eq  (13.65). 


13.7  Specific  parameterizations  of  rotation 

In  this  section,  several  parameterizations  of  rotation  will  be  discussed  that  correspond 
to  specific  choices  of  the  generating  function.  The  Cartesian  rotation  vector,  the 
Euler-Rodrigues  parameters,  Cayley-Gibbs-Rodrigues  parameters,  and  the  Wiener- 
Milenkovic  parameters  are  discussed  in  the  sections  below. 


13.7.1  The  Cartesian  rotation  vector 

The  rotation  vector  is  associated  with  the  generating  function p((/))  =  (j),  i.e., 

r  =  <j>n.  (13.84) 

Important  quantities  associated  with  the  rotation  vector  are  p'    =    1,  j^    = 

(sin0/2)/((/)/2),  and  e  =  {tan(j)/2)/{(j)/2).  Equation  (13.45)  yields  the  rotation 
tensor,  using  the  following  parameters:  Ci  =  {sin  <p)/(p  and  C2  =  (1  —  cos  4>)  / 4>'^ . 
Tensor_ff  then  follows  from  eq.  (13.55)  with  iTo  =  1,  iTi  =  C2,  and  0-2  =  (1  — Ci)/'/'^- 
Finally,  tensor  H_~^  is  obtained  from  eq.  (13.60)  with  xo  =  1>  Xi  =  ~l/2;  and 

X2  =  (1  -  l/eW- 

An  interesting  expression  can  be  found  by  expanding  the  trigonometric  functions 
in  infinite  series  and  using  identity  (1.34b) 


Riz)  =1  +  7- 


1, 

2!' 


1, 

3!' 


exp(r) 


(13.85) 


This  form  of  the  rotation  tensor  is  called  the  exponential  map  of  rotation. 

This  expansion  of  the  rotation  tensor  provides  a  natural  way  of  approximating 
rotations.  For  very  small  rotations,  only  the  first-order  term  is  kept,  to  yield 


R{r)  «  /  - 


1 

-r2 


1 


r2 
-ri 


n    1 


(13.86) 


For  moderate  rotations,  two  terms  of  the  expansion  are  kept,  leading  to 

rir3 


R{r)  «  /  - 


^      1„ 

■  r  H — rr 
2 


1 


ro  +  rl 


+  r3    1 
-  r2 


rir2 


r3 


2 
r2r3 


■r2 


ri 
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n   1 


ri  +  ri 


(13.87) 
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Composition  of  rotations 

It  is  difficult  to  write  the  composition  of  rotation  formulEe  in  terms  of  the  rotation 
vector.  The  simplest  way  to  proceed  is  to  first  transform  the  corresponding  rotation 
vectors  to  an  Euler  parameter  representation,  compose  the  rotations  with  the  help  of 
eq.  (13.26),  then  transform  the  result  back  to  the  rotation  vector  representation. 


13.7.2  The  Euler-Rodrigues  parameters 

The  Euler-Rodrigues  parameters  are  associated  with  the  generating  function  p{(f>)  = 
2  sin  0/2,  i.e., 

v  =  2nsin-.  (13.88) 

As  its  name  suggests,  this  parameterization  is  closely  related  to  Euler  parameters. 
Indeed,  y_  =  2e,  and  e  =  u/2. 

The  following  parameter  plays  an  important  role  in  this  parameterization. 


«o  =  yi-=^=cos^.  (13.89) 

This  representation  is  limited  to  rotation  angles  \(f>\  <  tt,  so  that  0  <  wq  <  1.  For 
1 01  >  TT,  this  parameterization  cannot  distinguish  between  the  distinct  rotations  of 
magnitudes  cp  and  tt  —  4>. 

Important  quantities  associated  with  the  Euler-Rodrigues  parameters  are  p'  =  vq, 
v  =  1,  and  e  =  1/wo.  Equation  (13.45)  yields  the  rotation  tensor,  using  the  following 
parameters:  C,i  =  v^  and  ^2  =  1/2-  Tensor  iJ  then  follows  from  eq.  (13.55)  with 
CTo  =  1/^0,  cTi  =  1/2,  and  (T2  =  l/(4wo)-  Finally,  tensor  H^~^  is  obtained  from 
eq.  (13.60)  with  xo  =  ^'o.  Xi  =  —1/2,  and  X2  =  0. 

Composition  of  rotations 

Let  p  and  q  be  the  Euler-Rodrigues  parameters  of  two  successive  rotations,  and  r  the 
Euler-Rodrigues  parameter  of  the  composed  rotation,  such  that  R(r)  =  R{p)R{q). 
The  composition  formula,  eqs.  (13.66a)  and  (13.66b),  then  yield 

To  =  PoQo  -  T  {P^g),  (13.90a) 

L  =  q()P  +  Pog+  -^Pg-  (13.90b) 


13.7.3  The  Cayley-Gibbs-Rodrigues  parameters 

The  Cayley-Gibbs-Rodrigues  parameters  are  associated  with  the  generating  function 

p{(t>)  =  2  tan 0/2,  i.e.. 
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r  =  2ntan-.  (13.91) 


The  following  parameter  plays  an  important  role  in  this  parameterization, 

1  +  (r/  r)/4  2 

This  representation  is  limited  to  rotation  angles  of  magnitude  \(p\  <  ir,  because  it 
presents  a  singularity,  r  — >  oo,  when  \(f>\  — >  n. 

This  parameterization  is  closely  related  to  Euler  parameters,  r  =  2e/eo  and  e  = 
^/ror/2.  It  is  also  closely  related  to  Cayley's  parameters  presented  in  section  13.1, 
r  =  2a. 

Important  quantities  associated  with  the  Cayley-Gibbs-Rodrigues  parameters  are 
p'  =  1/ro,  I'  =  ^/tq,  and  e  =  1.  Equation  (13.45)  yields  the  rotation  tensor,  using 
the  following  parameters:  Ci  =  ^o  ^md  ^2  =  ?'o/2.  Tensor  _ff  then  follows  from 
eq.  (13.55)  with  o-q  =  ''o^  cri  =  7'o/2,  and  f72  =  0.  Finally,  tensor  7J~^  is  obtained 
from  eq.  (13.60)  with  xo  =  l/^o.  Xi  =  ~l/2>  and  X2  =  1/4. 

Composition  of  rotations 

Let  p  and  q  be  the  Cayley-Gibbs-Rodrigues  parameters  of  two  successive  rotations, 
and  r  the  Cayley-Gibbs-Rodrigues  parameters  of  the  composed  rotation,  such  that 
R{l)  =  R{p)R{<l)-  The  composition  formulae,  eqs.  (13.66a)  and  (13. 66b),  then  yield 

ra=PoqoAl,  (I3.93a) 


L=^{p  +  q+^pqj-  (13.93b) 


where  Z\i  =  1  —  {p'^q)/4:. 


13.7.4  Tlie  Wiener-Milenkovic  parameters 

The  Wiener-Milenkovic  parameters  are  associated  with  the  generating  function 

p{4>)  =  4  tan 0/4,  i.e., 

c  =  4ntanj.  (13.94) 

The  following  parameter  plays  an  important  role  in  this  parameterization, 

co  =  2(l-tan2^)  =  2-^.  (13.95) 

This  representation  is  limited  to  rotation  angles  of  magnitude  \(f)\  <  27r,  because  it 
presents  a  singularity,  c  — >  oo,  when  \4>\  — >  27r. 

This  parameterization  is  closely  related  to  Euler  parameters.  Indeed,  c  =  4e/  (1  + 
eo)  and  cq  =  4eo/(l  +  eo).  The  inverse  relationship  is  e  =  c/(4  —  cq)  and  eg  = 
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Co/ (4  —  Co).  Because  the  Wiener-Milenkovic  parameters  can  be  obtained  from  this 
conformal  transformation,  they  are  sometimes  referred  to  as  the  conformal  rotation 
vector.  The  following  relationship  ease  the  manipulations  of  this  parameterization: 
cos(/>/2  =  co/(4-  cq). 

Important  quantities  associated  with  the  Wiener-Milenkovic  parameters  are  p'  = 
1/v,  V  =  2/(4  —  Co),  and  e  =  2/co.  Equation  (13.45)  yields  the  rotation  tensor, 
using  the  following  parameters:  ^i  =  iPcq/2  and  C,2  =  v^ l2.  Tensor  H_  then  follows 
from  eq.  (13.55)  with  cro  =  v,  a\  =  j^^/2,  and  a^  =  v^  j'i.  Finally,  tensor  H~^  is 
obtained  from  eq.  (13.60)  with  xo  =  l/^>  Xi  =  ~l/2.  and  xi  =  1/8- 

For  the  Wiener-Milenkovic  parameterization,  tensors  B_  and  G  are  closely  re- 
lated, ^(c)  =  i^  ^  and  ^"^  (c)  =  ^  jv. 

Composition  of  rotations 

Let  p  and  q  be  the  Wiener-Milenkovic  parameters  of  two  successive  rotations,  and 
r  the  conformal  rotation  parameters  of  the  composed  rotation,  such  that  Rir)  = 
R{p)R{q)-  The  composition  formulae,  eq.  (13.66a)  and  (13.66b),  then  yield 

ro=4{poqo-p^q)/{Ai+A2),  (13.96a) 

r  =  4{qop  +  poq+pq)  /{A1  +  A2),  (13.96b) 

where  Z\i  =  (4  -  po)(4  -  go)  and  A2  =  paQo  -  P^g- 

In  most  applications,  it  will  be  necessary  to  rescale  the  Wiener-Milenkovic  pa- 
rameters, as  discussed  in  section  13.6.2.  The  two  operations,  composition  and  rescal- 
ing,  are  conveniently  combined  into  a  single  operation,  eq.  (13.79),  which,  for 
Wiener-Milenkovic  parameters,  takes  on  a  particularly  simple  form 


'i{qaP  +  Poq  +  Pg)/{Ai+A2)iiA2  >  0, 
-4  (qap  +  poq  +  pq)  /{Ai  -  A2)  if  A2  <  0. 


(13.97) 


The  rescaling  condition  automatically  selects  the  largest  denominator,  also  guaran- 
teeing the  most  accurate  numerical  evaluation  of  the  composed  rotation. 

Time  derivatives  of  the  tangent  tensor 

When  linearizing  equations  involving  rotations  expressed  in  terms  of  the  Wiener- 
Milenkovic  parameters,  time  derivatives  of  the  tangent  tensor  are  often  required. 

"/4,  where  a  =  (4  -  co)^/2.  Simple 


(13.98a) 

(I3.98b) 

—H--H.  (13.98c) 

a  —      a — 


First,  this  tensor  is  recast  as  aH_ 
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c  +  cc 
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In  these  expressions,  the  following  notation  was  used 

Co 


2(1-4^  = 
16       a 

c^  c               Co  _ 
4  a'               a 

■T   ■ 

a  c    c 
A  a  a 

4  a 

(13.99a) 

2(1  +  4,^  = 
16        a 

-2(l+S)-'-  = 
15    a     a 

a 

■2(l  +  i^. 
16    a 

(13.99b) 

13.7.5  Problems 

Problem  13.13.  The  exponential  map  of  rotation 

Prove  that  the  rotation  tensor  expressed  in  terms  of  the  rotation  vector  can  be  written  as  the 
exponential  map,  eq.  (13.85). 

Problem  13.14.  Algebraic  representations  of  rotation 

(1)  Show  that  for  all  vectorial  parameterizations  of  rotation,  tensors  R,  H_  and  H_~^,  and  the 
composition  of  rotation  formulte  are  expressed  in  terms  of  three  parameters  only,  i/,  e,  and 
p'.  It  then  follows  that  if  those  three  parameters  can  be  expressed  as  algebraic  functions  of 
the  rotation  parameter  vector,  the  corresponding  vectorial  parameterization  of  rotation  enables 
the  manipulation  of  rotation  without  using  any  trigonometric  functions.  (2)  Show  that  the 
Wiener-Milenkovic  parameters  described  in  section  13.7.4  enables  an  algebraic  representa- 
tions of  rotation.  (3)  Show  that  the  following  parameterization,  s  =  4  sin  <f>/4:  n,  also  leads  an 
algebraic  representations  of  rotation. 

Problem  13.15.  Short  questions 

(1)  Are  the  Euler  angles  using  the  3-1-3  sequence  a  particular  case  of  the  vectorial  parame- 
terization of  rotation?  (2)  Describe  the  singularities  associated  with  the  Euler-Rodrigues  pa- 
rameters. (3)  Describe  the  procedure  used  to  extract  the  Cayley-Gibbs-Rodrigues  parameters 
from  a  given  rotation  tensor.  (4)  What  is  the  main  problem  associated  with  the  use  of  the  Euler 
parameters?  f  J)  Is  it  possible  to  find  a  vectorial  parameterization  of  rotation  for  which  the 
tangent  tensor  is  orthogonal? 

Problem  13.16.  Relationship  between  tensors  G  and  H 

Based  on  eq.  (13.68),  find  the  vectorial  parameterization  for  which  H_  —  uG_. 

Problem  13.17.  Study  of  the  limit  behavior 

Prove  the  following  results  related  to  the  limit  behavior  of  the  angular  velocity  and  acceleration 
vectors  as  the  rotation  parameter  vector  vanishes.  (1)  limp.^o  H_  =  L  (^)  limp_»o  M.  =  — S/2, 
see  eq.  (13.67).  (3)  limp^o  H_  =  p/2.  (4)  linip^o  yi  =  P-  (S)  limp^o  <£  =  p. 

Problem  13.18.  Composing  rotations  with  the  Wiener-Milenkovic  parameters 

Consider  a  sequence  of  rotation  tensors  R  —  R{tk),  where  tk  =  kAt  is  a  sequence  of 
equally  spaced  discrete  instants  in  time;  At  =  0.01  s  is  the  time  step  size.  Each  tensor  in  the 
sequence  is  obtained  from  the  previous  one  through  an  incremental  rotation  tensor  R  such  that 
R        ~  RR  ■  Let  the  Wiener-Milenkovic  parameters  c^,  and  £  be  associated  with  R   and  R, 

respectively.  The  initial  tensor  is  such  that  c^  —  {  0 ,  0 ,  0 } .  The  parameters  of  the  incremental 
rotation  are  given  as  a  function  of  time 
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0.15 


sin  9k  cosi/jfc 
sin  6k  sin  Tpk 
cos  6k 


where  dk  =  3tk  and  zpk  =  6ife  —  2tk.  (1)  Find  the  sequence  of  parameters  C/,,  k  =  1, . .  .  200. 
Use  the  formula  for  composition  of  rotation  with  rescaling.  (2)  On  one  graph,  plot  the  three 
Wiener-Milenkovic  parameters  c^..  (3)  On  one  graph,  plot  the  direction  cosines  _Rii,  R21,  R31 
as  a  function  of  time.  Comment  on  your  results.  (4)  Show  that  the  components  of  the  angular 
velocity  vector  in  the  fixed  system  can  be  approximated  in  the  following  manner 


2(ifc  +  At/2) 


[R       R'^] 


[R       R^] 


2At 


Relate  the  components  of  the  angular  velocity  vector,  u,  to  the  incremental  rotation  parameters 
c.  (5)  On  one  graph,  plot  the  three  components  of  the  angular  velocity  vector  in  the  fixed 
system  as  a  function  of  time.  (6)  Derive  a  similar  formula  the  the  components  of  the  angular 
velocity  vector  in  the  rotating  system.  (7)  On  one  graph,  plot  the  three  components  of  the 
angular  velocity  vector  in  the  rotating  system  as  a  function  of  time. 

Problem  13.19.  Rigid  body  tumbling  in  space 

In  example  8.7,  the  equations  of  motion  for  a  rigid  body  with  respect  to  an  inertial  point  were 


5.43),  are  p 


F_Q  and  Hq 


M^.The 


derived.  The  dynamic  equilibrium  equations,  eqs. 

relationship  between  the  displacements  and  the  momenta  are  in  the  form  of  eq.  (8.44),  recast 

here  as 


Oif" 


^B)  U, 


Pr 


±0  -  ('"SO  +  u)p^  ^ 

where  c  is  the  Wiener-Milenkovic  rotation  parameter  vector  for  rotation  tensor  R  and  mass 
matrix  Al     is  defined  by  eq.  (8.38).  The  mass  properties  of  the  body  are  m  =  &,  900  kg, 

77*^  =  {1.5,  0.5,  0.7}  m,  and  l^*  =  diag(110,  9, 000,  15,  000)  kg-m^  At  the  initial  time, 
the  position  and  rotation  parameter  vectors  are  u{t  =  0)  =  0  and  c{t  =  0)  =  0,  respec- 
tively. The  initial  linear  and  angular  momenta  are  p^(t  =  0)  =  {45,  000,  18,  000,  25,  000} 
kg-m/s,  and  k^  (i  =  0)  =  {5,  000,  4,  000,  8,  OOo"}  kg-m^  -rad/s.  The  externally  applied  loads 
are  _Fq  =  0  and  M_q  —0.(1)  Integrate  the  governing  equations  of  motion  of  the  rigid  body  to 
find  its  response  for  t  e  [0,  300]  s.  Plot  the  components  of  the  position  vector  of  the  reference 
point,  u,  and  the  orientation  parameters  of  the  rigid  body,  c,  as  a  function  of  time.  (2)  Plot 
the  inertial  components  of  the  velocity  vector,  u,  and  those  of  the  inertial  angular  velocity,  lv, 
of  the  rigid  body.  (3)  Plot  the  components  of  the  linear  and  angular  momenta,  and  the  kinetic 
energy  of  the  body  as  a  function  of  time.  Comment  on  your  results.  (4)  Plot  the  motion  and 
velocity  of  the  center  of  mass  of  the  rigid  body. 
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Parameterization  of  motion 


While  the  parameterization  of  rotation  discussed  in  chapter  13  has  received  wide 
attention,  much  less  emphasis  has  been  placed  on  that  of  motion.  This  is  probably 
due  to  the  fact  that  the  analysis  of  motion  is  often  described  in  terms  of  rather  abstract 
mathematical  formulations. 

For  instance,  Ball  [259]  and  Angeles  [260]  used  the  concepts  of  twists  and 
wrenches.  A  systematic,  coordinate-free  exposition  of  the  different  algebraic  op- 
erations in  the  set  of  infinitesimal  displacements  (screws)  and  their  relation  with 
finite  displacement  was  developed  by  Chevallier  [261].  Euler  motion  parameters 
are  closely  related  to  the  dual-number  quaternion  algebra  techniques  used  in  kine- 
matics [262,  263,  264].  Dual  numbers,  vectors,  and  matrices  are  described  in  the 
textbook  by  Fisher  [265]  and  have  received  considerable  attention  in  kinemat- 
ics [1,  23,  22],  dynamics  [266,  267],  and  elastodynamics  [268].  Many  of  these  stud- 
ies have  shown  that  the  most  efficient  and  elegant  implementations  of  dual-number 
techniques  are  based  on  general  screw  theory  with  the  screw  expressed  by  means  of 
Pliicker  coordinates,  see  section  5.1. 

Borri  et  al.  [269]  addressed  the  problem  of  parameterization  of  motion  by  focus- 
ing on  two  representations,  the  exponential  map  of  motion  and  Cayley's  parameteri- 
zation. Borri  and  Bottasso  [270,  271]  used  these  concepts  to  analyze  curved  beam  in 
three-dimensional  space,  leading  to  the  helicoidal  approximation. 

The  present  chapter  focuses  on  parameterization  techniques  for  motion.  In  con- 
trast with  other  approaches,  the  exposition  presented  here  is  expressed  in  terms  of 
linear  algebra  concepts,  which  are  easily  understood  and  implemented  in  computer 
software. 

Cayley's  formulation  that  led  to  an  algebraic  representation  of  rotation  is  general- 
ized in  section  14. 1  to  the  problem  of  motion.  Euler  motion  parameters  are  presented 
in  section  14.3  and  provide  a  purely  algebraic  representation  of  motion.  When  using 
the  bi-quaternion  algebra  introduced  in  section  14.2,  all  motion  operations  become 
bilinear  expressions  of  bi-quaternions.  These  advantages,  however,  come  at  a  high 
cost:  eight  parameters  must  be  used  instead  of  six,  i.e.,  Euler  motion  parameters  do 
not  form  a  minimum  set. 
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Mozzi-Chasles'  theorem,  presented  in  section  5.1,  states  that  an  arbitrary  mo- 
tion of  a  rigid  body  can  be  represented  by  a  screw  motion.  The  axis  of  the  screw 
is  called  the  Mozzi-Chasles  axis,  denoted  Ai,  and  its  Pliicker  coordinates  have  been 
evaluated  in  section  5.1.  The  Pliicker  coordinates  of  an  arbitrary  material  line  of  a 
rigid  body  subjected  to  a  screw  motion  are  known  to  transform  by  the  action  of  the 
motion  tensor,  and  M_  is  an  eigenvalue  of  this  tensor  associated  with  its  positive  unit 
eigenvalue. 

The  vectorial  parameterization  of  motion  is  introduced  in  section  14.4  and  con- 
sists of  minimal  set  of  parameters  defining  the  components  of  a  motion  parameter 
vector.  The  vectorial  parameterization  of  motion  presents  two  fundamental  proper- 
ties. First,  it  is  tensorial  in  nature:  the  tensorial  nature  of  the  second-order  motion 
tensor  implies  and  is  implied  by  the  tensorial  nature  of  the  motion  parameter  vector, 
a  first-order  tensor.  Second,  rotation  parameter  vectors  are  parallel  to  the  eigenvector 
of  the  motion  tensor  corresponding  to  its  unit  eigenvalue.  Because  these  two  proper- 
ties imply  each  other,  either  can  be  taken  as  the  definition  of  the  vectorial  parameter- 
ization of  motion.  A  parameterization  of  motion  is  vectorial  if  and  only  if  the  motion 
parameter  vector  is  parallel  an  eigenvector  of  the  motion  tensor  associated  with  its 
unit  eigenvalue. 

A  complete  description  of  motion  is  presented  for  a  generic  motion  parameter 
vector.  Relevant  formulae  for  specific  parameterizations  of  this  class  are  then  eas- 
ily obtained.  Specific  expressions  are  given  for  three  parameterizations  that  present 
desirable  properties:  the  exponential  map  of  motion,  the  Cayley-Gibbs-Rodrigues 
motion  parameters,  and  Wiener-Milenkovic  motion  parameters. 


14.1  Cayley's  motion  parameters 

In  section  13.1,  a  purely  algebraic  description  of  rotation  was  obtained  from  the 
simple  argument  of  length  preservation.  These  developments  lead  to  a  multiplica- 
tive decomposition  of  the  rotation  tensor:  R  =  (Z  ~  2)~^(/  +  a),  see  eq.  (13.4). 
Cayley's  parameters,  a,  are  a  by-product  of  this  decomposition.  This  multiplicative 
decomposition  exists  for  all  vectorial  parameterizations,  see  eq.  (13.50). 

A  similar  decomposition  is  sought  for  the  motion  tensor,  C,  defined  by  eq.  (5.35). 
Consider  the  following  relationship 


a-ep/2)      -eq/2 
0  {l-ep/2) 


0    R 


a  +  ep/2)       sq/2 
0  (/  +  ep/2) 


(14.1) 


where  q  is  an  as  yet  unknown  quantity.  In  view  of  eq.  (13.50),  three  of  the  above  sub- 
matrix  equalities  are  readily  satisfied.  Using  eq.  (13.51),  the  last  equality  implies 
eq  =  (I  —  ep/2)u{I_  +  ep/2)  =  u  +  eup/2  +  e"^ {p^ u)p / A.  Clearly,  q  is  related  to 
the  displacement  vector,  u,  eq  =  [/ —  ep/2  +  e^pp^/4]  u.  Finally,  simple  vector 
identities  and  the  definition  of  £,  eq.  (13.47),  lead  to 

R^  +  1 
q  =  ^T^H-  (14.2) 

2(,1 


14.1   Cayley's  motion  parameters         545 


The  following  notation  is  introduced 


V 


(14.3) 


The  two  vectors,  q  and  p,  form  the  motion  parameter  vector,  V_.  The  multiplicative 
decomposition,  eq.  (14.1),  now  becomes 


C 


l+yP 


^-¥ 


i-|^ 


i+2^ 


(14.4) 


where  the  generalized  vector  product  tensor,  V,  is  defined  by  eq.  (5.52).  It  is  readily 
verified  that  eq.  (13.51)  generalizes  to 


^-¥ 


1 


o(£  +  i) 


The  motion  tensor  is  now  written  in  terms  of  the  vectors  q  and  p  as 


av) 


',  ,R{P)+L   ^R{P)+L 

EiP)  =^ — =  £9  =^ — = 


0 


Rip) 


(14.5) 


In  summary,  the  motion  tensor  can  be  expressed  in  a  purely  algebraic  form  in 
terms  of  the  six  parameters,  Vj  =  {q^ ,p^}-  The  rotation  parameter  vector,  p, 
determines  the  rotation  tensor.  Vector  q  is  related  to  the  displacement  vector  of  the 
reference  point  through  eq.  (14.2)  and  determines  the  remaining  entries  of  the  motion 
tensor. 

Similar  developments  lead  to  the  following  additional  results 


c- 


^.If 


and 


c-\p) 


rt  £±i  er  £^ 


0 


R 


.T 


In  section  13.1,  Cayley's  rotation  parameters  were  shown  to  provide  a  purely  al- 
gebraic description  of  rotation.  Based  on  the  length  preservation  property  of  rotation, 
Cayley's  formula,  eq.  (13.4),  was  derived,  which  takes  the  form  of  a  multiplicative 
decomposition  of  the  rotation  tensor.  In  this  section,  a  multiplicative  decomposition 
of  the  motion  tensor  was  derived  based  on  purely  algebraic  arguments.  The  resulting 
decomposition,  eq.  (14.4),  mirrors  Cayley's  formula,  eq.  (13.4).  The  motion  param- 
eters defined  by  eq.  (14.3)  are  a  byproduct  of  the  multiplicative  decomposition  and 
provide  a  purely  algebraic  description  of  the  motion  tensor,  eq.  (14.5),  which  explic- 
itly shows  the  dependency  of  the  motion  tensor  on  six  parameters  only. 
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14.2  Bi-quaternion  algebra 

In  section  14.3,  it  will  be  shown  that  motion  operations  are  conveniently  expressed 
in  terms  of  bi-quaternions.  The  present  preparatory  section  focuses  on  the  definition 
of  bi-quaternions,  the  derivation  of  a  number  of  their  properties,  and  the  definition  of 
the  operators  that  ease  bi-quaternion  algebra. 

A  bi-quaternion  is  defined  as  an  array  of  two  quaternions 


(14.6) 


Bi-quaternion  operators 

Bi-quaternion  operations  are  performed  by  using  a  number  of  matrices  of  size  8x8 
defined  as  follows 


m) 


'A{e)  m 

Q     4(e) 

'm)  m) 

g     1(e) 
Q     C(e) 


Ma) 
Ma) 

m) 


'£ie)A'iq)] 
g      £{e)_ 

g      i^(e), 

-Q^ie)  a^iq)- 
0      C^(e) 


(14.7a) 
(14.7b) 
(14.7c) 


Each  operator  is  composed  of  four,  4x4  sub-matrices  consisting  of  the  quaternion 
operators  defined  by  eqs.  (13.9). 

If  g  and  h  are  two  arbitrary  bi-quaternions,  the  following  matrix  products  com- 
mute 

4(ff)i(/i)  =  i(M4(5):     U9)M:Ch)  =Mh)Aig),  (14.8a) 

AigMh)  =MCh)U9),      UgMih)  =Mh)^{g),  (14.8b) 

Qig)Uh}  =  Mh)Qig),    gigMh)  =  AWQig)-  (i4.8c) 

These  commutativity  properties  mirror  the  corresponding  properties  of  quaternion 
operators  expressed  by  eqs.  (13.11).  These  identities  then  imply  the  following  results 


Mg)h  =  Mh)g,    Ug)h  =  c(h)g,    Mg)h  =  C{h)g. 


(14.9) 


Here  again,  these  properties  mirror  the  corresponding  properties  of  quaternion  oper- 
ators expressed  by  eqs.  (13.12). 

Next,  the  following  results  are  easily  checked 


muh)  =  uf) 
umCh)  =  Mf) 
umCh)  =  Mf) 


f  =  Mg)h  =  m)g, 

f  =  m)h  =  Mh)g, 

f  =  im  =  cm, 


(14.10a) 
(14.10b) 
(14.10c) 
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where  the  double-headed  arrows  indicate  that  the  two  equalities  imply  each  other. 
These  bi-quaternion  identities  are  inherited  from  the  quaternion  counterparts, 
eqs.  (13.13).  Similarly 


mmih)  =  Mf) 
mmih)  =  mf) 
mmih)  =  mf) 

Finally,  operator  W  is  defined  as 


Wig) 


■^(e)  g{q)' 
Q     Sie) 


f  =  m9)h  =  Mh)g, 
f  =  gig)h  =  Uh)9, 

f  =  Mm  =  C{h)g- 


[Mg)-mg)], 


(14.11a) 
(14.11b) 
(14.11c) 


(14.12) 


where  quaternion  operator  S,  is  defined  by  eq.  (13.15)  which  also  implies  the  last 
equality. 

Bi-quaternions  composed  of  orthogonal  quaternions 

Two  quaternions,  q  and  e,  are  said  to  be  orthogonal  if  q^e  =  0.  For  bi-quaternions 
composed  of  such  pair  of  quaternions,  g^  =  {(f" ,  e-^},  the  following  identities  can 
be  shown  to  hold 


Ug)Ug)  =  MMig)  =  1(5)1(5)  =  1(5)1(5) 


lel^l 


(14.13) 


where  I  is  the  6x6  identity  matrix.  Identities  (13.18)  were  used  to  prove  the  above 
relationships. 


14.3  Euler  motion  parameters 

The  definition  of  the  motion  tensor,  eq.  (5.35),  requires  six  parameters,  three  param- 
eters to  define  the  displacement  vector,  u,  and  three  parameters  to  define  the  rotation 
tensor,  R.  The  goal  of  this  section  is  to  develop  a  parameterization  of  motion,  i.e.,  to 
find  a  set  of  parameters  that  ease  the  manipulation  of  motion  operations. 

In  section  13.3,  Euler  parameters  were  introduced  and  quaternion  algebra  was 
shown  to  provide  an  effective  tool  to  manipulate  rotation  operations  in  a  purely  alge- 
braic manner.  The  vector  part  of  Euler  parameters  is  oriented  along  the  eigenvector 
of  the  rotation  tensor  corresponding  to  a  unit  eigenvalue,  see  eq.  (13.19). 

To  generalize  Euler  parameters  to  the  problem  of  motion,  a  set  of  parameters  are 
derived  that  are  parallel  to  the  eigenvector  of  the  motion  tensor  corresponding  to  a 
unit  eigenvalue.  To  ease  the  algebra,  the  motion  tensor,  eq.  (5.35),  is  expanded  to  an 
8x8  operator  using  the  quaternion  algebra  operators  defined  in  section  13.2, 


C 


Rie)  g{u)Rie) 
Q  D{e) 


(14.14) 
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where  e  is  the  unit  quaternion  representing  the  rotation  tensor  R,  and  ii^  =  { 0,  u^  } 
a  non-unit  quaternion  with  a  vanishing  scalar  part.  An  eigenvector  of  this  expanded 
motion  tensor  associated  with  the  unit  eigenvalue  is 

N=<;2=^-^"!>=<i|j.  (14.15) 

As  discussed  in  section  5.5.2,  several  expressions  for  the  eigenvector  can  be 
found,  due  to  the  multiplicity  of  two  of  the  unit  eigenvalue.  The  above  expression, 
however,  is  convenient  because  a  one  to  one  correspondence  exists  between  quater- 
nions u  and  q;  indeed, 

q=-R{e)u      ^^^u  =  2^{e)q.  (14.16) 

Because  B_{e)  is  an  orthogonal  operator,  this  mapping  presents  no  singularities. 

The  scalar  part  of  g  is  go  =  — 1/2  §^1k  =  —d/2  sin  (f)/2,  where  d  is  the  intrinsic 
displacement  of  the  rigid  body  defined  by  eq.  (5.7).  On  the  other  hand,  the  scalar  part 
of  ti  is  uq  =  0  =  2  (F q.  This  implies  that  quaternions  e  and  q  are  orthogonal  to  each 
other 

fq  =  Q.  (14.17) 

Finally,  it  is  readily  verified  that  the  norms  of  quaternions  ii  and  q  are  closely  related, 
u   u  =  i  q    q. 

The  Euler  motion  parameters  form  a  bi-quatemion  and  provide  a  convenient 
parameterization  of  the  motion  tensor, 

^  =  {1}.  (14.18) 

Note  the  redundancy  in  this  representation  that  requires  eight  parameters  instead  of 
the  six  forming  a  minimum  set.  The  eight  Euler  motion  parameters  are  subjected  to 
two  constraints:  the  normality  condition  for  quaternion  e,  see  eq.  (13.20),  and  the 
orthogonality  of  quaternions  e  and  q,  see  eq.  (14.17). 


14.3.1  The  motion  tensor 

Equation  (14.14)  gives  the  expression  for  the  motion  tensor.  The  only  term  not  ex- 
pressed in  terms  of  the  Euler  motion  parameters  is  S_{u)D(e)-  With  the  help  of  iden- 
tity (13.15),  this  term  becomes 

where  operator  D.(e)  was  expressed  by  eq.  (13.16),  and  the  commutativity  prop- 
erty (13.11b)  was  used  in  the  second  term.  Using  eq.  (13.13a),  the  first  term  of 
eq.  (14.19)  becomes  A(q)B_   (e),  where  q  is  given  by  eq.  (14.16).  Next,  note  that 


14.3  Euler  motion  parameters         549 

because  quaternion  ii  has  a  vanishing  scalar  part,  —B_{u)  =  B_   (ii),  and  the  second 

term  of  eq.  (14.19)  becomes  A(e)_B    (q),  where  g  is  given  by  eq.  (14.16)  once  again. 

The  motion  tensor  written  in  terms  of  the  Euler  motion  parameters  becomes 

-'  ~  [  g  m) 

Introducing  operators  A  and  B  defined  by  eqs.  (14.7a)  and  (14.7b),  respectively,  then 
leads  to 

m)  =  4(5)1(5)  =  1(5)4(5).  (14.20) 

The  motion  tensor  becomes  a  bilinear  function  of  Euler  motion  parameters.  Note  the 
parallel  between  this  expression  and  that  for  the  rotation  tensor,  eq.  (13.16). 
The  inverse  of  the  motion  tensor  is  found  using  similar  developments. 


g-   (5) 
and  finally, 


i,,^_    'D!{e)B{q)A'{e)  +  B{^A'{q) 


0  u;  (e) 

c-'(5)  =  Umig)  =  M'gMg)-  (i4.2i) 


14.3.2  The  velocity  vector 

The  components  of  the  velocity  vector  resolved  in  the  fixed  frame  are  obtained  from 
their  definition,  eq.  (5.69a).  This  definition  is  expressed  by  means  of  8  x  8  operators 
to  ease  algebraic  manipulations 

t{m~\9)  =  [mm)]  m)U9)  =  mm +ut)m)^ 

where  the  commutativity  relationships  (14.8)  and  normality  conditions  (14.13)  were 
used.  Because  e  is  a  unit  quaternion,  eq.  (14.13)  implies  BB   =   I,  and  a  time 

derivative  yields  BB  =  — BB.  The  above  expression  then  becomes  C(g)C~^(g)  = 
Mt)M9)  -  i(5)i(^)    =   A(w/2)  -  l(t)/2),  where,  according  to  eq.  (14.10b) 
and  (14.11c),  w  =  2i(5)^. 
In  summary, 

£(5)£"'(5)=M(«), 

where  v'^  =  {u^,  o)^}  is  the  velocity  bi-quatemion  in  the  fixed  frame  given  by 

V  =  2Mig)t,  (14.22) 

The  velocity  bi-quaternion  becomes  a  bilinear  expression  of  the  Euler  motion  pa- 
rameters and  their  derivatives;  note  the  parallel  between  eq.  (14.22)  for  motion  and 
its  counterpart,  eq.  (13.23),  for  rotation. 

The  vector  parts  of  quaternions  v  and  a)  are  the  velocity  and  angular  velocity  vec- 
tors, respectively.  The  scalar  part  of  the  velocity  quaternion  is  uq  =  2  [e^q  +  q^e]  = 
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0,  because  q  and  e  are  orthogonal  quaternions,  and  because  e  is  a  unit  quaternion,  the 
scalar  part  of  the  angular  velocity  quaternion  vanishes,  wq  =  2€Fe  =  0. 

The  components  of  the  velocity  vector  resolved  in  the  material  frame  are  obtained 
in  a  similar  manner 

£-'(5)g(ff)  =  !(**), 

where  v*'^  =  {v*'^ ,  w*-^}  is  the  velocity  bi-quaternion  in  the  material  frame.  These 
results  are  written  in  a  compact  manner  as 

V*  =  %ig)t-  (14.23) 

14.3.3  Composition  of  finite  motions 

Letg^  =  {q^  ,e^},  gf  =  [qj,el^,  and  ^l"  =  {(12,(^2}  be  the  bi-quaternions  of 
three  motion  tensors  such  that  C(g)  =  C(5i)C(52)-  The  problem  at  hand  is  to  deter- 
mine bi-quaternion  5  as  a  function  of  the  other  two.  With  the  help  of  eq.  (14.20),  this 
expands  to  C(g)  =  A(gi)B(9i)A(g2)jl(52)  and  the  commutativity  property  (14.8a) 
then  implies  <g{g)  =  4(gi)A(52)i(ffi)l(52)-  Equations  (14.10a)  and  (14.11a)  then 
yield  £{g)  =  4(5)1(9),  where  g  =  4(91)92- 

In  summary,  composition  of  motions  expressed  in  terms  of  Euler  motion  param- 
eters reduces  to 

W)  =  miM92)  ^^9  =  4(51)52  =  1(52)51-  (14-24) 

This  operation  is  bilinear  in  terms  of  the  Euler  motion  parameters  of  the  two  motions; 
note  the  parallel  between  eq.  (14.24)  for  motion  and  its  counterpart,  eq.  (13.26),  for 
rotation. 

If  bi-quaternions  gf  =  {e^,  q[^  and  9J  =  {e|",  q^}  are  such  that  ei  and 
62  are  unit  quaternions  and  efqi  =  e^q2  =  0,  bi-quaternion  cp^  =  {e^,  g-'^} 
enjoys  the  same  properties.  Indeed,  (Fe  =  e^ A^ {ei)A{ei)e2  =  6^62  =  1,  be- 
cause ei  and  62  both  are  unit  quaternions.  Furthermore,  e^q  =  e^ A^ {ei)A{ei)q2  + 
elA^{ei)A{qi)e2  =  elq2  +  ejB'^  {€2)8(62)91  =  elq2  +  ejqi  =  0. 

14.3.4  Determination  of  Euler  motion  parameters 

The  last  task  is  to  determine  Euler  motion  parameters  given  the  components  of  the 
motion  tensor.  Unfortunately,  this  inverse  relationship  cannot  be  expressed  in  a  sim- 
ple manner.  In  view  of  eq.  (14.20),  the  motion  tensor  written  in  the  following  form 


C(5) 


R{e)g{q,e) 
0       Eie) 


where  R{e)  is  given  by  eq.  (13.21)  and 

Z{q,e)  =  2[eoq  +  qoe  +  eq  +  q^.  (14.25) 
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The  determination  of  the  bi-quatemion  g^  =  {<7^,  e^}  proceeds  in  two  steps. 
First,  quaternion  e  is  determined  from  the  rotation  tensor,  R{e),  by  following  the 
procedure  described  in  section  13.3.4. 

The  second  step  is  to  determine  quaternion  q  from  operator  Z{q,  e) .  Consider  the 
following  symmetric  matrix  constructed  from  the  components  of  Z_{q,  e). 


tr(^)       Z32 
Z32  —  Z21 
Z13  —  Z31 

Z21  —  Z\2 


Ziz        Zii  —  Z31         Z21  —  Zy2 

T 


g  +  g    -tr(^)I 
Introducing  the  definition  of  matrix  Z_,  eq.  (14.25),  then  yields 


T  ■ 


eo<7o  +  <7oeo  eigo 
eo<7i  +<7oei  eiqi 

eo<72  +9062  6152 
eo<73  +  9063  61^3 


gieo  62(70 
gi6i  62(71 

9162  62^2 

9163  62^3 


9260  63^0  +  (7360 

9261  63^1  +  (7361 

9262  63^2  +  9362 

9263  6353  +  9363 


A{eq^  +  qe^). 


Quaternion  q  can  readily  be  computed  from  any  column  of  this  matrix.  This  de- 
termination, however,  will  involve  a  division  by  components  of  quaternion  e;  hence, 
inaccurate  results  will  be  obtained  when  dividing  by  small,  or  zero  values.  The  most 
accurate  results  will  be  obtained  by  selecting  index  m  such  that  \em\  >  \ei\,  i  1^  rn. 
The  components  of  q  are  then 
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(14.26) 


Of  course,  the  integrity  of  the  data  should  be  checked  by  verifying  that  q  and  e  are 
orthogonal  quaternions. 

Example  14.1.  Kinetic  energy  of  a  rigid  body 

The  kinetic  energy  of  a  rigid  body  undergoing  an  arbitrary  motion  was  developed  in 
example  8.5,  on  page  311.  Find  the  expression  for  the  kinetic  energy  of  a  rigid  body 
depicted  in  fig.  8.6  expressed  in  terms  of  Euler  motion  parameters. 

Equation  (8.31)  gives  the  kinetic  energy  of  the  rigid  body.  To  express  this  quantity 
in  terms  of  Euler  motion  parameters,  it  is  convenient  to  use  the  two  quaternions,  v* 
and  oj* ,  introduced  in  section  14.3.2.  These  two  quaternions  with  vanishing  scalar 


parts  are  combined  into  a  bi-quaternion,  v 


,-,*T 


{ 


f,*T    ~,*T 


Next,  the  following  8x8  mass  matrix  is  introduced 


}■ 


=4x4 

mS_(j)* ) 


mSjyf]* 


(14.27) 


where  fj*  =  {O,  ?]* }  is  a  quaternion  with  a  vanishing  scalar  part  and  whose  vector 
part  stores  the  components  of  the  relative  position  vector  of  the  body's  center  of  mass 
with  respect  to  the  reference  point,  resolved  in  the  body  attached  basis.  Operator  S_ 
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is  defined  by  eq.  (13.15),  and  matrix  M   *  by  eq.  (13.30).  Notation  (•)*  indicates 
tensor  components  resolved  in  the  body  attached  basis. 


The  kinetic  energy  now  becomes 


1 


,--.*T-rmB*--,* 


K  =  -v*'M     v*-  (14.28) 

Bi-quatemion  w*  is  now  readily  expressed  in  terms  of  Euler  motion  parameters  using 
eq.  (14.23),  to  find 

K  =  2  fk^igm''*U9)t  =  2  fg^(tm''%{t)g,  (14.29) 

where  the  last  equality  follows  from  identity  (14.9).  Clearly,  it  is  expeditious  to  ex- 
press all  quantities  in  the  bi-quaternion  formalism  before  introducing  Euler  motion 
parameters. 

Example  14.2.  Hamilton's  principle  for  a  rigid  body 

Application  of  Hamilton's  principle  to  the  rigid  body  problem  leads  to  a  compact 
form  of  the  equations  of  motion,  as  was  shown  in  example  8.6  on  page  312.  Based 
on  Hamilton's  principle,  derive  the  equations  of  motion  of  the  rigid  body  depicted  in 
fig.  8.6  in  terms  of  Euler  motion  parameters. 

As  observed  in  the  previous  example,  it  is  expeditious  to  express  all  quantities 
in  terms  of  bi-quaternion  before  introducing  Euler  motion  parameters.  The  virtual 

displacement  and  rotation  quaternions  are  defined  as  5u       =  {(^Wq,  R^t^^  and 

&ip       =  {dipQ,  S-ip*    },  respectively.  These  two  quaternions  are  combined  into  the 

virtual  motion  bi-quaternion  resolved  in  the  material  frame,  du      =  \Su     ,  5tp      r  • 

The  force  and  moment  quaternions  are  defined  in  a  similar  manner  as  F*"^  = 
{O,  F^*'^}  and  Q*^  =  {O,  Q*^},  respectively.  Both  quaternions  have  a  vanishing 
scalar  part  and  are  combined  into  the  load  bi-quatemion  resolved  in  the  material 
frame,  a*2^  =  {F*'^,Q*^}. 

Finally,  p*^  =  {O,  p*'^}  and  h*'^  =  {o,  h*^}  are  the  linear  and  angular  mo- 
mentum quaternions,  respectively.  Both  quaternions  have  a  vanishing  scalar  part 

and  are  combined  into  the  momentum  bi-quaternion  resolved  in  the  material  frame, 

p*T  =  {p*T^  -^.ry 

With  these  notations  at  hand,  the  virtual  work  done  by  the  applied  loads  de- 
fined by  eq.  (8.45)  becomes  6W"''^  =  a*^6u  =  a^6u.  The  load  bi-quaternion, 
a  =  C~^a*,  consists  of  two  quaternions  with  vanishing  scalar  components,  F^  and 
Q'-' ,  whose  vector  parts  store  the  components  of  the  applied  force  and  moment,  re- 
spectively, computed  with  respect  to  inertial  point  O. 

Virtual  changes  in  the  kinetic  energy  of  the  rigid  body  follow  from  eq.  (14.28) 
as  5K  =  6v*^'M_  *v*  =  Sv*'^p*.  By  analogy  with  eq.  (8.46),  5v*  =  C~^5u,  and 

virtual  changes  in  the  kinetic  energy  then  becomes  SK  =  6u^p.  The  momentum  bi- 
quaternion,  p  =  C~  p* ,  consists  of  two  quaternions  with  vanishing  scalar  compo- 
nents, p"^  and  h'-^,  whose  vector  parts  store  the  components  of  the  linear  and  angular 
momenta,  respectively,  computed  with  respect  to  inertial  point  O. 


14.3  Euler  motion  parameters         553 
Euler  motion  parameters  are  subject  to  two  constraints,  the  orthogonality  con- 


straint, Ci  =  2e  q  =  0,  and  the  normality  constraint,  C2  =  e  e  —  1  =  0.  The  po- 
tential of  these  constraints,  eq.  (10.6),  becomes  V^  =  —A  C,  where  C  =  {Ci ,  C2  } 
is  the  array  of  constraints  and  A  the  array  of  Lagrange's  multiplier  used  to  enforce 
these  constraints.  Variation  of  the  potential  of  the  constraints  yields 
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where  6  denotes  a  vanishing  quaternion  and  V  =  {l,0^}  a  quaternion  with  a  unit 
scalar  part  and  a  vanishing  vector  part.  By  analogy  with  eq.  (14.22),  variations  in 
Euler  motion  parameters  are  related  to  the  virtual  motion  vector  as  dg  =  1/2  M{g)Su. 
For  this  problem,  L+  =  K  —  V^  and  Hamilton's  principle  for  constrained  system, 
eq.  (10.10),  now  implies 
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Su  p  +  SX  C_  +  Su 
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-  T 

X  +  Su   a  ]  dt 


0. 


All  boundary  terms  are  ignored  here.  After  integration  by  parts  of  the  first  term,  the 
equations  of  motion  of  the  system  are  found  to  be  C  =  0,  the  constraint  equations, 
and 

'poY  _(Xii\^(Fo' 
>oJ        \X2ij      \Qo. 

Because  bi-quatemions  p  and  a  are  resolved  in  the  inertial  frame,  their  quaternion 
components  are  evaluated  with  respect  to  the  origin  of  the  inertial  frame,  point  O. 

Lagrange's  multipliers  are  readily  eliminated  by  only  keeping  the  vector  parts  of 
the  quaternion  equations,  leading  to  the  following  equations  of  motion  for  the  rigid 
body,  p  =  F_Q  and  4o  =  Q^-  These  equations  are  identical  to  those  obtained 
earlier,  see  eqs.  (8.48a). 

The  last  step  of  the  procedure  is  to  evaluate  the  time  derivatives  of  Euler  motion 
parameters  with  respect  to  time.  First,  eq.  (14.23)  yields  g  =  A{g)v*  /2,  and  finally, 
g  =  A(g)(M.  *)~^C  {g)p/2,  which  leads  to  the  following  system  of  ordinary  dif- 
ferential equations, 


Pr 


9.0 

.A(.9)(M^*)-iC^(5)j5/2^ 


(14.30) 


where  the  scalar  parts  of  quaternions  po  and  ho  vanish. 


14.3.5  Problems 


Problem  14.1.  Inverse  of  the  motion  tensor 

Prove  eq.  (14.21)  starting  from  the  definition  of  the  motion  tensor,  eq.  (5.59). 


554  14  Parameterization  of  motion 

Problem  14.2.  Angular  velocity  with  Euler  motion  parameters 

Prove  eq.  (14.23)  by  evaluating  C~^ {g)C{g)  —  W_{v*).  Find  the  relationship  between  «, 
defined  in  eq.  (14.22)  and  v*,  defined  in  eq.  (14.23). 

Problem  14.3.  Eigenvectors  of  the  motion  tensor 

Prove  that  two  linearly  independent  eigenvectors  of  the  motion  tensor  associated  with  its  unit 
eigenvalue  are  Nf  =  {e^,  0^}  and  nI"  =  {u^R^(e)/2,  e^}. 


14.4  The  vectorial  parameterization  of  motion 

In  the  previous  section,  the  Euler  motion  parameters  have  been  shown  to  provide 
an  elegant,  purely  algebraic  representation  of  finite  motion.  In  fact,  when  using  bi- 
quaternions,  all  motion  operations  become  bi-linear  expressions  of  bi-quaternions. 
These  advantages,  however,  come  at  a  high  cost:  eight  parameters  must  be  used  in- 
stead of  six,  i.e.,  the  Euler  motion  parameters  do  not  form  a  minimum  set.  Further- 
more, the  normality  and  orthogonality  conditions  inherent  to  the  representation  must 
be  enforced  as  constraints. 

The  vectorial  parameterization  of  motion  [272]  consists  of  a  minimal  set  of  pa- 
rameters defining  the  components  of  two  vectors.  The  vectorial  nature  of  this  class  of 
parameterization  of  motion  sets  it  apart  from  the  other  parameterizations  investigated 
earlier. 

14.4.1  Fundamental  properties 

Consider  three  motions  characterized  by  displacement  vectors,  u^,  Ug,  and  Uj,  and 
rotation  tensors,  R  ,  R  ,  and  R  ,  respectively.  The  three  motions,  denoted  {ui,R. ), 
(M2,i?„),  and  (u3,R  ),  respectively,  are  associated  with  three  motion  tensors,  C  , 
C_  ,  and  C  ,  respectively,  through  the  intrinsic  expression  of  the  motion  tensor, 
eq.  (5.53a). 

Assume  that  the  following  triple  product  of  motion  tensors  relates  these  three 
quantities. 

As  discussed  in  section  5.6.3,  this  operation  corresponds  to  a  change  of  frame  oper- 
ation for  motion  tensors:  C  and  C  are  the  components  of  the  same  motion  tensor 
expressed  in  two  frames  related  by  motion  tensor  C  . 

Using  the  intrinsic  expression  for  the  motion  tensor,  eq.  (5.53a),  eq.  (14.31)  now 
becomes 

£3=1  +  gidiCi,sm(j)i)a-^ACi  +  gidiC2, 1  -  cos (/-i) £" Wi  g'^Ki, 

where  eq.  (5.54)  was  used.  Comparing  this  result  with  the  intrinsic  expression  for  the 
motion  tensor  implies 
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,/.3  =  </-!,  (14.32a) 

.3i-=^3=£r^.  =  |-^^V,/-^].  (14.32b) 

These  equations  express  the  two  conditions  required  for  the  proper  transformation  of 
motion  tensors  components  under  a  change  of  frame.  Note  that  an  additional  condi- 
tion is  required,  d-^  =  rfi,  but  is  implied  by  eqs.  (14.32).  Indeed,  eq.  (14.32b)  yields 
^sEks  =  'f^jRyRy  ilRi  +  ^1^2)  =  n^mj^,  or  A3  =  Ai,  where  A  is  defined  by 
eq.  (5.41).  In  view  of  eq.  (14.32a)  and  (5.41),  A3  =  Ai  then  yields  d^  =  di. 

Let  p{(f))  be  an  arbitrary  scalar  function  of  angle  (f);  eq.  (14.32a)  then  implies 
p{4'3)  =  p{4'i)-  Multiplication  of  eq.  (14.32b)  by  p^  =  ^(^3)  on  the  left-hand  side 
and  pi  =  p{4>i)  =  p{4>z)  on  the  right-hand  side  then  yields 

^(*'*  -  {:?}  -  &  ^'«^.  -  ^"t^  ^     """' 

This  equation  is  equivalent  to  eqs.  (14.32).  Indeed,  taking  the  norm  of  the  last  three 
of  eqs.  (14.33)  yields  p3  =  pi,  or  (^-^  =  (f>i,  because  ni  and  n^  are  unit  vectors 
and  R  an  orthogonal  tensor.  Dividing  eq.  (14.33)  by  p{4>3)  then  yields  eq.  (14.32b) 
because  p3  =  pi. 

The  vectorial  parameterization  of  motion  is  defined  as 

V=p{4>)AL,  (14.34) 

where  V,  is  the  motion  parameter  vector.  Equation  (14.33)  can  now  be  recast  in  a 
more  compact  manner  as 

ll3=g-'r,.  (14.35) 

The  discussion  presented  above  establishes  that  the  tensorial  nature  of  the  motion 
tensor  expressed  by  the  transformation  rule  of  its  components,  eq.  (14.31),  implies 
the  tensorial  nature  of  the  rotation  parameter  vector  expressed  by  the  transforma- 
tion rule  of  its  components,  eq.  (14.35).  It  is  easily  shown  that  the  process  can  be 
reversed,  i.e.,  tensorial  nature  of  the  rotation  parameter  vector  implies  that  of  the 
rotation  tensor. 

In  summary,  the  vectorial  parameterization  of  motion  presents  two  fundamental 
properties. 

1.  The  vectorial  parameterization  of  motion  is  tensorial  in  nature,  as  expressed  by 
the  following  equivalence, 

£(£3)  =  g~\E2)g(Zi)giE2)  ^^  E3  =  £"'(£2)21-  (14.36) 

The  tensorial  nature  of  the  second-order  motion  tensor  implies  and  is  implied  by 
the  tensorial  nature  of  the  motion  parameter  vector,  a  first-order  tensor. 

2.  Motion  parameter  vectors  are  parallel  to  an  eigenvector  of  the  motion  tensor  as- 
sociated with  its  unit  eigenvalue.  Equation  (5.39)  shows  that  vector  AA  is  a  linear 
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combination  of  two  linearly  independent  eigenvectors  of  the  motion  tensor,  both 
associated  with  its  unit  eigenvalue;  equation  (14.34)  then  implies  that  the  motion 
parameter  vector  shares  this  property. 

Because  these  two  properties  imply  each  other,  either  can  be  taken  as  the  definition  of 
the  vectorial  parameterization  of  motion.  A  parameterization  of  motion  is  vectorial 
if  and  only  if  the  motion  parameter  vector  is  parallel  an  eigenvector  of  the  motion 
tensor  associated  with  its  unit  eigenvalue. 

14.4.2  The  motion  parameter  vector 

A  more  explicit  expression  of  the  motion  parameter  vector  is  as  follows 

^'{fs''^'{m}'{"-t}'{-T}-     '"■"' 

where  p  is  the  vectorial  parameterization  of  rotation,  see  section  13.4,  and  tensor  _E  is 
defined  by  eq.  (5.44).  Using  the  notation  developed  for  the  vectorial  parameterization 
of  rotation,  tensor  D,  becomes 

Rip)  =  So -1?  + 52m  (14.38) 

where  functions  Sq((P)  and  62(4')  are  even  functions  of  the  rotation  angle  given  by 

So  =  -,  (14.39a) 

S2  =  \  (so  -  -)  ■  (14.39b) 


Tensor  D_  can  be  resolved  in  the  canonical  basis  defined  by  eq.  (4.32)  to  find 

(14.40) 


m  =  - 

—  V 


a  0  0 

0      cos  (f)/2  sin  0/2 
0  —said)  12  cos(7!>/2 


The  determinant  of  this  tensor  is  now  simply  evaluated  as  det(i2)  =  a/v^  ■ 
The  inverse  of  this  tensor  is  readily  found  as 

£(p)  =  BT^ip)  =Vo  +  ViP  +  V2PP.  (14.41) 

where  functions  ipQ{(j)),  fi{4>),  and  ip2{4')  are  even  functions  of  the  rotation  angle 
given  by 

ipQ  =  -,  (14.42a) 

a 

(fii=C2,  (14.42b) 

iP2  =  ^  {ifo  -  Ci) .  (14.42c) 


14.4  The  vectorial  parameterization  of  motion         557 

where  coefficients  (i  and  C2  are  given  by  eqs.  (13.46). 
Tensor  F_  enjoys  the  following  remarkable  properties 

R  =  EE~'^  =  Er^E,  (14.43a) 

R-L  =  Ep=pE,  (14.43b) 

P  =  Z"^-Z"\  (14.43c) 

which  are  similar  to  those  of  the  tangent  tensor,  eqs.  (13.63). 

The  motion  parameter  vector  is  not  fully  defined  yet  because  it  depends  on  the 
choice  of  the  generating  function,  p{(j)),  of  the  vectorial  parameterization  of  rotation 
and  furthermore,  parameter  a  can  be  selected  arbitrarily.  Generating  functions  must 
be  odd  functions  of  the  rotation  angle  and  present  the  limit  behavior  expressed  by 
eq.  (13.44),  i.e.,  all  rotation  parameter  vectors  must  approach  the  infinitesimal  rota- 
tion vector  when  0  — >  0. 

Similarly,  the  displacement  related  part  of  the  motion  parameter  vector,  q,  should 
approach  the  infinitesimal  displacement  vector  for  vanishing  motions.  In  view  of 
eq.  (14.37),  this  requirement  implies  Iim0_^o.d-^oi2(p)  =  L  or  lim^^o.d-s-o  ct/f  = 
1,  and  finally 

lim      a  =  1.  (14.44) 

0-s-O,ci-s-O 

Time  derivative  of  the  displacement 

In  the  manipulation  of  the  time  derivatives  of  the  motion  tensor,  it  will  be  necessary 
to  evaluate  u  =  {Eq)  =  Eq  +  Eq^  which  can  be  written  as  it  =  L{q,  Vp)p  +  £ g, 
where  operator  L  is  implicitly  defined  as  follows 

Eip)q  =  Ug,p)p-  (14.45) 

Using  eq.  (14.41),  operator  L  is  easily  found  as 

L{q,p)  =  ^(^  +  ^p+  ^pp)  qp^  -  ^iq-  ^2  {2pq-qp)  ,         (14.46) 
p'  \p  p  p        J 

where  the  notation  (•)'  indicates  a  derivative  with  respect  to  angle  (p.  Operator  L 
enjoys  the  following  properties, 

&^Ug,P)E,=U&^g,&Jp),  (14.47a) 

kki+  l2^P)  =  UlvE)  +  kil2^P)'  (14.47b) 

Ep  =  Eq-Eq,  (i4.47c) 

Pk  =  Kl~M^^  (14.47d) 

L{pg,p)=pL{g,p)-L{q,p)p  =  Eq-Rq^-  (I4.47e) 

The  first  property,  eq.  (14.47a),  expresses  the  transformation  of  the  components  of 
operator  L  under  a  change  of  basis  of  both  of  its  arguments.  The  second  property. 
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eq.  (14.47b),  expresses  the  linearity  of  operator  L  with  respect  to  its  first  argument. 
Property  (14.47d)  stems  from  the  definition  of  operator  L,  pPq  =  pLp,  and  noting 
that  eq.  (14.43b)  implies  pP  =  R-  pF. 


14.4.3  The  generalized  vector  product  tensor 

Skew-symmetric  tensor  p  plays  an  important  role  in  the  vectorial  parameterization 
of  rotation  as  it  appears  in  the  explicit  expression  of^all  rotation  related  tensors,  see 
section  13.4.  The  generalized  vector  product  tensor,  V,  plays  an  important  role  in  the 
vectorial  parameterization  of  motion. 

The  tensorial  nature  of  the  generalized  vector  product  operator  directly  follows 
from  eq.  (5.54),  leading  to 


Vs  =  c-\p^)PiC{r2 


E3=c-Hr^)r,. 


(14.48) 


This  statement  generalizes  eq.  (4.30),  which  expresses  the  tensorial  nature  of  the 
skew-symmetric  operator,  p. 
Identity  (5.55)  generalizes  as 


VVV  +  Z{2g,P^)V  =  0, 


(14.49) 


where  tensor  Z  is  defined  by  eq.  (5.51)  and  scalar  g  is  closely  related  to  the  intrinsic 
displacement  of  the  rigid  body  defined  by  eq.  (5.7), 


T 

p   q 


pd 


(14.50) 


14.4.4  The  motion  tensor 

The  motion  tensor  and  its  inverse  are  obtained  from  eqs.  (5.53)  as 

C-\r)  =1-  ziCi,Ci)V  +  Z{C2X2)VV. 


(14.51a) 
(14.51b) 


The  parallel  between  the  expressions  for  the  rotation  and  motion  tensors,  eqs.  (13.45) 
and  (14.51),  is  now  evident.  Coefficients  (i  and  ^2  are  given  by  eqs.  (13.46),  and 
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g{ip2-  V0C2): 
Qi'p2Ci  -  CD- 


(14.52a) 
(14.52b) 


The  following  multiplicative  decomposition  of  the  motion  tensor  generalizes  the 
corresponding  expression  for  the  rotation  tensor,  eq.  (13.50), 
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(14.53) 
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Furthermore,  eq.  (13.51)  also  generalizes  as 


l-\g{e,e)V 


C+I 


z+lme)v 


c-^+i 


In  these  last  two  equations,  coefficient  e  is  given  by  eq.  (13.47b)  and 

Cl£  =  2C2-£Cl- 


(14.54) 


(14.55) 


These  equations  also  generalize  Cayley's  multiplicative  decomposition  presented  in 
section  14.1. 


14.4.5  The  velocity  vector 

The  velocity  vector  is  obtained  from  a  time  derivative  of  the  motion  tensor,  as  indi- 
cated in  eq.  (5.64).  For  the  vectorial  parameterization  of  motion,  this  becomes 


V 


il  +  ULO 


^t{p)g  +  g{p)g  +  £(Jjg  K{p)p\ 


The  velocity  vector  is  now  related  to  the  time  derivative  of  the  motion  parameter  vec- 
tor, V  =  HV,,  where  tangent  tensor  H  is  defined  by  eq.  (14.57a).  Using  eq.  (5.67), 
similar  developments  for  the  components  of  the  velocity  vector  resolved  in  the  ma- 
terial frame  lead  to  V*  =  'H*'P,  where  tensor  H*  is  defined  by  eq.  (14.57b). 

In  summary,  the  components  of  the  velocity  vector  resolved  in  the  inertial  and 
material  frames,  denoted  V  and  V* ,  respectively,  are  related  to  the  time  derivatives 
of  the  motion  parameter  vectors  through  the  following  relationships. 


V  =  'KE, 
V*  =  K*V- 

Explicit  expressions  for  tensors  %,  H* ,  and  their  inverses  are 


FL  +  F 
0          H 

iK 

_0     H^  _ 

£-1  _£-i  {lmt^  +Zq] 


0 


F- 


gr 

-ET'LMT 

where  operator  L(g,p)  is  defined  by  eq.  (14.45). 


(14.56a) 
(14.56b) 


(14.57a) 
(14.57b) 
(14.57c) 
(14.57d) 
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Properties  of  the  tangent  tensor 

Tangent  tensors  H,  H* ,  and  their  inverses  enjoys  the  following  remarkable  proper- 
ties, 


g  =  UU*~\ 

(14.58a) 

g-^  =U*'K~\ 

(14.58b) 

g-Z=    VK   =    KV, 

(14.58c) 

g-^-Z  =  -'P'K*  =  -'R*V, 

(14.58d) 

■p  =  u*-^  -  ur^ . 

(14.58e) 

These  properties  are  established  directly  from  the  definition  of  the  tangent  tensor, 
eqs.  (14.57),  taking  into  account  the  properties  of  the  tangent  tensor  for  the  vectorial 
parameterization  of  rotation,  eqs.  (13.63),  and  those  of  tensor  F_,  eqs.  (14.43).  The 
properties  of  operator  L,  eqs.  (14.47),  must  also  be  used. 

Tangent  tensor  H  is  specific  to  a  particular  vectorial  parameterization  of  motion, 
i.e.,  its  expression  depends  on  the  choice  of  the  generating  function.  It  is,  however,  a 
second-order  tensor  because  the  following  equivalence  holds 

K(E3)  =  r'(22)K(Ei)£(£2)  ^^  £3  =  £" '(£2)£i-  (14-59) 

Although  tensor  H  is  not  an  intrinsic  tensor  because  it  depends  on  the  choice  of  a 
specific  generating  function,  it  is  a  second-order  tensor  for  all  vectorial  parameteriza- 
tions  of  motion.  Equation  (14.59)  is  established  directly  from  the  definition  of  tensor 
K,  eq.  (14.57a),  by  using  eqs.  (13.63),  (14.43),  and  eqs.  (14.47). 

Alternative  expression  of  tangent  tensor 

Tangent  tensors  H,  H* ,  and  their  inverses  are  given  by  eqs.  (14.57),  which  are  valid 
for  any  choice  of  parameter  a.  If  this  parameter  is  selected  to  be  a  =  up',  alternative 
expressions  of  tangent  tensor  can  be  obtained, 

UCR)  =  g{c7o,  (To)  +  g{C2,C2)V  +  g{a2,^2}VV,  (14.60a) 

KCR)  =  g(ao,<7o}  -  g{C2,C2)V  +  g{'72,^2}VV,  (14.60b) 

U-\E)  =  I(xo,  Xo)  -  P/2  +  g{x2,X2)VV,  (14.60c) 

!*"'(£)  =  I(xo,  Xo)  +  V/2  +  g{x2,X2)VV.  (14.60d) 

The  parallel  between  these  expressions  and  those  for  the  vectorial  parameterization 
of  rotation,  eqs.  (13.55)  and  (13.60),  is  evident. 

Coefficients  a^,  a\,  and  a^  are  given  by  eqs.  (13.56),  and 

ffo  =  ey'o/bp'),  (14.61a) 

p^CT2  =  CTo  -2£i<^2-Ci-  (14.6Ib) 
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Coefficient  xo  and  X2  are  given  by  eqs.  (13.61),  and 

Xo  =  -XoSoao,  (14.62a) 

p'C2X2  =  -  -  ^  +  X0C2  -  2gC252.  (14.62b) 

14.4.6  Determination  of  the  motion  parameter  vector 

The  motion  tensor  can  be  written  as 


C(2) 


Q     Rip) 


where  Z_{p,  q)  =  F_  qR.  To  determine  the  components  of  the  motion  parameter  vector 
from  this  motion  tensor,  the  rotation  parameter  vector  is  first  extracted  from  R(p) 
using  the  procedure  described  in  section  13.4.4.  The  displacement  related  vector,  q, 
is  then  extracted  from  tensor  Z_ 

q  =  £-i(p)axial  [MP,g)E^ip)]  ■  (14.63) 

14.4.7  Composition  of  finite  motions 

Let  V,  V^  =  {^^jPf  },  and  T^  =  {q^jP^}  correspond  to  motion  tensors  C(2), 
gCEi),  and  £(22)'  respectively.  lfg{V)  =  £(£1)^(22)'  the  problem  is  to  relate  V 
to  2i  and  22-  The  first  step  of  the  process  is  to  note  that  R  =  R,R„,  and  hence, 
eqs.  (13.66a)  and  (13.66b)  yield  p  as  a  function  of  p    and  p  . 

Next,  the  relationship  between  q  and  q  ,  q    is  obtained  as  F{p)q  =  F{p  )q    + 
RiPi)E:iP2^l2'  ^^^  finally 

£  =  £"' (P)£(£i)£i  +  £"^(e)£^(P2)£2-  (14.64) 
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The  vectorial  parameterization  of  motion  presented  in  the  previous  sections  consists 
of  a  set  of  displacement  related  parameters,  q  =  D.u,  and  of  the  rotation  parameter 
vector,  p.  The  motion  parameter  vector  is  parallel  to  an  eigenvector  of  the  motion 
tensor  associated  with  its  unit  eigenvalue.  This  leads  to  families  of  parameterizations 
that  depend  on  two  choices:  the  choice  of  the  generating  function,  p{(j)),  and  that  of 
parameter  a  appearing  in  tensor  D_- 

As  discussed  in  section  13.5,  the  generating  function  can  be  selected  to  simplify 
some  of  the  operators  involved  in  manipulating  rotations.  But  more  importantly,  judi- 
cious choices  of  this  function  can  eliminate  the  singularities  that  occur  in  the  various 
rotation  operators. 


562  14  Parameterization  of  motion 

The  occurrence  of  singularities  is  also  a  major  concern  when  dealing  with  the 
vectorial  parameterization  of  motion.  Two  criteria  guide  the  selection  of  function 
a(4').  First,  a  one  to  one,  singularity  free  relationship  must  exist  between  the  dis- 
placement related  part  of  motion  parameter  vector,  q,  and  the  physical  displacement 
vector,  u.  Second,  the  limit  behavior  expressed  by  eq.  (14.44)  must  be  satisfied. 

14.5.1  Alternative  choices  of  the  motion  parameter  vector 

Arbitrary  parameter  a  was  introduced  in  section  5.5.2  to  reflect  the  non-uniqueness 
of  the  eigenvector  of  the  motion  tensor  associated  with  its  unit  eigenvalue.  An  ad- 
ditional constraint  is  required  to  evaluate  this  parameter.  For  instance,  imposing  the 
orthogonality  condition,  q^p  =  0,  leads  to  a  =  0,  and  the  resulting  motion  param- 
eter vector  then  corresponds  to  the  Plucker  coordinates  of  the  Mozzi-Chasles  axis, 
as  discussed  in  section  5.5.1.  This  choice,  however,  does  satisfy  the  limit  behavior 
condition,  eq.  (14.44),  and  furthermore,  because  det(_D)  =  a/iy^  =  0,  a  one-to-one 
mapping  between  q  and  u  ceases  to  exist  for  this  choice. 

Comparing  eqs.  (14.40)  and  (4.34),  the  close  relationship  between  tensors  _D 
and  G}  '  is  apparent.  Indeed,  for  a  =  1,  tensors  D  and  F_  become 

R=-Q^,     K  =  va,  (14.65) 

respectively.  The  determinant  of  tensor  D.  is  det(i2)  =  1/v^.  This  choice  satisfies 
the  limit  behavior  condition,  eq.  (14.44). 

The  close  connection  between  tensors  _D  and  H~^  is  evident  when  comparing 
eqs.  (14.40)  and  (13.62).  For  a  =  vp' ,  tensors  D_  and  F_  are  identical  to  the  inverse 
of  the  tangent  tensor  and  to  the  tangent  tensor,  respectively,  i.e., 

R  =  Mr\     E  =  K,  (14.66) 

respectively.  The  determinant  of  tensor  _D  is  det(i2)  =  pi  jv^ .  Here  again  the  limit 
behavior  condition  is  satisfied. 

It  is  possible  to  eliminate  the  quadratic  term  in  p  of  tensor  D_  by  choosing  a  = 
vje.  This  leads  to  the  following  expressions  for  tensors  D_  and  F_ 

1  /        e  \  i?  +  / 

respectively.  The  determinant  of  tensor  _D  is  det(i2)  =  l/(^^^)- 

One  final  alternative  is  to  select  a  =  ejv,  and  comparing  eqs.  (14.40)  and  (13.48) 
then  leads  to 


and  det(i2)  =  l/(i^^Ci)-  This  choice  leads  to  Cayley's  motion  parameters  presented 
in  section  14.1,  see  eq.  (14.2). 
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Of  all  the  choices  presented  in  this  section,  a  =  vp'  seems  to  the  most  desir- 
able because  it  leads  to  D_=  ir~  ^ .  This  choice  satisfies  the  limit  behavior  expressed 
by  eq.  (14.44),  and  because  the  tangent  tensor  plays  a  critical  role  in  manipulating 
rotations,  eliminating  singularities  from  this  tensor  is  already  a  criterion  for  the  se- 
lection of  appropriate  generating  functions.  A  singularity  free  tangent  tensor  in  the 
vectorial  parameterization  of  rotation  will  then  automatically  lead  to  a  one-to-one 
mapping  between  q  and  u,  avoiding  the  occurrence  of  singularities  in  the  vectorial 
parameterization  of  motion. 

14.5.2  The  exponential  map  of  motion 

One  of  the  simplest  choices  of  the  generating  function  is  p{(p)  =  cj),  which  leads  to 
the  exponential  map  of  motion  [269].  This  parameterization  involves  the  evaluation 
of  numerous  trigonometric  functions  and  will  not  be  discussed  here,  although  all  the 
relevant  formulae  can  be  obtained  by  introducing  the  generating  function,  p{(f))  =  (j), 
into  the  expression  given  in  the  previous  sections. 

14.5.3  The  Euler-Rodrigues  motion  parameters 

The  Euler-Rodrigues  rotation  parameters,  v_,  are  associated  with  the  generating  func- 
tion p{(j))  =  2  sin  0/2  and  the  properties  of  this  parameterization  are  detailed  in 
section  13.7.2.  The  corresponding  Euler-Rodrigues  motion  parameters  are  defined 
as 

V  =  {=-]■  (14.69) 


The  relevant  coefficients  for  this  parameterization,  Ci,  C2,  ctq,  cti,  0-2,  Xo>  Xi-  ^nd  X2, 
are  given  in  section  13.7.2.  Parameters  5o  and  &2,  and  (/jq,  ^1,  and  ip2,  are  given  by 
eqs.  (14.39)  and  (14.42),  respectively. 

Selecting,  for  instance,  a  =  vp' ,  eqs.  (14.52)  yield  C,i  =  —g/{4:Vo)  and  (2  =  0, 
where  coefficient  g  is  given  by  eq.  (14.50).  Equations  (14.51)  then  gives  the  motion 
tensor  and  its  inverse.  Next,  eqs.  (14.61)  and  (14.62)  yield  ctq  =  £»/(4uq),  (72  = 
— £»/(16wq),  xo  =  £»/(4uo),  and  X2  =  0;  tensors  H,  H*  and  their  inverses  then 
follow  from  eqs.  (14.60).  Finally,  the  multiplicative  decomposition  of  the  motion 
tensor  given  by  eq.  (14.53)  is  applicable  to  this  parameterization  using  e  =  £i/(4wq). 

14.5.4  The  Cayley-Gibbs-Rodrigues  motion  parameters 

The  Cayley-Gibbs-Rodrigues  rotation  parameters,  r,  are  associated  with  the  gen- 
erating function  p((/))  =  2tan(/)/2  and  the  properties  of  this  parameterization  are 
detailed  in  section  13.7.3.  The  corresponding  Cayley-Gibbs-Rodrigues  motion  pa- 
rameters are  defined  as 

P  =  {=-].  (14.70) 
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The  relevant  coefficients  for  this  parameterization,  Ci,  C2,  o^a,  o-i,o'2,  Xo>  Xi,  and  X2, 
are  given  in  section  13.7.3.  Parameters  So  and  62,  and  ipo,  ipi,  and  (p2,  are  given  by 
eqs.  (14.39)  and  (14.42),  respectively. 

Selecting,  for  instance,  a  =  up',  eqs.  (14.52)  yield  (i  =  — prg/2  and  (2  = 
—  gr^/A,  where  coefficient  g  is  given  by  eq.  (14.50).  Equations  (14.51)  then  gives 
the  motion  tensor  and  its  inverse.  Next,  eqs.  (14.61)  and  (14.62)  yield  ctq  =  —grf^/2, 
^2  =  0,  xo  =  p/2,  and  X2  =  0;  tensors  %,  H*  and  their  inverses  then  follow  from 
eqs.  (14.60).  Finally,  the  multiplicative  decomposition  of  the  motion  tensor  given  by 
eq.  (14.53)  is  applicable  to  this  parameterization  using  e  =  0. 

14.5.5  The  Wiener-Milenkovic  motion  parameters 

The  Wiener-Milenkovic  rotation  parameters,  c,  are  associated  with  the  generating 
function  p((p)  =4  tan  0/4  and  the  properties  of  this  parameterization  are  detailed  in 
section  13.7.4.  The  corresponding  Cayley-Gibbs-Rodrigues  motion  parameters  are 
defined  as 

E=l=-],  (14.71) 


The  Wiener-Milenkovic  parameterization  of  rotation  is  singularity  free  for  rota- 
tions of  arbitrary  magnitude  when  using  the  rescaling  technique.  Consequently,  the 
Wiener-Milenkovic  motion  parameterization  is  singularity  free  for  displacements 
and  rotations  of  arbitrary  magnitude  provided  that  the  rescaling  operation  is  applied 
to  the  rotation  parameter  vector.  The  relevant  coefficients  for  this  parameterization, 
Ci»  C2,  cTo,  CTi,  (72,  Xo>  Xi'  and  X2,  are  given  in  section  13.7.4.  Parameters  Sq  and  S2, 
and  (fio,  fi,  and  ip2,  are  given  by  eqs.  (14.39)  and  (14.42),  respectively. 

Selecting,  for  instance,  a  =  vp' ,  eqs.  (14.52)  yield  C,\  =  gv'^{l  —  4z^)/8  and  (2  = 
—gv^/S,  where  coefficient  g  is  given  by  eq.  (14.50).  Equations  (14.51)  then  gives 
the  motion  tensor  and  its  inverse.  Next,  eqs.  (14.61)  and  (14.62)  yield  ao  =  —giP/8, 
(72  =  —gv^  1^2,  xo  =  p/8,  and  X2  =  0;  tensors  %,  H*  and  their  inverses  then 
follow  from  eqs.  (14.60).  Finally,  the  multiplicative  decomposition  of  the  motion 
tensor  given  by  eq.  (14.53)  is  applicable  to  this  parameterization  using  e  =  ge'^/8. 

Using  eq.  (5.35),  the  motion  tensor  can  also  be  expressed  as 


'R  GvqG 
Q      R 

= 

'GO' 

I  vq 

GO" 
Q£ 

where  the  second  equality  follows  from  eq.  (4.19).  This  factorization  affords  the 
following  geometric  interpretation:  the  motion  is  decomposed  into  the  half-angle  ro- 
tation characterized  by  the  rotation  tensor  G,  followed  by  a  translation  of  magnitude 
vq,  and  finally  a  half-angle  rotation. 

14.5.6  Problems 

Problem  14.4.  Motion  tensor  for  the  Cayley-Gibbs-Rodrigues  parameters 

Show  that  the  motion  tensor  and  its  inverse,  expressed  in  terms  of  Cayley-Gibbs-Rodrigues 
motion  parameters,  can  be  written  as 
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R 

R  +  L^R  +  L 

2^2 

T    ^  +L^T^  +1 


R' 


Problem  14.5.  Prove  relationship 

Prove  the  following  relationship 


\z{e,e)V  =  {C+T)-\C-T)  =  {C-T){C+T)-\ 


Problem  14.6.  Prove  the  properties  of  the  tangent  tensor 

Prove  properties  (14.58c)  of  the  tangent  tensor. 

Problem  14.7.  Prove  the  properties  of  the  tangent  tensor 

Prove  properties  (14.58d)  of  the  tangent  tensor. 

Problem  14.8.  Prove  the  tensorial  nature  of  the  tangent  tensor 

Prove  property  (14.59)  of  the  tangent  tensor. 

Problem  14.9.  The  half-motion  tensor 

The  half-rotation  tensor  G  defined  by  eq.  (13.49),  play  an  important  role  in  the  vectorial  pa- 
rameterization of  rotation.  Find  the  half-motion  tensor,  Q,  such  that  C_  =  QQ. 
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Flexible  multibody  dynamics 


15 

Flexible  multibody  systems:  preliminaries 


Multibody  systems  are  characterized  by  two  distinguishing  features:  system  compo- 
nents undergo  finite  relative  rotations  and  these  components  are  connected  by  me- 
chanical joints  that  impose  restrictions  on  their  relative  motion.  Broadly  speaking, 
multibody  systems  can  be  divided  into  three  categories,  rigid  multibody  systems, 
linearly  elastic  multibody  systems,  and  nonlinearly  elastic  multibody  systems.  This 
classification  and  its  implication  on  modeling  techniques  for  multibody  systems  are 
discussed  in  section  15.1. 

Section  15.2  presents  a  review  of  the  basic  equations  of  three-dimensional,  lin- 
ear elastodynamics.  Geometrically  nonlinear  problems  are  characterized  by  nonlin- 
ear strain-displacement  relationships,  which  are  the  subject  of  section  15.3.  In  sec- 
tion 15.5,  special  attention  is  devoted  to  the  formulation  of  problems  where  structures 
undergo  arbitrarily  large  displacements  and  rotations  although  strain  components  are 
assumed  to  remain  small  at  all  points  of  the  structure. 


15.1  Classification  of  multibody  systems 

Multibody  systems  can  be  divided  into  three  categories,  rigid  multibody  systems,  lin- 
early elastic  multibody  systems,  and  nonlinearly  elastic  multibody  systems.  Systems 
of  the  first  category  involves  rigid  bodies  only,  but  those  of  the  latter  two  categories 
comprise  both  rigid  and  flexible  bodies.  Section  12.5.1  introduced  the  concept  of 
floating  frame  of  reference  in  which  the  total  motion  of  flexible  bodies  is  broken  into 
two  parts:  rigid  body  motions  represented  by  the  motion  of  the  floating  frame  of  ref- 
erence and  superimposed  elastic  motions.  By  definition,  rigid  body  motions  generate 
no  strains.  The  elastic  motions  typically  consist  of  displacement  and  rotation  fields, 
which  generate  an  associated  strain  field,  denoted  e.  For  rigid  multibody  system,  the 
strain  field  vanishes  in  all  bodies,  i.e.,  e  =  0  in  each  body.  The  distinction  between 
linearly  and  nonlinearly  elastic  multibody  systems  stems  from  the  characteristics  of 
the  strain  field. 

The  characteristics  of  the  three  types  of  multibody  systems  are  as  follows. 
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1 .  Rigid  multibody  systems  consist  of  an  assemblage  of  rigid  bodies  connected  to- 
gether througii  mechanical  joints  and  in  arbitrary  motion  with  respect  to  each 
other.  Although  all  bodies  are  rigid,  i.e.,€  =  0  in  each  body,  lumped  elastic  com- 
ponents, also  called  flexible  joints,  bushing  elements  ox  force  elements,  could  be 
placed  between  two  components  of  the  system  to  represent  localized  elasticity. 
These  flexible  joints  exhibit  arbitrary  constitutive  behavior. 

2.  Linearly  elastic  multibody  systems  consist  of  an  assemblage  of  both  elastic  and 
rigid  bodies  connected  together  through  mechanical  joints  and  in  arbitrary  mo- 
tion with  respect  to  each  other.  For  linearly  elastic  multibody  systems,  it  is  as- 
sumed that  the  strain-displacement  relationships  remain  linear  and  that  strains 
components  remain  very  small  at  all  times,  i.e.,  e  ^  1  for  all  elastic  bodies. 
Efficient  analysis  techniques  for  this  type  of  problems  typically  rely  on  modal 
expansions  of  the  elastic  displacement  field. 

3.  Nonlinearly  elastic  multibody  systems  consist  of  an  assemblage  of  both  elastic 
and  rigid  bodies  connected  together  through  mechanical  joints  and  in  arbitrary 
motion  with  respect  to  each  other.  For  the  elastic  bodies,  the  strain-displacement 
relationships  become  nonlinear,  or  the  strain  components  become  large,  or  both. 
Nonlinear  strain-displacement  relationships  characterize  geometrically  nonlin- 
ear problems,  i.e.,  problems  involving  large  elastic  displacements,  or  rotations, 
or  both.  When  strain  components  become  large,  nonlinear  material  constitutive 
laws  must  be  used,  a  characteristic  of  materially  nonlinear  problems.  For  nonlin- 
early elastic  multibody  systems  the  accuracy  and  reliability  of  modal  expansion 
of  the  elastic  displacement  field  become  questionable. 

Because  the  overall  motions  of  all  bodies  of  a  multibody  system  are  large  and  be- 
cause the  relative  motions  between  the  system's  various  components  are  also  large, 
multibody  system  dynamics  is  an  inherently  nonlinear  problem.  The  qualifiers  "lin- 
early" and  "nonlinearly  elastic"  used  in  the  classification  above  specifically  refer  to 
the  elastic  behavior  of  the  bodies.  The  modeling  of  linearly  elastic  multibody  sys- 
tems leads  to  nonlinear  dynamical  equations  of  motion,  although  the  representation 
of  the  elastic  behavior  of  the  bodies  could  be  largely  linearized. 

15.1.1  Linearly  and  nonlinearly  elastic  multibody  systems 

The  demarcation  between  linearly  and  nonlinearly  elastic  multibody  systems  is 
sometimes  blurry.  Consider,  for  instance,  the  problem  of  a  helicopter  rotor  blade. 
As  the  blade  rotates,  elastic  displacements  and  rotations  remain  very  small,  and  the 
blade  is  designed  to  undergo  small  strains  at  all  time  to  ensure  safety  of  flight  and 
guarantee  structural  fatigue  life.  This  problem  seems  to  fall  into  the  category  of  lin- 
early elastic  multibody  systems. 

Due  to  the  high  angular  speed  of  the  rotor,  however,  large  centrifugal  forces  ap- 
pear in  the  blade,  leading  to  considerable  centrifugal  stiffening  of  the  blade  and  non- 
linear coupling  between  its  two  bending  and  torsional  deformations.  To  accurately 
capture  these  effects,  nonlinear  strain-displacement  relationships  must  be  used,  al- 
though linear  constitutive  laws  adequately  represent  material  behavior.  These  geo- 
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metric  nonlinearities  squarely  put  the  helicopter  rotor  blade  problem  into  the  cate- 
gory of  nonlinearly  elastic  multibody  systems. 

Because  wind  turbine  blades  rotate  at  a  much  lower  angular  speed  and  are  far 
stiffer  than  helicopter  rotor  blades,  assuming  wind  turbines  to  be  linearly  elastic 
multibody  systems  often  leads  to  reliable  predictions.  On  the  other  hand,  efforts  to 
design  ever  increasingly  efficient  turbines  call  for  ever  increasing  rotor  diameters. 
It  is  possible  that  future  generation  turbines  will  become  large  enough  to  operate 
in  the  geometrically  nonlinear  regime,  requiring  the  use  of  formulations  capable  of 
dealing  with  nonlinearly  elastic  multibody  systems  to  predict  accurately  the  dynamic 
response  of  such  highly  flexible  machines. 

The  distinction  between  linearly  and  nonlinearly  elastic  systems  is  further  com- 
plicated by  the  fact  that  both  linearly  and  nonlinearly  elastic  components  could  ap- 
pear simultaneously  in  a  given  multibody  system.  For  instance,  the  modeling  of  a 
complete  helicopter  in  flight  calls  for  the  coupled  simulation  of  the  rotor  and  fuse- 
lage. As  explained  above,  the  rotor  problem  is  inherently  nonlinear,  but  it  is  reason- 
able to  assume  that  the  fuselage  behaves  in  a  linearly  elastic  manner,  even  during 
large  angle  maneuvers.  For  such  problems,  different  formulations  could  be  used  to 
model  the  rotor  and  fuselage  that  reflect  the  distinctly  different  behavior  of  these  two 
components.  Similar  remarks  could  be  made  concerning  wind  turbines.  Whereas  the 
rotor  blades  could  be  treated  as  linearly  or  nonlinearly  elastic  bodies  depending  on 
the  magnitude  of  the  elastic  motions,  it  seems  reasonable  to  assume  the  supporting 
tower  to  behave  in  a  linearly  elastic  manner. 

The  remaining  chapters  of  this  book  focus  on  nonlinearly  elastic  multibody  sys- 
tems. As  discussed  in  section  12.5.1,  one  of  the  most  common  approaches  to  the 
modeling  of  linearly  elastic  multibody  systems  is  based  on  the  concept  of  floating 
frames  of  reference  [162]  and  the  component  mode  synthesis  based  methods  de- 
scribed in  section  12.5.2  are  then  used  to  approximate  the  elastic  displacement  field. 
For  nonlinearly  elastic  multibody  systems  the  accuracy  and  reliability  of  these  ap- 
proaches become  questionable  for  the  reasons  detailed  in  the  next  section. 

15.1.2  Shortcomings  of  modal  analysis  applied  to  nonlinear  systems 

The  natural  vibration  modes  of  a  structure  are  the  eigenfunctions  of  the  system's 
equations  of  motion  linearized  about  one  of  its  equilibrium  configurations.  There- 
fore, these  modes  characterize  the  dynamic  behavior  of  small  perturbations  about  an 
equilibrium  configuration  of  the  system.  Clearly,  natural  vibration  modes  are  inher- 
ently linearized  quantities  that  provide  no  information  about  the  nonlinear  behavior 
of  the  system. 

Consider  a  simple  cantilevered  beam  under  transverse,  time-dependent  loading. 
The  beam's  mode  shapes  computed  with  respect  to  its  unloaded  configuration  in- 
clude the  familiar  bending,  axial,  and  torsional  modes  of  vibration,  which  are  de- 
rived in  numerous  structural  vibration  textbooks  such  as  those  of  Timoshenko  and 
Young  [273]  or  Meirovitch  [183].  If  the  beam  is  subjected  to  a  tip  transverse  load 
that  generates  small  transverse  deflections  of  the  beam,  a  modal  expansion  in  terms 
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of  transverse  bending  modes  will  accurately  predict  the  dynamic  behavior  of  the  sys- 
tem, even  when  using  a  small  number  of  modes.  Of  course,  resonance  conditions 
should  be  avoided  as  large  deflections  would  result.  Furthermore,  all  the  modes  as- 
sociated with  natural  frequencies  of  magnitude  comparable  to  that  of  the  excitation 
frequency  should  be  included  in  the  modal  expansion. 

Modal  analysis  is  a  natural  approach  to  reducing  the  number  of  degrees  of  free- 
dom involved  in  structural  dynamics  problems,  and  has  the  added  advantage  of  in- 
volving degrees  of  freedom  that  have  a  direct  physical  meaning.  Modal  analysis  can 
be  viewed  as  a  two  step  process. 

In  the  first  step  of  the  process,  a  change  of  variables  is  performed  by  projecting 
the  equations  of  motion  expressed  in  term  of  physical  variables  to  the  modal  domain. 
For  a  simple  cantilevered  beam  problem,  the  physical  variables  would  typically  con- 
sist of  the  displacement  and  rotation  components  at  discrete  nodes  along  the  beam. 
The  modal  variables  are  the  amplitudes  of  excitation  of  the  beam's  eigenmodes.  If  all 
the  modes  of  the  structure  are  used,  this  change  of  variable  is  a  purely  mathematical 
operation  that  involves  no  approximations. 

In  the  second  step  of  the  process,  modal  truncation  is  performed.  Based  on  phys- 
ical arguments,  a  small  subset  of  all  the  eigenmodes  of  the  structure  is  retained.  For 
linear  systems,  modal  truncation  is  a  simple  operation:  modes  associated  with  fre- 
quencies far  higher  than  the  excitation  frequencies  are  simply  eliminated  from  the 
modal  basis  because  their  contribution  to  structural  response  is  negligible. 

This  assumption  yields  the  major  advantages  of  modal  analysis.  First,  a  dramatic 
reduction  in  the  number  of  degrees  of  freedom  is  achieved,  leading  to  considerable 
computational  savings.  For  complex  structures,  thousands  or  even  hundreds  of  thou- 
sands of  degrees  of  freedom  might  be  involved  in  a  detailed  finite  element  model, 
whereas  ten  or  fifteen  modes  only  could  be  sufficient  to  capture  accurately  the  over- 
all dynamic  behavior  of  the  structure. 

Second,  because  high  frequency  modes  have  been  eliminated,  larger  time  step 
sizes  can  be  used  to  integrate  the  system's  equations  of  motion,  leading  to  additional 
computational  savings.  Finally,  the  modal  degrees  of  freedom  are  easily  interpreted 
in  a  physical  manner.  For  instance,  if  a  structure  responds  "mainly  in  its  second 
bending  mode,"  or  "primarily  in  its  first  torsion  mode,"  it  is  easy  to  visualize  the 
overall  deformation  of  even  very  complex  structure. 

Projection  of  the  equations  of  motion  into  the  modal  domain  is  a  purely  math- 
ematical step  that  does  not  involve  any  approximation.  Modal  truncation  is  an  as- 
sumption. Indeed,  when  applied  to  linear  systems,  the  projection  of  the  equations  of 
motion  to  the  modal  space  decouples  the  governing  equations.  In  the  modal  space, 
even  the  most  complex  structures  can  be  viewed  as  a  superposition  of  linear,  single 
degree  of  freedom  oscillators.  The  elimination  of  specific  modes  to  obtain  a  reduced 
modal  basis  is  based  on  the  well  known  properties  of  these  oscillators. 

When  applied  to  nonlinear  structures,  the  first  step  of  the  modal  analysis  pro- 
cess is  also  the  projection  of  the  equations  of  motion  onto  the  modal  domain.  As 
was  the  case  for  linear  structures,  no  assumption  is  involved  here.  Modal  truncation, 
however  is  fraught  with  difficulties.  For  nonlinear  problems,  the  equations  of  motion 
projected  in  the  modal  space  are  still  nonlinear  and  in  general,  do  not  decouple.  The 
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nonlinear  system  cannot  be  viewed  as  the  superposition  of  linear,  single  degree  of 
freedom  oscillators,  nor  can  it  be  viewed  as  the  superposition  of  nonlinear  oscilla- 
tors. Consequently,  the  physical  arguments  invoked  to  eliminate  specific  modes  from 
the  modal  basis  no  longer  apply,  or  become  more  tenuous. 

To  illustrate  the  problems  encountered         a  -  „  (^    ^\ 

by  modal  analysis   applied  to  nonlinear  \    ^ 

structures,  consider  the  simply  supported      OJj^z^ 

beam  depicted  in  fig.  15.1.  The  beam  is  sub-  .  _  *-**£(*) 

jected  to  time-dependent  loading,  p2  (a;i,  i),         T '^    ^    I  |>-i-Jlxt 

and  features  a  large  axial  stiffness.  For  case      Oh '-  -I--L-L  -l-.-L.I  -  l.-.l-.. 


,T   1, 


(a),  the  end  points  of  the  beam  cannot  move      "^  Case  (b) 

axially.  In  contrast,  axial  displacements  are     ,^.     ,.,    „.      , 

big.  15.1.  Simply  supported  beam  with 
allowed  at  pomt  T  for  case  (b).  For  case  (a),     ^^^^^^^^  ^^^  conditions, 
large  transverse  displacements  of  the  beam 

generate  axial  deformations,  which  in  turn,  cause  large  axial  forces  to  appear  due 
to  the  beam's  high  axial  stiffness.  As  the  magnitude  of  the  transverse  displacements 
increases,  a  considerable  stiffening  of  the  system  is  observed,  leading  to  pronounced 
nonlinear  behavior.  This  phenomenon  is  much  less  severe  for  case  (b)  because  the 
beam  is  free  to  move  axially  at  point  T. 

To  simplify  the  discussion,  the  problems  depicted  in  fig.  15.1  are  limited  to  the 
planar  case  where  all  displacements  take  place  in  plane  (11,12)-  The  beam's  natural 
vibration  modes  about  its  unloaded  configuration  are  easily  obtained  and  consist  of 
transverse  bending  and  axial  modes.  Because  they  are  linearized  quantities,  the  bend- 
ing modes  involve  transverse  displacement  components  only.  Note  that  the  beam's 
bending  modes  are  identical  for  cases  (a)  and  (b),  although  its  axial  modes  differ. 

If  small,  time-dependent  transverse  loads  are  applied  to  the  beam,  modal  analysis 
using  a  modal  basis  consisting  of  a  few  bending  modes  yields  accurate  predictions  of 
the  dynamic  response  of  the  system.  In  the  linear  range,  axial  modes  are  not  excited 
and  need  not  be  present  in  the  modal  basis.  The  solutions  for  cases  (a)  and  (b)  are 
identical  in  the  linear  range,  a  feature  that  is  correctly  reproduced  by  the  modal  solu- 
tion because  the  axial  displacement  boundary  condition  is  not  reflected  in  the  modal 
basis.  The  modal  basis  does  not  "feel"  the  difference  between  cases  (a)  and  (b). 

Next,  larger  transverse  loads  are  applied  to  the  beam,  which  now  responds  in  the 
nonlinear  range.  If  bending  modes  only  are  used  in  the  modal  approximation,  the 
beam's  dynamic  response  is  no  longer  predicted  accurately.  The  situation  is  some- 
what improved  by  adding  axial  vibration  modes,  but  a  large  number  of  these  modes 
is  required  to  obtained  a  good  solution. 

The  reason  for  this  behavior  is  twofold.  First,  because  the  beam's  axial  displace- 
ment field  is  not  captured  accurately  by  the  modal  approximation,  errors  are  to  be  ex- 
pect in  the  estimation  of  the  axial  strain  field.  Due  to  the  beam's  large  axial  stiffness, 
small  errors  in  the  axial  strain  field  lead  to  a  grossly  erroneous  axial  force  field  and 
the  nonlinear  stiffening  effects  it  induces  are  poorly  captured  by  the  modal  analysis. 
Clearly,  the  foreshortening  of  the  blade,  an  inherent  part  of  its  nonlinear  response, 
must  be  modeled  precisely  to  predict  accurately  the  beam's  nonlinear  response. 
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Second,  the  blade's  axial  displacement  field  is  primarily  due  to  foreshortening 
(a  purely  kinematic,  nonlinear  phenomenon),  whereas  axial  vibration  modes  charac- 
terize true  axial  vibration  (a  purely  vibratory,  linear  phenomenon).  In  other  words, 
modal  analysis  attempts  to  "synthesize"  a  nonlinear  kinematic  mode  shape  as  a  su- 
perposition of  linear  vibratory  modes.  Because  these  two  phenomena  are  not  physi- 
cally related,  accurate  predictions  should  hardly  be  expect  from  this  superposition. 

Thus  far,  the  discussion  has  focussed  on  nonlinear  foreshortening  effects  in  a 
simple  planar  problem.  The  above  arguments,  however,  also  apply  to  other  kine- 
matic nonlinearities  found  in  three-dimensional  problems.  For  instance,  transverse 
deflections  due  to  transverse  loads  applied  to  the  beam  in  two  orthogonal  directions 
create  a  torsional  moment,  thereby  coupling  bending  and  torsion  responses. 

When  applied  to  nonlinear  problems,  convergence  and  accuracy  of  modal  anal- 
ysis are  not  guaranteed.  To  improve  the  situation,  it  seems  natural  to  investigate  the 
selection  of  alternative  mode  shapes  that  contain  information  about  the  nonlinear  be- 
havior of  the  structure.  Several  concepts  have  been  proposed  to  improve  the  quality 
of  the  modal  basis  when  dealing  with  nonlinear  problems. 

The  conceptually  simplest  method  it  to  recalculate  a  new  set  of  natural  vibra- 
tion modes  once  the  deformations  of  the  blade  become  significant  [274].  Due  to  the 
large  relative  motions  between  the  components  of  multibody  systems,  the  equilib- 
rium configuration  of  the  system  is  time-dependent,  and  hence,  the  modal  basis  is 
itself  time-dependent.  Although  this  approach  might  give  good  results,  it  does  so  at 
a  tremendous  computational  costs,  because  the  modal  basis  must  now  be  updated 
during  the  response  calculation,  and  the  modal  reduction  scheme  must  be  repeated 
at  each  update. 

Another  approach  is  to  include  in  the  modal  basis  natural  vibration  modes  about 
different  equilibrium  configurations  of  the  structure.  This  method  is  attractive  be- 
cause the  evaluation  of  the  various  equilibrium  configurations  and  associated  modal 
bases  only  require  a  modest  increase  in  computational  costs.  In  some  cases,  this 
method  appears  to  give  accurate  results,  as  documented  by  Nickell  [274]. 

The  concept  of  perturbation  modes  was  introduced  by  Thompson  and 
Walker  [275]  to  study  the  nonlinear  behavior  of  beam  structures.  The  authors  demon- 
strated improved  accuracy  compared  with  classical  modal  analysis  based  on  natural 
vibration  modes.  The  same  concept  was  later  refined  by  Noor  et  al.  [276,  277]  for 
the  nonlinear  static  analysis  of  beam  and  shell  structures  in  conjunction  with  the  fi- 
nite element  method.  Bauchau  and  Guernsey  [278]  also  used  these  concepts  for  the 
analysis  of  helicopter  rotors. 

Mixed  finite  element  formulations  have  also  been  developed  to  improve  the  accu- 
racy and  reliability  of  modal  methods.  Ruzicka  and  Hodges  [279,  280]  have  demon- 
strated applications  of  this  method  to  rotorcraft  problems. 

While  the  various  approaches  described  in  the  previous  paragraphs  are  capable 
of  extending  the  range  of  validity  of  modal  methods,  they  also  present  many  draw- 
backs. First,  they  require  extensive  numerical  developments  and  more  often  that  not, 
the  simplicity  of  modal  analysis  is  lost.  Second,  they  are  based  of  formulations  that 
are  not  widely  available.  For  instance,  commercial  finite  element  codes  are  rarely 
based  on  mixed  formulations.  Finally,  different  approaches  are  required  to  deal  with 
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different  problem,  i.e.,  these  methods  are  not  general  purpose  methods  that  can  be 
used  reliably  for  general  multibody  systems. 

15.1.3  Finite  element  based  modeling  of  flexible  multibody  systems 

Multibody  dynamics  analysis  was  originally  developed  as  a  tool  for  modeling  rigid 
multibody  systems  with  simple  tree-like  topologies,  but  has  considerably  evolved 
to  the  point  where  it  can  handle  linearly  and  nonlinearly  elastic  multibody  systems 
with  arbitrary  topologies.  It  is  now  used  widely  as  a  fundamental  design  tool  in  many 
areas  of  engineering. 

In  the  automotive  industry,  for  instance,  multibody  dynamics  analysis  is  used 
routinely  for  optimizing  vehicle  ride  qualities,  a  complex  multidisciplinary  task  that 
involves  the  simulation  of  many  different  sub-components.  Modern  multibody  codes 
can  deal  with  complex  mechanisms  of  arbitrary  topologies  including  sensors,  actu- 
ators, and  controls,  are  interfaced  with  CAD  solid  modeling  programs  that  allow  to 
import  directly  the  problem  geometry,  and  have  sophisticated  graphics,  animation, 
and  post-processing  features  [38,  39]. 

The  success  of  multibody  dynamics  analysis  tools  stems  from  their  versatility: 
a  given  mechanism  can  be  modeled  by  an  idealization  process  that  identifies  the 
mechanical  components  from  within  a  large  library  of  elements  implemented  in  the 
code.  Each  element  provides  a  basic  functional  building  block,  for  example,  a  rigid 
or  flexible  member,  a  revolute  joint,  or  a  motor.  Assembling  the  various  elements,  it 
is  then  possible  to  construct  a  mathematical  description  of  the  mechanism  with  the 
required  level  of  accuracy. 

The  modeling  of  linearly  elastic  multibody  systems  relies  predominantly  on  the 
floating  frame  of  reference  approach  discussed  in  section  12.5.1,  in  which  the  elastic 
displacement  field  is  approximated  using  modal  expansion  techniques.  In  the  last  two 
decades,  new  approaches  have  emerged  that  bypass  the  need  for  the  floating  frame  of 
reference  and  eliminate  modal  expansions.  These  approaches  are  closely  related  to 
the  finite  element  method  which  they  effectively  generalize  to  enable  the  treatment 
of  multibody  systems. 

In  the  finite  element  method,  the  solution  domain  is  first  divided  into  a  finite 
number  of  sub-domains  called  finite  elements.  Within  each  element,  the  solution  is 
then  approximated  by  a  small  number  of  continuous  functions,  based  on  the  value 
of  these  functions  at  discrete  points,  often  called  nodes,  associated  with  the  element. 
The  main  advantage  of  this  two-step  approximation  process  is  that  many  aspects  of 
the  solution  procedure  can  be  carried  out  at  the  element  level,  i.e.,  by  considering 
one  single  element  at  a  time,  independently  of  all  others. 

The  continuity  of  the  solution  across  elements  is  guaranteed  by  the  fact  that 
neighboring  elements  share  common  nodes,  i.e.,  share  common  degrees  of  freedom. 
This  aspect  of  the  formulation  is  key  to  ensuring  the  continuity  of  the  displacement 
field  over  the  entire  system,  an  indispensable  requirement  for  displacement  based 
finite  element  formulations. 

Consider  a  beam  connected  at  one  of  its  end  points  to  a  revolute  joint.  Complete 
definition  of  the  beam  requires  geometric  data:  typically,  a  local  frame  is  used  to 
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define  the  beam's  cross-sectional  plane  and  its  physical  mass  and  stiffness  properties 
are  given  with  respect  to  this  local  frame.  Similarly,  definition  of  the  revolute  joint 
also  requires  geometric  data:  typically,  a  local  frame  is  used  to  define  the  plane  of 
the  joint  and  the  unit  vector  about  which  relative  rotation  is  allowed,  see  fig.  10.14. 
These  local  frames  are  independent  of  each  other  and  are  used  solely  by  the  elements 
for  which  they  are  defined. 

In  contrast,  the  components  of  the  displacement  and  rotation  vectors  at  the  con- 
nection point  between  the  beam  and  revolute  joint  must  be  uniquely  defined.  If  the 
displacement  components  are  resolved  in  the  local  frame  of  the  beam  element,  the 
revolute  joint  will  not  be  able  to  interpret  these  components  properly  because  they 
are  resolved  in  a  local  frame  whose  orientation  it  does  not  know.  Vice  versa,  if  the 
displacement  components  are  resolved  in  the  local  frame  of  the  revolute  joint,  the 
beam  will  not  be  able  to  interpret  these  components  adequately  because  they  are 
resolved  in  a  local  frame  whose  orientation  it  does  not  know. 

To  resolve  this  conflict,  all  nodal  displacement  and  rotation  components  must  be 
defined  in  a  common  frame,  which  is  conveniently  selected  to  be  the  inertial  frame 
of  reference.  Because  the  components  of  multibody  systems  typically  undergo  large 
displacements  and  rotations,  these  inertial,  or  absolute,  displacement  and  rotation 
components  must  be  treated  rigorously  as  large  displacement  and  rotation  compo- 
nents. Consequently,  all  the  elements  of  the  multibody  system  must  be  able  to  handle 
arbitrarily  large  displacements  and  rotations  exactly.  This  is  why  these  elements  are 
sometimes  called  "geometrically  exact  elements,"  although  the  term  "kinematically 
exact  elements"  would  be  more  appropriate. 

Finite  element  based  modeling  of  flexible  multibody  systems  makes  use  of  a  li- 
brary of  elements  consisting  of  structural  elements  and  joint  elements.  Structural 
elements,  such  as  cables,  membranes,  beams,  plates,  shells,  or  three-dimensional 
elements  are  similar  to  the  corresponding  elements  found  in  all  finite  element  pack- 
ages. The  geometrically  exact  formulations  of  cables,  beams,  and  plates  and  shells 
are  presented  in  sections  16.2,  16.3,  and  16.4,  respectively.  The  dynamic  equations 
of  equilibrium  of  these  elements  are  written  in  an  absolute  Cartesian  frame. 

Joint  elements  characterize  multibody  systems  and  are  absent  from  most  finite 
element  codes.  In  typical  multibody  formulations,  joints  are  modeled  as  idealized 
components,  (.e.,  joints  are  not  modeled  per  se.  Rather,  the  effects  of  joints  are  rep- 
resented by  the  kinematic  constraints  they  impose  on  the  components  they  are  con- 
nected to.  For  instance,  section  10.6  details  the  constraints  associated  with  the  lower 
pair  joints,  which  are  enforced  via  Lagrange's  multiplier  technique. 

The  assembly  of  the  equations  of  motion  of  both  structural  and  joint  elements 
leads  to  systems  of  equations  that  are  highly  sparse,  although  not  of  minimal  size,  a 
characteristic  of  the  approach  pioneered  by  Orlandea  et  al.  [77].  Because  it  is  an  ex- 
tension of  the  finite  element  method  to  multibody  systems,  algorithms  such  as  sparse 
solvers,  assembly  procedures,  and  data  structures  developed  for  finite  element  anal- 
ysis are  directly  applicable  to  finite  element  based  modeling  of  flexible  multibody 
systems. 

This  approach  can  readily  treat  configurations  of  arbitrarily  complex  topologies 
through  the  assembly  of  basic  components  chosen  from  an  extensive  library  of  struc- 
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tural  and  joint  elements.  In  fact,  this  concept  is  at  the  heart  of  the  finite  element 
method  which  has  enjoyed,  for  this  very  reason,  an  explosive  growth  in  the  last  few 
decades.  This  analysis  approach  leads  to  new  comprehensive  simulation  tools  that  are 
modular  and  expandable.  Modularity  implies  that  all  the  basic  building  blocks  can 
be  validated  independently,  easing  the  more  challenging  task  of  validating  complete 
simulation  procedures.  Because  they  are  applicable  to  configurations  with  arbitrary 
topologies,  including  those  not  yet  foreseen,  such  simulation  tools  will  enjoy  a  longer 
life  span,  a  critical  requirement  for  any  complex  software  tool. 

Example  15.1.  Modeling  helicopter  rotors  with  flexible  multibody  dynamics 

Historically,  the  classical  approach  to  rotor  dynamics  modeling  has  relied  on  modal 
reduction  approaches,  as  pioneered  by  Houbolt  and  Brooks  [281].  Typical  models 
were  limited  to  single  articulated  blades  connected  to  an  inertial  point  and  the  con- 
trol chain  was  ignored.  The  blade's  equations  of  motion  were  written  in  the  rotating 
system,  and  ordering  schemes  were  used  to  decrease  the  number  of  nonlinear  terms 
appearing  in  the  modal  expansion  [282]. 

In  time,  more  detailed  rotor  models  were  developed  to  improve  accuracy  and 
to  account  for  various  design  complexities  such  as  gimbal  mounts,  swashplates,  or 
bearingless  root  retention  beams,  among  many  others.  The  relevant  equations  of  mo- 
tion were  derived  for  the  specific  configurations  at  hand.  In  fact,  the  various  codes 
developed  in-house  by  rotorcraft  manufacturers  are  geared  towards  the  modeling  of 
the  specific  configuration  they  produce.  This  approach  severely  limits  the  generality 
and  flexibility  of  the  resulting  codes. 

In  recent  years,  a  number  of  new  rotorcraft  configurations  have  been  proposed: 
bearingless  rotors  with  redundant  load  paths,  tilt  rotors,  co-axial  rotors,  or  variable 
diameter  tilt  rotors,  to  name  just  a  few.  Developing  a  new  simulation  tool  for  each 
novel  configuration  is  a  daunting  task,  and  software  validation  is  an  even  more  diffi- 
cult issue.  Furthermore,  the  requirement  for  ever  more  accurate  predictions  calls  for 
increasingly  detailed  and  comprehensive  models.  For  instance,  modeling  the  interac- 
tion of  the  rotor  with  a  flexible  fuselage  or  with  the  control  chain  must  be  considered 
to  capture  specific  phenomena  or  instabilities. 

The  finite  element  based  flexible  multibody  dynamics  formulation  outlined  above 
appears  to  be  readily  applicable  to  the  rotorcraft  dynamics  analysis,  because  a  rotor- 
craft system  can  be  viewed  as  a  complex  flexible  mechanism.  It  is  now  becoming  the 
industry  norm  for  this  complex,  nonlinear  problem. 

Figure  15.2  depicts  the  conceptual  representation  of  a  rotorcraft  system  as  a  flexi- 
ble multibody  system.  The  various  mechanical  components  of  the  system  are  associ- 
ated with  elements  found  in  the  library  of  typical  multibody  analysis  tools.  The  figure 
shows  a  classical  configuration  for  the  control  chain,  consisting  of  a  swashplate  with 
rotating  and  non-rotating  components.  The  lower  swashplate  motion  is  controlled  by 
actuators  that  provide  the  vertical  and  angular  control  inputs.  The  upper  swashplate 
is  connected  to  the  rotor  shaft  through  a  scissors-like  mechanism  and  controls  the 
blade  pitching  motions  through  pitch-links. 

This  control  linkage  configuration  can  be  modeled  using  the  following  elements: 
rigid  bodies,  used  to  model  the  non-rotating  and  rotating  swashplate  components  and 
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Fig.  15.2.  Detailed  multibody  representation  of  a  rotor  system. 


scissors  links,  and  beams  for  modeling  the  flexible  shaft  and  pitch-link.  These  bod- 
ies are  connected  through  mechanical  joints.  For  instance,  a  revolute  joint,  described 
in  section  10.6.1,  connects  the  rotating  and  non-rotating  swashplates,  allowing  the 
former  to  rotate  at  the  shaft  angular  velocity  while  the  latter  is  non-rotating.  Revo- 
lute joints  also  connect  the  scissors  links  to  each  other  and  to  the  upper  swashplate, 
thereby  synchronizing  the  angular  speeds  of  the  shaft  and  upper  swashplate. 

Other  types  of  joints  are  required  for  the  model.  For  instance,  the  non-rotating 
swashplate  is  allowed  to  tilt  with  respect  to  an  element  that  slides  along  the  shaft, 
but  does  not  rotate  about  the  shaft  direction.  The  universal  joint,  described  in  sec- 
tion 10.7.1,  serves  this  purpose.  Similarly,  the  pitch-link  is  connected  to  the  pitch- 
horn  by  means  of  a  spherical  joint,  see  section  10.6.6,  that  allows  the  connected 
components  to  be  at  an  arbitrary  orientation  with  respect  to  each  other.  The  other  end 
of  the  pitch-link  is  attached  to  the  swashplate  by  means  of  a  universal  joint. 

Figure  15.2  also  shows  two  different  rotor  configurations:  a  classical,  fully  articu- 
lated design  on  the  right  portion  of  the  figure  and  a  bearingless  design  on  the  left.  The 
articulated  blade  is  connected  to  the  hub  through  three  consecutive  revolute  joints, 
that  allow  out-of-plane,  in-plane,  and  torsional  motions  of  the  blade.  For  rotorcraft, 
these  joints  are  called  the  flap,  lag,  and  pitch  hinges,  respectively.  In  some  designs, 
these  joints  are  collocated,  while  other  designs  call  for  offset  distances  between  these 
joints.  In  the  latter  case,  rigid  or  flexible  bodies  of  finite  dimensions  would  be  used 
to  connect  the  three  joints. 

For  bearingless  designs,  the  blade  connects  to  the  hub  through  a  flexible  compo- 
nent, called  the  flexbeam.  The  control  input  coming  from  the  pitch-link  is  transmitted 
to  the  blade  via  the  torsion  cuff,  represented  by  a  flexible  beam.  To  ensure  a  purely 
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rotational  motion  of  the  torsion  cuff,  it  is  also  connected  to  the  flexbeam  through  a 
snubber,  which  is  typically  modeled  as  a  flexible  joint,  see  section  16.1.  The  bearing- 
less  design  is  a  multiple  load  path  configuration:  the  flexbeam  and  torsion  cuff  are 
assembled  in  parallel  and  connected  by  a  snubber. 

Because  they  eliminates  the  flap,  lag,  and  pitch  hinges  characteristic  of  fully 
articulated  designs,  bearingless  designs  are  mechanically  simpler  and  more  robust. 
On  the  other  hand,  the  blade's  control  motions  are  accommodated  through  flexible 
elements,  which  could  be  subjected  to  higher  stresses  than  those  observed  in  fully 
articulated  design. 

When  using  the  finite  element  based  flexible  multibody  dynamics  formulation 
outlined  above,  the  two  designs,  fully  articulated  and  bearingless,  can  be  modeled 
by  assembling  different  sets  of  elements  from  the  multibody  library  of  elements. 
There  is  no  need  to  derive  and  validate  two  different  sets  of  equations  for  the  two 
configurations. 

The  blade  itself  is  modeled  by  an  appropriate  beam  element  that  should  account 
for  shearing  deformations  and  for  all  elastic  couplings  that  arise  from  the  use  of 
composite  materials  [283].  Furthermore,  the  center  of  mass,  center  of  tension,  and 
shear  center  of  the  blade  are  at  distinct  geometric  locations  of  the  blade's  cross- 
section,  further  complicating  the  modeling  task. 

Of  course,  the  level  of  detail  presented  in  fig.  15.2  is  not  always  needed:  some 
or  all  of  the  control  chain  components  could  be  omitted,  and  the  blade  could  be 
represented  by  a  rigid  body  rather  than  beam  elements,  if  a  crude  model  is  desired. 


15.2  The  elastodynamics  problem 

Figure  15.3  depicts  an  elastic  body  of  arbitrary  shape  subjected  to  time-dependent 
surface  tractions  and  body  forces.  Geometric  boundary  conditions  consist  of  time- 
dependent  prescribed  displacements  at  a  point  or  over  a  portion  of  the  body's  outer 
surface.  The  volume  of  the  body  is  denoted  V  and  its  outer  surface  S.  Unit  vector 
n  is  the  normal  to  its  outer  surface.  The  dynamic  response  of  the  system  is  studied 
between  initial  and  a  final  times,  denoted  ti  and  tf,  respectively.  The  displacement 
field  at  a  point  of  the  body  is  denoted  u{xi,X2,X3,  t),  where  t  denotes  time  and  xi, 
X2 ,  and  X3  the  Cartesian  coordinates  of  a  point  of  the  body  resolved  in  inertial  frame 
T'  =  [0,I={n,t2j3)]. 

Over  the  outer  surface  of  the  body,  displacements  and  surface  tractions  are  de- 
noted u{t)  and  i(t),  respectively.  Over  portion  Si  of  the  body's  outer  surface,  the 
surface  tractions  are  given,  prescribed  quantities;  this  includes  the  portion  of  the 
outer  surface  that  is  traction  free,  because  vanishing  surface  tractions,  t{t)  =  0,  are 
prescribed  over  that  portion  of  the  outer  surface.  Over  portion  S2  of  the  body's  outer 
surface,  the  displacements  are  given,  prescribed  quantities. 

Surfaces  Si  and  ^2  share  no  common  point  because  displacements  and  tractions 
cannot  be  prescribed  simultaneously  at  the  same  point,  and  hence,  S  =  Si+S2-  Over 
Si,  l{t)  represents  the  prescribed  surface  tractions,  and  u{t)  the  resulting  displace- 
ments. Over  ^2,  u{t)  represents  the  prescribed  displacements,  and  i{t)  the  resulting 
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traction,  also  called  reaction  forces.  Reaction  forces  are  those  forces  arising  from  the 
enforcement  of  the  prescribed  displacements. 

At  the  initial  and  final  times,  the  momenta  and  displacements  are  denoted  p  and 
u,  respectively.  At  these  times,  displacements  could  be  given,  prescribed  quantities, 
and  simultaneously,  momenta  could  also  be  given,  prescribed  quantities.  Note  that 
at  the  initial  and  final  times,  both  displacements  and  momenta  can  be  prescribed 
simultaneously.  For  instance,  in  an  initial  value  problem,  both  initial  displacements 
and  momenta  are  prescribed  at  the  initial  time,  and  the  values  of  both  quantities  at 
the  final  time  will  result  from  the  analysis. 

Time-dependent  body  forces,  hit), 
might  also  be  applied  over  the  entire 
volume  of  the  body.  Gravity  forces  are  a 
typical  example  of  body  forces,  but  such 
forces  can  also  arise  from  electric  or  mag- 
netic fields.  In  dynamic  problems,  inertial 
forces  can  be  considered  to  be  externally 
applied  body  forces,  in  accordance  with 
d'Alembert's  principle.  The  momentum 
vector  for  a  differential  element  of  the 
body  is  p  =  pv,  where  p  is  the  material 
mass  density  and  v_  the  element's  inertial 
velocity  vector.  The  inertial  forces  are  then 
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Fig.  15.3.  General  elastodynamics  prob- 
lem. 

The  basic  equations  of  elastodynamics  form  a  set  of  first-order  partial  differen- 
tial equations  in  space  and  time  that  can  be  solved  to  find  the  displacement,  velocity, 
strain,  stress,  and  momentum  fields  at  all  points  of  the  body  and  all  instants  in  time. 
These  equations  will  be  reviewed  in  section  15.2.1  where  several  important  defini- 
tions are  also  introduced.  In  the  subsequent  sections,  a  number  of  variational  and 
energy  principles  are  presented  that  provide  an  alternative  formalism  for  the  solution 
of  elasticity  problems.  This  formalism  is  the  basis  for  powerful  numerical  techniques, 
such  as  the  finite  element  method,  that  are  routinely  used  to  obtain  approximate  so- 
lutions to  complex  elastodynamics  problems. 


15.2.1  Review  of  the  equations  of  linear  elastodynamics 

As  discussed  in  section  8.1,  d'Alembert's  principle  reduces  dynamics  problems  to 
statics  problems,  provided  that  inertial  forces  are  treated  as  externally  applied  forces. 
This  implies  that  elastodynamics  problems  reduce  to  elasticity  problems,  provided 
that  inertial  forces  are  treated  as  externally  applied  forces.  The  equations  presented 
in  this  section  are,  in  fact,  the  general  equations  of  elasticity  [284,  285],  in  which  the 
inertial  forces  taken  into  account  as  externally  applied  body  forces.  The  equations 
of  elastodynamics  can  be  broken  into  three  groups:  (1)  the  equations  of  dynamic 
equilibrium,  (2)  the  strain-displacement  and  velocity-displacement  equations,  and 
(3)  the  constitutive  laws. 
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The  equations  of  dynamic  equilibrium 

The  equations  of  dynamic  equilibrium  are  the  most  fundamental  equations  of  elas- 
ticity. They  are  derived  from  Newton's  first  law,  see  section  3.1.2,  which  states  the 
conditions  for  static  equilibrium  of  a  differential  element  of  the  body.  D' Alembert's 
principle  12  then  states  the  conditions  for  dynamic  equilibrium  of  the  differential 
element  of  the  body, 

W/T-  f~i'-r^^  r)'T-^-. 

+  &i-pi=0,  (15.1a) 

^  +  ^  +  62-P2  =  0,  (15.1b) 

3-p3  =  0,  (15.1c) 

where  ai,a2,  and  0-3  are  the  direct  stress  components  and  T23,  T13,  and  T12  the  shear 
stress  components.  These  are  the  components  of  the  stress  tensor  [284,  285]  resolved 
in  basis  I.  The  components  of  the  body  force  and  momentum  vectors  were  resolved 
in  the  inertial  basis  as  6  =  {  &i ,  &2 ,  ^3  }  and  p^  =  {pi ,  P2 ,  Ps  } ,  respectively.  Equa- 
tions (15.1)  are  first-order,  partial  differential  equations  in  space  and  time  must  be 
satisfied  at  all  points  of  the  body  and  all  instants  in  time. 

The  surface  equilibrium  equations  state  that  at  all  points  on  S  and  all  instants  in 
time, 

ii  =nicri -I- n2T2i +713X31  =  £1,  (15.2a) 

t2  =  niTi2  +  n2CF2  +  n3T32  =  i2,  (15.2b) 

ts  =  niTi3  +  n2T23  +  n3(T3  =  £3,  (15.2c) 

where  the  components  of  the  unit  vector  normal  to  the  outer  surface  of  the  body, 
the  surface  traction  vector,  and  the  prescribed  surface  traction  vector,  all  resolved  in 
basis  I,  are  denoted  n-^  =  {rii,  712,^13},  i-^  =  {fi,  ^2,  ^3},  and  t  =  {ti,i2,£3}> 
respectively.  Over  Si,  these  conditions  are  also  called  i\\t  force,  or  natural  boundary 
conditions.  The  stress  array 

g^{t)  =  {cri,CT2,0-3,T23,n3,n2}  ,  (15.3) 

will  be  used  whenever  that  notation  is  convenient  to  represent  the  stress  field. 

Finally,  additional  conditions  are  imposed  on  the  momentum  vectors  at  the  initial 
and  final  times 

p{U)=p^,     p{tf)=p^.  (15.4) 

These  conditions  are  called  the  boundary  conditions  in  time. 

Definition  15.1  (Admissible  stress  and  momentum  fields).  Stress  fields, 
a{xi,X2,X3,t),  and  momentum  fields,  p{xi,X2,X3,t),  are  said  to  be  admissible  if, 
at  all  times,  they  satisfies  the  dynamic  equilibrium  equations,  eqs.  (15. 1),  af  all  points 
in  V,  the  surface  equilibrium  equations,  eqs.  (15.2),  at  all  points  on  S,  and  the  time 
boundary  conditions,  eqs.  (15.4),  at  times  ti  and  tj. 
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The  strain-displacement  and  velocity-displacement  relationships 

The  strain-displacement  equations  merely  define  the  strain  components  that  are 
used  for  the  characterization  of  the  deformation  of  the  body  at  a  point.  The  strain- 
displacement  relationships  are  derived  from  purely  geometric  considerations.  Simi- 
larly, the  velocity-displacement  equations  simply  define  the  velocity  components  at 
a  point  of  the  body. 

When  the  displacements  are  small,  deformations  at  a  point  of  the  body  are  con- 
veniently measured  by  the  engineering  strain  components  [284,  285],  defined  as, 

dui 
£i  =  -^ — ,  £2  =  - — ,  £3  =  - — ,  (15.5a) 
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where  £1 ,  £2,  and  £3  are  the  relative  elongations  or  direct  strain  components  of  a  ma- 
terial line  and  723,  713,  and  712  the  angular  distortions  or  shear  strain  components 
of  two  material  lines. 

To  compute  strain  components,  the  displacement  field  must  be  continuous  and 
differentiable.  Furthermore,  over  S  and  at  the  initial  and  final  times,  the  following 
displacement  boundary  conditions  must  be  met 

u{t)  =  u{t).  (15.6) 

Over  ^2,  these  conditions  are  called  the  geometric  boundary  conditions.  The  strain 
array 

£^(i)  =  {£1,  £2,  £3,  723,  713,  712}  ,  (15.7) 

will  be  used  whenever  that  notation  is  convenient  to  represent  the  strain  field. 

The  components  of  the  velocity  vector  v_{t)  are  the  time  derivatives  of  the  dis- 
placement vector, 

v{t)  =  u.  (15.8) 

Definition  15.2  (Kinematically  admissible  displacement  field).  A  displacement 
field,  u{xi,  a;2,  2:3,  t),  is  said  to  be  kinematically  admissible  if,  at  all  time,  it  is  con- 
tinuous and  differentiable  at  all  points  in  V  and  satisfies  the  displacement  boundary 
conditions,  eqs.  (15.6),  at  all  points  on  S  and  the  initial  and  final  times. 

Definition  15.3  (Compatible  strain  field).  A  strain  field,  e_{xi ,  a;2, 0:3,  t),  is  said  to 
be  compatible  if,  at  all  times,  it  is  derived  from  a  kinematically  admissible  displace- 
ment field  through  the  strain- displacement  relationships,  eqs.  (15.5). 

Definition  15.4  (Compatible  velocity  field).  A  velocity  field,  v_{xi ,  X2 , 3:3 ,  t),  is  said 
to  be  compatible  if,  at  all  times,  it  is  derived  from  a  kinematically  admissible  dis- 
placement field  through  the  velocity-displacement  relationships,  eqs.  (15.8). 
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The  constitutive  laws 

The  constitutive  laws  relate  the  stress  and  strain  fields.  They  consist  of  a  mathemat- 
ical idealization  of  the  experimentally  observed  behavior  of  materials.  Hooke's  law 
is  commonly  used  to  model  the  behavior  of  homogeneous,  isotropic,  linearly  elas- 
tic materials  operating  in  the  small  strain  regime.  Many  materials  may  present  one 
or  more  of  the  following  features:  anisotropy,  plasticity,  visco-elasticity,  or  creep,  to 
name  just  a  few  commonly  observed  behaviors  of  engineering  materials.  A  second 
set  of  constitutive  laws  relates  the  momentum  vector  to  the  velocity  vector. 

The  stress  and  strain  fields  must  satisfy  the  constitutive  laws  at  all  points  in  V. 
For  small  strains,  Hooke's  law  [284,  285]  represents  the  behavior  of  homogeneous, 
isotropic,  linearly  elastic  materials  in  a  approximate  manner  by  the  following  linear 
relationship 

£  =  £e,      £  =  ^01,  (15.9) 

where  C  is  a  symmetric,  positive-definite  material  stiffness  matrix,  and  S_  =  C_~  ^  a 
symmetric,  positive-definite  material  compliance  matrix. 

A  constitutive  law  is  also  required  for  the  momentum  field.  This  law  is,  in  fact, 
the  definition  of  the  momentum  vector 

p  =  pv,  (15.10) 

where  p  is  the  material  mass  density. 

Summary 

Complete  solutions  of  elastodynamics  problems  involves  the  following  fields. 

1.  Admissible  stress  and  momentum  fields,  see  definition  15.1. 

2.  Kinematically  admissible  displacement  fields,  see  definition  15.2,  and  associated 
compatible  strain  and  velocity  fields,  see  definition  15.3  and  15.4,  respectively. 

3.  Stress  and  momentum  fields  that  satisfy  the  constitutive  laws,  eqs.  (15.9) 
and  (15.10),  respectively,  at  all  points  in  V. 

All  these  equations  must  be  satisfied  at  all  instants  in  time. 

15.2.2  The  principle  of  virtual  work 

Consider  an  elastic  body  that  is  in  dynamic  equilibrium  under  applied  body  forces 
and  surface  tractions.  This  implies  that  the  stress  and  momentum  fields  are  admissi- 
ble, see  definition  15.1.  The  following  statement  is  now  constructed 
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This  statement  was  constructed  in  the  following  manner.  Each  of  the  three  dy- 
namic equilibrium  equations,  eqs.  (15.1),  was  multiplied  by  an  arbitrary,  virtual 
change  in  displacement,  then  integrated  over  the  range  of  validity  of  the  equation. 
Similarly,  each  of  the  three  surface  equilibrium  equations,  eqs.  (15.2),  was  multi- 
plied by  an  arbitrary,  virtual  change  in  displacement,  then  integrated  over  the  range 
of  validity  of  the  equation.  Finally,  each  of  the  three  boundary  conditions  in  time, 
eqs.  (15.4),  was  multiplied  by  an  arbitrary,  virtual  change  in  displacement,  then  inte- 
grated over  the  range  of  validity  of  the  equation. 

Because  the  stress  and  momentum  fields  are  admissible,  each  term  in  parenthesis 
is  zero,  and  multiplication  by  an  arbitrary  quantity  results  in  a  zero  product.  Each  of 
the  three  integrals  then  vanishes,  as  does  their  sum. 

Next,  integration  by  parts  is  performed.  Using  Green's  theorem  [2],  the  first  term 
of  the  volume  integral  becomes 


L 


Ox  I 


SuidV 


ai  — —  dV 


riiai  6ui  dS, 


where  ni  is  the  component  of  the  outward  unit  normal  along  ti,  see  fig.  15.3.  A  sim- 
ilar operation  is  performed  on  each  stress  derivative  terms  appearing  in  eq.  (15.11). 
For  the  momentum  terms,  integration  by  parts  yields 

P^du  dt=   f    p^Su  dt  -  [p^Su]  \^  =   r  P^5v  dt  -  [p^5u\  *^  . 
Jti  '       Jti  ' 

Introducing  the  results  of  these  integrations  by  parts  into  eq.  (15.11)  then  yields 
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where  the  virtual,  compatible  strain  field  was  defined  as 
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and  the  virtual,  compatible  velocity  field  as 

Sv  =  du. 
Equation  (15.12)  can  be  restated  as 


(15.14) 


ti      Uv 


b^5udV+  I  f5udS'>dt 


(15.15) 


p^6u  dV 


The  first  term  represents  the  virtual  work  done  by  the  internal  stresses  and  momenta 
and  the  remaining  correspond  to  the  virtual  work  done  by  the  externally  applied  loads 
and  momenta. 

It  has  been  shown  thus  far  that  if  the  stress  and  momenta  fields  are  admissible, 
eq.  (15.15)  must  hold.  It  can  also  be  shown  that  if  this  equation  holds,  the  stress  and 
momenta  fields  must  be  admissible.  Indeed,  eq.  (15.15)  implies  eq.  (15.12),  which 
in  turns  implies  eq.  (15.11)  by  reversing  the  integration  by  parts  process.  Finally,  the 
volume  and  surface  equilibrium  equations  are  recovered  because  eq.  (15.11)  must 
hold  for  all  arbitrary,  kinematically  admissible  virtual  displacements  fields.  State- 
ment (15.15)  can  thus  be  interpreted  as  follows. 

Principle  19  (Principle  of  virtual  work)  A  body  is  in  dynamic  equilibrium  if  the 
sum  of  the  internal  and  external  virtual  work  vanishes  for  all  arbitrary  kinematically 
admissible  virtual  displacement  fields  and  corresponding  compatible  strain  and  ve- 
locity fields. 
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This  principle  is  illustrated  in 
fig.  15.4.  The  surface  tractions  act  at 
the  spatial  boundaries  of  the  problem 
and  play  a  role  similar  to  that  of  the  mo- 
menta at  the  temporal  boundaries  of  the 
problem. 

In  summary,  the  equations  of  dy- 
namic equilibrium,  eqs.  (15.1),  (15.2), 
and  (15.4),  and  the  principle  of  virtual 
work  are  two  equivalent  statements. 
Furthermore,  because  the  equations  of 
dynamic  equilibrium  are  a  statement  of 
Newton's  second  law,  the  principle  of  virtual  work  and  Newton's  second  law  are  two 
equivalent  statements. 

Because  the  principle  of  virtual  work  is  solely  a  statement  of  equilibrium,  it  is 
always  true.  However,  for  the  solution  of  specific  elastodynamics  problems,  it  must 
be  complemented  with  stress-strain  and  momentum-velocity  relationships,  and  con- 
stitutive laws.  More  details  about  the  principle  of  virtual  work  and  its  application  to 
structures  can  be  found  in  numerous  textbooks  such  as  [284,  286,  287,  285]. 


Fig.  15.4.  Illustration  of  the  principle  of  virtual 
work. 
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15.2.3  Hamilton's  principle 

If  the  internal  forces  in  the  solid  are  assumed  to  be  conservative,  they  can  be  derived 
from  a  potential,  as  discussed  in  section  3.2.  In  this  case,  the  internal  forces  are  the 
components  of  stress,  and  the  potential  is  the  strain  energy  density  function.  If  the 
stresses  in  the  solid  can  be  derived  from  a  strain  energy  density  function,  a(e), 

^=^,  (15.16) 

the  material  is  said  to  be  an  elastic  material.  Assuming  the  material  to  be  elastic 
or  assuming  the  existence  of  a  strain  energy  density  function  are  two  equivalent  as- 
sumptions. Linearly  elastic  materials  are  elastic  materials  for  which  the  stress-strain 
relationship  is  linear. 

If  the  material  is  elastic,  the  work  done  by  the  internal  stresses  when  the  system 
is  brought  from  one  state  of  deformation  to  another  depends  only  on  the  two  states  of 
deformations,  but  not  on  the  specific  path  that  the  system  followed  from  one  defor- 
mation state  to  the  other.  This  restricts  the  types  of  material  constitutive  laws  that  can 
be  expressed  in  terms  of  a  strain  energy  density  function.  For  instance,  if  a  material 
is  deformed  in  the  plastic  range,  the  work  of  deformation  will  depend  on  the  spe- 
cific deformation  history;  hence,  there  exists  no  strain  energy  density  function  that 
describes  material  behavior  when  plastic  deformations  are  involved. 

For  instance,  the  strain  energy  density  function  of  a  linearly  elastic  material  is 

a{e)  =  l^^Qs-  (15.17) 

Introducing  this  function  into  eq.  (15.16),  yields  a  =  C_e,  the  constitutive  law  for  a 
linearly  elastic  material. 

Consider  a  general  elastic  body  that  is  in  equilibrium  under  applied  body  forces 
and  surface  tractions,  and  therefore,  the  principle  of  virtual  work,  eq.  (15.15),  must 
apply.  It  is  now  assumed  that  the  constitutive  law  for  the  material  can  be  expressed  in 
terms  of  a  strain  energy  density  function,  eq.  (15.16).  The  virtual  work  done  by  the 
internal  stresses  appears  in  the  first  term  of  eq.  (15.15),  and  it  is  readily  evaluated  as 

Se^a  dV  =  [  Se^  ^^  dV  =   /  Saiu)  dV  =  S  [  a(u)  dV  =  5A{u), 
Jv  <^£  Jv  Jv 

where  the  chain  rule  for  derivatives  is  used  to  obtain  the  second  equality. 

The  strain  energy  density  and  the  total  strain  energy  of  the  body,  A  =  L  a  dV, 
must  be  expressed  in  terms  of  the  displacement  field  using  the  strain-displacement 
relationships  because  the  principle  of  virtual  work  requires  a  compatible  strain  field. 

In  a  similar  manner,  the  use  of  the  dynamic  constitutive  law,  eq.  (15.10),  leads  to 


j/  SvdV=  /   pvf  5vdV=  /   5k{v)  dV  =  SK{v), 
V  Jv  Jv 

where  k{v)  =  1/2  pv^v  is  the  kinetic  energy  density  function,  and  K{v)  the  total 
kinetic  energy  of  the  body. 
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The  principle  of  virtual  work,  eq.  (15.15),  now  becomes 
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The  first  term  on  the  second  line  of  this  statement  represents  the  virtual  work  done 
by  the  externally  applied  loads. 
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With  this  definition,  the  principle  of  virtual  work,  eq.  (15.18),  becomes 
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(15.20) 


Next,  the  body  forces  and  surface  tractions  are  assumed  to  be  conservative,  i.e., 
they  can  be  derived  from  a  potential. 


du 


t 


where  (/>  is  the  potential  of  the  body  forces,  and  tj)  the  potential  of  the  surface  trac- 
tions.  For  instance,  the  potential  of  fixed  surface  tractions  is  simply  "^  =  —t  u,  or 
the  potential  of  the  body  forces  associated  with  a  gravity  field,  g,v&^  =  —pg^u. 

The  two  terms  of  the  virtual  work  done  by  the  external  forces,  eq.  (15.19),  now 
become 

6^<5u  dV  =  -  I  ^   5udV  =  -5  I  (t>{u)  dV, 
IV  Jv  ou  Jv 

^   SudS  =  -6  f  ip{u)dS. 
/s  Js  ou  Js 

Combining  these  two  loading  terms  then  yields 

5Wext  =  -^  (  <l>{u)  dV-S  f  tP{u)  dS  =  -S^{u), 
Jv  Js 

where  'P{u)  is  the  total  potential  the  externally  applied  loads.  Introducing  this  result 
into  eq.  (15.20)  leads  to 
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The  Lagrangian  of  the  system  is  now  defined  as 

L  =  K{v)  -  A{u)  -  <P{u), 


(15.21) 


(15.22) 
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and  it  follows  that 

(15.23) 
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Hamilton 's  principle  can  be  stated  as 

Principle  20  (Hamilton's  principle)  An  elastic  system  is  in  dynamic  equilibrium  if 
and  only  if  equation  (15.23)  holds  for  all  arbitrary  virtual  displacements. 

Clearly,  this  statement  generalizes  the  version  of  Hamilton's  principle  derived  in 
section  8.2  for  systems  of  particles.  If  the  momenta  vanish  at  the  initial  and  final 
times,  it  simply  becomes  5L  =  0. 

Many  other  variational  principles  exist  in  elasticity.  Particularly  noteworthy  are 
the  principle  of  complementary  virtual  work  and  the  principle  of  minimum  com- 
plementary energy  [286,  287,  285].  Two  or  three  field  principles  can  also  be  de- 
veloped, such  as  Hellinger-Reissner's  and  Hu-Washizu's  principles,  respectively.  All 
these  principle  can  be  extended  to  elastodynamics  problem  by  invoking  d' Alembert's 
principle,  inertial  forces  are  included  as  externally  applied  forces. 
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While  flexible  multibody  systems  are  characterized  by  large  relative  motions  at  the 
joints,  it  is  often  the  case  that  individual  flexible  bodies  undergo  small  deformations. 
Conceptually,  the  displacement  field  at  a  point  of  the  flexible  body  can  be  decom- 
posed into  rigid  body  and  elastic  displacement  field  [167],  where  the  latter  field  is 
responsible  for  the  straining  of  the  body  whereas  the  former,  by  definition,  generates 
no  deformation. 

It  is  not  uncommon  for  structures  such  as  slender  beams  or  thin  plates  and  shells, 
to  undergo  large  rigid  body  displacements  and  rotations  while  the  strains  remain 
small  at  all  points  of  the  structure.  This  behavior  is  often  the  consequence  of  careful 
planning:  to  avoid  premature  failure,  the  structure  is  designed  to  operate  in  the  small 
strain  regime. 

When  a  structure  operates  in  the  small  strain  regime,  the  three  groups  of  equa- 
tions of  elastodynamics  described  in  section  15.2.1  still  apply,  but  must  be  updated 
to  account  for  the  large  displacements.  Of  course,  Newton's  law  still  applies,  but  in 
this  case,  the  equilibrium  conditions  must  be  enforced  on  the  deformed  configura- 
tion of  the  structure.  The  strain-displacement  relationships  now  become  nonlinear 
equations,  rather  than  the  linear  relationships  that  characterize  small  displacement 
problems,  eqs.  (15.5).  Finally,  the  constitutive  laws  remain  unchanged,  although  the 
stress  and  strain  components  are  now  those  resolved  in  the  convected  or  material 
basis. 

This  section  presents  a  brief  discussion  of  the  state  of  deformation  in  the  neigh- 
borhood of  a  material  point  in  a  flexible  body.  Two  configuration  of  this  body  will 
be  defined:  a  reference  configuration,  and  a  deformed  configuration.  The  following 
notational  convention  will  be  used:  lower-case  symbols  refer  to  quantities  defined 


Reference 
configuration 


Deformed 
configuration 
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in  the  reference  configuration,  and  upper-case  symbols  refer  to  the  corresponding 
quantities  in  the  deformed  configuration. 

Material  coordinates 

Figure  15.5  depicts  a  body  in  its  reference  and  deformed  configurations  and  an  in- 
ertial  frame,  T^  =  [O, I  =  (11,12,13)].  This  section  focuses  on  the  relationships 
between  the  deformed  and  reference  configuration  of  the  solid  without  any  consider- 
ation for  the  loads  that  create  the  deformation. 

Let  point  P  be  a  material  point  of  the 
body,  and  the  position  vectors  of  this  ma- 
terial point  are  denoted  x  and  X_,  in  the 
reference  and  deformed  configuration,  re- 
spectively. Each  material  particle  of  the 
body  will  be  identified  by  a  label  consist- 
ing of  a  triplet  of  real  numbers.  This  la- 
bel will  remain  attached  to  the  material  par- 
ticle throughout  the  deformation  process. 
This  label  is  called  the  material  coordi- 
nates of  material  point  P,  and  is  denoted 

(ai,a2,a3)- 

The  position  vectors  of  point  P  in  the 
„  11/-  ,        r  ■  Fig.  15.5.  The  reference  and  deformed 

reference  and  deformed  configurations  are  \,  ^    ,    , 

conngurations  01  a  body. 

x  =  x{ai,a2,ai),  (15.24a) 

X  =  X(ai,a2,a3),  (15.24b) 

respectively.  Because  the  material  coordinates  are  an  identifying  label  for  a  material 
particle,  they  can  be  chosen  arbitrarily.  A  convenient  choice  for  the  material  coordi- 
nates consists  of  the  components  of  the  position  vector  resolved  in  basis  I 


x(q;i,  a2,  "3)  =  «!  «i  +  a2  «2  +  03  «3- 


(15.25) 


This  particular  choice  of  the  material  coordinates  is  called  the  Lagrangian  represen- 
tation. 

A  material  line  is  an  ensemble  of  material  particles  forming  a  straight  line  in 
the  reference  configuration  of  the  body.  For  instance,  fig.  15.6  shows  segments  PR, 
PS,  and  PT  of  the  reference  configuration,  which  are  are  material  lines  intersecting 
at  point  P.  Due  to  the  deformation  of  the  body,  all  the  material  particles  forming 
material  line  PR  will  move  to  segment  PR  in  the  deformed  configuration.  Because 
segment  PR  is  of  differential  length,  it  can  be  assumed  to  remain  straight  in  the 
deformed  configuration. 


Base  vectors  and  metric  tensor 

The  base  vectors  are  vectors  tangent  to  these  material  line 
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_         dx        _ 


(15.26) 
In  the  reference  configuration,  the  base  vectors  are  mutually  orthogonal  unit  vectors. 
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Fig.  15.6.  The  base  vectors  in  the  reference       Fig.  15.7.  Volume  elements  in  the  reference 
and  deformed  configurations.  and  deformed  configurations. 


As  the  deformation  takes  place,  the  material  lines  are  convected  with  the  body. 
The  convected  material  lines  now  describe  curves  in  space  intersecting  at  the  new 
location  of  the  particle.  The  base  vectors  in  the  deformed  configuration  are  defined 
in  a  manner  similar  to  those  of  the  reference  configuration 


G  -^^ 

da.: 


(15.27) 


These  base  vectors  are  not  mutually  orthogonal,  nor  are  they  unit  vectors. 

To  visualize  this  deformation,  fig.  15.7  shows  the  small  rectangular  paral- 
lelepiped PQRST  of  differential  size  dai  by  da2  by  da^  cut  in  the  neighborhood 
of  point  P.  The  reference  configuration  is  the  configuration  of  the  solid  in  its  unde- 
formed  state,  and  rectangular  parallelepiped  PQRST  is  spanned  by  vectors  gidai, 
g2da2,  and  g^da^.  Under  the  action  of  applied  loads,  the  body  deforms  and  assumes 
a  new  configuration,  called  the  deformed  configuration.  All  the  material  particles 
that  formed  the  rectangular  parallelepiped  PQRST  in  the  reference  configuration 
now  form  parallelepiped  PQRST,  which  is  spanned  by  vectors  Gidai,  G2da2,  and 
Ggdas  in  the  deformed  configuration.  The  state  of  strain  at  a  point  characterizes  the 
deformation  of  the  parallelepiped  without  any  consideration  for  the  loads  that  created 
the  deformation. 

Increments  in  position  vector  are  denoted  dx  and  dX_  in  the  reference  and  de- 
formed configurations,  respectively,  and  are  expressed  as 

dx 

dx  =  —=^  dai  =  gi  dtti, 
dai 

dX_  =  -=  dttj  =  Gi  dai, 
dai 
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where  summation  is  implied  by  the  repeated  indices. 

The  lengths  of  these  increments,  denoted  ds  and  dS  in  the  reference  and  de- 
formed configurations,  respectively,  are  readily  found  as 

ds    =  dx   dx  =  g^  (jj  daidaj  =  gij  daidaj,  (15.28a) 

dS^  =  dX^dX  =  GJGj  daidaj  =  dj  duiduj.  (15.28b) 

These  relationships  define  the  components  of  the  metric  tensors  in  the  reference  and 
deformed  configurations,  denoted  gij  and  Gij,  respectively,  as 

9ij=9l9j,  (15.29a) 

Gij  =  GfGj.  (15.29b) 

The  symmetry  of  both  tensors  is  apparent  from  these  definitions. 

Displacement  field 

The  difference  between  the  positions  of  a  material  point  in  the  deformed  and  refer- 
ence configurations  defines  the  displacement  vector  as 

u{ai,a2,a3)  =  2L—  ^.  (15.30) 

The  displacement  and  position  vectors  in  the  deformed  configuration  are  now  re- 
solved along  the  base  vectors  of  the  reference  configuration  as 

u  =  Uigi,  (15.31a) 

X  =  X,gi.  (15.31b) 

With  these  definitions,  eq.  (15.30)  now  becomes 

Xi=ai+u,.  (15.32) 

The  base  vector  in  the  deformed  configuration  is  related  to  the  displacement  field 

dX 

Gi  =  j=  =  {Sij  +  Uj^i)  (jj,  (15.33) 

oai 

where  6ij  is  Kronecker's  symbol  defined  by  eq.  (1.14)  and  notation  (•)  j  indicates  a 
derivative  with  respect  to  material  coordinate  a^ . 

Many  different  measures  can  be  used  to  characterize  the  state  of  deformation  at 
a  point.  Some  measures  are  directly  related  to  the  physical  concept  of  strain,  i.e., 
a  relative  change  in  length,  but  are  not  necessarily  of  a  tensorial  nature.  Some  other 
measures,  clearly  related  to  the  physical  concept  of  strain  can  be  shown  to  be  tensors. 
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15.3.1  The  engineering  strain  components 

The  motion  of  segment  PR  from  its  reference  to  deformed  configuration  depicted  in 
fig.  15.7  consists  of  two  parts:  a  change  in  orientation  and  a  change  in  length.  Clearly, 
the  change  in  length  is  a  deformation  or  stretching  of  the  material  line.  Similarly, 
segments  PR  and  PS  form  a  rectangle  in  the  reference  configuration,  but  form  a 
parallelogram  in  the  deformed  configuration.  The  angular  distortion  of  the  rectangle 
into  a  parallelogram  represents  a  deformation  of  the  body.  Stretching  of  a  material 
line  and  angular  distortion  between  two  material  lines  will  be  selected  as  measures 
of  the  state  of  strain  at  a  point. 

The  stretching  or  relative  elongations  of  material  lines  PR,  PS,  and  PT  will  be 
denoted  as  ei,  62,  and  £3,  respectively.  The  angular  distortions  between  segments  PS 
and  PT,  PR  and  PT,  and  PR  and  PS  will  be  denoted  723,  713,  and  712,  respectively. 

The  relative  elongation,  ei,  of  material  line  PR,  see  fig.  15.7,  is  defined  as 

where  the  subscripts  (^ref  and  (•)def  are  used  to  indicate  the  reference  and  deformed 
configurations,  respectively.  The  relative  elongation  is  a  non-dimensional  quantity. 
Similar  definitions  hold  for  £2  and  £3,  the  relative  elongation  of  material  lines  PQ 
and  PT. 

The  angular  distortion,  723,  between  two  material  lines  PT  and  PS  is  defined  as 
the  change  of  the  initially  right  angle,  723  =  7r/2  —  ZTPSdcf,  where  notation  ZTPS 
is  used  to  indicate  the  angle  between  segments  PT  and  PS.  This  can  also  written  as 

Angular  distortion  are  non-dimensional  quantities.  Similar  definitions  hold  for  the 
angular  distortion  713  and  712  of  the  angles  between  material  lines  PR  and  PT,  and 
PS  and  PT,  respectively.  The  engineering  strain  components  do  not  form  a  second- 
order  tensor.  They  are  often  called  physical  strain  components. 

15.3.2  The  deformation  gradient  tensor 

A  widely  used  strain  measure  is  the  deformation  gradient  tensor  defined  as 

BX 
F,j  =  — ^.  (15.36) 

da. 

In  the  following  sections,  the  index  notation  will  be  used  to  represent  second-order 
tensors.  For  instance,  the  deformation  gradient  tensor  is  denoted  Fij  rather  than  the 
less  explicit  F_  =  dX_lda. 

Resolving  the  base  vector  in  the  deformed  configuration,  eq.  (15.27),  along  the 
reference  frame  yields 
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dX 
Gi  =  jr==Fj,gj.  (15.37) 

A  scalar  product  of  this  relationship  by  gi  yields  an  alternative  definition  of  the  de- 
formation gradient  tensor 

F^j=gJGj.  (15.38) 

With  the  help  of  the  chain  rule  for  derivatives,  an  explicit  expression  of  the  in- 
verse of  the  deformation  gradient  tensor  can  be  obtained 


F^'  =  1^-  (15.39) 


*J         dX^ 


Introducing  the  displacement  field,  eq.  (15.32)  into  eq.  (15.36)  yields  the  defor- 
mation gradient  tensor  in  terms  of  the  displacement  vector  components 

Fij=6ij+Uij.  (15.40) 

15.3.3  The  metric  tensor 

Relationship  (15.28b)  shows  that  the  metric  tensor,  G^,  is,  in  fact,  a  measure  of  the 
deformation.  When  used  as  strain  measure,  the  metric  tensor  is  also  called  the  Green 
deformation  tensor,  or  the  Cauchy-Green  deformation  tensor.  The  metric  tensor  is 
clearly  related  to  the  engineering  strain  components.  Indeed,  eq.  (15.34)  implies 

„    _l|Gidai||-||gidai||_    /— 

El  —  T^— 7 —  V<^11  -  ^-  (15.41) 

llffidaill 
Similar  relations  hold  for  £2  and  £3.  The  angular  distortion,  eq.  (15.35)  becomes 

723  =  arcsin  .  ( 1 5 .42) 

V(-T22Lr33 

The  inverse  relationships  are  readily  obtained  as 

Gii  =  (l  +  £i)2,  (15.43a) 

G23  =  (l  +  £2)(l  +  £3)sin723.  (15.43b) 

The  metric  tensor  in  the  deformed  configuration  is  closely  related  to  the  deforma- 
tion gradient  tensor  Introducing  eq.  (15.37)  into  the  definition  of  the  metric  tensor, 
eq.  (15.29b),  yields 

Gij=FkiFkj.  (15.44) 

15.3.4  The  Green-Lagrange  strain  tensor 

A  widely  used  strain  measure  is  the  Green-Lagrange  strain  tensor,  defined  as 

eij  =  7;{Gi3  -  9^j)■  (15.45) 
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It  is  also  called  the  Lagrangian  strain  tensor,  or  the  Green-Saint  Venant  strain  ten- 
sor. The  Green-Lagrange  strain  tensor  is  closely  related  to  the  metric  tensor,  and 
eqs.  (15.43)  reveal  its  connection  to  the  engineering  strain  components, 

eii  =  \{Gii-l)=ei  +  ]^el,  (15.46a) 

623=  2(^23-0)  =  -(l+e2)(l  +  £3)sin723.  (15.46b) 

If  the  deformation  of  the  body  is  such  that  the  strain  components  remain  far  smaller 
than  unity,  the  above  relations  simplify  to 

en  «  £1,      623  «  -723-  (15.47) 

The  Green-Lagrange  strain  tensor  is  closely  related  to  the  deformation  gradient 
tensor.  Indeed,  introducing  eq.  (15.44)  into  eq.  (15.45)  yields 

(^i3  =  \iFkiFkJ-g^j).  (15.48) 

The  Green-Lagrange  strain  tensor  is  also  closely  related  to  the  change  in  length  of 
the  increment  of  the  position  vector.  Indeed,  eqs.  (15.28a)  and  (15.28b)  yield 

-(dS*^  -  ds^)  =  -(Gjj  -  Qij)  AaiAuj  =  Cij  daidaj.  (15.49) 

Finally,  the  Green-Lagrange  strain  tensor  is  readily  expressed  in  terms  of  the  dis- 
placement components  by  introducing  eq.  (15.40)  into  eq.  (15.48)  to  find 

eii  =  ^("ij  +  Uj,i  +  Uk,iUk,j)-  (15.50) 


15.4  Strain  measures  for  various  differential  elements 

The  previous  section  has  focused  on  the  state  of  strain  at  a  point  of  a  three- 
dimensional  solid.  It  is  often  useful,  however,  to  characterize  the  straining  of  a  dif- 
ferential line,  surface,  or  volume  element  of  the  body.  These  issues  are  addressed  in 
the  following  sections. 

15.4.1  Stretch  of  a  material  line 

In  the  reference  configuration,  the  orientation  of  material  line  PQ  is  defined  by  a  unit 
vector,  denoted  n,  defined  as 

■gi  =  nigi.  (15.51) 


IIPQII        ds 

The  stretch,  A,  of  this  material  line  is  defined  as  the  ratio  of  the  length  of  the  differ- 
ential elements  in  the  reference  and  deformed  configurations,  given  by  eqs.  (15.28a) 
and  (15.28b),  respectively,  to  find  A^   =  dS'^/ds^   =  Gij{dailAs){daj/ds)   = 


Gij  HiTij.  The  stretch  of  the  line  element  is  now 


A  =  ^Qjn^  =  yj\7FV^^ii»i7-  (15.52) 
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15.4.2  Angle  between  two  material  lines 

Consider  two  material  lines  defined  by  unit  vectors  n  and  n'  with  stretches  A  and  A', 
respectively.  The  scalar  product  of  the  position  increments  corresponding  to  these 
material  lines  is  dX  dX'  =  ||dX||  ||dX'||  cos(9,  where  6  is  the  angle  between 
the  two  material  lines  in  the  deformed  configuration.  Solving  for  this  angle  yields 
cos  0  =  (dX/d5)"^(dX'/dS").  Using  the  chain  rule  for  derivatives,  and  introducing 
the  definition,  eq.  (15.36),  of  the  deformation  gradient  tensor  yields 

dak  ds  da[  ds' 


i9  =  FikFii 


ds  dS  ds'  dS' 


and  finally 


FikFii  Uku'i 


Gij  riin'j 
XX'      ' 


(15.53) 


15.4.3  Surface  dilatation 

Consider  now  the  area  of  the  rectangle  defined  by  vectors  §2  012  and  53  a^ .  The  ma- 
terial particles  forming  that  surface  before  deformation  are  located  in  the  surface 
defined  by  vectors  G_2  da2  and  G3  daa  after  deformation.  The  initial  area  doi,  is 
found  from  fig.  15.8  as 


dai  =  11.92  ff3  da2da3||  =  da2da3. 
The  area  in  the  deformed  configuration,  dAi,  is  similarly  found 

dAi 


(15.54) 


IG2  G3da2dQ:3| 


Clearly,  quantity  G22G33 
GGii,  where  G~^  is  the  inverse  of 
the  metric  tensor  and  G  its  determinant. 
Hence, 


G^G^  G2  G3  da2da3 

"-^23  — 


G22G33  -  G23  da2da3. 


dAi 
where 


GG^i^  dai 


G  =  det(G.y). 


(15.55) 


(15.56) 


Similar    developments    yield    expres- 
sions for  areas  da2  and  da3,  and  dA2 


Fig.  15.8.  Dilatation  of  a  differential  element 

of  area. 

and  d^3  for  the  reference  and  deformed  configurations,  respectively.  Combining  all 
results  then  yields 

dAi  =  \/GG~i^    dai,     no  sum  on  i.  (15.57) 

The  surface  dilatation,  Si,  is  defined  as  the  relative  change  in  area  of  a  differen- 
tial element  in  the  deformed  and  reference  configurations  and  is  readily  found  from 
eq.  (15.57)  as 

„        dAi  —  da, 


da,; 


GGl 


1, 


no  sum  on  1. 


(15.58) 
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15.4.4  Volume  dilatation 

Figure  15.7  depicts  the  volume  spanned  by  vectors  gi  dai,  g2da2,  and  g^  da^. 
The  particles  contained  in  that  volume  before  deformation  are  located  in  the  volume 
defined  by  vectors  G^  dai,  G2  da2,  and  G3  da^  after  deformation.  The  volume,  df , 
in  the  reference  configuration  is  found  from  eq.  (1.32)  as 


dv  =  (ji  32  53  daida2da3  =  daida2da3. 
The  volume,  dV ,  in  the  deformed  configuration  is 

dV  =  Gi  G2  G3  daida2da3  =  det(i^y)  daida2da3. 


(15.59) 


(15.60) 


In  view  of  eq.  15.44,  det(G.y)  =  det(Ffcii^fej),  and  hence  det(_Fy)  =  ^det(Gy) 
v^G.  The  volumetric  strain,  or  relative  change  in  volume  is  now  defined  as 


a  =  ^^^  =  Vg-i. 

dv 


(15.61) 


15.4.5  Problems 

Problem  15.1.  Deformed  elastic  body 

Figure  15.9  depicts  an  elastic  body  in  its  reference  and  deformed  configurations.  The  dis- 
placement field  is  given  as  iti  —  0102/4  and  U2  =  —0102/8.  (1)  Evaluate  the  base  vectors 
in  the  reference  and  deformed  configurations.  (2)  Find  the  deformation  gradient  tensor.  (3) 
Determine  the  metric  tensors  in  the  reference  and  deformed  configurations.  (4)  Evaluate  the 
Green-Lagrange  strain  tensor,  and  (5)  the  physical  strain  components.  Consider  point  A  (lo- 
cated at  01=02  =  1)  and  two  material  lines  ni  and  n2  parallel  to  ii  and  12,  respectively. 
(1)  Find  the  stretch  of  the  material  lines  ni  and  n2.  (2)  Determine  the  angle  between  the  two 
material  lines  in  the  deformed  configuration,  (3)  the  surface  dilatation,  S3,  at  point  A,  and  (4) 
the  volumetric  strain.  A,  at  point  A. 


Reference 
configuration 
1.0 


0.5 


/  Deformed 
/    configuration 

— ►!, 


x(a„a2,a,)      P 


Fig.  15.10.  Configuration  of  the  cantilevered 
Fig.  15.9.  Configuration  of  the  elastic  body.        beam. 


15.5  The  formulation  of  small  strain  problems         597 

Problem  15.2.  Deformed  cantilevered  beam 

Figure  15.10  shows  a  cantilevered  beam  of  length  a  and  depth  h  in  its  reference  and  deformed 
configurations.  The  position  vector  in  the  reference  configuration  is  a;  =  ai  ii  +a2  22  +  03  ^3, 
and  in  the  deformed  configuration 

X  =  I  (a -02)  sin  [(1  +  Z\)  — ]  |  n  +  |a  -  (a  -  02)  cos  [(1  + /I)  — 1 1  12+0313, 

where  Z\  is  a  strain  measure.  (1)  Find  the  base  vectors  in  the  reference  and  deformed  config- 
urations. (2)  Determine  the  deformation  gradient  tensor,  (3)  the  metric  tensor,  (4)  the  Green- 
Lagrange  strain  tensor,  (5)  the  physical  strain  components,  and  (6)  the  volume  dilatation  at 
points  A  (located  at  a\  =  a/2,  02  =  h/2,  03  =  0)  and  B  (located  at  a\  =  a/2,  02  = 
—  h/2,  03  =  0).  (7)  Evaluate  the  surface  dilatations  Ei,  S2,  and  1^3  at  points  A  and  B. 


15.5  The  formulation  of  small  strain  problems 

At  the  heart  of  the  formulation  of  problems  involving  small  strain  is  the  decomposi- 
tion of  the  deformation  gradient  tensor  into  rigid  body  motion  and  deformation.  In 
section  15.5.1,  the  decomposition  of  the  deformation  gradient  tensor  is  described. 
This  leads  to  a  modified  principle  of  virtual  work.  The  implications  of  the  small 
strain  assumption  are  then  discussed  in  detail  in  section  15.5.2. 

15.5.1  Decomposition  of  the  deformation  gradient  tensor 

Fig.  15.11  depicts  the  base  vectors  at  a  material  point  of  a  deformable  body  in  the 
reference  and  deformed  configurations.  The  analysis  of  the  metric  tensor  presented 
in  section  15.3.3  demonstrates  that  the  base  vectors  in  the  deformed  configuration  do 
not  form  an  orthogonal  basis.  Indeed,  eqs.  (15.43)  show  that  these  base  vectors  are 
not  unit  vectors,  nor  are  they  mutually  orthogonal. 

Consider  an  orthonormal  basis  of  arbitrary  orientation  denoted  J'  =  (ji,  J2,  J3). 
The  position  vector  of  a  material  point  in  the  deformed  configuration  is  now  resolved 
in  this  basis  as 

X  =  X:j,.  (15.62) 

The  base  vectors  in  the  deformed  configuration  then  become 

dX       dX* 
G.  =  ^  =  ^I,=^,.I„  (15.63) 

where  the  following  modified  deformation  gradient  tensor  was  defined 

dX_ 

A  scalar  product  of  eq.  (15.63)  by  J;  yields  an  alternative  definition  of  this  tensor 


F,^  =  —^.  (15.64) 


Fi,=3lGj.  (15.65) 
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The  two  deformation  gradient  tensors  defined  in  eqs.  (15.38)  and  (15.65)  can  be 
related  by  equating  the  two  expressions  for  the  base  vectors  in  the  deformed  config- 
uration, eqs.  (15.37)  and  (15.63),  to  find  G;  =  Fji  jj  =  Fji  qj.  A  scalar  product  of 
this  result  by  gi  yields  the  desired  relationship,  Fij  =  (gfjk)  Fkj.  Because  the  base 
vectors  in  the  reference  configuration  form  the  orthonormal  basis  X,  see  eq.  (15.26), 
rotation  tensor  R  brings  basis  I  to  basis  J,  and  i?y  =  gfjj.  The  relationship  be- 
tween the  two  deformation  gradient  tensors  now  simply  becomes 


Rih.Fl 


ik-^ kj  • 


(15.66) 


This  decomposition  expresses  the  deformation  gradient  tensor  as  the  product  of  ro- 
tation tensor  R,  defining  a  rigid  body  rotation,  by  deformation  gradient  tensor  F_, 
defining  the  deformation  of  the  body  at  that  point. 


kgjdaj 


,g,da 


■  Sida, 


G,da, «  j, 


Fig.  15.11.  The  base  vectors  in  the  reference       Fig.  15.12.  Deformation  of  a  differential  ele- 
and  deformed  configurations.  ment. 


15.5.2  The  small  strain  assumption 


Consider  the  deformation  of  a  differential  element  of  the  body  depicted  in  fig.  15.12. 
The  norm  of  base  vector  Gj^  in  the  deformed  configuration  was  found  in  eq.  (15.43a) 
to  be  closely  related  to  the  engineering  strain  component,  ei, 


|Gif  =  Gii  =  (l  +  £i)2  =  l  +  2ei+£2 


(15.67) 


Similarly,  the  angular  distortion  between  G2  and  G3  is  closely  related  to  the 
engineering  strain  component,  723,  see  eq.  (15.43b), 


IG2IIII&3I 


sm723. 


(15.68) 


In  numerous  applications,  thin  structures  such  as  cables,  membranes,  beam, 
plates,  and  shells  undergo  finite  displacements  and  rotations  while  strain  compo- 
nents remain  very  small.  The  small  strain  assumption  states  that  relative  elongations 
and  angular  distortions  are  negligible  compared  to  unity,  i.e.. 


|ei|,  |e2|,  k3|  <  1,      I723I,  I713I,  I712I  <  1- 


(15.69) 
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Introducing  this  approximation  in  eq.  (15.67)  and  (15.68)  yields 


In  other  words,  the  base  vectors  in  the  deformed  configuration  approximately 
define  an  orthonormal  basis  because  each  base  vector  is  approximately  of  unit  length, 
and  they  are  nearly  orthogonal  to  each  other.  For  small  strain  problems,  orthonormal 
basis  J  defined  in  section  15.5.1  will  be  selected  to  be  nearly  coincident  with  the 
base  vectors  in  the  deformed  configuration,  i.e.. 


a,^% 


(15.70) 


Consequently,  basis  J  is  called  the  convected  or  material  frame.  Introducing 
this  approximation  in  eq.  (15.63)  leads  to  Gj  =  Fji  jj  «  jj.  A  scalar  product  of  this 
result  by  jp  then  yields  Fij  «  6ij.  Finally,  using  eq.  (15.66) 


F. 


Ri 


(15.71) 


In  other  words,  when  the  strain  components  are  very  small,  the  deformation  gradient 
tensor  is  approximately  equal  to  the  finite  rotation  tensor  that  brings  basis  X  to  J'. 

Under  the  assumption  of  small  strains,  it  can  be  shown  that  the  principle  of  virtual 
work  becomes 


"'6-fr 


-p^Sv]  dVdt 


b^Su  dV  - 


fSu  dS  !>  dt 


p  Su  dV 


In  this  principle,  the  strain  measures  are  defined  as 

1 


Jij 


-AFi, 


(15.72) 


(15.73) 


and  the  stress  measures,  r**^,  form  the  convected  Cauchy  stress  tensor,  i.e.,  the  com- 
ponents of  the  true  stress  tensor  in  basis  J .  This  statement  of  the  principle  of  virtual 
work  will  be  used  in  subsequent  sections  to  derive  the  governing  equations  of  struc- 
tures undergoing  large  displacements  and  rotations  but  small  strains. 


16 

Formulation  of  flexible  elements 


This  chapter  deals  with  the  formulations  of  flexible  elements  such  as  flexible  joints, 
cables,  beams,  and  plates  and  shells,  which  are  presented  in  sections  16.1,  16.2, 16.3, 
and  16.4,  respectively.  In  all  cases,  geometrically  exact  formulations  are  derived, 
i.e.,  the  displacements  and  rotations  of  the  elements  are  arbitrarily  large,  although 
strain  components  are  assumed  remain  small,  a  feature  that  significantly  simplifies 
the  governing  equations  of  motion  of  these  structural  components. 


16.1  Formulation  of  flexible  joints 

Flexible  joints,  sometimes  called  bushing  elements  or  force  elements,  are  found  in 
all  multibody  dynamics  codes.  In  their  simplest  form,  flexible  joints  consist  of  sets 
of  three  linear  and  three  torsional  springs  placed  between  two  nodes  of  a  multibody 
system.  For  infinitesimal  deformations,  the  selection  of  the  lumped  spring  constants 
is  an  easy  task,  which  can  be  based  on  a  numerical  simulation  of  the  joint  or  on 
experimental  measurements. 

If  the  joint  undergoes  finite  deformations,  identification  of  its  stiffness  character- 
istics is  not  so  simple,  specially  if  the  joint  is  itself  a  complex  system.  When  finite 
deformations  occur,  the  definition  of  deformation  measures  becomes  a  critical  issue. 
Indeed,  for  finite  deformation,  the  observed  nonlinear  behavior  of  materials  is  partly 
due  to  material  characteristics,  and  partly  due  to  kinematics. 

This  section  focuses  on  the  determination  of  the  proper  finite  deformation  mea- 
sures for  elastic  bodies  of  finite  dimension.  In  contrast,  classical  strain  measures, 
such  as  the  Green-Lagrange  strains  presented  in  section  15.3.4,  among  many  others, 
characterize  finite  deformations  of  infinitesimal  elements  of  a  body.  It  is  argued  that 
proper  finite  deformation  measures  must  be  of  a  tensorial  nature,  i.e.,  must  present 
specific  invariance  characteristics.  This  requirement  is  satisfied  if  and  only  if  defor- 
mation measures  are  parallel  to  the  eigenvector  of  the  motion  tensor. 

Anand  [288,  289]  has  shown  that  the  classical  strain  energy  function  for  infinites- 
imal isotropic  elasticity  is  in  good  agreement  with  experiment  for  a  wide  class  of  ma- 
terials for  moderately  large  deformations,  provided  the  infinitesimal  strain  measure 
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used  in  the  strain  energy  function  is  replaced  by  the  Hencky  or  logarithmic  measure 
of  finite  strain.  This  means  that  the  behavior  of  materials  for  moderate  deformations 
can  be  captured  accurately  using  linear  constitutive  laws,  but  replacing  the  infinites- 
imal strain  measures  by  finite  deformation  measures  that  are  nonlinear  functions  of 
the  displacements. 

These  nonlinear  deformation  measures  capture  the  observed  nonlinear  behavior 
associated  with  the  nonlinear  kinematics  of  the  problem.  Degener  et  al.  [290]  also 
reported  similar  findings  for  the  torsional  behavior  of  beams  subjected  to  large  axial 
elongation. 

Much  attention  has  been  devoted  to  the  problem  of  synthesizing  accurate  con- 
stitutive properties  for  the  modeling  of  flexible  bushings  presenting  complex,  time- 
dependent  rheological  behavior  [291,  292].  It  is  worth  stressing,  however,  that  the 
literature  seldom  addresses  three-dimensional  joint  deformations. 

Much  like  multibody  codes,  most  finite  element  codes  also  support  the  modeling 
of  lumped  structural  elements.  While  linear  analysis  is  easily  implemented,  problems 
are  encountered  when  dealing  with  finite  displacements  and  rotations,  as  pointed  out 
by  Masarati  and  Morandini  [293].  Structural  analysis  codes,  either  specifically  in- 
tended for  multibody  dynamics  analysis,  like  MSC/ ADAMS,  or  for  nonlinear  finite 
element  codes  with  multibody  capabilities,  like  Abaqus/Standard,  allow  arbitrarily 
large  absolute  displacements  and  rotations  of  the  nodes  and  correctly  describe  their 
rigid-body  motion.  When  lumped  deformable  joints  are  used,  relative  displacements 
and  rotations  are  often  required  to  remain  moderate,  although  not  necessarily  in- 
finitesimal. 

Such  restrictions  occur  when  using  the  FIELD  element  of  MSC/ ADAMS,  a  lin- 
ear element  that  implements  an  orthotropic  torsional  spring  based  on  a  constant, 
orthotropic  constitutive  matrix  [294].  Similarly,  the  JOINTC  element  implemented 
in  Abaqus/Standard,  describes  the  interaction  between  two  nodes  when  the  second 
node  can  "displace  and  rotate  slightly  with  respect  to  the  first  node  [295],"  because 
its  formulation  is  based  on  an  approximate  relative  rotation  measure. 

The  formulations  and  implementations  of  flexible  joints  available  in  research  and 
commercial  codes  do  not  appear  to  allow  arbitrarily  large  relative  displacements  and 
rotations.  Moreover,  in  many  cases,  the  ordering  sequence  of  the  nodes  connected 
to  the  joint  matters,  because  the  behavior  of  the  flexible  joint  is  biased  towards  one 
of  the  nodes.  This  problem  is  known  to  experienced  analysts  using  these  codes.  To 
the  authors'  knowledge,  these  facts  are  rarely  acknowledged  in  the  literature.  It  ap- 
pears that  little  effort  has  been  devoted  to  the  elimination  of  these  shortcomings  from 
the  formulations  found  in  research  and  commercially  available  codes,  although  the 
predictions  of  these  codes  might  be  unexpected. 

This  section  presents  families  of  finite  deformation  measures  that  can  be  used 
to  characterize  the  deformation  of  flexible  joints.  These  deformation  measures  are 
closely  related  to  the  tensorial  parameterization  motion  developed  in  chapter  14.  Be- 
cause they  are  of  a  tensorial  nature,  these  deformation  measures  are  intrinsic  and 
invariant.  Furthermore,  it  will  be  shown  that  using  these  strain  measures  in  combi- 
nation with  the  linear  constitutive  laws  of  the  joint  enable  the  accurate  prediction  of 
joint  behavior  under  moderate  deformation. 
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16.1.1  Flexible  joint  configuration 


Handle  i 


Figure  16.1  shows  a  flexible  joint  in  its  reference  and  deformed  configurations.  It 
consists  of  a  three-dimensional  elastic  body  of  finite  dimension  and  of  two  rigid 
bodies,  called  handle  k  and  handle  ^,  that  are  rigidly  connected  to  the  elastic  body. 
In  the  reference  configuration,  the  configuration  of  the  handles  is  defined  by  frame 
J-Q  =  [K  =  L,  So  =  (^oi>  ^02,  ^03)]  7  where  Bq  forms  an  orthonormal  basis.  Points 
K  and  L  are  material  points  of  handles  k  and  £,  respectively,  with  coincident  geo- 
metric locations. 

In  the  deformed  configuration,  the  two  handles 
move  to  new  positions  and  the  elastic  body  de- 
forms. Points  K  and  L  are  now  at  distinct  loca- 
tions; the  relative  displacement  vector  of  point  L 
with  respect  to  point  K  is  denoted  u.  The  config- 
urations of  the  two  handles  are  now  distinct  and  two 
distinct  frames,  J"*^  =  \K,B^  =  (b\,b2,b\)\  and 
J-"^  =  [L,S^  =  (^i,&2  7^3)]'  define  the  configura- 
tions of  handle  k  and  £,  respectively.  The  relative 
rotation  tensor  of  basis  B^  with  respect  to  basis  B'' 
is  denoted  R. 

The  deformation  of  the  flexible  joint  stems  from 
applied  forces  and  moments.  At  point  K,  the  applied 
force  and  moment  vectors  are  denoted  F_f.  and  M^ , 
respectively;  the  corresponding  quantities  applied  at 
point  L  are  denoted  _F^  and  M_^,  respectively.  The 
loading  applied  to  the  flexible  joint  is  defined  in  the 
following  manner 


Handle  k 


A^ 


Ap 


(16.1) 


where  Aj.  and  A^  denote  the  loads  applied  at  points 
K  and  L,  respectively.  According  to  Newton's  third 
law,  these  loads  must  be  in  equilibrium,  i.e.. 


Ak 


ul 


Ao 


Deformed  configuration 

Fig.  16.1.  Configuration  of  the 
flexible  joint. 

(16.2) 


The  joint  is  assumed  to  be  massless,  i.e.,  inertial  forces  associated  with  its  motion 
are  neglected. 

The  state  of  deformation  of  the  elastic  body  depends  on  the  relative  displacement 
and  rotation  of  the  two  handles  and  is  unaffected  by  rigid  body  motions.  Conse- 
quently, it  is  possible  to  assume  that  handle  k  does  not  move,  and  the  relative  dis- 
placement and  rotation  of  handle  £  with  respect  to  handle  k  then  simply  becomes 
its  absolute  motion,  as  illustrated  in  fig.  16.2.  This  configuration  is  denoted  scenario 
£.  Of  course,  scenario  k  could  also  be  defined  in  a  similar  manner  if  the  location  of 
handle  £  is  assumed  to  remain  fixed  in  space. 
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Consider  the  differential  displacement  of  point  L  shown  in  fig  16.2.  The  com- 
ponents of  this  differential  displacement  vector  in  bases  B''  and  B^  are  du"*"  and 
R  dM+,  respectively.  The  components  of  the  differential  rotation  vector  of  handle 
i  are  denoted  df/'"''  =  axial(d7?i?"^)  and  dip*  =  axial(i?"'"d^)  =  R'^dip^  when 
resolved  in  the  same  bases,  respectively.  The  differential  motion  vector  of  point  L  is 
now  defined  as 

«-^fd?}^  (.63, 


Superscripts  (•)+  and  (•)*  indicate  tensor  components  resolved  in  basis  B'^  and  B^ 
respectively. 

The  differential  motion  of  the  point 
of  handle  £  that  instantaneously  coin- 
cides with  the  origin  of  reference  frame 
T'o,  denoted  dW^ ,  is  found  from  the 
following  frame  change  operation 


Deformed 
configuration 

of  handle  £ 


A7J+  _  fdw^+w+dV'^ 
— ^   -  \  d^+  ~ 


(16.4) 


where  K^  =  R. 

The  load  externally  applied  at 
point  L,  denoted  Ag,  was  defined  in 
eq.  (16.1).  These  applied  force  and  mo- 
ment vectors  are  now  resolved  in  basis 
B'^  to  form  4^"^  =  {Ff,Mf}.  The 
following  change  of  frame  operation  is  now  considered 


iL±f 


Fl 


Mj 


-U+F1 


Fig.  16.2.  Configuration  of  the  flexible  joint  for 
scenario  £.  For  clarity  of  the  figure,  the  elastic 
body  is  not  shown. 


(16.5) 


+  }=C-'iu-^,R-^)S 


Note  the  parallel  between  vector  A'^  and  the  second  Piola-Kirchhoff  stress  ten- 
sor [296] .  Indeed,  A^  represents  the  true  loads  applied  to  handle  £  in  its  deformed 
configuration,  but  transferred  to  the  original  location  of  their  application  point  in  the 
reference  configuration.  Loads  A^  and  A^  form  a  set  of  equipollent  loads  applied  to 
handle  £.  The  change  of  frame  operation  described  by  eq.  (16.5),  expresses,  in  fact, 
a  condition  of  equipoUence. 

16.1.2  Flexible  joint  differential  work 

The  differential  work,  dW,  done  by  the  forces  applied  to  the  joint  is 


r+TAni.+ 


+TA1J+ 


dW  =  Fj'  du+  +  MJ'  dTA+  =  Ai,'  Ml  =  AI  M 


(16.6) 
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where  the  last  two  equalities  follow  from  eqs.  (5.57)  and  (5.61),  respectively.  Be- 
cause handle  k  does  not  move,  the  forces  and  moments  applied  at  point  K  do  not 
work. 

Let  £^  be  a  set  of  six  generalized  coordinates  that  uniquely  define  the  config- 
uration of  handle  £,  i.e.,  a  one-to-one  mapping  is  assumed  to  exist  between  these 
generalized  coordinates  and  the  configuration  of  handle  £.  It  then  follows  that  a  one- 
to-one  mapping  must  exist  between  the  handle's  differential  motion  and  differentials 
of  the  generalized  coordinates 

dMl  =H*(£|)d£|,    Mi  =  'Ki£.i)d£i.  (16.7) 

Matrix  H(£.^)  is  the  Jacobian  matrix  or  tangent  operator  of  the  coordinate  transfor- 
mation. 

The  differential  work  done  by  the  forces  applied  to  the  joint,  eq.  (16.6),  now 
becomes 

dW  =  Ji^K*  (£|)d£|  =  =4|^H(£|)d£|  =  £|^d£+,  (16.8) 

where  the  generalized  forces  associated  with  the  generalized  coordinates  are  defined 

as 

Cj  =  ■K*^i£t)Ae  =  U^(£t)A^-  (16.9) 

It  is  now  assumed  that  the  flexible  joint  is  made  of  an  elastic  material  [285], 
which  implies  that  the  generalized  forces  can  be  derived  from  a  potential,  the  strain 
energy  of  the  joint,  denoted  A, 

The  differential  work  now  becomes 

dW  =  d£r^j01=diA),  (16.11) 

d£J 


and  can  be  expressed  as  the  differential  of  a  scalar  function,  the  strain  energy. 

The  reasoning  presented  in  this  section  could  be  repeated  for  scenario  k.  Because 
scenarios  k  and  £  only  differ  by  a  rigid  body  motion,  identical  results  should  be 
obtained.  In  particular,  the  differential  work  for  the  two  scenarios  should  be  identical, 
leading  to  dW  =  AJ'^dU'^  =  A^^ dU^ .  Loading  A^  and  Al  are  referred  to  the 
same  point,  the  origin  of  frame  Tq,  and  expressed  in  the  same  basis,  B^',  Newton's 
first  law  then  implies  A^  +  A^  =  0,  leading  to  the  intuitive  result  that 

Mt  =  -dZ^.  (16.12) 

16.1.3  The  deformation  measures 

In  the  previous  section,  quantities  £^  were  defined  as  "a  set  of  generalized  coor- 
dinates that  uniquely  define  the  configuration  of  handle  £,"  but  were  otherwise  left 
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undefined.  For  scenario  £,  the  configuration  of  handle  i  defines  the  deformation  of 
the  elastic  body,  and  hence,  these  generalized  coordinates  are,  in  fact,  deformation 
measures  for  the  flexible  joint.  The  following  notation  is  introduced 


£ 


(16.13) 


The  first  three  components  of  this  array  form  the  stretch  vector,  denoted  e,  and  the  last 
three  the  wryness  vector,  denoted  k.  Both  quantities  are  assumed  to  form  first-order 
tensors. 

Because  the  deformation  measures  uniquely  define  the  configuration  of  handle  I 
relative  to  handle  fc,  the  motion  tensor,  C(u,  i?),  can  be  expressed  as  C  =  C(£^).  It 
follows  that  the  deformation  measures  form  a  parameterization  of  the  motion  tensor. 
In  general,  the  deformation  measures  are  nonlinear  functions  of  six  quantities,  the 
three  components  of  the  relative  displacement  vector,  m,  and  the  three  parameters 
that  define  the  relative  rotation  tensor,  R. 

For  instance,  the  stretch  vector  could  be  selected  as  the  position  vector  of  point  L, 
e+  =  M+;  note  that  e*  =  R  e^,  as  expected  from  the  tensorial  nature  of  the  stretch 
vector.  The  Euler  angles  associated  with  rotation  tensor  R  form  a  valid  set  of  gener- 
alized coordinates  to  characterize  the  angular  motion  of  handle  i,  but  cannot  be  the 
components  of  the  wryness  vector  because  Euler  angles  do  not  form  the  components 
of  a  vector.  Any  vectorial  parameterization  of  rotation,  see  section  13.4,  is  a  suitable 
choice  for  the  wryness  vector. 


16.1.4  Change  of  reference  frame 

Deformed 
configuration 

of  handle  £ 


The  results  derived  in  section  16.1.2 
were  based  on  the  selection  of  an  ar- 
bitrary reference  frame,  J^o.  defined 
by  coincident  reference  points,  K  = 
L,  which  are  material  points  of  han- 
dles k  and  £,  respectively,  and  an  or- 
thonormal  basis,  Bq.  Another  refer- 
ence frame  could  have  been  selected. 


K'  =  L',S^ 


(4>^02,&03)]; 

figure  16.3  shows  the  new  reference 
points,  K'  -  L',  which  are  material 
points  of  handles  k  and  £,  respectively. 
For  clarity,  the  new  basis,  B'q,  is  not 
shown  on  the  figure.  The  position  vec- 
tor of  point  K'  with  respect  to  point  K 
is  denoted  s  and  the  relative  rotation 
tensor  of  basis  B'q  with  respect  to  ba- 
sis Bq  is  denoted  5^.  The  motion  tensor  that  brings  frame  to  J^o  to  J'g  is  denoted 
C'U,5). 


Fig.  16.3.  Configuration  of  the  flexible  joint  for 
scenario  £.  For  clarity  of  the  figure,  the  elastic 
body  is  not  shown. 
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The  development  presented  in  section  16.1.2  could  now  be  repeated  for  this  new 
choice  of  basis  and  reference  points,  leading  to  a  new  set  of  applied  loads,  X^ , 
deformation  measures,  £[^ ,  tangent  operator,  2l{£^^),  and  associated  generalized 
forces,  £^"'". 

If  the  same  problem  is  treated  with  scenario  £  in  the  two  different  frames,  the  sets 
of  loads  applied  at  points  L  and  L'  must  be  equipollent,  which  implies 

Aj  =Cl~'^{s,g)Xt-  (16.14) 

This  equation  expresses  the  relationship  between  the  components  of  the  loading  vec- 
tor in  the  two  frames,  J^o  to  Jq,  i.e.,  the  equipollence  condition  implies  that  the 
loading  vector  is  a  first-order  tensor,  see  eq.  (16.5). 

To  be  physically  meaningful,  the  corresponding  deformation  measures  must  also 
be  invariant  with  respect  to  a  change  of  frame,  i.e.,  they  must  also  be  first-order 
tensors,  and  their  components  in  two  frames,  Ta  and  J^q,  denoted  £^  and  S^^ ,  re- 
spectively, must  transform  according  to  the  rules  of  transformation  for  kinematic 
quantities  given  by  eq.  (16.4),  i.e., 

^|=£'U,^)^£+-  (16.15) 

This  equation  expresses  the  desired  invariance  of  the  deformation  measure. 

The  motion  tensor  is  a  second-order  tensor  and  the  deformation  measure  is  a  pa- 
rameterization of  this  motion  tensor.  According  to  eq.  (16.15),  this  parameterization 
must  be  a  first-order  tensor.  This  implies  that  the  deformation  measure  must  be  a 
tensorial  parameterization  of  motion. 

16.1.5  Deformation  measure  invariance 

Equation  (16.6)  expresses  the  invariance  of  the  differential  work  with  respect  to  a 
change  of  frame.  The  equipollence  condition  of  the  applied  load  is  expressed  by 
eq.  (16.14)  and  introducing  this  condition  into  eq.  (16.6)  yields 

dZ^I  =£'(s,^)dZ^;+.  (16.16) 

The  equipollence  of  the  applied  load  and  invariance  of  the  differential  work  imply 
that  the  components  of  the  loading  vector  transform  according  to  the  first-order  ten- 
sor transformation  rule  expressed  by  eq.  (16.5)  for  loading  quantities  and  the  compo- 
nents of  the  differential  displacement  vector  according  to  that  expressed  by  eq.  (16.4) 
for  kinematic  quantities. 

Introducing  eq.  (16.16)  into  eq.  (16.7)  and  pre-multiplying  by  C'~^  yields 
^+  =  £'"^K(^|)£'£'"^d£+,  where  £'£'-^  =  ^.  Introducing  eq.  ("14.59)  then 
yields  dU'^  =  2i(£.^^)C'~^d£^,  which  leads  to  the  expected  transformation  rule 
for  the  components  of  the  differential  deformation  measure 

d£+=£'d£;;+.  (16.17) 

The  invariance  of  the  differential  work  written  in  the  form  of  eq.  (16.8)  requires 
dW  =  CJ'^dSJ  =  £^+^d£^+.  Introducing  eq.  (16.17)  then  yields 
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£+=£'-^£;+.  (16.18) 

In  summary,  the  formulation  developed  in  section  16.1.2,  is  frame  invariant.  Un- 
der a  change  of  frame,  the  components  of  the  applied  and  generalized  loads  trans- 
form according  to  eqs.  (16.14)  and  (16.18),  respectively.  The  components  of  the  de- 
formation measure,  differential  displacement,  and  differential  deformation  measure 
transform  according  to  eqs.  (16.15),  (16.16),  and  (16.17),  respectively.  These  ener- 
getically conjugate  first-order  tensors  present  different  transformation  rules  under  a 
change  of  frame  to  guarantee  the  required  invariance  of  the  differential  work. 

The  invariance  of  the  various  quantities  involved  in  the  formulation  stems  from 
the  tensorial  nature  of  the  deformation  measure.  Because  this  measure  is  selected 
to  be  the  tensorial  parameterization  of  motion,  it  must  be  an  eigenvector  of  the  mo- 
tion tensor,  i.e.,  £^  =  C_£_'^ .  Since  the  deformation  measure  is  a  kinematic  quantity, 
^t  =  C-Q'  ^^'^  i'^  follows  that  Sj'  =  Q,  i.e.,  the  components  of  the  deformation 
measure  are  identical  in  frames  J^o  and  T^ .  This  implies  that  the  deformation  mea- 
sure is  identical  when  viewed  by  observers  in  frames  Tq  or  T^.  Consequently,  the 
deformation  measure  is  not  biased  towards  one  of  the  nodes  of  the  joint,  a  shortcom- 
ing of  many  of  the  formulation  presently  implemented  in  research  and  commercial 
codes. 

Equation  (16.12)  implies  £j  =  —£^,  which  simply  corresponds  to  a  sign  con- 
vention. Henceforth,  notation  £_  =  £_f  =  £}  is  used,  which  emphasizes  the  intrinsic 
nature  of  the  deformation  measure;  of  course,  a  change  of  sign  is  required  for  sce- 
nario k.  Finally,  eq.  (16.10)  implies  £  =  C^  =  C^,  which  shows  the  intrinsic  nature 
of  the  generalized  forces;  here  again,  a  change  of  sign  is  required  for  scenario  k. 

The  proposed  deformation  measures  are  parallel  to  the  eigenvector  of  the  motion 
tensor  associated  with  its  unit  eigenvalue.  Because  this  eigenvalue  has  a  multiplicity 
of  two,  two  linearly  independent  eigenvectors  exist,  and  the  deformation  measure  is 
a  linear  combination  of  these  two  eigenvectors.  An  explicit  expression  of  the  defor- 
mation measure,  see  eq.  (14.37),  is 

£={i}  =  {='f}. 

where  the  stretch  vector,  e,  is  related  to  the  displacement  vector,  u,  of  the  handle, 
the  wryness  vector,  k,  is  the  vectorial  parameterization  of  rotation,  and  tensor  D,  is 
defined  by  eq.  (14.38).  ~ 

16.1.6  Flexible  joint  constitutive  laws 

The  strain  energy  of  the  flexible  joint  is  assumed  to  be  a  quadratic  function  of  the 
deformation  measures,  A  =  1/2  £_  K_£_,  where  K^  is  the  joint's  stiffness  matrix 
for  infinitesimal  deformations.  The  generalized  forces  now  become  C  =  K_£_,  and 
eq.  (16.9)  then  yields 

At  =  U'^iQKS,  (16.20a) 

^=]r~'^{£)K£.  (16.20b) 
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Due  to  the  presence  of  the  tangent  tensor,  the  load-deformation  relationships  are  non- 
linear, and  the  deformation-displacement  relationships,  eqs.  (16.19),  are  also  nonlin- 
ear. 

The  loads  applied  to  handle  £  resolved  in  basis  Bq,  denoted^,  are  A  =  T^Aj'  = 
TZAi-  The  joint's  constitutive  laws  now  become 


A 


-H-^i!DL'U,K)F-^{K)  H-^{n)\  =-  ^^^-^^^ 


where  tensors  _F,  _ff,  and  L  are  defined  by  eqs.  (14.41),  (13.55),  and  (14.46),  respec- 
tively. 

Finally,  inversion  of  this  equation  gives  the  constitutive  laws  in  compliance  form 
as 

"  F^iti)        Q     " 


£  =  S 


A,  (16.22) 


where  S_  =  K~^  is  the  compliance  matrix  for  infinitesimal  deformations.  Given  the 
externally  applied  loads.  A,  this  nonlinear  equation  yield  the  joints  deformations,  in 
terms  of  the  stretch  vector,  e,  and  the  wryness  vector,  k. 

This  section  has  focused  on  the  definition  of  appropriate  deformation  measures 
for  elastic  bodies  of  finite  dimension,  in  contrast  with  classical  strain  measures  that 
are  defined  for  infinitesimal  elements  of  an  elastic  body.  It  was  first  argued  that  to 
be  physically  meaningful,  these  deformation  measures  must  be  of  a  tensorial  nature. 
Next,  it  was  proved  that  this  requirement  is  satisfied  if  and  only  if  the  deformation 
measures  are  parallel  to  the  eigenvector  of  the  motion  tensor  associated  with  its  unit 
eigenvalue. 

Equipped  with  these  deformation  measures,  constitutive  laws  for  the  flexible 
joint  were  derived  by  assuming  the  existence  of  a  strain  energy  function  that  is  a 
quadratic  form  of  these  deformation  measures.  Because  all  the  quantities  involved 
in  the  formulation  are  of  a  tensorial  nature,  the  behavior  of  the  joint  presents  the  re- 
quired invariance  with  respect  to  changes  of  basis  or  reference  point.  Furthermore, 
the  proposed  strain  measures  are  unbiased.  Flexible  joint  formulations  described  in 
the  literature  up  to  date  do  not  appear  to  present  these  desirable  characteristics. 

Example  16.1.  Simple  beam  treated  as  a  flexible  joint 

The  load-deformation  and  deformation-configuration  relationships  developed  above 
will  be  tested  on  a  number  of  simple  examples  involving  a  flexible  beam.  Figure  16.4 
shows  the  beam  of  length  L  along  unit  vector  boi,  width  b  along  602,  and  height  h 
along  603.  The  beam  is  made  of  a  homogeneous  material  of  Young's  modulus  E  and 
shear  modulus  G.  The  examples  presented  below  use  the  following  data:  L  =  0.6  m, 
6  =  5  mm,  /i  =  15  mm,  £;  =  73  GPa,  and  G  =  E/{2{1  +  u)),  where  v  =  0.3. 

Handles  k  and  £  are  rigidly  attached  to  the  root  and  tip  of  the  beam,  respectively. 
Elementary  structural  analysis  [285]  yields  the  compliance  matrix  of  the  joint 


610 


16  Formulation  of  flexible  elements 


L/S        Q                0               0 

0                 0 

0     L^/3H33          0               0 

0              ^^2^33 

0           0          L^/3H22        0 

-LV2ff22         0 

0           0                 0          L/Hii 

0                 0 

0           0         -L^/2H22       0 

L/H22            0 

0     L^/2H33          0               0 

0            L/H33 

(16.23) 


where  S  =  Ebh,  H22  =  Ebh^ /12,  H33  =  Ehb^ /12,  and  Hn  =  Ghb^/3  are 
the  beam's  axial  stiffness,  bending  stiffness  with  respect  the  unit  vector  12,  bending 
stiffness  with  respect  the  unit  vector  13,  and  torsional  stiffness,  respectively. 

Various  combinations  of  forces  and  moments  are  applied  to  handle  k,  and  the 
resulting  displacements  and  rotations  are  then  evaluated  using  the  joint's  constitutive 
laws,  eqs.  (16.22).  These  predictions  are  compared  with  those  of  a  finite  element 
solution  for  the  geometrically  exact  beam  model  presented  in  section  16.3,  which 
provide  an  exact  treatment  of  the  kinematics  of  the  system,  but  assume  the  strains  to 
remain  small  at  all  time.  This  latter  assumption  is  equivalent  to  assuming  a  constant 
compliance  matrix,  as  done  here.  All  the  numerical  solutions  shown  below  are  ob- 
tained by  modeling  the  beam  with  12  cubic  elements,  corresponding  to  a  total  216 
degrees  of  freedom. 

In  the  first  example,  the  joint  is  subjected  to  a  single  bending  moment  about  unit 
vector  13,  denoted  M3.  For  this  simple  case,  eqs.  (16.22)  can  be  solved  analytically 
to  yield  ^3(0)  =  ao{(p)M3,  where  </>  is  the  rotation  angle  of  handle  £  about  unit 
vectori3  andMa  =  LAfs/iJaa.  The  displacementcomponents  of  handlei?  along  unit 
vectors  zi  and«2  are  then  mi  =  ui/L  =  —{l—cos<f>)/2  andu2  =  U2/L  =  1/2  sin0. 
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Fig.   16.4.  Reference  configuration  of  the 
flexible  beam. 


Fig.  16.5.  Joint  deformation  under  a  single 
moment.  Top  figure:  displacement  compo- 
nents ui  (o)  and  112  (o)',  bottom  figure:  rota- 
tion 7-3  (A).  Exact  solution:  symbols.  Present 
solution:  k((^)  —  (j),  dashed  line;  «;((/))  = 
4  sin  0/4,  dotted  line;  k{(J))  —  4tan(j!)/4, 
dashed-dotted  line. 
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The  exact  solution  of  this  problem  is  easily  found  because  the  beam  deforms 
into  an  arc  of  circle  under  the  single  applied  moment,  leading  to  0  =  M3,  ui  = 
—  (1  —  sin(/)/(/))/2,  and  U2  =  {1  —  cos(f>)/(f),  see  fig.  16.5.  Three  approximate  solu- 
tions obtained  from  the  proposed  approach  for  three  different  generating  functions, 
K,{(p)  =  (f>,  k{(J))  =  4sin(/)/4,  and  k{(J))  =  4ta.n(j)/A,  are  also  depicted  in  this  fig- 
ure. For  k(0)  =  (p,  corresponding  to  the  exponential  map  of  rotation,  the  proposed 
approach  gives  the  exact  solution  of  the  joint's  relative  rotation.  The  transverse  dis- 
placement of  the  joint  is  well  captured  up  to  very  large  displacement  magnitudes, 
U2  ~  0.3  m,  for  a  beam  of  length  L  =  0.6  m.  The  beam's  foreshortening,  a  higher- 
order  nonlinear  effect,  is  also  well  predicted  up  to  large  transverse  displacements. 

If  the  joint  were  made  of  a  nonlinear  material,  the  curvature-relative  rotation  re- 
lationship would  become  nonlinear,  and  the  generating  function  could  be  selected 
to  approximate  this  numerically  or  experimentally  observed  behavior  as  closely  as 
possible.  This  will  enable  the  present  approach  to  deal  with  nonlinear  elastic  man- 
ner in  an  approximate  manner.  This  effect  is  apparent  in  fig  16.5  that  depicts  the 
curvature-relative  rotation  relationship  for  generating  functions  k(0)  =  4  sin  cp/A 
and  k((/>)  =  4  tan  0/4,  which  give  rise  to  softening  or  stiffening  material  behaviors, 
respectively. 

The  second  example  involves  the  same  flexible  joint  now  subjected  to  two  mo- 
ment components,  AI2  =  3A  Nm  and  M3  =  A  Nm,  acting  about  unit  vectors  12  and 
13,  respectively,  where  A  G  [0, 12]  is  the  loading  factor. 


.^P^^ii^i'^ 
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TENSILE  FORCE  F, 


Fig.  16.6.  Joint  deformation  under  two  mo- 
ments. Top  figure:  displacement  components 
ui  (o),  U2  (o),  and  U3  (□);  bottom  figure: 
exponential  map  components  ri  (V),  r2  (<), 
and  r-s  (A).  Finite  element  solution:  sym- 
bols. Present  solution:  n{(j})  —  4>^  dashed 
line;  k((/))  =  2  sin  4'/2,  dotted  line;  k((^)  = 
2  tan  (ji/2,  dashed-dotted  line. 


Fig.  16.7.  Joint  deformation  under  two 
forces.  Top  figure:  displacement  components 
u-i  (o)  and  U2  (o);  bottom  figure:  exponential 
map  component  7-3  (A).  Finite  element  solu- 
tion: symbols.  Present  solution:  k{(J))  —  4>, 
dashed  line;  k(0)  =  2sin<j!)/2,  dotted  line; 
«;(0)  =  2tan(j!)/2,  dashed-dotted  line. 


Figure  16.6  illustrate  the  ability  of  the  proposed  approach  to  capture  the  cou- 
pled, three-dimensional  response  of  the  joint  up  to  large  relative  displacements  and 
rotations. 
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In  the  next  example,  the  joint  is  subjected  to  two  forces:  a  constant  force  F2  =  20 
N  and  a  linearly  increasing  tensile  force  Fi  e  [0, 300]  N,  acting  along  unit  vectors 
i2  and  ii,  respectively.  Under  the  effect  of  the  tensile  force,  the  joint  stiffens  and 
the  displacement  component  U2  resulting  from  the  constant  force  component  F2  de- 
creases, as  shown  in  fig.  16.7.  Here  again,  the  predictions  of  the  proposed  approach 
are  found  to  be  in  qualitative  agreement  with  the  finite  element  solution. 

The  stiffening  of  the  joint  under  a  tensile  force  is  a  nonlinear  effect  that  is  cap- 
tured by  the  proposed  approach  because  the  equilibrium  equations  of  the  joint  are 
expressed  in  the  deformed  configuration  of  the  system.  This  prompts  the  following 
question:  is  the  proposed  formulation  able  to  predict  the  instability  of  the  joint  under 
compressive  load? 
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Fig.  16.8.  Joint  deformation  under  compres- 
sive force.  Top  figure:  displacement  compo- 
nents iti  (o)  and  U2  (o);  bottom  figure:  ex- 
ponential map  component  7-3  (A).  Finite  el- 
ement solution:  symbols.  Present  solution: 
k(0)  =  (j),  dashed  line;  k((^)  =  4sin(;/>/4, 
dotted  line;  k((/))  =  4:ta,n<f>/4:,  dashed- 
dotted  line. 
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AXIAL  COMPRESSIVE  LOAD  F,  |N| 

Fig.  16.9.  Joint  deformation  under  two 
forces.  Top  figure:  displacement  components 
ui  (o)  and  U2  (o);  bottom  figure:  exponential 
map  component  7-3  (A).  Finite  element  solu- 
tion: symbols.  Present  solution:  K,{<f>)  ~  (l>, 
dashed  line;  k((^)  =  2sm(t>/2,  dotted  line; 
K.{4>)  =  2tan(j)/2,  dashed-dotted  line. 


Figure  16.8  shows  the  response  of  the  system  subjected  to  a  small,  constant  load 
F2  =  0.1  N  and  a  linearly  increasing  compressive  load,  Fi  e  [0, 100]  N.  The  Euler 
buckling  load  of  the  beam  [285]  is  PeuIgi-  =  ■^^H^s/i'iL^)  =  78  N,  which  is  ac- 
curately predicted  by  the  finite  element  model.  The  present  model  also  predicts  the 
buckling  phenomenon,  although  for  a  lower  compressive  load  of  about  60  N.  The 
inaccurate  prediction  of  the  present  model  is  due  to  the  fact  that  it  uses  6  degrees 
of  freedom  only,  in  contrast  with  the  216  degrees  of  freedom  used  in  the  reference 
solution.  Modeling  the  problem  with  a  single  two-node  beam  element  also  results  in 
an  inaccurate  prediction  of  the  buckling  load,  which  is  over-predicted  by  about  50%. 

It  is  also  possible  to  trace  the  post-buckling  path  of  the  system.  If  a  constant 
load  _F2  =  10  N  and  a  compressive  load  Fi  e  [0, 100]  N  are  applied  to  the  joint,  it 
quickly  enters  the  post-buckling  regime,  as  depicted  in  fig.  16.9.  The  proposed  model 
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traces  the  post-buckling  path  for  up  to  very  large  displacements  and  rotations:  for  a 
compressive  load  of  100  N,  the  relative  rotation  of  the  joint  is  of  about  180  degrees. 

All  the  predictions  presented  in  this  example  are  in  good  qualitative  agreement 
with  exact  solutions  for  geometrically  exact  beams  obtained  from  nonlinear  finite  el- 
ement simulations,  up  to  very  large  relative  displacements  and  rotations  of  the  flexi- 
ble joint.  For  small  to  moderate  displacements  and  rotations,  the  agreement  between 
the  predictions  of  the  proposed  formulation  and  exact  solutions  is  accurate. 

It  must  be  emphasized  that  the  present  formulation  only  "knows"  the  linearized 
compliance  matrix  of  the  joint.  The  nonlinear  governing  equations  of  geometrically 
exact  beams  are  not  derived.  Yet,  the  proposed  deformation  measures  used  in  con- 
junction with  the  linearized  compliance  matrix  provide  constitutive  laws  for  the  flex- 
ible joint  that  qualitatively  describe  its  behavior  up  to  large  relative  displacements 
and  rotations.  Instabilities,  such  as  buckling  under  large  compressive  load  or  lateral 
buckling  under  large  transverse  loads  (not  shown  here  for  brevity  sake)  are  also  pre- 
dicted by  the  proposed  formulation.  For  small  displacements  and  rotations,  accurate 
predictions  are  obtained. 

While  the  proposed  deformation  measures  remain  tensorial  for  deformations  of 
arbitrary  magnitude,  nonlinear  constitutive  laws  should  be  used  if  the  joint  undergoes 
large  deformations.  The  numerical  examples  presented  in  this  example  use  linear 
constitutive  laws  to  model  a  joint  consisting  of  a  simple  flexible  beam.  The  behavior 
joint  is  accurately  predicted  for  small  and  moderate  deformations  and  the  correct 
qualitative  behavior  for  up  to  very  large  displacements  and  rotations  is  observed. 


16.2  Formulation  of  cable  equations 

Cables  are  one-dimensional,  flexible  structures  that  can  only  carry  axial  forces,  i.e., 
forces  acting  in  the  direction  tangent  to  the  cable.  In  contrast  with  beams,  described 
in  section  16.3,  cables  present  no  bending,  torsional,  or  shearing  stiffness.  The  kine- 
matic description  of  cable  structures  in  presented  in  section  16.2.1  and  leads  to  the 
definition  of  the  strain  components  in  section  16.2.2.  The  governing  equations  for 
the  static  behavior  of  elastic  cables  are  derived  in  section  16.2.3  and  section  16.2.4 
extends  the  formulation  to  dynamics  problems. 

16.2.1  The  kinematics  of  the  problem 

Figure  16.10  shows  a  flexible  cable  idealized  as  a  curve  in  space.  The  reference  and 
deformed  configurations  of  the  cable  will  be  described  with  respect  to  an  inertial  ref- 
erence frame,  J^^  =  [0,X  =  {ii,i2,i3)]-  Material  pointP  of  the  cable  is  defined  by 
its  curvilinear  coordinate,  ai,  which  measures  length  along  the  reference  configura- 
tion of  the  cable. 

The  position  vector  of  point  P  is 

x  =  x{ai).  (16.24) 
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Using  eq.  (15.26),  base  vector  gi  becomes 


51 


dx 
dai 


(16.25) 


Deformed 
uradon 


The  base  vector  is  the  unit  tangent  to  the  curve  that  defines  the  geometry  of  the 
cable  in  its  reference  configuration;  indeed,  as  discussed  in  section  2.2.1,  curvilinear 
variable  ai  represents  an  intrinsic  parameterization  of  the  curve. 

In  the  deformed  configuration, 
the  position  vector  of  point  P,  de- 
noted X(q:i),  becomes 

X(ai)  =  x{ai)  +  u{ai), 

(16.26) 
where  u  is  the  displacement  vector 
of  point  P.  The  base  vector  in  the 
deformed  configuration  becomes 


x(a,) 


Reference 
configuration 


Fig.  16.10.  Cable  in  the  reference  and  deformed 
configurations. 
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■vf     (16.27) 


where  notation  (•)'  indicates  a  derivative  with  respect  to  ai.  Because  the  cable  un- 
dergoes axial  deformations,  material  coordinate  ai  no  longer  measures  length  along 
the  deformed  configuration  of  the  cable;  hence,  as  discussed  in  section  2.2.2,  it  repre- 
sents an  arbitrary  parameterization  of  the  curve  defining  the  geometry  of  the  cable  in 
its  deformed  configuration.  Base  vector  Gi  is  tangent  to  the  deformed  configuration 
of  the  cable,  but  it  is  not  a  unit  vector. 

Let  unit  vector  Ji  be  parallel  to  base  vector  Gi , 


Gi  =  (l  +  en)ji, 


(16.28) 


where  en  is  a  strain  related  parameter  which  can  be  expressed  in  terms  of  displace- 
ments with  the  help  of  eqs.  (16.27)  and  (16.28) 


{l  +  enf  =  {gi+ur{9i+u') 


(16.29) 


Because  the  cable  is  a  one  dimensional  structure,  the  metric  tensor  reduces  to  a  single 
component,  Gn  =  (l-t-en)^.  The  only  non  vanishing  component  of  the  Green- 
Lagrange  strain  tensor,  eq.  (15.45),  is 

1 


en 


-[(l  +  en)'-l]  =en  +  -e?i 


-T    / 


iT    I 
■U     U  , 


(16.30) 


where  the  strain  parameter  was  expressed  in  terms  of  displacement  using  eq.  (16.29). 


16.2.2  The  small  strain  assumption 

The  strain-displacement  relation,  eq.  (16.30),  is  valid  for  arbitrarily  large  displace- 
ments and  strains.  If  the  strain  component  can  be  assumed  to  remain  much  smaller 
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that  unity,  a  simplified  strain-displacement  relationship  can  be  obtained.  The  modi- 
fied deformation  gradient  tensor  defined  in  section  15.5.1  reduces  to  a  single  compo- 
nent, i^ii,  obtained  from  eqs.  (15.65)  and  (16.28)  as 

Ai  =  l  +  eii.  (16.31) 

The  small  strain  measure  then  follows  from  eq.  (15.73) 

711  =  en  «  gly!  +  i^vl^vl-  (16-32) 

The  small  strain  assumption  was  used  to  approximate  eq.  (16.30),  en  =  en  + 
e\i/2  K,  en,  leading  to  the  second  equality  of  eq.  (16.32).  When  the  strains  are 
small,  it  is  clear  that  the  strain  parameter,  en,  is  equal  to  the  axial  strain  in  the  cable, 
7ii.  Variation  of  the  small  strain  measure  is 

^711  =  ,5u'^  (gi  +  u')  =  5y!'^G^.  (16.33) 

16.2.3  Governing  equations 

The  governing  equations  of  the  static  problem  are  readily  obtained  from  the  principle 
of  virtual  work,  eq.  (15.72),  which  states 

L 

11; 


r*^^(57n  dAdai  =  (5Wcxt,  (16.34) 

0     J  A 

for  all  arbitrary  virtual  displacements.  The  length  of  the  cable  in  the  reference  con- 
figuration is  denoted  L,  A  is  its  cross-section  area,  and  (5Wext  the  virtual  work  done 
by  the  externally  applied  loads.  Integrating  the  left-hand  side  over  the  cross-sectional 
area  of  the  cable  yields 

/    F*,57n  dai  =  <5We,t,  (16.35) 

Jo 

where  F*  =  /^  "J"*^^  d-4  is  the  total  axial  force  in  the  cable  along  material  axis  Ji. 

The  virtual  work  done  by  the  forces  externally  applied  to  the  cable  is  expressed 
as  (5Wext  =  /o  ^u!"  f  dai,  where  /  is  the  externally  applied  load  per  unit  length  of 
the  cable's  reference  configuration.  Introducing  the  strain  variation,  eq.  (16.33),  into 
eq.  (16.35)  then  leads  to 

/     Syf^F*Gj^dai=         5tF  Idai.  (16.36) 

Integration  by  parts  then  yields  the  governing  equations  of  the  problem, 

[F*G^\  =  -/.  (16.37) 

If  the  cable  is  assumed  to  present  a  linear  elastic  behavior,  the  constitutive  law 
simply  states  the  proportionality  of  the  axial  force  to  the  axial  strain, 
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F*=Sjn,  (16.38) 

where  S  is  the  axial  stiffness  of  the  cable.  Introducing  the  constitutive  law  into  the 
governing  equation,  eq.  (16.37), 

[Sy!'^{9i+yf/2)G,]'  =  -£.  (16.39) 

When  written  in  this  form,  the  high  level  of  nonlinearity  of  the  equation  governing 
the  cable's  displacement  field  is  apparent. 

16.2.4  Extension  to  dynamic  problems 

The  formulation  presented  thus  far  has  focused  on  static  problems.  If  the  cable's 
configuration  changes  in  time,  the  inertial  velocity  of  a  material  point  of  the  cable  is 
v  =  u.  The  cable's  total  kinetic  energy  is  then 

1  f^     f         T  ^     f^  T- 

K  =  -  pu   udAdai  =  -         mu   udai,  (16.40) 

2  Jo    J^  2  Jq 

where  p  is  the  cable's  mass  density,  and  m  =  J.p  dA  its  mass  per  unit  span  in  the 
reference  configuration. 

Variation  of  the  kinetic  energy  is 

6K  =   /     Su  mudai  =         Su  pdai,  (16.41) 

Jo  Jo  ~ 

where  p  =  mu  is  the  momentum  vector.  Hamilton's  principle  now  yields  the  equa- 
tions of  motion  of  the  problem 

mu- [F*Gi]'  =  /.  (16.42) 

These  equations  of  motion  are  valid  for  arbitrarily  large  displacements  of  the  cable 
when  the  strain  components  are  assumed  to  remain  small. 

16.2.5  Problems 

Problem  16.1.  Linear  elastic  cable 

Consider  a  cable  with  a  linear  elastic  constitutive  law:  _F*  —  S^fn,  where  S  is  the  axial  stiff- 
ness of  the  cable.  The  cable  is  unloaded.  Prove:  (1)  the  preservation  the  total  linear  momentum 
of  the  cable;  (2)  the  preservation  the  total  angular  momentum  of  the  cable;  (3)  the  preservation 
the  total  mechanical  energy  of  the  cable.  If  the  cable  is  subjected  to  distributed  external  loads 
f(ai,t)  and  end  forces  Fi{t)  and  F2{t)  at  ai  =0  and  L,  respectively,  what  happens  to  the 
above  three  preservation  laws? 

Problem  16.2.  Pre-stretched  cable 

Consider  a  straight,  pre-stretched  cable  of  length  L.  The  constitutive  law  for  the  cable  is  _F*  — 
S  (e+7ii),  where  e  is  the  pre-stretch,  S  the  axial  stiffness,  and  hence,  T  —  S  e  the  pre-tension 
in  the  cable.  Linearize  the  governing  equations  by  assuming  displacement  field  to  remain 
small.  Find  the  equilibrium  configuration  of  the  cable  under  a  uniform  transverse  loading  /o . 
For  the  unloaded  cable  under  pre-tension  find  the  natural  frequencies  and  mode  shapes  of  the 
system. 
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16.3  Formulation  of  beam  equations 

A  beam  is  defined  as  a  structure  having  one  of  its  dimensions  much  larger  than  the 
other  two.  The  axis  of  the  beam  is  defined  along  that  longer  dimension  and  its  cross- 
section  is  normal  to  this  axis.  The  cross-section's  geometric  and  physical  properties 
are  assumed  to  vary  smoothly  along  the  beam's  span.  Civil  engineering  structures 
often  consist  of  assemblies  or  grids  of  beams  with  cross-sections  having  shapes  such 
as  r's  or  /'s.  A  large  number  of  machine  parts  also  are  beam-like  structures:  linkages, 
transmission  shafts,  robotic  arms,  etc.  Aeronautical  structures  such  as  aircraft  wings 
or  helicopter  rotor  blades  are  often  treated  as  thin-walled  beams.  Finally,  both  tower 
and  rotor  blades  of  wind  turbines  also  fall  within  the  category  of  beams  structures. 

The  solid  mechanics  theory  of  beams,  more  commonly  referred  to  simply  as 
"beam  theory,"  plays  an  important  role  in  structural  analysis  because  it  provides  de- 
signers with  simple  tools  to  analyze  numerous  structures  [285].  Within  the  frame- 
work of  multibody  dynamics,  the  governing  equations  for  beam  structures  are  non- 
linear partial  differential  equations,  and  the  finite  element  method  is  often  used  to 
obtain  approximate  numerical  solutions  of  these  equations.  Of  course,  the  same  fi- 
nite element  approach  could  also  be  used  to  model  the  same  structures  based  on  plate 
and  shell,  or  even  three-dimensional  elasticity  models,  but  at  a  much  higher  compu- 
tation cost.  Beam  models  are  often  used  at  a  pre-design  stage  because  they  provide 
valuable  insight  into  the  behavior  of  structures. 

Several  beam  theories  have  been  developed  based  on  various  assumptions,  and 
lead  to  different  levels  of  accuracy.  One  of  the  simplest  and  most  useful  of  these 
theories  is  due  to  Euler  who  analyzed  the  elastic  deformation  of  a  slender  beam, 
a  problem  known  as  Euler's  Elastica  [297].  Euler-BernouUi  beam  theory  [285]  is 
now  commonly  used  in  many  civil,  mechanical  and  aerospace  applications,  although 
shear  deformable  beam  theories  [298,  299],  often  called  "Timoshenko  beams,"  have 
also  found  wide  acceptance.  Reissner  investigated  beam  theory  for  large  strains  [300] 
and  large  displacements  of  spatially  curved  members  [301,  302]. 

In  this  section,  the  geometrically  exact  beam  theory  will  be  presented.  The  kine- 
matic description  of  the  problem  developed  in  section  16.3.1  accounts  for  arbitrarily 
large  displacements  and  rotation,  hence  the  term  "geometrically  exact,"  although 
the  strain  components  are  assumed  to  remain  small,  see  section  15.5.2.  The  kine- 
matics of  geometrically  beams  was  first  presented  by  Simo  et  al.  [303,  304],  but 
similar  developments  were  proposed  by  Borri  and  Merlini  [305]  or  Danielson  and 
Hodges  [306,  307]. 

In  many  applications,  however,  beams  are,  in  fact,  complex  build-up  structures 
with  solid  or  thin-walled  cross-sections.  In  aeronautical  constructions,  for  instance, 
the  increasing  use  of  laminated  composite  materials  leads  to  heterogeneous,  highly 
anisotropic  structures.  The  analysis  of  complex  cross-sections  featuring  composite 
materials  and  the  determination  of  the  associated  sectional  properties  was  first  pre- 
sented by  Giavotto  et  al.  [308,  309].  Their  approach,  based  on  linear  elasticity  theory, 
leads  to  a  two-dimensional  analysis  of  the  beam's  cross-section  using  finite  elements, 
which  yields  the  sectional  stiffness  characteristics  in  the  form  of  a  6  x  6  stiffness  ma- 
trix relating  the  six  sectional  deformations,  three  strains  and  three  curvatures,  to  the 
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sectional  loads,  three  forces  and  three  moments.  Furthermore,  the  three-dimensional 
strain  field  at  all  points  of  the  cross-section  can  be  recovered  once  the  sectional 
strains  are  known. 

For  nonlinear  problems,  the  decomposition  of  the  beam  problem  into  a  linear, 
two-dimensional  analysis  over  the  cross-section,  and  a  nonlinear,  one-dimensional 
analysis  along  its  span  was  first  proposed  by  Berdichevsky  [310].  Hodges  [311]  has 
reviewed  many  approaches  to  beam  modeling;  he  points  out  that  although  the  two- 
dimensional  finite  element  analysis  of  the  cross-section  seems  to  be  computationally 
expensive,  it  is,  in  fact,  a  preprocessing  step  that  is  performed  once  only. 

A  unified  theory  presenting  both 


Deformed 
configuration 


linear,  two-dimensional  analysis  over 
the  cross-section,  and  a  nonlinear,  one- 
dimensional  analysis  along  the  beam's 
span  was  further  refined  by  Hodges  and 
his  co-workers  [312,  313].  The  non- 
linear, one-dimensional  analysis  along 
the  beam's  span  corresponds  the  ge- 
ometrically exact  beam  theory  devel- 
oped earlier  based  on  simplified  kine- 
matic assumptions.  More  sophisticated 
beam  theories  have  been  developed  that 
account  for  Vlasov  effects  [314]  or  the 
trapeze  effect  [315].  Detailed  devel- 
opments of  nonlinear  composite  beam 
theory  developed  by  Hodges  and  his 

coworkers  are  found  in  his  textbook  [316]  and  applications  to  multibody  systems 

inref.  [283]. 


Reference 
configuration 

Fig.  16.11.  Curved  beam  in  the  reference  and 
deformed  configurations. 


16.3.1  Kinematics  of  the  problem 

Figure  16.1 1  depicts  an  initially  curved  and  twisted  beam  of  length  L,  with  a  cross- 
section  of  arbitrary  shape  and  area  A.  The  volume  of  the  beam  is  generated  by  sliding 
the  cross-section  along  the  reference  line  of  the  beam,  which  is  defined  by  an  arbi- 
trary curve  in  space.  Curvilinear  coordinate  ai  defines  the  intrinsic  parameterization 
of  this  curve,  section  2.2.1,  i.e.,  it  measures  length  along  the  beam's  reference  line. 
Point  B  is  located  at  the  intersection  of  the  reference  line  with  the  plane  of  the  cross- 
section. 

In  the  reference  configuration,  an  orthonormal  basis,  Bo{ai)  =  (&i,  62,  ^3),  is 
defined  at  point  B.  Vector  61  is  the  unit  tangent  vector  to  the  reference  curve  at  that 
point,  and  unit  vectors  62  and  63  define  the  plane  to  the  cross-section.  An  inertial 
reference  frame,  J^^  =  [0,X  =  («i,«2,*3)],  is  defined,  and  the  components  of  the 
rotation  tensor  that  brings  basis  X  to  Bq,  resolved  in  basis  X,  are  denoted  R  (ai). 

The  position  vector  of  point  B  along  the  beam's  reference  line  is  denoted 
XjQ{ai).  The  position  vector  of  material  point  P  of  the  beam  then  becomes 
x{ai,a2,a3)    =   2.o('^i)  +  ^2  62  +  a^  b^,  where  012  and  a^  are  the  material 
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coordinates  along  unit  vectors  62  and  63,  respectively.  Coordinates  ai,  a2,  and  0^3 
form  a  natural  choice  of  coordinates  to  represent  the  configuration  of  the  beam. 


The  displacement  field 

In  the  deformed  configuration,  all  the  material  points  located  on  a  cross-section  of 
the  beam  move  to  new  positions.  This  motion  is  decomposed  into  two  parts,  a  rigid 
body  motion  and  a  warping  displacement  field.  The  rigid  body  motion  consists  of 
a  translation  of  the  cross-section,  characterized  by  displacement  vector  u{ai)  of 
reference  point  B,  and  of  a  rotation  of  the  cross-section,  which  brings  basis  Bq  to 
B{ai)  =  (_Bi,  B2,  -63),  see  fig.  16.11.  The  components  of  the  rotation  tensor  that 
brings  basis  Bq  to  B,  resolved  in  basis  X,  are  denoted  R(ai). 

The  warping  displacement  field  is  defined  as  w  (ai ,  q;2  ,  a3 )  =  wi  -Bi  +  ■W2B2  + 
W3B3.  This  displacement  field  represents  a  warping  that  includes  both  in-plane  and 
out-of-plane  deformations  of  the  cross-section.  To  be  uniquely  defined,  the  warping 
field  should  be  orthogonal  to  the  rigid  body  motion  [308,  316].  Consequently,  unit 
vectors  B2  and  B^  define  the  average  plane  of  the  cross-section  and  vector  Bi  is 
orthogonal  to  that  plane. 

The  position  vector  of  point  P  in  the  deformed  configuration  now  becomes 

X(ai, 02,03)  =  Xq  +  wi  Bi  +  (w2  +  a2)B2  +  (w^  +03)53.  (16.43) 

The  position  of  point  B  is  expressed  as  Xg(Q;i)  =  Xq  +  u.  Because  Bi  =  Rhi  = 
{RR„)  H,  eq.  (16.43) becomes 

2Lioii,a2,a3)  =  Xq  +  u+  (REq)  (w  +  02  «2  +  ^3  ^3)  •  (16.44) 

The  warping  displacement  field  is  computed  from  the  geometric  and  stiffness  proper- 
ties of  the  cross-section,  typically  by  solving  a  two-dimensional  finite  element  prob- 
lem over  the  cross-section,  as  described  in  refs.  [308,  316]. 


The  sectional  strain  measures 

The  sectional  strain  measures  for  beams  with  shallow  curvature  are  defined  as 

where  k  =  axial(_R'i?^)  are  the  components  of  the  sectional  curvature  vector  re- 
solved in  the  inertial  basis  and  k.^  the  components  of  the  corresponding  curvature 
vector  in  the  reference  configuration.  Notation  (•)'  indicates  a  derivative  with  re- 
spect to  oi.  The  strain  components  resolved  in  the  convected  material  basis,  B,  are 
denoted  e*  =  (i?i?„)^e  and  consist  of  the  sectional  axial  and  shear  strains.  The  cur- 
vature components  resolved  in  the  same  material  basis  are  denoted  k*  =  {RR^J^k 
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and  consist  of  the  sectional  twisting  and  bending  curvatures.  Notation  (•)*  indicates 
the  components  of  vectors  and  tensors  resolved  in  the  material  basis. 

By  definition,  a  rigid  body  motion  is  a  motion  that  generates  no  strains.  This 
implies  that  the  following  rigid  body  motion,  u{ai)  =  u^  +  {B/^  —  I_)xQ{ai), 
R{ai)  =  R  ,  consisting  of  a  translation,  u^-,  and  a  rotation  about  the  origin  charac- 
terized by  a  rotation  matrix,  R  ,  should  generate  no  straining  of  the  beam.  It  can  be 
readily  verified  with  the  help  of  eqs.  (16.45)  that  such  rigid  body  motion  results  in 
e  =  0  and  k  =  0,  as  expected. 

16.3.2  Governing  equations 

For  the  problem  at  hand,  the  principle  of  virtual  work  states 

/    {5e*^N*  +  SK*'^M*)dai  =  SWe^t,  (16.46) 

Jo 

where  N_*  and  M_*  are  the  beam's  sectional  forces  and  moments,  respectively.  The 
sectional  constitutive  law  relates  the  sectional  strain  measures  to  the  sectional  loads, 

f}=r{j}>  (16.47) 

where  C*  is  the  beam's  6x6  sectional  stiffness  matrix.  This  matrix  is  a  byproduct 
of  a  two-dimensional  finite  element  analysis  over  the  beam's  cross-section,  as  dis- 
cussed in  refs.  [308,  316].  For  homogeneous  sections  of  simple  geometry,  exact  or 
approximate  analytical  expressions  are  available  for  the  stiffness  matrix. 
Variations  in  strain  components  are  expressed  using  eq.  (16.45)  to  find 

Se*  =  {RRof  [Sy!  +  {x'o  +  u')6ip]  ,  (16.48a) 

6k*  =  {ER^fSi/.  (16.48b) 

where  6tp  =  Bxial{SRR  )  is  the  virtual  rotation  vector.  The  principle  of  virtual 
work,  eq.  (16.46),  now  becomes 

/     |[5u'^+^^(So  +  "')^]iV  +  5V^'^M|  dai  =  (5M4xt,  (16.49) 

where  N_  =  (RR^)N_*  and  M  =  {RR)M_*  are  the  beam's  internal  forces  and 
moments,  respectively,  resolved  in  the  inertial  basis. 

The  virtual  work  done  by  the  externally  applied  forces  is  expressed  as  5Wcxt  = 
/o  [Su^ f  +  6tp  rn\  dai,  where  /  and  m  denote  the  externally  applied  forces  and 
moments  per  unit  span  of  the  beam,  respectively. 

The  governing  equations  of  the  static  problem  then  follow  as 

N!  =  -/,  (16.50a) 

M'  +  {x'„  +  u')N  =  -m.  (16.50b) 
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Example  16.2.  The  cantilevered  beam  under  tip  loading 

Consider  a  cantilevered  beam  of  length  L  with  a  rectangular  cross-section  of  width 
b  and  height  h.  The  beam  is  made  of  a  homogeneous  material  of  Young's  modulus 
E  and  shear  modulus  G  and  is  subjected  to  a  tip  axial  load,  Nt,  tip  transverse  load, 
Pt,  and  tip  moment.  My.  The  beam  is  of  bending  stiffness  H^.^  =  Ehh? /12,  axial 
stiffness  S  =  Ebh,  and  shearing  stiffness  K22  =  5Gbh/6. 

The  loading  is  acting  in  plane  {ii  ,12),  and  due  to  the  symmetry  of  the  problem, 
the  beam  deforms  in  that  plane  only.  The  rotation  tensor,  R,  then  corresponds  to  a 
planar  rotation,  eq.  (4.6),  and  the  displacement  vector,  u,  is  two-dimensional 


R 


Cg   —Sg 
Sg       Cg 


where  Cg  =  cos  0,  Sg  =  sin  0,  angle  0  is  the  average  rotation  of  the  cross-section, 
and  ui  and  U2  the  displacement  components  along  unit  vectors  ii  and  12,  respectively. 

Because  the  beam  is  not  subjected  to  distributed  transverse  loads,  the  first  equa- 
tion of  equilibrium,  eq.  (16.50a),  reduces  to  TV'  =  0.  Consequently,  the  sectional 
force,  N_  =  {-/Vi,  V2},  remain  constant,  where  iVi  and  V2  are  the  sectional  forces 
along  unit  vectors  ii  and  12,  respectively.  Since  equilibrium  must  be  satisfied  at  the 
tip  of  the  beam,  iVi(ai)  =  Nt  and  V2{ai)  =  Pt- 

The  second  equation  of  equilibrium,  eq.  (16.50b),  now  becomes  M'  =  —  (xq  + 
u')N_,  and  since  the  sectional  forces  are  constant,  this  equation  integrates  to 
M^{ai)  =  M2-/Vt  —  («!  +  ui)Pt  +  c,  where  c  is  an  integration  constant.  Because 
the  problem  is  two-dimensional,  the  other  two  moment  components.  Mi  and  M2, 
vanish.  Imposing  the  moment  equilibrium  condition  at  the  tip  of  the  beam  yields  the 
integration  constant  and  finally, 

Nhiai)  =MT  +  iL-ai+u{  -  ui)Pt  -  {u^  -  U2)Nt, 

where  wf  and  u^  are  the  beam's  tip  displacements  along  unit  vectors  ii  and  12, 
respectively. 

The  constitutive  law  for  the  bending  moment  is  simply  M3  =  H^-^O';  indeed,  for 
this  two-dimensional  problem,  the  curvature  vector  reduces  to  a  single  non  vanishing 
component,  K3  =  9' .  The  constitutive  laws  for  the  sectional  forces  becomes 
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fil^ 
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where  N^  and  V2  are  the  sectional  axial  and  shear  forces,  respectively,  resolved 
in  the  material  system,  and  C*  =  diag(S',  K22).  Combining  all  the  relationships 
obtained  above  yields  the  governing  equations  of  the  problem, 
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To  better  understand  these  equations,  it  is  convenient  to  normalize  all  quantities. 
First,  the  material  coordinate,  ai,  is  normalized  by  the  length  of  the  beam,  ry  = 
OLijL,  and  notation  (•)+  denotes  a  derivative  with  respect  to  77.  The  displacement 
components  are  also  normalized  by  the  beam's  length,  u\  =  ui/L  and  U2  =  U2/L. 
The  non-dimensional  loading  parameters  are  N  =  NtL'^/H^s,  P  =  PtL^/H^^, 
and  M  =  MtL/H^j,,  and  the  governing  equations  now  become 

"^        [Ce-l  +  Nia^C^g  +  s'^Sj)  -  P{s^  -  a^)SeCg  ] 

P{a^Sl  +  s'^Cl)  -  Nis^  -  d^)SgCe  \  ,         (16.51) 
Pil-rj  +  uJ -ui)-Niu^ -U2)       J 

where  the  non-dimensional  stiffness  properties  of  the  beam  are  defined  as 


^        SL^       U\l)    '      ""        K22L^       W\Gj\L. 

The  axial  stiffness  coefficient,  a^,  is  the  ratio  of  the  bending  to  the  axial  stiffness 
of  the  beam,  and  the  shear  stiffness  coefficient,  s^,  is  the  ratio  of  the  bending  to 
the  shear  stiffness  of  the  beam.  For  long,  slender  beams,  both  coefficients  are  very 
small  as  (h/L)'^  — >  0  and  can  be  assumed  to  vanish  without  noticeably  affecting  the 
predictions. 

The  governing  equations  of  the  problem,  eqs.  (16.51),  take  the  form  of  three 
coupled  first-order  differential  equations  for  the  three  variables  of  the  problem,  ui, 
U2,  and  9.  These  equations  are  nonlinear  due  to  the  presence  of  trigonometric  func- 
tions, but  also  because  the  beam's  unknown  tip  deflections,  uj  and  u^,  appear  on 
the  right-hand  side  of  the  equations.  A  convenient  solution  technique  is  to  assume 
uj  =  U2  =  0  and  integrate  eqs.  (16.51)  numerically.  The  solution  yields  an  esti- 
mate of  the  beam's  tip  deflections,  which  are  then  used  to  obtain  a  refined  solution  by 
integrating  eqs.  (16.51)  once  again.  An  iterative  procedure  then  yields  the  desired  so- 
lution. This  crude  solution  process  will  become  unstable  for  large  deflections  of  the 
beam.  Using  a  relaxation  factor  when  updating  the  tip  deflections  is  often  sufficient 
to  stabilize  the  computation. 

The  deflected  shape  of  the  beam  under  a  tip  loads  Nt  and  Pt  was  computed 
using  the  procedure  described  above.  The  following  parameters  were  used:  E/G  = 
2.6  and  L/h  =  10.  Simulations  were  performed  first  for  iV  =  0  and  P  =  0.5,  1, 
2,  and  4.  Figure  16.12  shows  the  predictions  of  the  simulations.  The  tip  deflection 
of  the  beam  is  not  proportional  to  the  applied  load,  as  expected  for  this  nonlinear 
problem. 

A  second  set  of  simulation  was  performed  for  P  =  4  and  TV  =  0,  4,  8,  and  12.  As 
the  axial  tip  force,  Nt,  increases,  the  effective  stiffness  of  the  beam  increases  and 
the  tip  deflection  under  the  constant  tip  transverse  force  decreases. 

16.3.3  Extension  to  dynamic  problems 

The  developments  presented  thus  far  have  focused  on  static  problems.  The  inertial 
velocity  vector,  v,  of  a  material  point  is  found  by  taking  a  time  derivative  of  its  inertial 
position  vector,  eq.  (16.44),  to  find 
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Fig.  16.12.  Deflected  shape  of  the  beam  un-  Fig.  16.13.  Deflected  shape  of  the  beam  un- 
der a  tip  transverse  load  for  JV  =  0.  P  =  0.5,  der  a  tip  transverse  load  for  P  =  4.  iV  =  0, 
1,  2,  and  4,  indicated  with  symbols  o,  o.  A,  4,  8,  and  12,  indicated  with  symbols  o,  o.  A, 
and  v>  respectively.  and  y.  respectively. 


v  =  u  +  EEqS*  =u+  [RR^Ws*  =u+  iRR^)s*'^uj,* 


(16.52) 


where  contributions  of  warping  of  the  cross-section  have  been  ignored  and  s*^  = 
{O,  Q2,  oii}-  Notation  (•)  indicates  a  derivative  with  respect  to  time  and  w*  are  the 
components  of  the  angular  velocity  vector  in  the  material  system,  oj*  =  (i?i?„)^aj, 

where  to  =  a.xia.\{RR). 

The  components  of  the  inertia!  velocity  vector  of  a  material  point  resolved  in  the 
material  frame  now  become 


V*  =  (RRyv  =  (RRyu + r'^uf 


(16.53) 


The  total  inertial  velocity  of  a  material  point  has  two  components:  the  first  term, 
{RR^)^u,  due  to  the  translation  of  the  cross-section,  and  the  second  term,  s*'^ui*, 
due  to  its  rotation. 


The  kinetic  energy 

The  kinetic  energy,  K,  of  the  beam  is 


K 


1 


0     JA 


p  V*    V*  d^dai, 


(16.54) 


where  p  is  the  mass  density  of  the  material  per  unit  volume  of  the  reference  configu- 
ration. Introducing  eq.  (16.53)  for  the  inertial  velocity  yields 

K  =  -  I     f  p\u^{RR^)+uf'^s*]  [{RR^fu  +  s*'^uJ.*]  dAdai.     (16.55) 
The  following  sectional  mass  constants  are  defined 


/. 


1 


pdA,     V*  =  —       ps*  dA,     Q*  =  /   ps'7"  dA,  (16.56) 
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where  m  is  the  mass  of  the  beam  per  unit  span,  rj*  the  components  of  the  position 
vector  of  the  sectional  center  of  mass  with  respect  to  pointB,  see  fig.  16.11,  and  g* 
the  components  of  the  sectional  tensor  of  inertia  per  unit  span,  all  resolved  in  the 
material  basis. 

After  integration  over  the  beam's  cross-section,  the  kinetic  energy,  eq.  (16.55), 
becomes 

K=-         \mu  u  +  2mu   {RR)i]     ^   +^     (?  ^      dai 
2  Jq     L  0  =       J 


V*Tm*V*  dai. 


To  obtain  the  compact  form  expressed  by  the  second  equality,  the  sectional  mass 
matrix  of  the  cross-section,  resolved  in  the  material  basis,  is  defined  as 


M* 


ml,  mrj*^ 
mrj*      g* 


(16.57) 


and  the  sectional  velocities,  also  resolved  in  the  material  basis,  are  given  by 


V* 


{RR^Vu 


u* 


0 


(SSo)^V. 


(16.58) 


In  this  expression,  the  sectional  velocities  resolved  in  the  inertial  system  were  defined 
as  V     =  {u^ ,  Ld^}  and  the  following  notation  was  introduced 


7^7^„ 


(M. 


0 


Q     (RR, 


(16.59) 


The  components  of  the  sectional  linear  and  angular  momenta  resolved  in  the 
material  system,  denoted  h*  and  g*,  respectively,  are 


■  M*V*. 


(16.60) 


The  governing  equations 


Variation  of  the  kinetic  energy  is  5K  =  L  5V_*   A1*V*  dai,  where  the  variations 

in  velocities  are  5[u^{RR^)]  =  {Su^  +  S^/  u^){ERf)  and  Suf*'^  =  S^ {RR^)- 
Introducing  these  variations  in  the  expression  for  the  kinetic  energy  yields 

,-L 


SK 


0 


,T~ 


{6u'  +5j/u   ){ER^)h*  +5_ip_  (Ei(,)5*     'I"!' 


The  components  of  the  sectional  linear  and  angular  momenta,  denoted  h  and  g,  re- 
spectively, resolved  in  the  inertial  system  are 


16.3  Formulation  of  beam  equations         625 


V 


{KK,)V\ 


(16.61) 


where  P*  ^re  the  corresponding  quantities  resolved  in  the  material  frame,  see 
eq.  (16.60).  The  variation  in  kinetic  energy  finally  can  be  written  as 


dK  ■ 


{6u    h  +  6tl'    u    h  +  6ip    g)  dai 


(16.62) 


With  the  help  of  eqs.  (16.49)  and  (16.62),  the  governing  equations  of  motion  of 
the  problem  are  obtained  from  Hamilton's  principle,  which  states  that 


ti    Jo 


-5i/^M  +  (5u^/  +  5jF'm\  Aaidt  =  0. 
Integration  by  parts  yields  the  equations  of  motion  of  the  problem 


5- 


uh-  M'  -{x'q  +  u')N  =  m. 


(16.63a) 
(16.63b) 


Example  16.3.  The  four-bar  mechanism 

Figure  16.14  depicts  a  flexible  four  bar  mechanism.  Bar  1  is  of  length  0.12  m  and  is 
connected  to  the  ground  at  point  A  by  means  of  a  revolute  joint.  Bar  2  is  of  length 
0.24  m  and  is  connected  to  bar  1  at  point  B  with  a  revolute  joint.  Finally,  bar  3 
is  of  length  0.12  m  and  is  connected  to  bar  2  and  the  ground  at  points  C  and  D, 
respectively,  by  means  of  two  revolute  joints. 


CO 


0.24  m 


Bar  2 


Misaligned 
axis  of  rotation 


'TA\f2  =  5rad/s 

-A 

o  Revolute  joints 
/  Beams 


Fig.  16.14.  Configuration  of  the  four  bar       Fig.  16.15.  Out-of-plane  displacement  U3  at 
mechanism.  point  C.  (poo  ~  0) 


In  the  reference  configuration,  the  bars  of  this  planar  mechanism  intersect  each 
other  at  90  degree  angles  and  the  axes  of  rotation  of  the  revolute  joints  at  points  A,  B, 
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and  D  are  normal  to  the  plane  of  the  mechanism.  The  axis  of  rotation  of  the  revolute 
joint  at  point  C  is  at  a  5  degree  angle  with  respect  to  this  normal  to  simulate  an  initial 
defect  in  the  mechanism.  The  angular  velocity  at  point  A  of  bar  1  is  prescribed  to  be 
n  =  5  rad/s. 

If  the  bars  were  infinitely  rigid,  no  motion  would  be  possible  because  the  mech- 
anism locks.  For  elastic  bars,  motion  becomes  possible,  but  generates  large,  rapidly 
varying  internal  forces.  Bar  1  has  the  following  physical  characteristics:  axial  stiff- 
ness, EA  =  40  MN,  bending  stiffnesses,  EI22  =  EI33  =  2.4  MN-m^,  torsional 
stiffness,  GJ  =  0.28  MN-m^,  shearing  stiffnesses,  K22  =  K33  =  2  MN,  mass  per 
unit  span,  m  =  3.2  kg/m,  and  mass  moments  of  inertia,  17122  =  rn^^  =  0.012  kg-m. 
Bars  2  and  3  have  the  following  physical  characteristics:  axial  stiffness,  EA  =  4  MN, 
bending  stiffnesses,  EI22  =  EI33  =  0.24  MN-m^,  torsional  stiffness,  GJ  =  0.028 
MN-m^,  shearing  stiffnesses,  K22  =  K33  =  0.2  MN,  mass  per  unit  span,  m  =  1.6 
kg/m,  and  mass  moments  of  inertia,  77122  =  "^33  =  0.06  kg-m. 


Fig.  16.16.  Velocity  components  at  point  C. 
Solid  line:  vi;  dashed  line:  V2;  dashed-dotted 
line:  V3-  (poo  —  0) 


Fig.  16.17.  Angular  velocity  components  at 
point  C.  Solid  line:  c<Ji;  dashed  line:  0)2; 
dashed-dotted  line:  cja-  ipao  —  0) 


This  problem  was  simulated  for  a  total  of  2.5  s  using  the  generalized-a  scheme 
described  in  section  17.4  with  poo  =  0;  a  time  step  of  constant  size  Z\t  =  2  ms  was 
used.  If  the  four  revolute  joints  had  their  axes  of  rotation  orthogonal  to  the  plane  of 
the  mechanism,  the  response  of  the  system  would  be  purely  planar,  and  bars  I  and  3 
would  rotate  at  constant  angular  velocities  around  points  A  and  D,  respectively.  The 
initial  defect  in  the  mechanism  causes  a  markedly  different  response.  Bar  1  rotates 
at  the  constant  prescribed  angular  velocity,  but  bar  3  now  oscillates  back  and  forth, 
never  completing  an  entire  turn. 

When  the  direction  of  rotation  of  bar  3  reverses,  bar  2  undergoes  large  rotations, 
instead  of  near  translation,  and  sharp  increases  in  velocities  are  observed,  as  depicted 
in  figs.  16.16  and  16.17,  which  show  the  three  components  of  velocity  and  angular 
velocity  at  point  C,  respectively.  Furthermore,  fig.  16.15  depicts  the  time  history  of 
out-of-plane  displacements  at  point  C;  clearly,  the  response  of  the  system  is  three- 
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dimensional:  the  out-of -plane  displacement  at  point  C  has  a  magnitude  of  up  to  about 
2  mm. 


TIME  |5| 


TIME  |sl 


Fig.  16.18.  Bar  1  force  components  at  point  Fig.  16.19.  Bar  1  moment  components  at 
A.  Solid  line:  Fi;  dashed  line:  F2;  dashed-  point  A.  Solid  line:  A/i;  dashed  line:  A/2; 
dotted  line:  Fg.  (poo  =  0)  dashed-dotted  line:  A/3,  (poo  ~  0) 


The  time  history  of  the  three  components  of  internal  forces  and  bending  moments 
in  bar  1  at  point  A  are  shown  in  fig.  16.18  and  16. 19,  respectively.  These  large  internal 
forces  and  moments  are  all  caused  by  the  initial  imperfection  of  the  mechanism. 


Fig.  16.20.  Bar  1  force  components  at  point 
A.  Solid  line:  Fi;  dashed  line:  F2;  dashed- 
dotted  line:  F3.  (poo  =  0) 


TIME  |sl 


Fig.  16.21.  Bar  1  moment  components  at 
point  A.  Solid  line:  A/i;  dashed  line:  A/2; 
dashed-dotted  line:  A/3,  (poo  ~  0) 


Next,  the  same  simulation  was  run  using  the  generalized-a  scheme  with  poo  = 
0.85,  see  eq.  (17.39).  In  the  previous  simulation,  the  spectral  radius  at  infinity 
Poo  =  0  achieves  asymptotic  annihilation,  see  fig.  17.19;  in  contrast,  the  present 
simulation  uses  poo  =  0.85,  which  generates  very  little  algorithmic  damping,  even 
at  high  frequencies.  Figures  16.20  and  16.21  show  the  three  components  of  velocity 
and  angular  velocity  at  point  C,  respectively,  for  poo  =  0.85,  and  should  be  compared 
with  their  counterparts,  figs.  16.16  and  16.17,  respectively,  obtained  for  poc  =  0. 
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Using  an  initial  time  step  size  of  At  =  2  ms,  the  simulation  with  poc  =  0.85 
failed  to  converge  at  time  steps  10  and  14.  In  both  cases,  the  time  step  size  was 
halved  to  allow  the  simulation  to  continue.  Note  that  very  high  frequency  oscillations 
of  a  purely  numerical  origin  are  predicted.  The  asymptotic  annihilation  achieved  for 
Poc  =  0  effectively  eliminates  this  undesirable  numerical  noise. 

16.3.4  Problems 

Problem  16.3.  Conservation  properties  for  beams 

Consider  an  unloaded  beam  with  linearly  elastic  constitutive  laws.  (1)  Prove  the  preservation 
the  total  linear  momentum  of  the  beam.  (2)  Prove  the  preservation  the  total  angular  momentum 
of  the  beam.  (3)  Prove  the  preservation  the  total  mechanical  energy  of  the  beam.  If  the  beam  is 
subjected  to  distributed  external  loads  and  concentrated  end  forces  what  happens  to  the  above 
three  preservation  laws? 


16.4  Formulation  of  plate  and  shell  equations 

Section  16.3  presents  the  formulation  of  beams,  which  are  structures  possessing  one 
dimension  that  is  much  larger  than  the  other  two.  The  present  section  focuses  on 
another  type  of  structural  components,  plates,  for  which  one  dimension  is  far  smaller 
than  the  other  two.  The  mid-plane  of  the  plate  lies  along  the  two  long  dimensions  of 
the  plate,  and  the  normal  to  the  plate  extends  along  the  shorter  dimension.  The  term 
"plate"  is  usually  reserved  for  flat  structures,  while  the  term  "shell"  refers  to  a  curved 
plate. 

Solid  mechanics  theories  describing  plates,  more  commonly  referred  to  as  plate 
theories,  play  an  important  role  in  structural  analysis  because  they  provide  tools  for 
the  analysis  of  these  commonly  used  structural  components.  Although  more  sophisti- 
cated formulations,  such  as  three-dimensional  elasticity  theory,  could  be  used  for  the 
analysis  of  plates  and  shells,  the  associated  computational  burden  is  often  too  heavy, 
and  furthermore,  plate  and  shell  models  provide  valuable  insight  into  the  behavior  of 
these  structures  at  a  much  reduced  computational  cost.  It  is  beyond  the  scope  of  this 
text  to  review  the  numerous  formulations  that  have  been  developed  for  the  analysis 
of  plate  and  shell  structures;  comprehensive  reviews  of  the  topic  are  given  by  Noor 
etal.  [317,318]. 

Beam  theories  reduce  the  analysis  of  complex,  three-dimensional  structures  to 
one-dimensional  problems.  Indeed,  the  governing  equations  for  geometrically  exact 
beams,  eqs.  (16.50),  are  ordinary  differential  equations  expressed  in  terms  of  a  single 
variable  along  the  axis  of  the  beam.  In  contrast,  plate  theories  reduce  the  analysis 
of  three-dimensional  structures  to  two-dimensional  problems.  The  equations  of  plate 
theory  are  partial  differential  equations  in  the  two  dimensions  defining  the  mid-plane 
of  the  plate. 
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16.4.1  Kinematics  of  the  shell  problem 

Figure  16.22  depicts  a  shell  of  thickness  h  and  mid-plane  surface  Sm.  Let  Xjoi'^i  j  <^2) 
be  the  position  vector  of  an  arbitrary  point  B  on  the  shell's  mid-surface  and  let  ai 
and  a2  be  two  coordinates  that  parameterize  the  mid-surface,  see  section  2.4. 

If  the  mid-surface  of  the  shell  is  represented  by  an  arbitrary  set  of  coordinates,  the 
expressions  for  the  first  and  second  metric  tensors  of  the  surface,  given  by  eqs.  (2.37) 
and  (2.47),  respectively,  will  be  complex.  Consequently,  it  is  natural  to  use  the  con- 
cept of  lines  of  curvature  introduced  in  section  2.4.5.  In  fact,  shell  theories  are  devel- 
oped almost  exclusively  with  the  help  of  lines  of  curvature. 

In  the  reference  configuration  frame  T'q  =  [B,  6o(ai,  0:2)  =  (61,  62, 63)]  is  de- 
fined at  point  B.  Vector  61  =  a;Q  j^/  ||a;o  i||  and  62  =  £0  2/  ||S)  2II  ^^  unit  vectors 
defining  the  plane  tangent  to  the  shell's  mid-surface  and  unit  vector  63  is  the  unit  nor- 
mal to  this  tangent  plane.  Notations  (•)_i  and  (•)  2  indicate  derivatives  with  respect 
to  ai  and  q;2,  respectively.  An  inertial  reference  frame,  J^^  =  [0,X  =  [11,12,13]],  is^ 
defined  and  the  components  of  the  rotation  tensor  that  brings  basis  X  to  Bq,  resolved 
in  basis  X,  are  denoted  i?  (oi). 

The  position  vector  of  point  B 
on  the  shell's  mid-surface  is  denoted 
Xgiai,  0:2).  The  position  vector  of  ma- 
terial point  P  of  the  shell  then  becomes 
x{ai,a2,C)  =  £0-1-^63,  where  C  is  the 
material  coordinate  measuring  length 
along  the  normal  to  the  mid- surface. 
Unit  vector  63  defines  a  material  line, 
i.e.,  a  set  of  material  particles  that  are 
normal  to  the  shell's  mid- surface  in  the 
reference  configuration.  Coordinates 
ai,a2,  and  C  form  a  set  of  curvilinear 
coordinates  that  is  a  natural  choice  of 
coordinates  to  represent  the  shell. 


Deformed 
configuration 


Reference 
configuration 


Fig.  16.22.  Shell  in  the  reference  and  deformed 
configurations. 


The  displacement  field 

In  the  deformed  configuration,  all  the  material  points  located  on  a  normal  material 
line  of  the  shell  move  to  new  positions.  This  motion  is  decomposed  into  two  parts,  a 
rigid  body  motion  and  a  warping  displacement  field.  The  rigid  body  motion  consists 
of  a  translation  of  the  normal  material  line,  characterized  by  displacement  vector 
u{ai ,  q;2  )  of  reference  point  B,  and  a  rotation  of  the  material  line,  which  brings  basis 
Bo  to  B{ai)  =  [Bi,  B2,  Bs),  see  fig.  16.22.  Unit  vectors  Bi  and  B2  define  the  plane 
tangent  to  the  deformed  mid-surface  of  the  shell  and  unit  vector  B3  is  normal  to  this 
plane.  The  components  of  the  rotation  tensor  that  brings  basis  Bq  to  B,  resolved  in 
basis  X,  are  denoted  i?(ai,  02). 
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The  warping  displacement  field  is  defined  as  w{ai,  ol^,  C)  =  w\B\  +  w^Bi  + 
w-^Bj,.  This  displacement  field  represents  a  warping  that  includes  all  possible  defor- 
mations of  the  normal  material  line.  To  be  uniquely  defined,  the  warping  field  should 
be  orthogonal  to  the  rigid  body  motion  [319,  320]. 

The  position  vector  of  point  P  in  the  deformed  configuration  now  becomes 

X(ai,  ^2,  C)  =  ^0  +  ^"1  -Bi  +  W2  -02  +  (W3  +  C)  ^3.  (16.64) 

The  position  of  point  B  is  expressed  as  ^o('^i'"^2)  =  2;q  +  u.  To  uniquely  de- 
fine the  orientations  of  unit  vectors  B\  and  B^,  the  following  condition  is  imposed, 
-8i^:Ko  2  =  ^2^0  1-  Because  Bi  =  Rbi  =  (RR^)  h,  eq.  (16.64)  becomes 

X(ai,a2,C)  =  Xja  +  u+  (EE^)  {w  +  Ch) ,  (16.65) 

The  warping  displacement  field  is  computed  from  the  geometric  and  stiffness  proper- 
ties of  the  normal  material  line,  typically  by  solving  a  one-dimensional  finite  element 
problem  over  the  material  line,  as  described  in  refs.  [319,  320]. 


The  sectional  strain  measures 

The  two-dimensional  generalized  strain  measures  for  shallow  shells  are  now  defined. 
They  are  conveniently  divided  into  three  groups,  the  mid-surface  in-plane  strain  com- 
ponents, the  transverse  shear  strain  components,  and  the  curvature  components.  The 
mid- surface  in-plane  strain  components  are 


en 


(.E^ki  -  l)  /2,  (16.66a) 


'T  . 


622  =   (^2  ^2  -  1  j  /2,  (16.66b) 

2ei2  =  E^E^-  (16.66c) 

The  transverse  shearing  strain  components  are 

2ei3  =  ^fla,  (16.67a) 

2623  =  eIe^.  (16.67b) 

Finally,  the  curvature  components  are 

'T  E.^  1 

Kn=^i^  +  --,  (16.68a) 


/an       i?i 
-T  E^2         1 

AC22=^2=|i=  +  — ,  (16.68b) 


/a22       R2 
Ki2=E^=^+E^=^,  (16.68c) 


/a22  V«ii 
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where  Ri  and  R2  are  the  principal  radii  of  curvature  of  the  shell's  reference  config- 
uration as  defined  by  eqs.  (2.54). 

The  shell's  deformation  measures  are  defined  in  terms  three  vectors, 

(16.69a) 
(16.69b) 
(16.69c) 

II  l|2  II  II 2 

where  an  =  \\xq  j  ||  and  022  =  \\xo  2II  ^^  '^he  diagonal  terms  of  the  shell's  first 
metric  tensor  in  its  reference  configuration,  see  section  2.4.1  and  eq.  (2.37).  Vector 
£^3  is  the  unit  vector  normal  to  the  deformed  mid-surface  of  the  shell. 

The  generalized  strain  measures  are  expressed  in  terms  of  five  parameters:  the 
three  components  of  the  displacement  vector,  u,  appearing  in  the  definition  of  vectors 
E_i  and  E_2,  eqs.  (16.69a)  and  (16.69b),  respectively,  and  the  two  parameters  defining 
the  orientation  of  the  unit  normal  vector,  E^. 

16.4.2  Governing  equations 

The  governing  equations  of  the  problem  are  obtained  from  the  principle  of  virtual 
work,  which  states  that  SWmt  +  <5W4xt  =  0,  where  (5Wint  and  6Wext  are  the  virtual 
works  done  by  the  internal  forces  and  externally  applied  loads,  respectively. 

Virtual  work  done  by  internal  forces 

For  simplicity,  the  shell's  two-dimensional  generalized  strain  measures  are  collected 
into  a  single  array,  e* ,  defined  as 

e*"^  =  {en,  622,612,613,  623, '«ii,'«22,Ki2}  • 

The  first  three  entries  are  the  mid-surface  in-plane  strain  components  defined  by 
eqs.  (16.66),  the  next  two  entries  the  transverse  shearing  strain  components  de- 
fined by  eqs.  (16.67),  and  the  last  three  entries  the  curvature  components  defined 
by  eqs.  (16.68). 

The  corresponding  stress  resultants  are  also  collected  in  a  single  array,  F_* ,  de- 
fined as 

F*^  =  {N^i,N*^,  7V*2,  N*^,  N*^,  M*„M*^,M*^}  . 

The  first  three  entries  are  the  in-plane  forces;  N^^  and  N22  are  the  stress  resultants 
along  unit  vectors  Bi  and  B2,  respectively,  and  iVi2  is  the  in-plane  shear  force.  The 
next  two  entries  are  the  transverse  shear  forces;  iVig  and  N2:i  act  on  faces  normal  to 
unit  vectors  Bi  and  B2,  respectively.  Finally,  the  last  three  entries  are  the  bending 
and  twisting  moments.  Both  forces  and  moments  are  measured  per  unit  length  of  the 
shell,  and  resolved  in  material  basis  B. 

Evaluating  the  variation  of  the  strain  components  given  in  eqs.  (16.66),  (16.67), 
and  (16.68),  the  virtual  work  done  by  the  internal  forces  becomes 


632  16  Formulation  of  flexible  elements 

<5VKint  = 


-  /     de*^F*  dS„,  =  -  f     {Su\N-^  +  Su^^N^ 

+<5^3,lMl  +  5E^2M.2  +  '^^3  iVgj  d5„,. 

To  simplify  this  expression,  the  following  quantities  were  introduced 
1 


N^ 


N, 


law 

1 

/a22 


\ja\\  \ja-22 

V'^11  \/f*22 


iV3  =  Afr3^1+ ^2*3=^2, 
1 


Ml 


/an 
1 

/a22 


Af  *i£i  +  M*2^2 
Af  *2il  +  M2*2i2 


(16.70) 


(16.71a) 

(16.71b) 

(16.71c) 
(16.71d) 

(16.71e) 


Constitutive  laws 

The  stress  resultants  are  related  to  the  strain  measures  through  the  constitutive  law 

£*=£*e*.  (16.72) 

where  C*  is  the  shells's  8x8  sectional  stiffness  matrix.  This  matrix  is  a  byproduct  of 
a  one-dimensional  finite  element  analysis  through  the  shell's  thickness,  as  discussed 
inrefs.  [319,  320]. 


Virtual  work  done  by  externally  applied  loads 

Let  /  and  m  denote  the  force  and  moment  vectors  applied  to  the  shell's  mid-surface 
per  unit  area,  respectively.  The  virtual  work  done  by  these  externally  applied  loads 
is  expressed  as 

SWe^t=   f     (<5u^/+^^m)  d5„,  (16.73) 

where  6u  is  the  virtual  displacement  vector  of  the  point  of  application  of  the  force 
and  Sip  the  virtual  rotation  vector  of  the  same  point. 

Unit  vector  E^  is  a  director,  as  defined  in  section  4.15,  and  can  be  expressed  as 
£^3  =  {RR^)i3-  A  virtual  change  in  this  director's  orientation  then  becomes  SK^  = 
(Bl  Hr. )  ^h.  ^* '  see  eq.  (4. 1 1 3),  where  6a*  is  a  two-parameter  virtual  rotation  vector 
resolved  in  material  basis  B  and  matrix  b  is  defined  by  eq.  (4. 112). 

The  virtual  work  done  by  the  applied  moment  becomes  Stp'^m  =  Sip*  m*  = 
5a*  b  m* ,  where  m*  denotes  the  components  of  the  applied  moment  vector,  re- 
solved in  material  basis  B,  m*  =  (RRrJ^EL-  Because  the  last  row  of  matrix  b  stores 
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two  vanishing  entries,  see  eq.  (4. 1 12),  the  product  b  m* ,  ignores  the  last  component 
of  vector  m* .  This  last  component,  called  the  drilling  moment,  is  the  component  of 
the  externally  applied  moment  acting  about  the  normal  to  the  shell's  mid-surface.  Be- 
cause the  shell  presents  no  stiffness  about  this  axis,  it  cannot  carry  a  drilling  moment. 
The  virtual  work  done  by  the  externally  applied  moment.  So*  b  m* ,  automatically 
filters  out  the  contribution  of  the  drilling  moment. 


Equations  of  motion 

Now  that  the  virtual  work  done  by  both  internal  force  and  externally  applied  loads 
have  been  evaluated,  the  principle  of  virtual  work  states  that 


[Su^l  +  6a*^b^rn*  -  Su^  \  -N,  ,  -  iV, 


Js^  *■  (16.74) 

-fc*^f  T3(i4)^  [^3  -  Ml,l  -  M2,2]  }    d5„  =  0. 

The  governing  equations  finally  become 

m^i+m,2  =  -L  (16.75a) 

i'MRR^f  (Mi,i  +M2,2  -  iVs)  =  -fm-  (i6.75b) 

16.4.3  Extension  to  dynamic  problems 

The  velocity  of  a  material  of  the  shell  is  computed  as  a  time  derivative  of  the  position 
vector,  eq.  (16.65),  to  find  X_  =  u  +  CB_^,  where  velocity  components  associated  with 
the  warping  field  have  been  ignored. 

The  kinetic  energy  of  the  shell  then  becomes 

K=l  f      f  p{u^  +  Ctlm  +  C^s)  dCd5„, 

^  J5„  Jh 

where  p  is  the  material  density.  Integration  through  the  shell  thickness  then  yields 

where  V*  =  {u,  B_^}  is  the  velocity  vector  and  the  6x6  mass  matrix,  Ai*,  is 
defined  as 

=    "  [m*l  M~l    ■ 
The  following  mass  coefficients  were  defined 

m=  f  pdC,     m*  =  f  pC  dC,      M*  =  f  pQ"  dC, 

Jh  Jh  Jh 
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where  m  is  the  mass  of  the  shell  per  unit  mid-surface  area,  m*  /ra  the  location  of  the 
center  mass,  and  M*  /ra  the  square  of  the  radius  of  gyration. 
Virtual  changes  in  the  kinetic  energy  become 

SK  =  I     {6u^h  +  SE^g)dS„„  (16.76) 

where  h  =  mu+m* E_^  and  g  =  in*u+M*E_^  are  the  linear  and  angular  momentum 
vectors,  respectively. 

The  governing  equations  of  motion  are  then  obtained  from  Hamilton's  principle 
that  becomes 

/  /     {Su^  [-k  +  Ni,i  +  iV2,2]  +  6a*'^i^MgK^f 
[-9  -  N_3+  Mi.i  +  M2.2]  +  Su^l  +  Sa'^fm* }  dSrndt  =  0. 
The  governing  equations  of  motion  finally  become 

fMRRof  [9  +  N3-  Mia  -  M2,2]  =  fm*-  (I6.77b) 

16.4.4  Mixed  interpolation  of  tensorial  components 

Several  recently  developed  shell  elements  have  distinguished  themselves  from  other 
shell  formulations  because  of  their  versatility,  accuracy  and  robustness.  One  of  these 
is  the  mixed  interpolation  of  tensorial  components  (MITC)  element  developed  by 
Bathe  and  his  co-workers  [321,  322,  323].  The  MITC  approach  is  based  on  the  in- 
terpolation of  strains  at  chosen  sampling  points  (so-called  "tying  points").  The  key 
issue  of  this  approach  is  the  selection  of  the  tying  points  and  corresponding  interpo- 
lation functions.  In  case  of  the  nine-noded  MITC9  element,  the  interpolated  strain 
components  are  defined  as 

en  =X^5"re?i>      ^22  =  ^2933^22,      (^12  =  J2  9rsei2l  (16.78a) 

a  a  a 

ei3=E9>?3>      e23  =  ^ff?,e23-  (16.78b) 

a  a 

where  g"^.,  gf^,  and  g"^  are  the  strain  interpolation  functions  and  Cij  the  strain  com- 
ponents at  the  a  tying  point,  which  are  obtained  by  direct  interpolation  using  the 
finite  element  displacement  assumptions.  The  location  of  the  tying  points  and  cor- 
responding strain  interpolation  functions  can  be  found,  for  example,  in  [322,  323] 
for  each  strain  component.  For  the  MITC9  element,  the  strain  components  en  and 
ei3  are  interpolated  based  on  six  tying  points,  using  the  shape  functions  gj?^.  The 
strain  components  622  and  623  are  interpolated  based  on  six  tying  points,  using  the 
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shape  functions  (7"^.  Finally,  the  in-plane  shearing  strain  component  ei2  is  interpo- 
lated based  on  four  tying  points,  using  the  shape  functions  g"^.  This  approach  takes 
care  of  both  membrane  and  transverse  shearing  strain  locking  problems.  The  stiffness 
matrix  of  the  element  is  then  formed  based  on  these  interpolated  strain  components 
and  full  integration  is  used.  The  element  does  not  present  any  spurious  mechanism. 
In  view  of  the  more  complicated  strain  interpolation  and  full  integration  scheme,  the 
MITC9  element  is  a  more  computationally  expensive  element,  but  it  is  accurate  and 
fairly  insensitive  to  element  deformations. 

Example  16.4.  Lateral  buckling  of  a  thin  plate 

Figure  16.23  depicts  a  thin  cantilevered  plate  acted  upon  by  a  crank  and  link  mech- 
anism. The  plate  is  of  length  L  =  Im,  height  /i  =  80  mm,  thickness  t  =  2  mm,  and  is 
made  of  steel  with  the  following  properties:  Young's  modulus  E  =  210  GPa,  Pois- 
son  ratio  i/  =  0.25  and  density  p  =  7870  kg/m'^.  It  is  clamped  along  edge  AB  and  a 
reinforcing  beam  is  located  along  edge  CD. 


L=lm 


Thin  plate 


Tm 


®  Spherical  joint 
O  Revolute  joint 
Cross-section 


t  =  2  mm 
Link 


D 


Link 

m 

"   ¥       —  1 


Beam 


Crank  I 

L,  - 10  mm 
Fig.  16.23.  Thin  plate  actuated  by  a  crank. 


At  point  C,  the  reinforcing  beam  connects  to  a  crank  and  link  mechanism  through 
a  spherical  joint.  The  crank  of  length  Lc  =  10  mm  is  attached  to  the  ground  at  point 
G  and  the  link  is  of  length  Lg  =  0.5  m.  The  ground,  crank,  and  link  are  connected 
together  by  means  of  revolute  joints.  The  crank  is  modeled  as  a  rigid  body  and  its 
rotation  is  prescribed  as  0  =  7r(l  —  cos  27ri/r)/4  for  t  <  T/2  s  and  (f>  =  7r/2  for 
i  >  T/2,  where  T  =  1.6  s. 

The  reinforcing  beam  has  the  following  physical  characteristics:  axial  stiffness, 
EA  =  3.36  MN,  bending  stiffnesses,  EI22  =  EI33  =  4.48  N-m^,  torsional  stiff- 
ness, GJ  =  3.02  N-m^,  shearing  stiffnesses,  K22  =  K33  =  1.12  MN,  mass  per 
unit  span,  m  =  0.126  kg/m,  and  mass  moments  of  inertia,  77122  =  ^33  =  0.168 
mg-m.  The  link  has  the  following  physical  characteristics:  axial  stiffness,  EA  =  44 
MN,  bending  stiffnesses,  EI22  =  EI33  =  0.3  MN-m^,  torsional  stiffness,  GJ  =  28 
kN-m^,  shearing  stiffnesses,  K22  =  K33  =  2.4  MN,  mass  per  unit  span,  m  =  1.6 
kg/m,  and  mass  moments  of  inertia,  77122  =  "^33  =  0.011  kgm. 
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The  link  is  modeled  as  a  geometrically  exact  beam,  see  section  16.3.  The  thin 
plate  is  modeled  with  a  2  x  6  mesh  of  quadratic  elements.  The  system  is  simulated 
for  1.4  s  using  a  constant  time  step  At  =  0.5  ms  using  the  generalized-a  scheme 
with  Poo  =  0.  As  the  crank  rotates,  the  plate  deflects  downwards  then  snaps  laterally 
when  its  buckling  load  is  reached.  In  the  post-buckling  regime,  the  plate  becomes 
significantly  softer  in  bending  due  to  its  large  twisting  allowed  by  the  spherical  joint. 


.§,   -0.02  - 


y    -0.06 

2 


■A' ; ,' ,  . 


: ''i ,", 


o 
5  -»■' 


i^^kJ\J\^rA44Ai% 


Fig.  16.24.  Displacement  components  at  Fig.  16.25.  Rotation  components  at  point  M. 
point  M.  Solid  line:  ui;  clashed  line:  U2;  Solid  line:  ri;  dashed  line:  7-2;  dashed-dotted 
dashed-dotted  line:  113.  line:  ra. 


The  plate's  displacement  components  at  point  M  are  shown  in  fig.  16.24.  At  time 
t  =  0.145  s,  the  plate  buckles  laterally  and  the  transverse  displacement,  which  was 
vanishingly  small  up  to  that  time,  suddenly  becomes  very  large.  For  time  t  >  0.8 
s,  the  crank  angle  remains  constant  at  (p  =  7r/2,  but  the  plate  continues  to  vibrate 
because  no  dissipative  mechanism  is  present  in  the  system.  The  components  of  the 
Wiener-Milenkovic  vectorial  parameterization  of  rotation  at  point  M  are  shown  in 
fig.  16.25. 


Fig.   16.26.  In-plane  force  components   at 
point  M.  Solid  line:  N^^;  dashed  line:  N22; 


TIME  |5| 


Fig.  16.27.  Moment  components  at  point  M. 
Solid  line:  M'l;  dashed  line:  M22',  dashed- 
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The  force  and  moments  components  in  the  plate  at  point  M  are  depicted  in 
figs.  16.26  and  16.27,  respectively.  Prior  to  budding,  the  plate  resists  the  bending 
loads  applied  by  the  driving  mechanism  with  very  little  deformations.  The  in-plane 
shear  force  component,  iV^*2,  reflects  the  tip  shear  force  applied  by  the  crank  and  link 
mechanism,  but  all  other  force  and  moment  components  vanish.  Once  buckling  has 
occurred,  twisting  of  the  plate  renders  it  much  softer  in  the  vertical  direction,  offer- 
ing little  resistance  to  crank  motion.  Because  the  lateral  buckling  occurs  so  suddenly, 
high  frequency  vibrations  are  observed. 


Fig.  16.28.  Transverse  shear  force  compo- 
nents at  point  M.  Solid  line:  A^ia;  dashed 
line:  N23. 


TIME  [s] 


Fig.  16.29.  Rotation  components  at  mid- 
point. Solid  line:  ri;  dashed  line:  r2;  dashed- 
dotted  line:  7-3. 


Figure  16.28  shows  the  corresponding  transverse  shear  force  components.  Fi- 
nally, the  driving  torque,  i.e.,  to  torque  applied  to  the  crank  at  point  G  to  achieve  the 
prescribed  schedule  of  angle  (f>  is  depicted  in  fig.  16.29.  This  quantity  is,  in  fact,  La- 
grange's multiplier  used  to  enforce  the  prescribed  rotation  holonomic  constraint.  As 
soon  as  the  plate  buckles,  the  magnitude  if  this  moment  decreases  suddenly  because 
of  the  plate's  apparent  softening  when  it  buckles  laterally. 

Finally,  the  same  problem  was  simulated  using  the  generalized-a  scheme  with 
Poo  =  1.  In  this  case,  due  to  the  lack  of  numerical  dissipation,  high  frequency  oscil- 
lations with  amplitudes  an  order  of  magnitude  larger  than  those  predicted  for  poo  =  0 
are  observed.  This  numerical  noise  completely  obscures  the  results  of  the  simulation 
demonstrating  here  again  the  need  for  integration  schemes  presenting  numerical  dis- 
sipation. 
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Finite  element  tools 


Numerous  textbooks  [324,  197,  198]  present  detailed  development  of  the  theoretical 
and  numerical  concepts  underpinning  the  finite  element  method.  Similar  develop- 
ments are  clearly  beyond  the  scope  of  this  text.  The  present  chapter  focuses  on  spe- 
cific details  of  the  finite  element  method  that  are  relevant  to  its  application  to  flexible 
multibody  systems.  Techniques  for  interpolation  of  displacement  and  specially  rota- 
tion fields  are  presented  in  sections  17.1  and  17.2,  respectively. 

Next,  general  processes  for  the  linearization  of  the  governing  equations  are  pre- 
sented in  section  17.3.  Both  statics  and  dynamics  problems  are  addressed,  with  spe- 
cial emphasis  of  the  equations  characterizing  flexible  multibody  systems  subjected 
to  both  holonomic  and  nonholonomic  constraints. 

Time  integrations  schemes  are  a  crucial  part  of  the  solution  process  for  multibody 
dynamics  codes.  Because  finite  element  based  formulations  of  multibody  dynamics 
inherit  many  of  the  characteristics  of  the  finite  element  methods,  it  should  not  come 
as  a  surprise  if  the  time  integration  schemes  used  in  finite  element  implementations 
are  also  used  for  multibody  dynamics.  In  particular,  the  HHT  scheme  and  its  general- 
ization, the  generalized-a  scheme,  both  workhorses  used  in  most  commercial  codes, 
are  reviewed  in  section  17.4.  Section  17.5  discusses  energy  preserving  and  decaying 
schemes  that  have  been  developed  in  recent  years  for  application  to  flexible  multi- 
body  systems. 

The  chapter  closes  with  a  detailed  presentation  of  the  implementation  of  two 
elements:  the  cable  and  the  beam  element  are  presented  in  sections  17.6  and  17.7, 
respectively. 


17.1  Interpolation  of  displacement  fields 

The  present  section  discusses  simple  numerical  tools  used  to  interpolate  displace- 
ment fields  within  one-dimensional  finite  elements,  such  as  the  cable  or  beam  ele- 
ments discussed  in  sections  16.2  or  16.3,  respectively.  Interpolation  is  a  linear  oper- 
ation that  has  been  used  for  decades  to  interpolate  displacement  fields,  which  form  a 
linear  space.  The  interpolation  of  rotation  fields  is  addressed  in  section  17.2. 
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In  the  finite  element  method,  the  solution  domain  is  first  divided  into  a  finite 
number  of  sub-domains  called  finite  elements.  Within  each  element,  the  solution  is 
then  approximated  by  a  finite  number  of  continuous  functions,  based  on  the  value 
of  these  functions  at  discrete  points,  called  nodes,  associated  with  the  element.  The 
main  advantage  of  this  two-step  approximation  process  is  that  many  aspects  of  the 
solution  procedure  can  be  carried  out  at  the  element  level,  i.e.,  by  considering  one 
single  element  at  a  time,  independently  of  all  others.  The  continuity  of  the  solution 
across  element  boundaries  can  be  guaranteed  by  the  fact  that  neighboring  elements 
share  common  nodes. 

Consider  an  element  of  length  I,  described  by  material  coordinate  ai.  To  illus- 
trate the  process,  the  geometry  and  displacement  field  of  the  element  are  assumed 
to  be  defined  at  three  nodes  along  the  element.  The  first  two  nodes,  denoted  nodes  1 
and  2,  are  located  at  the  end  points  of  the  element,  and  one  additional  node,  denoted 
node  3,  is  inside  the  element.  Let  rj^,  rj,  and  r_^  be  the  position  vectors  of  nodes  1, 
2,  and  3,  respectively;  similarly,  let  u^,  u^^  ^nd  u^  be  the  displacement  vectors  of 
nodes  1,  2,  and  3,  respectively.  The  geometry  and  displacement  field  of  the  element 
are  now  interpolated  based  on  the  values  of  the  position  and  displacement  vectors  at 
the  nodes  using  shape  functions  denoted  /ii(s),  h2{s),  and  /i3(s), 

r{s)  =  /ii(s)ri  +  /i2(s)l2  +  ^3(5)137  (17.1a) 

u{s)  =  hi{s)ui  +  h2{s)u2  +  ^3(s)u3,  (17.1b) 

where  variable  s  is  a  non-dimensional  quantity  defined  along  the  span  of  the  element. 
Node  1,  2,  and  3  are  located  at  s  =  —1,-1-1,  and  0,  respectively. 

The  shape  functions  are  as  yet  undetermined,  but  at  s  =  —  1,  H-1,  and  0, 
the  approximation  must  recover  nodal  values  exactly.  For  instance,  at  s  =  —1, 
eq.  (17.1a)  yields  r(— 1)  =  /ii(— l)zii  +  /i2(— l)zi2  +  ''■3(~l)l3  =  Ii'  which  im- 
plies hi{—l)  =  1,  /i2(— 1)  =  ^3(— 1)  =  0.  Proceeding  similarly  at  s  =  +1  and  0 
leads  to  the  following  conditions  that  must  be  satisfied  by  the  shape  functions. 


(17.2) 


Conditions  (17.2)  alone  do  not  uniquely  define  the  shape  functions.  It  is  con- 
venient, however,  to  select  the  shape  functions  in  the  form  of  quadratic  polynomials 
because  each  shape  function  is  then  uniquely  defined  by  conditions  (17.2).  It  is  easily 
verified  that  the  desired  shape  functions  are 

hiis)  =  -^sil-s),      h2{s)  =  ^s{l  +  s),      /i3(s)  =  l-s2.  (17.3) 

The  reasoning  developed  in  the  previous  paragraphs  can  be  repeated  for  elements 
presenting  two,  three,  or  four  nodes,  leading  to  linear,  quadratic,  or  cubic  polynomial 
shape  functions,  respectively.  For  elements  featuring  two  nodes  located  at  their  end 
points,  the  two  linear  shape  functions  are 


hi{-l)  =  l, 

hi{+l)=0, 

/ii(0)  =  0, 

h2{-l)  =  0, 

h2i+l)  =  l, 

/J2(0)  =  0, 

/l3(-l)  =  0, 

/i3(  +  l)=0, 

hsiO)  =  1. 
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(17.4) 


hi{s)  =  ^{l-s},      h2{s)  =  ^{l  +  s). 


For  elements  with  four  nodes,  two  at  their  end  points  and  two  internal  nodes  located 
at  s  =  T^/3,  the  four  cubic  shape  functions  are 


hi{s)  =  ^is'  -  i)(l  -  s),      hs{s)  =  -§(1  -  s')is  -  i), 


(17.5) 


The  shape  functions  defined  by  eqs.  (17.4),  (17.3),  and  (17.5)  are  depicted  in  the 
top,  middle,  and  bottom  portions  of  fig.  17.1,  respectively.  Derivatives  of  the  shape 
functions  with  respect  to  variable  s  will  also  be  necessary  and  are  readily  computed 
from  eqs.  (17.4),  (17.3),  and  (17.5).  Figure  17.2  depicts  these  derivatives. 


Fig.  17.1.  Shape  function.  Linear:  top  figure. 
Quadratic:  middle  figure.  Cubic:  bottom  fig- 
ure. Red  circles  indicate  the  node  locations. 
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Fig.  17.2.  Derivatives  of  the  shape  function. 
Linear:  top  figure.  Quadratic:  middle  figure. 
Cubic:  bottom  figure. 


It  will  be  convenient  to  introduce  a  compact  notation  for  the  interpolation  opera- 
tion expressed  by  eq.  (17.1b).  First,  the  displacement  interpolation  matrix,  N_{s),  is 
defined  as 

K{s)  =  [hi{s)L  h2{s)L  /i3(s)l]  .  (17.6) 

Next,  the  nodal  displacements  are  stored  in  a  single  array,  denoted  u,  and  defined  as 


U 


With  this  notation,  eq.  (17.1b)  simply  becomes 

u{s)  =  N{s)u. 


(17.7) 


(17.8) 


The  sizes  of  the  displacement  interpolation  matrix  and  nodal  displacement  array  will 
vary  according  to  the  number  of  nodes  used  for  the  interpolation. 

In  many  applications,  the  derivatives  of  the  displacement  field  will  also  be  re- 
quired and  are  easily  found  as 
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M+(s)  =^+(s)u,  (17.9) 

where  notation  (•)"'"  indicates  a  derivative  with  respect  to  s,  and  the  displacement 
derivative  interpolation  matrix,  iV^(s),  simply  stores  the  derivatives  of  the  shape 
functions, 

^+(s)  =  [h+is)L  ht{s)L  h+{s)l2  .  (17.10) 

Example  17.1.  Interpolation  of  a  displacement  field 

Consider  a  displacement  field  with  the  following  nodal  values,  ui  =  0.9,  U2  = 
0.1,  U3  =  0.3,  and  M4  =  0.5.  For  this  simple  example,  a  single  component  of  the 
displacement  vector  is  considered.  Find  the  interpolated  displacement  field  over  the 
element. 

Consider  first  the  case  of  linear  interpolation.  In  this  case,  the  two  end  nodes  only 
will  be  used,  and  the  displacement  interpolation  matrix  defined  by  eq.  (17.6)  reduces 
to 

K{s)  =  [{l-s)l2,{l+s)/2\. 

The  single  line  corresponds  to  the  single  displacement  component  and  the  two 
columns  correspond  to  the  two  nodes  of  the  element.  The  linear  shape  functions  are 
those  of  eq.  (17.4).  Equation  (17.8)  now  yields  the  interpolated  displacement  field  as 
u{s)  =  1/2  (1  -  s)ui  +  1/2  (1  +  s)u2  =  1/2  (1  -  s)  0.9  +  1/2  (1  +  s)  0.1.  This 
corresponds  to  the  straight  line  interpolation  depicted  in  the  top  portion  of  fig.  17.3. 

Quadratic  interpolation  is  considered  next.  The  two  end  nodes  are  used,  together 
with  the  third  node,  where  the  displacement  is  U3  =  0.3.  The  displacement  inter- 
polation matrix  is  now  of  size  1x3,  and  the  quadratic  shape  functions  defined  by 
eq.  (17.3)  appear  along  the  single  line  of  this  matrix.  Equation  (17.8)  now  yields  the 
interpolated  displacement  field  as  u{s)  =  —1/2  s(l  —  s)  0.9  +  1/2  s(l  +  s)  0.1  + 
(1  —  s^)  0.3.  This  corresponds  to  the  parabolic  interpolation  depicted  in  the  middle 
portion  of  fig.  17.3. 

Finally,  cubic  interpolation  is  used.  The  cubic  shape  functions  defined  in 
eq.  (17.5)  are  now  stored  in  the  displacement  interpolation  matrix  of  size  1x4. 
Equation  (17.8)  now  yields  the  interpolated  displacement  field  as  u{s)  =  9/16  (s^  — 
1/9)(1  -  s)  0.9  +  9/16  (s2  -  l/9)(l  +  s)  0.1  -  27/16  (1  -  s^)(s  -  1/3)  0.3  + 
27/16  (1  —  s'^){s  +  1/3)  0.5,  which  corresponds  to  the  cubic  interpolation  depicted 
in  the  bottom  portion  of  fig.  17.3. 

The  derivative  of  the  displacement  field  is  readily  obtained  from  eq.  (17.9)  and  is 
depicted  in  fig.  17.4. 

Example  17.2.  Evaluation  of  the  strain  field 

The  shape  functions  developed  in  section  17.1  are  defined  in  terms  of  the  non- 
dimensional  variable,  s,  and  the  derivative  of  the  displacement  field  with  respect 
to  this  non-dimensional  variable  is  easily  evaluated.  The  strain  field,  however,  is  de- 
fined as  the  derivative  of  the  displacement  field  with  respect  to  material  coordinate 
«!.  Find  the  strain  field. 

Consider  the  axial  displacement  field,  u(ai),  of  a  beam,  for  instance.  The  axial 
strain  field  is 
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Fig.  17.3.  Shape  function.  Linear:  top  figure. 
Quadratic:  middle  figure.  Cubic:  bottom  fig- 
ure. Red  circles  indicate  the  node  locations. 


rig.  17.4.  Derivatives  of  the  shape  function. 
Linear:  top  figure.  Quadratic:  middle  figure. 
Cubic:  bottom  figure. 


(17.11) 


du  ,       dw  ds         1  du 

dofi  ds  dai       J  ds ' 

where  the  second  equality  follows  from  the  chain  rule  for  derivatives  and  J  = 
dai/ds  is  the  Jacobian  of  the  coordinate  transformation.  Notation  (•)'  indicates  a 
derivative  with  respect  to  material  coordinate  ai. 

To  evaluate  the  Jacobian,  an  increment  of  the  position  vector  is  evaluated  based 
on  eq.  (17.1a),  dr  =  I^^r  ds,  where  N_{s)  is  the  displacement  interpolation  matrix 
defined  by  eq.  (17.6)  and  r  the  array  of  nodal  position  vectors.  It  then  follows  that 
da^  =  dr-^dr  =  r   N_'^'^N_'^r  ds^,  and  the  Jacobian  becomes 


J 


dai 
"d7 


r'^N+'^N+r. 


The  strain  field,  eq.  (17.1 1),  is  now 


(17.12) 


e  =  u  =  —u 


-jK^{s)u, 


Example  17.3.  Evaluation  of  the  strain  energy 

The  axial  strain  energy  stored  in  a  beam  element  is 

1    [^ 
A=  -   I    S'(ai)e^(ai)  dai, 

^  ./n 


(17.13) 


(17.14) 


where  (.  is  the  length  of  the  beam  element,  S  its  axial  stiffness,  and  e(ai)  the  axial 
strain  field.  Express  the  strain  energy  in  terms  of  the  elements  nodal  displacements. 
Equation  (17.13)  gives  the  axial  strain  field  in  terms  of  the  nodal  displacements. 
Introducing  this  expression  into  eq.  (17.14)  leads  to 

A=l  f'  Sia,)^u^N+^is)N+is)u  ^  ds 


J2- 


ds 


—u 
2- 


'  r^  1 

/    S{ai)—K^^{s)K^{s)Jds 


u  =  -u   k  u. 
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In  the  second  equality,  the  nodal  displacement  array  was  placed  outside  of  the  in- 
tegral because  nodal  quantities  are  independent  of  the  integration  variable,  s.  The 
bracketed  quantity  is  the  stiffness  matrix  of  the  element.  The  above  equation  gives 
the  desired  result,  the  strain  energy  expressed  in  terms  of  the  nodal  displacements. 
The  element's  stiffness  matrix  is  defined  as 

k=  f'^^N+^{s)N+{s)ds. 
-      Jo    J[ai)—  — 

Typically,  numerical  integration  is  used  to  evaluate  this  integral,  leading  to  the  fol- 
lowing expression  for  the  stiffness  matrix 


i  =  E 


Ng 

"'"^""'N+^'\si)N+{si). 


WiS{si)  ^j+T,     -.^j+l 


\      J{^^) 


where  si  and  wi  are  Gauss'  points  and  weights,  respectively,  as  discussed  in  sec- 
tion 18.3. 


17.2  Interpolation  of  rotation  fields 

The  exact  treatment  of  finite  rotations  is  particularly  important  in  multibody  dynam- 
ics because  finite  rotations  associated  with  the  finite  relative  motions  of  the  system's 
components  are  combined  with  the  finite  elastic  motions  of  the  flexible  components. 
Consider,  for  instance,  the  motion  of  a  helicopter  rotor  blade  in  which  elastic  de- 
formation of  the  blade  are  superimposed  onto  the  rigid  body  rotation  of  the  entire 
rotor 

Interpolation  of  displacement  fields  is  at  the  heart  of  the  finite  element  method 
and  basic  interpolation  techniques  based  on  the  definition  of  appropriate  shape  func- 
tions are  reviewed  in  section  17.1.  Application  of  the  same,  linear  interpolation  tech- 
nique to  finite  rotation  fields  has  been  the  subject  of  controversy,  because  finite  rota- 
tion fields  do  not  form  a  linear  space. 

Crisfield  and  Jelenic  [325]  were  the  first  to  point  out  a  major  deficiency  of  the 
classical  interpolation  techniques  applied  to  rotation  fields:  its  lack  of  objectivity. 
By  definition,  a  rigid  body  motion  generates  no  strains;  hence,  the  strain  field  as- 
sociated with  a  given  displacement  field  must  remain  unaffected  by  the  addition  of 
a  rigid  body  motion  to  the  displacement  field.  If  a  computational  scheme  satisfies 
this  condition,  it  is  said  to  be  "objective."  Crisfield  and  Jelenic  [325,  326]  showed 
that  classical  interpolation  formulae  applied  to  finite  rotation  fields  violate  this  ob- 
jectivity criterion.  They  prove  the  non-objectivity  of  the  direct  interpolation  of  total 
rotations  [327],  incremental  rotations  [328]  and  iterative  rotations  [304]. 

Crisfield  and  Jelenic  argue  that  "all  of  these  formulations  can  be  regarded  as 
stemming  from  the  same  family,  for  which  the  following  is  valid:  the  interpolation  is 
applied  to  the  rotation  between  a  particular  reference  configuration  and  the  current 
configuration.  With  hindsight,  the  nature  of  this  interpolation  is  bound  to  make  all 
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of  these  formulations  non-objective.  The  rotations  interpolated  in  this  way  in  general 
include  rigid  body  rotations,  so  that  the  error,  introduced  by  the  interpolation,  makes 
the  resulting  strain  measures  dependent  on  the  rigid  body  rotation." 

They  also  point  out,  however,  that  while  the  errors  in  the  computed  strain  field 
are  small  and  decrease  with  mesh  p-  or  h-refinement,  lack  of  objectivity  persists  if  ro- 
tation increments  or  Newton-Raphson  updates  are  interpolated.  Crisfield  and  Jelenic 
proposed  a  novel  interpolation  technique  that  guarantees  objectivity  by  splitting  ro- 
tations into  rigid  and  elastic  components:  the  sole  elastic  component  is  interpolated. 
This  approach  is  akin  to  the  co-rotational  formulation  [329],  but  retains  the  fully 
nonlinear  strain-configuration  equations,  rather  than  their  linearized  counterparts. 

Betsch  and  Steinmann  [330]  proposed  an  alternative  approach  to  achieving  ob- 
jectivity: instead  of  interpolating  finite  rotation  parameters,  they  interpolate  the  unit 
vectors  forming  the  columns  of  the  finite  rotation  tensor  and  proved  that  this  ap- 
proach also  satisfies  the  objectivity  criterion.  Linear  interpolation  of  unit  vectors, 
however,  does  not  yield  unit  vectors,  nor  does  it  preserve  their  orthogonality.  Special 
procedures  were  developed  to  guarantee  that  the  interpolated  results  lead  to  orthogo- 
nal rotation  tensors.  Numerical  examples  were  shown  that  demonstrate  the  accuracy 
of  numerical  predictions. 

Romero  et  al.  [331,  332]  presented  a  comparison  of  different  interpolation  meth- 
ods including  the  direct  interpolation  of  finite  rotations,  the  interpolation  method 
proposed  by  Crisfield  and  Jelenic  [325],  and  two  new  approaches,  based  on  1)  the 
non-orthogonal  interpolation  of  rotations  with  modification  of  geometrically  exact 
beam  theory  and  2)  the  isoparametric  interpolation  of  rotations  followed  by  orthog- 
onalization  using  polar  decomposition.  Numerical  tests  of  all  four  methods  showed 
that  with  the  exception  of  the  direct  interpolation  of  finite  rotations,  the  other  meth- 
ods are  objective,  path-independent  and  preserve  the  orthogonality  of  the  rotation 
tensor.  The  proposed  interpolation  approaches,  however,  were  shown  to  soften  struc- 
tural response,  and  could  converge  to  erroneous  solutions.  They  recommend  the  use 
of  the  interpolation  approach  of  Crisfield  and  Jelenic. 

Finally,  Ibrahimbegovic  and  Taylor  [333]  also  proposed  interpolation  techniques 
that  satisfy  the  objectivity  criterion  for  geometrically  exact  structural  models.  Up- 
date formute  are  based  on  an  incremental  approach  and  rely  on  the  representation  of 
finite  rotations  based  on  quaternion  quantities,  which  must  be  stored  at  each  node  of 
the  model.  Special  attention  was  paid  to  the  implementation  details  for  applied  sup- 
port rotations  and  the  corresponding  modifications  of  the  residual  vector  and  tangent 
matrix  introduced  by  the  follower  forces  and  moments. 

Because  of  the  percieved  difficulties  associated  with  the  treatment  of  finite  ro- 
tations, "rotationless  formulations"  have  appeared  in  recent  years.  For  instance,  in 
the  absolute  nodal  coordinate  formulation  [334],  absolute  displacements  and  global 
slopes  are  used  as  nodal  coordinates,  bypassing  the  need  for  finite  rotations.  Betsch 
and  Steinmann  [227]  have  advocated  the  use  of  the  direction  cosine  matrix  to  repre- 
sent finite  rotations.  It  should  be  noted,  however,  that  these  rotationless  formulations 
use  more  coordinates  than  the  minimum  set  required  to  represent  finite  rotations,  and 
hence,  typically  require  more  computational  resources  than  their  counterparts  based 
on  minimum  set  representations. 
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In  this  section,  the  problem  of  interpolation  of  finite  rotations  within  the  frame- 
work of  geometrically  exact  structural  elements  is  examined.  For  computational  effi- 
ciency, it  is  desirable  to  use  a  minimal  set  representation  of  finite  rotations,  i.e.,  three 
parameters  only.  While  quaternions  have  been  used  in  multibody  dynamics  simula- 
tions [250,  252],  the  computational  costs  of  dealing  with  four  parameters  and  the 
enforcement  of  the  associated  normality  condition,  eq.  (13.20),  have  limited  their 
use.  The  rescaling  operation  presented  in  section  13.6.2  is  used  to  systematically 
eliminate  singularities  associated  with  such  minimal  set  representations. 

The  rescaling  operation  is  based  on  the  observation  that  addition  of  a  rotation 
of  magnitude  4>  =  ±.2tt  to  a  finite  rotation  leaves  the  associated  rotation  tensor  un- 
changed. While  the  concept  of  objectivity  is  based  on  the  invariance  of  the  strain 
field  with  respect  to  the  addition  of  a  rigid  body  motion  to  the  rotation  field,  the 
concept  of  rescaling  is  based  on  the  invariance  of  the  rotation  tensor  with  respect  to 
the  addition  of  a  rotation  of  magnitude  4>  =  ±.2tt,  i.e.,  R{4>,  n)  =  R{(j)  ±  27r,  fi). 
In  turn,  this  raises  the  question  of  invariance  on  the  interpolation  of  finite  rotation 
with  respect  to  rescaling.  It  is  shown  that  the  basic  interpolation  algorithm  proposed 
by  Crisfield  and  Jelenic  [325]  to  achieve  objectivity,  is  also  invariant  with  respect  to 
rescaling  operations. 

The  simple  numerical  tools  used  to  interpolate  displacement  fields  within  one- 
dimensional  finite  elements,  such  as  the  cable  or  beam  elements  were  presented  in 
section  17.1.  The  challenges  associated  with  the  interpolation  of  rotation  fields  are 
addressed  in  section  17.2. 1,  with  special  attention  devoted  to  the  impact  of  rescal- 
ing operations.  Rescaling  also  impacts  the  choice  of  unknowns,  as  discussed  in  sec- 
tion 17.2.2,  and  a  new  algorithm  is  proposed  for  the  interpolation  of  incremental 
quantities.  Finally,  numerical  examples  are  discussed  that  demonstrated  the  simplic- 
ity and  efficiency  of  the  proposed  approach  when  applied  to  complex,  flexible  multi- 
body  systems. 

17.2.1  Finite  element  discretization 

Interpolation  of  the  displacement  field  within  an  element  is  at  the  heart  of  the  finite 
element  discretization  procedure  and  is  summarized  in  section  17.1.  Interpolation  is 
a  linear  operation,  acting  on  the  displacement  field  which  forms  a  linear  space. 

Interpolation  of  the  displacement  field 

Let  arrays  u^,  u  and  Ut  store  the  nodal  displacements  of  the  element  at  the  beginning 
of  a  time  step,  the  incremental  nodal  displacements,  and  the  displacements  at  the  end 
of  a  time  step,  respectively.  Furthermore,  let  the  displacement  update  at  the  nodes  be 
written  as  Uf=u^  +  u-  It  then  follows  that 

Ui{s)  +  u{s)  =  K{s){Ui  +  u)  =K{s)uj  =  Uf{s),  (17.15) 

where  N{s)  is  the  displacement  interpolation  matrix  defined  by  eq.  (17.6)  and  vari- 
able s  a  non-dimensional  quantity  defined  along  the  span  of  the  element.  This  im- 
portant relationship  implies  that  initial,  final,  and  incremental  fields  can  all  three  be 
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interpolated  with  the  same  shape  functions,  and  a  simple  update  of  the  nodal  values 
then  guarantees  compatibility  of  the  interpolated  displacement  field  over  the  entire 
element. 


Interpolation  of  the  rotation  field 

When  formulating  beam  and  shell  elements,  the  kinematic  description  of  the  problem 
also  requires  interpolation  of  the  rotation  field  and  its  derivative,  written  as 

c{s)=K(s)L      and     c'(s)  =^'(s)c=  i^+(s)c,  (17.16) 

respectively,  where  c  is  the  array  that  stores  the  rotation  parameter  vectors  at  the 
nodes  of  the  element.  This  interpolation  simply  provides  an  approximation  to  the 
rotation  field  within  the  element. 


Fig.  17.5.  Wiener-Milenkovic  parameter,  ci , 
for  the  given  rotation  field;  no  reseating  is 
used  at  node  4.  Nodal  rotations:  (o).  Inter- 
polation using  eq.  (17.16):  solid  line,  corre- 
sponding Gauss  point  values:  (A).  Relative 
nodal  rotations:  (0).  Interpolation  of  relative 
rotations:  dashed  line.  Interpolation  com- 
puted by  algorithm  1:  dashed-dotted  line, 
corresponding  Gauss  point  values:  (y). 


Fig.  17.6.  Wiener-Milenkovic  parameter,  ci, 
for  the  given  rotation  field;  node  4  has  been 
rescaled;  for  reference,  the  unsealed  note  4  is 
indicated  by  (D).  Nodal  rotations:  (o).  Inter- 
polation using  eq.  (17.16):  solid  line,  corre- 
sponding Gauss  point  values:  (A).  Relative 
nodal  rotations:  (0).  Interpolation  of  relative 
rotations:  dashed  line.  Interpolation  com- 
puted by  algorithm  1:  dashed-dotted  line, 
corresponding  Gauss  point  values:  (y)- 


Figure  17.5  shows  the  interpolated  rotation  field  for  a  four-noded  beam  element 
using  the  cubic  interpolation  functions  given  by  eq.  (17.5).  The  rotations  at  the  four 
nodes  are  defined  by  four  rotation  angles,  (pi  =  145°,  (/)2  =  160°,  03  =  170°, 
(j>4  =  181°,  and  associated  unit  vectors. 
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The  interpolated  rotation  field  was  computed  using  eq.  (17.16),  and  the  first  compo- 
nent, ci,  of  the  Wiener-Milenkovic  rotation  parameter  vector  is  shown  in  fig.  17.5; 
similar  results  are  obtained  for  the  other  two  components,  C2  and  C3.  The  curvature 
can  be  computed  in  a  similar  manner  as  k{s)  =  H_  cf{s),  where  the  tangent  tensor, 
H_[c),  is  defined  by  eq.  (13.55)  and  c(s)  and  c'(s)  by  eq.  (17.16).  Figure  17.7  shows 
the  first  component,  ki,  of  the  curvature  vector. 

Although  the  interpolation  procedure  of  eq.  (17.16)  looks  reasonable  considering 
the  results  shown  in  fig.  17.5,  it  suffers  several  serious  drawbacks.  First,  let  c^,  c  and 
tf  be  the  nodal  rotation  parameter  vectors  at  the  beginning  of  a  time  step,  for  the 
incremental  rotation,  and  at  the  end  of  a  time  step,  respectively.  Proceeding  as  was 
done  above  for  the  displacement  field  implies  that  Cf{s)  =  Ci{s)  +  c{s)  if  the  nodal 
updates  are  selected  as  Cf  =  c^  +  c. 

Unfortunately,  as  discussed  in  section  4.9,  rotations  do  not  form  a  linear  space; 
they  must  be  composed,  not  added.  At  the  nodes,  rotations  should  be  updated  using 


the  following  composition  formula,  c 


■f 


)  Ci ,  where  the  notation  0  is  used  to  indi- 


cate the  composition  operation,  as  defined  in  eq.  (13.82).  Furthermore,  the  nonlinear 
character  of  composition  operations  and  the  linear  character  of  the  interpolation  op- 
eration imply  that  Cf{s)  ^  c{s)  ©  Ci{s)  if  Cc  =  c  ®  Cj.  Consequently,  if  the  nodal 
rotations  are  updated  using  the  composition  formula,  the  interpolated  rotation  field 
does  not  satisfy  the  same  composition  formula  at  all  points  along  the  element. 


Fig.  17.7.  First  component  of  the  curva- 
ture vector,  Ki,  based  on  interpolation  using 
eq.  (17.16):  solid  line,  corresponding  Gauss 
point  values:  (<).  Curvatures  computed  by  al- 
gorithm 1 :  dashed-dotted  line,  coiTesponding 
Gauss  point  values:  (>). 


Fig.  17.8.  First  component  of  the  curva- 
ture vector,  Ki,  based  on  interpolation  using 
eq.  (17.16):  solid  line,  corresponding  Gauss 
point  values:  (<).  Curvatures  computed  by  al- 
gorithm 1 :  dashed-dotted  line,  coffesponding 
Gauss  point  values:  (>). 


The  second  drawback  becomes  obvious  once  the  rescaling  operation  presented 
in  section  13.6.2  is  taken  into  account.  The  rotation  at  the  fourth  node  of  the  el- 
ement is  of  magnitude  (j)4  =  181°  >  180°,  and  hence,  should  be  rescaled  to 
avoid  singularities.  The  Wiener-Milenkovic  rotation  parameter  vector  at  this  node 

IC4II  =  4.035  >  4,  and  the  rescaled  parameter  vec- 


iscj  =  {1.253,2.214,3.132}, 
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tor  is  4^  =  {-1.231,-2.175,-3.078},  ||4ll  =  3.965  <  4,  as  expected  from  the 
results  presented  in  section  13.6.2. 

Figure  17.6  shows  the  rotation  field  interpolated  using  eq.  (17.16)  in  the  pres- 
ence of  rescaling.  Note  that  the  results  presented  in  this  figure  should  be  identical 
to  those  shown  in  fig.  17.5  because  they  correspond  to  the  interpolation  of  identical 
configurations:  indeed,  the  rotation  tensor  at  node  4  is  uniquely  defined,  but  repre- 
sented by  different  rotation  parameters,  c^  and  C4,  due  to  rescaling.  Clearly,  the  linear 
interpolation  operation  of  eq.  17.16  is  not  invariant  under  the  rescaling  operation. 

The  curvature  field  is  shown  in  fig.  17.8  and  clearly,  in  the  presence  of  rescaling, 
the  results  are  erroneous:  without  rescaling,  the  three  Gauss  point  values  of  the  first 
curvature  component  are  ki  =  -0.048,  0.230,  and  0.322,  respectively,  as  compared  to 
Ki  =  -0.208,  0.308,  and  -5.0521,  respectively,  in  the  presence  of  rescaling. 

The  Crisfleld  and  Jelenic  interpolation  algorithm 

Clearly,  a  more  robust  interpolation  approach  is  necessary  to  deal  with  rotations  in 
the  presence  of  rescaling;  the  following  algorithm  was  proposed  by  Crisfield  and 
Jelenic  [325]. 

Algorithm  1  (Rotation  interpolation)  Interpolation  of  a  rotation  field  defined  by 
its  rotation  parameter  vectors,  c,  at  the  nodes  of  a  finite  element. 

Step  1.   Compute  the  nodal  relative  rotations,  r,  by  removing  the  rigid  body  rotation, 

Cj,  from  the  rotation  at  each  node,  r  =  c  ~  ©  c. 
Step  2.  Interpolate  the  relative  rotation  field,  r_{s)    =   N_{s)r,  and  its  derivative, 

r'(s)  =  N_  {s)r.  Find  the  curvature  field,  k  =  R{ci)H_{r)  r'. 
Step  3.  Restore  the  rigid  body  rotation  removed  in  step  1,  c(s)  =  Qi®  l(s)- 

Algorithm  1  removes  the  possible  effects  of  rescaling  from  the  interpolation  pro- 
cedure. In  step  1,  the  relative  rotations  of  the  nodes  with  respect  to  node  1  are  com- 
puted using  the  composition  formula;  note  that  the  relative  rotation  field  could  be 
computed  with  respect  to  any  of  the  nodes  of  the  element,  node  1  is  simply  a  conve- 
nient choice.  It  is  assumed  here  that  the  relative  rotations  within  one  single  element 
are  small  enough  that  no  rescaling  is  needed  within  the  element,  i.e.,  within  the  el- 
ement, \(j)r\  <  TT.  If  this  condition  were  not  to  be  satisfied,  a  finer  mesh  would  be 
required  to  limit  the  relative  rotation  within  each  element.  Next,  these  relative  ro- 
tations are  interpolated  using  standard  procedures.  Finally,  the  interpolated  relative 
rotation  is  composed  with  the  rotation  of  node  1  to  find  the  interpolated  rotation  field. 

The  interpolated  rotation  field  computed  by  algorithm  1  is  also  shown  in 
figs.  17.5  and  17.6.  Because  the  nodal  rotations  presented  in  these  figures  only  differ 
by  the  rescaling  of  node  4,  the  relative  rotation  fields  are  identical,  the  corresponding 
curvature  fields  are  identical,  as  are  the  interpolated  rotation  fields.  The  interpolated 
rotation  field  seems  to  present  a  discontinuity  at  s  =  0.973  in  both  figures:  this  is 
due  to  the  rescaling  operation  in  step  3  of  algorithm  1,  but  does  not  affect  the  quality 
of  the  interpolation.  In  fact,  the  interpolation  procedure  of  algorithm  1  is  able  to  deal 
with  the  discontinuities  inherent  to  the  required  rescaling  operations.  The  presence  of 
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these  discontinuities,  however,  has  implications  on  the  linearization  of  the  equations 
of  motion,  as  discussed  in  section  17.2.2. 

The  third  drawback  of  interpolation  based  on  eq.  (17.16)  is  its  lack  of  objectivity 
when  computing  strain  components.  As  shown  in  section  16.3.1,  the  strain  measures 
of  geometrically  exact  beam  theory  are  invariant  with  respect  to  the  addition  of  a  rigid 
body  motion.  Because  algorithm  1  is  based  on  the  interpolation  of  relative  rotation, 
the  addition  of  a  rigid  body  motion  is  automatically  filtered  out  from  the  interpolation 
step,  ensuring  the  objectivity  of  the  process.  Jelenic  and  Crisfield  [326]  studied  the 
lack  of  objectivity  of  interpolation  schemes  based  on  eq.  (17.16)  and  concluded  that 
"The  non-invariance  and  path-dependence  in  these  formulations  decrease  with  both 
p-refinement  and  h-refinement  and  in  practical  applications  cannot  always  be  easily 
spotted." 

These  conclusions  are  supported  by  the  data  presented  here:  in  fig.  17.7,  the  cur- 
vatures computed  based  on  eq.  (17.16)  (non-objective)  are  nearly  identical  to  those 
computed  with  algorithm  1  (objective).  In  fact,  at  the  Gauss  points,  the  curvature 
component,  ki,  computed  by  the  two  approaches  only  differ  by  0.16,  -0.085  and 
0.16%,  respectively.  These  discrepancies  are  minute  compared  to  the  gross  dispari- 
ties observed  in  fig.  17.8  in  the  presence  of  rescaling.  The  objectivity  of  the  strain 
interpolation  resulting  from  the  use  of  algorithm  1  typically  provides  modest  im- 
provements in  the  quality  of  the  interpolated  strain  field,  but  is  indispensable  when 
dealing  with  rotation  fields  involving  potential  rescaling. 

17.2.2  Total  versus  incremental  unknowns 


t, :  Initial 
configuration 


t„  :Reference 
configuration 


^     t,:Final 
configuration 


Multibody  simulations  typically  proceed  in  dis- 
crete time  steps.  Figure  17.9  shows  the  iner- 
tial  frame  of  reference,  the  reference,  i.e.,  un- 
stressed, configuration  of  the  beam  at  time  t  = 
0,  and  its  configurations  at  the  beginning  and 
end  times  of  a  typical  time  step,  denoted  ti  and 
tf,  respectively.  Each  frame  is  related  to  its  par- 
ent frame  by  a  finite  motion  characterized  by  a 
displacement  vector  and  a  rotation  tensor,  all  re- 
solved in  the  inertial  frame.  It  is  assumed  that 
the  dynamic  simulation  has  successfully  pro- 
ceeded up  to  time  ti,  i.e.,  the  corresponding  dis- 
placement and  rotation  fields,  denoted  u^  and 
R.,  respectively,  are  known.  Let  Cj  be  a  vecto- 
rial parameterization  of  the  rotation  tensor  i?.. 

To  advance  the  solution  from  the  initial  to  the  final  time  of  the  time  step,  two  sets 
of  unknowns  can  be  selected:  the  incremental  displacements  and  rotations,  denoted 
u  and  R,  respectively,  or  the  total  displacements  and  rotations,  denoted  u,  and  R  , 
respectively,  see  fig.  17.9.  Let  c  and  c  r  be  parameterizations  of  the  rotation  tensors 
R  and  R  ,  respectively.  From  a  kinematic  viewpoint,  both  sets  of  unknowns  are 
equivalent. 


Fig.  17.9.  Configuration  of  the  sys 
tem  at  various  instants  in  time. 
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In  typical  dynamic  simulations,  however,  small  time  steps  must  be  selected  to 
achieve  convergence  and  guarantee  the  accuracy  of  the  solution.  Consequently,  it 
can  be  assumed  that  incremental  rotations  will  be  of  magnitude  \(j)\  <  tt;  in  fact, 
for  most  practical  cases,  |(/)|  <C  tt;  indeed,  |(^|  =  tt  implies  that  a  component  of  the 
system  rotates  by  180°  within  a  single  time  step.  It  cannot  be  assumed,  however,  that 
|(/)/|,  the  rotation  associated  with  rotation  tensor  -R  ,  is  small,  in  fact,  |0/|  >  tt  is 
likely  to  occur. 

The  implication  of  these  observations  is  clear:  if  total  rotations  are  used  as  un- 
knowns, some  of  the  rotation  parameters,  Cj,  will  be  rescaled,  as  required,  whereas 
if  incremental  rotations  are  used  as  unknowns,  none  of  the  unknown  parameters,  c, 
will  be  rescaled.  Interpolation  algorithm  1  was  shown  to  seamlessly  handle  rescaling, 
however,  when  dealing  with  dynamic  simulations,  additional  considerations  must  be 
taken  into  account. 

Spatial  and  time  discretization  algorithms  typically  transform  the  governing  par- 
tial differential  equations  of  complex  multibody  systems  into  a  set  of  nonlinear  alge- 
braic equations,  which  are  solved  in  an  iterative  manner  using  the  Newton-Raphson 
method.  Inherent  to  this  approach  is  a  linearization  process  that  transforms  the  non- 
linear algebraic  equations  into  their  linearized  counterparts.  Consider,  for  instance, 
the  linearization  of  the  curvature  vector,  k  =  H_{c)c',  which  will  appear  in  the  ex- 
pression for  the  elastic  forces  of  a  beam  element.  Application  of  the  linearization 
procedure  leads  to  Ak  =  H(c)Ac'  +  M(c,c')Ac,  where  operator  M(c,c')  is  defined 
by  eq.  (13.67),  and  hence,  operators  -ff(c)  and  M_{c,d)  appear  in  the  expression  of 
the  tangent  stiffness  matrix  of  the  element. 

Let  c  and  c^  denote  a  rotation  parameter  vector  and  its  rescaled  counterpart,  re- 
spectively, as  discussed  in  section  13.6.2.  By  construction  of  the  rescaling  opera- 
tion, ^(c)  =  R{^),  but  it  is  easily  verified  that  ^(c)  7^  K{^)  and  M,ic,d)  ^ 
M(c^jC^')-  Clearly,  while  intrinsic  quantities  such  as  the  rotation  tensor,  the  cur- 
vature vector,  or  elemental  elastic  forces  are  invariant  to  rescaling,  and  while  the 
interpolation  operation  can  be  made  invariant  to  the  same  rescaling  through  the  use 
of  algorithm  1,  the  tangent  stiffness  matrix  is  not  invariant  to  rescaling. 

The  implications  of  this  lack  of  invariance  are  easily  understood  by  considering 
the  situation  depicted  in  fig.  17.6.  Evaluation  of  the  tangent  stiffness  matrix  at 
the  Gauss  points  uses  the  interpolated  rotation  field  and  its  derivative,  but  ignores 
the  fact  node  4  was  rescaled.  The  tangent  stiffness  matrix  will  be  evaluated  as 
if  the  rescaling  of  node  4  never  took  place,  i.e.,  the  equations  are  linearized 
about  the  wrong  point.  Hence,  the  search  direction  in  the  Newton-Raphson  iteration 
process  will  be  erroneous,  which  can  ultimately  cause  failure  of  the  iteration  process. 

17.2.3  Interpolation  of  incremental  rotations 

In  view  of  the  above  discussion,  it  is  desirable  to  work  with  incremental  rotations 
because  they  remain  small  and  do  not  require  rescaling.  The  tangent  stiffness  matrix 
then  always  corresponds  to  the  correct  linearization  of  the  problem.  This  contrasts 
with  the  choice  of  total  rotations  as  unknowns  for  which  these  desirable  features 
cannot  be  guaranteed. 
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The  choice  of  incremental  nodal  rotations  as  unknowns  requires  interpolation 
of  the  incremental  rotation  field  to  compute  the  elemental  elastic  forces  and  tan- 
gent stiffness  matrix.  This  task  cannot  be  performed  with  the  help  of  eq.  (17.16):  as 
already  pointed  out  in  section  13.6.2,  the  nonlinear  nature  of  the  composition  opera- 
tion is  incompatible  with  the  linear  interpolation  operation.  An  alternative  approach 
is  proposed  for  this  operation. 

Algorithm  2  (Incremental  rotation  interpolation)  Interpolation  of  the  incremen- 
tal rotation  field  between  two  configurations  defined  by  nodal  rotation  parameter 
vectors,  c^  and'ct,  of  a  finite  element. 

Step  1.   Use  algorithm  1  to  compute  the  interpolated  rotation  field,  c^{s),  based  on 

nodal  values  Cj. 
Step  2.   Use  algorithm  1  to  compute  the  interpolated  rotation  field,  cAs),  based  on 

nodal  values  Cj  =  c(Bc^. 
Step  3.  Compute  the  incremental  rotation  field  by  composition:  c(s)   =  cAs)  ® 

c-(s). 

This  approach  is  different  from  that  proposed  by  Cardona  and  Geradin,  who  di- 
rectly interpolated  incremental  rotations  using  eq.  17.16.  It  is  also  different  from  the 
algorithm  proposed  by  Crisfield  and  Jelenic  [325]. 

Example  17.4.  The  use  of  total  versus  incremental  unknowns 

In  this  example,  the  use  of  total  versus  incremental  unknowns  will  be  contrasted,  to 
underline  the  difficulties  associated  with  the  use  of  total  rotations  in  the  formulation 
of  dynamic  problems.  Consider  a  free-free  beam  featuring  the  following  physical 
properties:  axial  stiffness  S  =  9.28  kN,  shearing  stiffness  K22  =  -f^ss  =  3.57 
kN,  torsional  stiffness  J  =  65.2  N-m^,  bending  stiffness  I22  =  I33  =  32.6  N-m^, 
and  mass  per  unit  length  m  =  0.35  kg/m.  The  beam  is  modeled  using  a  single 
cubic  element  and  is  subjected  to  two  mutually  orthogonal  end  bending  moments 
Q2  and  Qs,  both  acting  in  directions  normal  to  the  axis  of  the  beam.  Both  bending 
moments  have  a  triangular  time  history:  starting  from  zero  value  at  time  t  =  0, 
growing  linearly  to  a  maximum  value  of  0.3  N-m  at  i  =  0.5  s,  linearly  decreasing  to 
a  zero  value  at  time  t  =  1  s,  and  remaining  zero  at  all  subsequent  times. 

The  dynamic  response  of  the  beam  was  computed  using  time  step  sizes  At  =  1 
and  0.1  ms,  with  formulations  using  both  total  and  incremental  unknowns.  Algo- 
rithms I  and  2  were  used  to  interpolate  the  total  and  incremental  rotations,  respec- 
tively. Figure  17.10  shows  the  third  component  of  the  Wiener-Milenkovic  rotation 
parameter  vector  at  the  beam's  end  opposite  to  the  applied  bending  moments,  for 
At  =  1  ms;  the  formulations  using  total  and  incremental  unknowns  lead  to  nearly 
identical  predictions. 

The  rescaling  operation  that  occurs  at  time  t  =  0.929  s  is  evident  in  fig.  17.10. 
All  four  nodes  of  the  element,  however,  are  rescaled  simultaneously  and  the  rotation 
interpolation  procedure  performs  well  with  both  total  and  incremental  unknowns. 

Next,  the  time  step  size  was  reduced  to  At  =  0.1  ms.  Due  to  this  smaller  time 
step  size,  the  node  at  the  unloaded  end  of  the  beam  was  rescaled  at  time  t  =  0.9284 
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Fig.  17.10.  Time  histories  of  third  component       Fig.  17.11.  Rotating  cantilevered  beam  sub- 
of  the  conformal  rotation  vector  at  the  end      jected  to  transverse  tip  force, 
node:  incremental  formulation:  solid  line;  to- 
tal formulation:  dashed  line. 


s,  while  the  other  three  nodes  of  the  element  were  not.  As  expected,  the  formulation 
using  total  unknowns  failed  to  converge  at  that  time  step,  in  contrast  with  that  using 
incremental  unknowns  that  proceeded  uneventfully. 

This  example  call  for  the  following  observations.  If  the  rotation  field  is  interpo- 
lated with  eq.  (17. 16)  without  ever  rescaling  the  rotation  parameters,  the  computation 
will  proceed  smoothly  at  first;  although  the  interpolated  strain  field  is  not  objective, 
errors  remain  small,  particularly  if  higher-order  elements  are  used  with  fine  meshes. 

During  the  simulation,  rotation  magnitudes  grow;  no  matter  what  parameteriza- 
tion is  used  to  represent  rotations,  a  singularity  will  eventually  be  reached  and  the 
simulation  will  fail  at  that  point.  On  the  other  hand,  if  the  rotation  field  is  interpo- 
lated with  eq.  (17.16)  with  rescaling  of  the  rotation  parameters,  the  computation  will 
proceed  smoothly  at  first,  although  the  interpolated  strain  field  is  not  objective. 

When  the  first  node  of  the  model  is  rescaled,  the  strain  field  computed  in  the 
elements  connected  to  this  node  will  be  grossly  erroneous,  see  fig.  17.8,  and  typically, 
convergence  will  not  be  reached  for  that  time  step  at  which  rescaling  occurs. 

Finally,  if  algorithm  1  is  used  for  the  interpolation  of  the  strain  field,  the  simula- 
tion is  not  affected  by  rescaling  of  the  rotation  parameters  that  takes  place  whenever 
required,  and  the  computed  strain  field  is  objective.  The  rescaling  operation  becomes 
transparent  to  the  computation  process. 

However,  evaluations  of  the  tangent  stiffness  matrix  based  on  interpolations  of 
total  unknowns  computed  with  algorithm  1  can  yield  erroneous  search  directions 
in  the  Newton-Raphson  process  used  to  solve  the  nonlinear  equations,  which  are 
inherent  to  time-stepping  procedures.  This  can  destabilize  simulations. 

Therefore,  the  use  incremental  unknowns  in  conjunction  with  algorithm  2  is  rec- 
ommended. This  method  preserves  the  objectivity  of  geometrically  exact  formula- 
tions, yields  tangent  stiffness  matrices  and  residual  vectors  that  are  invariant  to  the 
rescaling  of  rotations,  and  enables  the  use  of  geometrically  exact  structural  models 
in  multibody  simulations. 
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Example  17.5.  Assessing  the  accuracy  of  algorithm  2 

Figure  17.11  depicts  a  cantilevered  beam  rotating  about  an  axis  normal  to  its  axis  and 
passing  through  its  root.  The  beam's  physical  properties  are  identical  to  those  used  in 
example  17.4  and  it  is  subjected  to  a  transverse  tip  load,  F,  linearly  increasing  from 
0  to  50  N  in  one  second.  The  beam  rotates  at  an  angular  speed,  il,  linearly  increasing 
from  0  to  4  rad/s  in  the  same  time.  The  system  was  simulated  for  1.5  s  with  a  time 
step  size  h  =  0.01  s. 

Given  the  results  of  example  17.4,  the  simulations  presented  here  only  use  incre- 
mental unknowns.  The  direct  interpolation  of  rotation  increments  through  eq.  (17. 16) 
will  be  contrasted  with  the  interpolation  technique  described  in  algorithm  2.  Fig- 
ure 17.12  shows  the  error  in  the  beam's  root  shear  force  as  a  function  of  the  number 
of  linear  elements  used  to  mesh  the  beam.  Figure  17.13  shows  the  corresponding 
results  for  quadratic  elements.  The  reference  solution  for  the  error  analysis  was  ob- 
tained using  a  250  cubic  element  mesh  for  which  convergence  was  established. 
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Fig.  17.12.  Beam  root  shear  force  error  ver- 
sus number  of  linear  elements.  Interpolation 
using  algorithm  2:  solid  line;  direct  interpo- 
lation using  eq.  17.16:  dashed  line. 
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Fig.  17.13.  Beam  root  shear  force  error  ver- 
sus number  of  quadratic  elements.  Interpola- 
tion using  algorithm  2:  solid  line;  direct  in- 
terpolation using  eq.  17.16:  dashed  line. 


For  both  linear  and  quadratic  elements,  direct  rotation  interpolation  using 
eq.  (17.16)  leads  to  large  errors  when  coarse  meshes  are  used,  but  these  errors  de- 
crease rapidly  for  both  h-  and  p-refinements.  Indeed,  the  eiTors  observed  for  the 
quadratic  element  mesh  are  far  smaller  than  those  for  the  linear  element  mesh.  When 
algorithm  2  is  used  to  interpolate  rotation  increments,  errors  are  further  reduced, 
although  this  reduction  is  less  pronounced  for  finer  meshes. 

Since  the  computational  cost  associated  with  the  use  of  algorithm  2  is  nearly 
identical  to  that  of  using  eq.  (17.16),  the  use  of  the  former  is  advisable.  Indeed, 
achieving  a  0.01%  error  in  root  shear  force  with  quadratic  elements  requires  5  ele- 
ments with  algorithm  2,  but  16  elements  for  eq.  (17.16);  this  will  result  in  a  nearly 
threefold  gain  in  computational  cost  when  using  algorithm  2. 
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Example  1 7. 6.  Rotorcraft  tail  rotor  transmission 

This  example  presents  the  modeling  of  a  helicopter  supercritical  tail  rotor  transmis- 
sion. Figure  17.14  shows  the  configuration  of  the  system.  The  aft  part  of  the  heli- 
copter is  modeled  and  consists  of  a  6  m  fuselage  section  that  connects  at  a  45  degree 
angle  to  a  1.2  m  projected  length  tail  section.  This  structure  supports  the  transmis- 
sion to  which  it  is  connected  at  points  M  and  T  by  means  of  0.25  m  support  brackets. 
The  transmission  is  broken  into  two  shafts,  each  connected  to  flexible  couplings  at 
either  end.  The  flexible  couplings  are  represented  by  flexible  joints,  consisting  of 
concentrated  springs. 


R 

Fuselage 

o 

Rigid  body 

,^^ 

Beam 

I 

Flexible  joint 

Q 

Revolute  joint 

^ 

Ground  clamp 

Gear 
►    ^box2 


M 


X^         i  Plane  of 
Side  view         rotor 
of  tail  rotor 


Fig.  17.14.  Configuration  of  a  tail  rotor  transmission. 


Shaft  1  is  connected  to  a  revolute  joint  at  point  S,  and  gear  box  1  at  point  G.  Shaft 
2  is  connected  to  gear  box  1  and  gear  box  2  which  in  turn,  transmits  power  to  the  tail 
rotor.  The  plane  of  the  tail  rotor  is  at  a  0.3  m  offset  with  respect  to  the  plane  defined 
by  the  fuselage  and  tail,  and  its  hub  is  connected  to  gear  box  2  by  means  of  a  short 
shaft.  Each  tail  rotor  blade  has  a  length  of  0.8  m  and  is  connected  to  the  rotor  hub 
at  point  H  through  a  rigid  root  attachment  of  length  0.2  m.  The  gear  ratios  for  gear 
boxes  1  and  2  are  1:1  and  2:1,  respectively. 

The  fuselage  has  the  following  physical  characteristics:  axial  stiffness  S  =  687 
MN,  bending  stiffnesses  I22  =  19.2  and  133  =  26.9  MNm^,  torsional  stiffness 
J  =  8.77  MN-m^,  and  mass  per  unit  span  m  =  15.65  kg/m.  The  properties  of  the 
tail  are  one  third  of  those  of  the  fuselage. 

Shafts  1  and  2  have  the  following  physical  characteristics:  axial  stiffness  S  = 
22.9  MN,  bending  stiffnesses  I22  =  26.7  and  133  =  27.7  kN-m^,  torsional  stiffness 
J  =  2  2 . 1  kN-  m^ ,  and  mass  per  unit  span  m  =  0 .  848  kg/m.  The  center  of  mass  of  the 
shaft  has  a  1  mm  offset  with  respect  to  the  shaft  reference  line.  The  small  difference 
in  bending  stiffnesses  together  with  the  center  of  mass  offset  are  meant  to  represent 
an  initial  manufacturing  imperfection  or  an  unbalance  in  the  shaft. 
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The  stiffness  properties  of  the  flexible  couplings  are  as  follows:  axial  stiffness  5 
kN/m  and  damping  0.5  N-sec/m,  transverse  stiffnesses  1  MN/m,  torsional  stiffness 
0.1  MN-m/rad,  and  bending  stiffnesses  0.1  kN-m/rad.  Finally,  gear  boxes  1  and  2 
have  a  concentrated  mass  of  5  kg  each,  and  the  tail  rotor  a  15  kg  mass  with  a  polar 
moment  of  inertia  of  3  kg-m^. 

At  first,  a  static  analysis  of  the  system  was  performed  for  various  constant  angular 
velocities  of  the  drive  train.  The  natural  frequencies  of  the  system  were  computed 
about  each  equilibrium  configuration.  When  shaft  1  does  not  rotate,  its  two  lowest 
natural  frequencies  of  shaft  1  were  found  to  be  oji  =  46.9  and  ijJ2  =  49.1  rad/s. 
According  to  linear  theory,  the  system  is  stable  when  the  shaft  angular  velocity  is 
below  wi  or  above  uj2,  but  unstable  between  theses  two  speeds. 

The  system  was  loaded  by  a  torque  acting  at  the  root  of  shaft  1,  featuring  the 
following  time  history:  Q{t)  =  50  (1  -  cos27ri)  for  0  <  ^  <  1  s,  Q{t)  =  0  for 
1  <  t  <  2  s,  Q{t)  =  6(1-  cos  27ri)  for  2  <  i  <  3  s,  and  Q(i)  =  0  for  3  <  i  <  6 
s.  After  1  s,  the  angular  velocity  of  shaft  1  stabilizes  at  about  45  rad/s,  below  the 
critical  speed.  The  torque  applied  for  2  <  t  <  3  s  then  accelerates  the  transmission 
through  the  critical  zone  to  reach  an  anguleir  velocity  of  50.5  rad/s.  A  constant  time 
step  size  h  =  0.5  ms  was  used  for  the  entire  simulation. 


Fig.  17.15.  Top  figure:  first  component  of  the 
Wiener-Milenkovic  rotation  parameter  vec- 
tor. Middle  figure:  components  of  unit  vector 
62.  Bottom  figure:  shaft  1  mid-span  angular 
speed. 
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Fig.  17.16.  Moments  at  the  mid-span  loca- 
tion of  shaft  1.  Top  figure:  torque.  Mi.  Mid- 
dle figure:  bending  moments  M2.  Bottom 
figure:  bending  moments  A/3. 


Figure  17.15  shows  the  dynamic  response  at  shaft  1  mid-span  position  for  2  < 
i  <  3  s.  The  top  portion  of  the  figure  shows  the  first  component  of  the  Wiener- 
Milenkovic  rotation  parameter  vector:  a  rescaling  operation  occurs  for  each  complete 
revolution  of  the  shaft.  The  middle  portion  of  the  figure  shows  the  components  of 
the  unit  vector  62,  i.e.,  the  second  column  of  the  rotation  tensor.  As  expected,  these 
quantities  are  continuous,  as  they  do  not  "see"  the  rescaling  operations.  Finally,  the 
bottom  portion  of  the  figure  shows  the  angular  velocity  of  the  shaft.  The  horizontal 
dashed  line  indicate  the  unstable  zone  for  the  shaft. 
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The  angular  velocity  of  shaft  1  passes  through  this  critical  zone  fast  enough  to 
avoid  the  build  up  of  lateral  vibrations.  Here  again,  the  angular  velocity  is  continu- 
ous, unaffected  by  the  rotation  rescaling  operations.  Figure  17.16  shows  the  torque. 
Ml,  and  the  two  bending  moments,  M2  and  M3,  at  shaft  I's  mid-span,  for  4  <  f  <  5 
s.  Since  the  shaft  has  just  passed  through  the  critical  zone,  fairly  large  bending  mo- 
ments are  observed.  Here  again,  all  quantities  are  continuous,  despite  the  multiple 
rescaling  operations.  This  example  demonstrates  the  ability  of  the  algorithm  2  to 
handle  rotations  of  arbitrary  magnitudes  in  complex,  flexible  multibody  systems. 
The  rescaling  operations  are  applied  at  those  nodes  where  they  are  required  to  avoid 
singularities  in  rotation  representations.  All  other  quantities,  such  as  the  rotation  ten- 
sor, angular  velocities,  or  bending  moments  are  continuous  and  unaffected  by  the 
rescaling  operations. 

17.3  Governing  equations  and  linearization  process 

The  governing  equations  for  multibody  systems  can  take  many  different  forms.  Prior 
to  performing  a  dynamic  analysis,  it  is  often  informative  to  carry  out  a  static  anal- 
ysis, for  which  all  inertial  forces  are  assumed  to  vanish.  Both  linear  and  nonlinear 
static  problems  arise  both  with  and  without  kinematic  constraints,  as  discussed  in 
section  17.3.1.  Next,  the  equations  governing  linear  structural  dynamics  problems 
will  be  reviewed  in  section  17.3.3,  leading  to  the  nonlinear  problems  discussed  in 
section  17.3.4.  Finally,  the  governing  equations  for  typical  multibody  systems  are 
presented,  for  holonomic  and  nonholonomic  systems  in  sections  17.3.5  and  17.3.6, 
respectively. 

17.3.1  Statics  problems 

Consider  first  a  simple  linear,  unconstrained  static  problem  characterized  by  a  system 
of  linear  equations, 

Kq  =  L  (17.17) 

where  array  q  stores  the  n  generalized  coordinates  of  the  system,  K^  is  the  constant 
stiffness  matrix,  and  /  the  externally  applied  forces. 

For  complex  elastic  structures,  static  problems  are  typically  formulated  using 
finite  element  techniques  [324,  197,  198].  A  large  number  generalized  coordinates, 
corresponding  to  the  displacement  components  at  all  nodes,  will  be  present  and  a  two 
step  procedure  is  generally  used  to  solve  linear  system  (17.17).  First,  the  symmetric 
stiffness  matrix  is  factorized  z&  K_  =  LD^L  ,  where  L  is  a  lower  triangular  ma- 
trix and  D.  a  diagonal  matrix.  Next,  the  solution  is  found  through  backsubstitution. 
This  algorithm,  often  referred  to  as  the  active  column  solver,  is  well  documented 
numerous  textbooks  [324,  197,  198]. 
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Nonlinear  static  problems 

More  often  than  not,  the  elastic  forces  are  nonlinear  functions  of  the  generalized 
coordinates,  and  the  governing  equations  express  the  equilibrium  of  the  system  as 
/  (q)  =  /'  where  /  are  the  elastic  forces.  This  nonlinear  static  problem  will  be 
solved  through  successive  linearization  of  the  governing  equations. 

Given  an  approximate  solution,  q,  a  more  accurate  solution,  q  +  Aq,  is  sought, 
where  Aq  are  the  unknown  increments  in  generalized  coordinates.  The  new  solution 
is  assumed  to  satisfy  the  governing  equations  of  the  problem,  i.e.,  f  {q  +  Aq)  =  f. 
A  Taylor  series  expansion  is  performed  about  the  known,  approximate  equilibrium 
solution,  to  find 

f''iq)  +  ^Aq  +  h.o.t.  =  f.  (17.18) 

—     -  oq      -  — 

The  externally  applied  load  array,  /,  is  assumed  here  to  be  known  and  independent 
of  the  generalized  coordinates.  If  this  is  not  the  case,  this  array  would  also  be  approx- 
imated using  a  Taylor  series  expansion  and  treated  in  a  manner  similar  to  the  elastic 
forces. 

Next,  the  solution  increments,  Aq,  are  assumed  to  be  small  quantities  and  the 
higher-order  terms  in  the  Taylor  series  expansion  are  neglected,  leading  to  a  lin- 
earized problem  for  these  increments, 

K^q  =  I- fig),  (17.19) 

where  array  f  —  f  (q)  is  called  the  out-of-balance  force  array.  The  stiffness  ma- 
trix, K_{q),  corresponds  to  the  derivatives  of  the  elastic  forces  with  respected  to  the 
generalized  coordinates, 

dfiq) 

Ml)  =  -^d^-  (1^-20) 

This  solution  procedure,  known  as  the  Newton-Raphson  method,  is  of  an  iterative 
nature.  Starting  from  an  approximate  solution,  q'^^\  the  stiffness  matrix,  K{cf'^^),  is 
evaluated  first  and  increments  are  obtained  from  the  solution  of  system  (17.19)  as 

Z\g(i)  =^-i(g(i))[/- /^(^(i')].  The  new  solution  is  then  g(2)  =  ^(i)  +z\g(i). 

At  the  k*'^  iteration,  the  approximate  solution  is  denoted  g^'^'  and  the  next  ap- 
proximate solution,  denoted  g'*'"'"^',  is  obtained  as  q'^^+'^)  =  gC^)  +  K~'^{q''^^)[f  — 
f  (g''^^)].  At  convergence,  the  norm  of  the  out-of-balance  force  array  becomes 
small,  11/  —  /  (g'*^')!!  <  e,  where  e  is  a  small  positive  number,  which  implies  that 
qik)  jj  ^  good  approximation  to  the  exact  solution  of  the  nonlinear  problem. 

Because  the  most  computationally  expensive  step  of  the  procedure  is  the  factor- 
ization of  the  stiffness  matrix,  it  often  efficient  to  keep  the  stiffness  matrix  unchanged 
for  several  iterations.  For  instance,  at  the  second  iteration,  the  new  approximation 
is  obtained  as  q^^'>  =  g(2)  +  K~\q^^^){l  -  f^ig^^^)}-  The  sole  elastic  forces, 
/  (g'^'),  are  evaluated  at  the  second  iteration;  the  stiffness  matrix  and  its  factor- 
ization are  kept  unchanged,  resulting  in  considerable  computational  savings.  This 
approach  is  known  as  the  modified  Newton-Raphson  method. 
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Constrained  statics  problems 

Consider  now  a  static  problem  subjected  to  m  holonomic  constraints,  denoted 
C(q)  =  0.  The  nonlinear  equilibrium  equations  of  the  problem  are  stated  as 

t{q)+^{q)^  =  L  (17.21a) 

C{q)  =  0.  (17.21b) 

The  constraint  forces,  B_  A,  appear  in  the  equilibrium  equation  of  the  system, 
eq.  (17.21a),  and  eq.  (17.21b)  states  the  constraints  imposed  on  the  system.  The  con- 
straints were  enforced  via  the  Lagrange  multiplier  technique;  A  denotes  Lagrange's 
multipliers  and  B_{q)  the  constraint  matrix  defined  by  eq.  (9.37). 

Here  again,  system  (17.21)  will  be  solved  using  a  linearization  technique.  The 
two  sets  of  equations  are  expanded  using  Taylor  series  about  a  known,  approximate 
solution,  (g,  A),  leading  to 

t{q)  +K^q  +  R^{q)\  +  R^{q)AX  +  K\q,  X)Aq  +  h.o.t.  =  /,      (17.22a) 

C{q)  +  E^{q)Aq  +  h.o.t.  =  0.      (17.22b) 

The  linearization  of  the  elastic  forces  involves  the  stiffness  matrix  defined  by 
eq.  (17.20).  The  linearization  of  the  constraint  forces  involves  two  matrices,  the  con- 
straint matrix  B  defined  by  eq.  (9.37)  and  the  constraint  related  stiffness  matrix, 

K\q,^)=     =~-  (17.23) 

Finally,  the  linearization  of  the  constraint  gives  rise  to  matrix  K^  defined  as 

K'^iq,t)  =  ^.  (17.24) 

—    -  oq 

Here  again,  solution  increments  are  assumed  to  be  small  quantities  and  higher- 
order  terms  in  the  Taylor  series  expansion  are  neglected,  leading  to  a  linearized  prob- 
lem for  these  increments. 


K  +  ^  R^ 
K''        0 


t}M^:0'^- 


An  iterative  approach  based  on  the  Newton-Raphson  or  modified  Newton-Raphson 
method  then  yields  the  solution  of  the  nonlinear  constrained  system. 

17.3.2  Problems 

Problem  17.1.  Rigid  body  with  a  root  spring 

Consider  the  rigid  bar  of  length  L  with  a  root  spring,  as  depicted  in  fig.  17.17.  The  bar  is 
subjected  to  a  tip  vertical  force  P.  The  root  spring  is  nonlinear  such  that  M  —  k\9  +  k^t 


q3 
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k,  e  +  k 


Fig.  17.17.  Rigid  body  with  a  root  spring.  Fig.  17.18.  Shallow  arch  under  center  load. 


where  M  is  the  root  moment  and  6  the  root  rotation.  Let  ki/L  —  50  N/rad  and  kg/L  —  15 
N/rad^.  (1)  Write  the  nonlinear  governing  equations  of  the  system.  (2)  Linearize  the  governing 
equations.  (3)  Use  an  iterative  technique  to  find  the  response  of  the  system  S  as  a  function  of 
the  applied  load  P.  Plot  6  as  a  function  of  P  G  [0,  600]  N. 

Problem  17.2.  Snap-through  behavior  of  a  shallow  arch 

The  shallow  arch  depicted  in  fig.  17.18  is  subjected  to  a  center  vertical  load,  P.  The  shallow 
arch  is  modeled  by  two  articulated  bars  of  length  L,  pinned  at  points  A,  B,  and  C.  At  point 
C,  a  vertical  load  P  is  applied  and  the  deflection  of  point  C  under  the  load  is  denoted  A. 
The  constitutive  law  for  the  two  identical  bars  h  F  —  ke,  where  k  is  the  axial  stiffness  of 
the  bar,  F  the  applied  axial  load,  and  e  =  {L'  —  L)/L  the  resulting  axial  strain.  The  initial 
length  of  the  bar  is  L  and  its  length  under  load  is  denoted  L' .  (1)  Find  the  strain  in  the  bar  in 
terms  of  the  non-dimensional  vertical  displacement,  A  —  A/L.  (2)  Find  the  non-dimensional 
applied  load,  P  =  P/{2k)  versus  A.  (3)  On  one  graph,  plot  P  versus  ^  for  5  —  10,  20, 
and  30  degrees.  (4)  The  shallow  arch  snaps  through  when  dP/dA  —  0.  Find  the  strain  at 
snap-through,  e^  and  plot  Cs  versus  angle  6.  (5)  Find  the  vertical  deflection  at  snap-through, 
As  and  plot  As  versus  6.  (6)  Find  the  applied  load  at  snap-through,  Ps  and  plot  Ps  versus  6. 

17.3.3  Linear  structural  dynamics  problems 

Consider  next  a  linear  structural  dynamics  problem  characterized  by  the  following 
equations  of  motion 

Kg  +  Qq  +  Kq  =  lit),  (17.26) 

where  array  q  stores  the  n  generalized  coordinates,  M,  C_,  and  I£  are  the  constant 
mass,  damping,  and  stiffness  matrices  of  the  system,  respectively,  and  f{t)  the  exter- 
nally applied,  time-dependent  force  array.  These  equations  of  motion  form  a  set  of 
linear,  second-order,  coupled  ordinary  differential  equations. 

For  complex  elastic  structures,  dynamics  problems  are  typically  formulated  using 
the  finite  element  method.  Procedures  for  formulating  the  mass  and  stiffness  matrices 
of  such  problems  are  well  documented  in  textbooks  [324,  197,  198].  Because  energy 
dissipating  mechanisms  are  difficult  to  model  rigorously,  the  damping  matrix  is  often 
approximated.  The  Rayleigh  damping  assumption  is  often  used  and  corresponds  to 
the  choice  of  a  damping  matrix  written  as  a  linear  combination  of  the  mass  and 
stiffness  matrices,  C_  =  aM_  +  /3I£,  where  parameters  a  and  /3  are  selected  based  on 
experimental  observations. 
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The  initial  conditions  of  the  problem  are  the  initial  displacements  and  velocities 
of  the  system,  q(ti)  =  q.,  and  q{ti)  =  Vi,  where  U  is  the  initial  time  of  the  simula- 
tion. The  initial  accelerations  can  be  obtained  by  expressing  the  dynamic  equilibrium 

conditions,  eq.  (17.26),  at  time  ti,  to  find  q{ti)  =  M_~^    fi^i)  ~  QUi  ~  Kg. 

17.3.4  Nonlinear  structural  dynamics  problems 

Many  practical  engineering  problems  involve  dynamical  systems  presenting  large 
displacements  and  rotations,  i.e.,  geometric  nonlinearities,  or  large  deformations  re- 
sulting in  nonlinear  material  behavior,  i.e.,  material  nonlinearities.  Such  nonlinear 
structural  dynamics  problems  are  described  by  the  following  dynamic  equilibrium 
equations 

Mig,t)a+l{q.v,t)  =  0,  (17.27) 

where  arrays  q,v  =  q,  and  a  =  q  store  the  n  generalized  displacement,  velocity,  and 
acceleration  components  of  the  system,  respectively.  The  mass  matrix  is  symmet- 
ric, positive-definite,  and  array  /  stores  the  dynamic  and  externally  applied  forces. 
These  equations  of  motion  form  a  set  of  second-order,  coupled,  nonlinear,  ordinary 
differential  equations,  and  exhibit  a  linear  dependency  on  generalized  accelerations 
because  they  are  derived  from  Newton's  second  law. 

For  multibody  systems,  the  generalized  coordinates  are  likely  to  involve  both  dis- 
placements and  rotations.  For  instance,  six  generalized  coordinates,  three  displace- 
ments and  three  rotations,  are  used  to  represent  the  configuration  of  rigid  bodies 
and  the  formulation  of  geometrically  exact  beams  presented  in  section  16.3.1  calls 
for  both  displacements  and  rotation  fields.  Rotations  could  be  represented  using  the 
vectorial  parameterization  of  rotation  discussed  in  section  13.4. 

Because  the  problem  is  nonlinear,  it  is  necessary  to  linearize  the  equations  of 
motion  following  a  procedure  similar  to  that  developed  in  section  17.3.1  for  non- 
linear static  problems.  Given  an  approximate  solution  characterized  by  generalized 
displacement,  velocity,  and  acceleration  arrays,  denoted  q,  v,  and  a,  respectively,  a 
more  accurate  solution  characterized  by  arrays  q+Aq,  v+Av,  and  a+Aa,  is  sought, 
where  Aq,  Av,  and  Aa  are  the  unknown  increments  in  generalized  displacements, 
velocities,  and  accelerations,  respectively. 

The  new  solution  is  assumed  to  satisfy  the  governing  equations  of  the  problem, 
i.e.,  M_{q  +  Aq,  t){a  +  Aa)  +  f{q  +  Aq,  v  +  Av,  t)  =  0.  A  Taylor  series  expansion 
is  performed  about  the  known,  approximate  solution,  to  find 

Kig,  t)a  +  Kg,  V,  t)  +  Kig,  H,  a,  t)Aq  +  Q{q,  v,  t)Av  +  Mig,  t)^a  +  h.o.t  =  0. 

The  stiffness,  gyroscopic,  and  mass  matrices,  denoted  K_,  G,  and  M,  respectively, 
are  defined  as  the  derivative  of  all  forces  with  respect  to  the  displacement,  velocity, 
and  acceleration  components,  respectively,  i.e.. 
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d(Ma  +  f) 
K{q,v,a,t)=      — -     -,  (17.28a) 

d(Ma  +  f) 
g{g,v,t)=      — -^    -,  (17.28b) 

diMa  +  f) 
M{q,t)=     '=-     -',  (17.28c) 
da 

Next,  the  solution  increments,  Aq,  Av,  and  Aa,  are  assumed  to  be  small  quanti- 
ties and  the  higher-order  terms  in  the  Taylor  series  expansion  are  neglected,  leading 
to  a  linearized  problem  for  these  increments, 

K{q,  w,  a,  t)Aq  +  Q{q,  v,  t)Av  +  Mig,  t)M  =  -Mig,  t)a  -  /(g,  v,  t).    (17.29) 

In  their  linearized  form,  the  governing  equations  of  the  system  now  resemble 
their  counterparts  for  linear  systems,  eqs.  (17.26).  The  mass,  gyroscopic,  and  stiff- 
ness matrices,  however,  are  now  functions  of  the  states  of  the  system.  As  discussed 
in  section  12.6.1,  it  is  desirable  to  scale  the  equations  of  motion  equations  to  find 

h'^^Aq  +  hQ}iAv  +  MJi'^^a  =  -  {MJi^a  +  h'^f)  ,  (17.30) 

where  h  is  the  time  step  size  that  will  be  use  in  the  time  integration  procedure. 

17.3.5  Multibody  dynamics  problems  with  holonomic  constraints 

Multibody  systems  are  typically  subjected  to  constraints;  the  present  section  deals 
with  nonlinear  multibody  systems  featuring  n  generalized  coordinates  and  m  holo- 
nomic. Problems  involving  nonholonomic  constraints  will  be  addressed  in  sec- 
tion 17.3.6. 

Nonlinear  multibody  systems  subjected  to  holonomic  constraints  are  described 
by  Lagrange's  equations  of  the  first  kind  developed  in  section  11.1  and  repeated  here 
for  convenience, 

Mg,  t)a  +  lig,  V,  t)  +  ^{q,  t)\  =  0,  (17.31a) 

C{q,t)  =  Q.  (17.31b) 

Array  /  stores  the  dynamic  and  externally  applied  forces.  The  constraint  forces  as- 
sociated with  the  holonomic  constraints  are  given  by  the  term  B^ \,  where  _B  is  the 
constraint  matrix  and  A  the  array  of  Lagrange's  multipliers  used  to  enforce  the  con- 
straint. Although  equations  (17.31)  describe  fully  nonlinear  multibody  systems,  their 
dependency  on  Lagrange's  multipliers  is  linear. 

Because  the  governing  equations  are  nonlinear,  their  solution  calls  once  more 
for  a  linearization  process.  The  linearization  of  the  dynamical  terms,  M_{q,  t)a  + 
f{q,v,t),  gives  rise  to  the  stiffness,  gyroscopic,  and  mass  matrices  defined  in 
eqs.  (17.28).  Linearization  of  the  constraint  forces  gives  rise  to  matrix  I£   defined 
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by  eq.  (17.23),  and  similarly,  linearization  of  the  constraint  gives  rise  to  matrix  K'^ 
defined  by  eq.  (17.24).  ~ 

Following  a  procedure  identical  to  that  developed  in  section  17.3.4  for  the  equa- 
tions of  nonlinear  structural  dynamics,  the  linearized  equations  for  the  present  prob- 
lem are  obtained.  As  discussed  in  section  12.6.1,  it  is  desirable  to  scale  the  equations 
of  motion  equations  to  find 

{h?K  +  s^)Aq  +  hG}iAv  +  MJi^^a  +  s^ A(i_  =  -  Mh'^a  -  h^l  -  sg^ fi, 

(17.32a) 

sK''^q  =  -sC(q,t).  (17.32b) 

where  p,  is  the  array  of  modified  Lagrange's  multipliers  defined  by  eq.  (12.23). 

17.3.6  Multibody  dynamics  problems  with  nonliolonomic  constraints 

If  the  multibody  system  is  subjected  to  nonholonomic  constraints  of  the  form  given 
by  eq.  (11.2),  Lagrange's  equations  of  the  first  kind  developed  in  section  11.1  are 
still  applicable, 

M(9,  t)a  +  liq,  V,  t)  +  ^{q,  t)\  =  0,  (17.33a) 

V  =  Q.  (17.33b) 

The  nonholonomic  constraints  are  expressed  by  eq.  (11.2)  as  2  =  B_{q,t)v  + 
b{q,  t)  =  0  and  are  assumed  to  present  a  linear  dependency  on  the  generalized  veloc- 
ities. The  constraint  forces  associated  with  the  nonholonomic  constraints  are  given 
by  the  term  -B^A,  where  _B  is  the  constraint  matrix  and  A  the  array  of  Lagrange's 
multipliers  used  to  enforce  the  constraint.  Although  equations  (17.33)  describe  fully 
nonlinear  multibody  systems,  their  dependency  on  Lagrange's  multipliers  is  linear. 

Because  the  governing  equations  are  nonlinear,  their  solution  calls  once  more 
for  a  linearization  process.  The  linearization  of  the  dynamical  terms,  M_{q,  t)a  + 
f{q,v,t),  gives  rise  to  the  stiffness,  gyroscopic,  and  mass  matrices  defined  in 
eqs.  (17.28).  Linearization  of  the  constraint  forces  gives  rise  to  matrix  K^  defined 
by  eq.  (17.23).  Finally,  linearization  of  the  nonholonomic  constraints  introduces  the 
following  matrix 

Kfiq,v,t)  =  ^.  (17.34) 

Following,  once  again,  a  procedure  identical  to  that  developed  in  section  17.3.4 
for  the  equations  of  nonlinear  structural  dynamics,  the  linearized  equations  of  present 
problem  are  obtained.  As  discussed  in  section  12.6.1,  it  is  desirable  to  scale  the  equa- 
tions of  motion  equations  to  find 

{h'^K  +  s^)Aq  +  hQJiAv  +  Kh^Aa  +  s^ Ajj^  =  -Kh^a  -  h'^l  -  s^^ [i, 

(17.35a) 

shEfAq  +  sMJiAv  =  -sMig,  t)v  -  shb{q,  t), 

(17.35b) 

where  jl  is  the  array  of  modified  Lagrange's  multipliers  defined  by  eq.  (12.23). 
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17.4  The  generalized-a  time  integration  scheme 

Typical  equations  for  static,  structural  dynamic,  and  multibody  dynamic  problems 
have  been  presented  in  the  previous  sections.  For  nonlinear  statics  problems,  the 
Newton-Raphson  procedure  outlined  in  section  17.3.1  is  used  and  transforms  the 
solution  of  nonlinear  algebraic  problems  into  the  solution  of  a  sequence  of  linear, 
algebraic  problems.  The  situation  is  different  for  structural  and  multibody  dynamic 
problems. 

Linear  structural  dynamics  problems  were  presented  in  section  17.3.3  and  are 
characterized  by  eq.  (17.26),  which  forms  a  set  of  ordinary  differential  equations  in 
time.  Time  integration  schemes  transform  these  ordinary  differential  equations  into 
a  set  of  linear  algebraic  equations.  For  nonlinear  structural  and  multibody  dynamic 
problems,  a  similar  path  is  followed.  The  Newton-Raphson  procedure  outlined  in 
section  17.3.4  for  structural  dynamics  or  in  section  17.3.5  or  17.3.6  for  multibody 
dynamics  problems  with  holonomic  or  nonholonomic  constraints,  respectively,  is 
first  used  to  transform  the  nonlinear,  ordinary  differential  equations  of  motion  into 
a  sequence  of  linear,  ordinary  differential  equations.  Time  integration  schemes  then 
finally  lead  to  sets  of  linear  algebraic  equations. 

Numerous  time  integration  schemes  have  been  used  in  multibody  dynamics.  For 
systems  presenting  a  small  number  of  degrees  of  freedom,  explicit,  predictor  multi- 
corrector  algorithms  such  as  the  Adams-Bashforth  integrator  [199]  are  often  used. 
Hairer  and  Wanner  [26]  present  an  exhaustive  review  of  this  field. 

Because  numerous  degrees  of  freedom  are  generated  by  the  discretization  process 
inherent  to  finite  element  formulations,  the  resulting  equations  of  motion  typically 
involve  many  high  frequency  modes  that  are  an  artifact  of  the  discretization  pro- 
cess. Consequently,  implicit  schemes  are  used  almost  exclusively  when  dealing  with 
finite  element  discretizations.  The  Hilber-Hughes-Taylor  (HHT)  integrator  [135], 
the  workhorse  used  in  most  commercial  codes,  is  described  in  textbooks  such  as 
Hughes  [197]  or  Bathe  [198]. 

The  HHT  scheme  was  originally  developed  for  linear  structural  dynamics 
problems  [135].  Chung  and  Hulbert  [136]  later  generalized  this  scheme  as  the 
generalized-a  scheme.  Because  the  HHT  scheme  is  a  particular  case  of  the  latter, 
the  presentation  focuses  on  the  generalized-a  scheme.  Applications  of  this  scheme 
to  nonlinear  structural  and  multibody  problems  are  presented  next. 

The  presentation  of  the  generalized-a  scheme  given  in  the  sections  below  is 
limited  to  a  description  of  the  scheme  and  of  its  basic  properties.  Chung  and  Hul- 
bert [136]  proved  that  for  linear  structural  dynamics  problems,  the  scheme  is  second- 
order  accurate,  unconditionally  stable,  and  presents  high  frequency  numerical  damp- 
ing; these  three  features  are  considered  indispensable  for  the  successful  integration 
of  large  finite  element  systems  [197,  198]. 

The  need  for  numerical  dissipation  in  time  integration  of  large  systems  of  linear 
equations  was  identified  very  early.  Indeed,  the  average  acceleration  scheme  pro- 
posed by  Newmark  [201]  in  1959  is  an  energy  preserving  scheme  for  linear  systems; 
the  strict  preservation  of  energy  at  each  time  step  of  the  integration  process  pre- 
cludes the  presence  of  any  numerical  dissipation.  Undesirable  characteristics  of  this 
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scheme  were  reported  by  Hughes  [335]:  in  large  systems,  numerical  round-off  errors 
are  sufficient  to  provide  excitation  of  the  high  frequency  modes  of  the  system.  This 
energy  does  not  dissipate,  due  to  the  strict  energy  preservation  characteristic  of  the 
algorithm.  This  prompted  the  development  of  algorithms  presenting  high  frequency 
numerical  dissipation  in  linear  systems,  such  as  the  HHT  and  generalized-a  schemes. 

Because  the  generalized-a  scheme  was  shown  to  be  a  powerful  tool  for  the  time 
integration  of  large  structural  dynamics  problems,  extending  its  use  to  the  simula- 
tion of  constrained  dynamical  systems  seems  natural.  Cardona  and  Geradin  [200] 
have  shown  that  numerical  damping  is  critical  to  avoid  numerical  oscillations  in  La- 
grange's multipliers.  Although  their  analysis  is  restricted  to  linear  problems,  stable 
predictions  are  presented  for  nonlinear  test  cases.  A  more  formal  study  of  the  spec- 
tral behavior  of  the  HHT  schemes  in  constrained  linear  system  is  given  by  Farhat  et 
al.  [336]. 

The  generalized-a  scheme  has  also  been  applied  to  the  solution  of  the  equations 
of  constrained  dynamical  systems  after  index  reduction,  see  section  12.2.  Lunk  and 
Simeon  [337]  and  Jay  and  Negrut  [338]  have  proved  second-order  accuracy  when 
applied  to  the  stabilized  index-2  or  GGL  method  [59].  Formal  results  concerning  the 
application  of  the  generalized-a  scheme  to  index-3  constrained  dynamic  systems  are 
presented  by  Negrut  et  al.  [339]  and  Arnold  and  Brills  [340].  Of  course,  in  all  cases, 
the  equations  of  motion  should  be  properly  scaled,  as  discussed  in  section  12.6. 

17.4.1  Linear  structural  dynamics  problems 

The  generalized-a  scheme  [136]  was  introduced  for  linear  structural  dynamics  prob- 
lems of  the  form  described  in  section  17.3.3.  The  equations  of  motion  are  in  the 
form  given  by  eq.  (17.26).  A  typical  time  step  starts  and  ends  at  times  ti  and  tf, 
respectively,  and  h  =  tf  —  ti  is  the  time  step  size.  Subscripts  (•),  and  (•)/  are  used 
to  identify  quantities  evaluated  at  times  ti  and  tf,  respectively.  The  generalized  dis- 
placement, velocity,  and  acceleration  arrays  at  time  ti  are  denoted  q.,  v^,  and  a.^, 
respectively.  Similar  notations  are  defined  at  the  end  of  the  time  step  using  subscript 

(•)/■ 

In  the  generalized-a  scheme,  the  solution  at  the  end  of  the  time  step  is  written  as 

q^  =  q.  +  hvi  +  [(i  -  /?)  h^ai  +  ph?aj\  ,  (17.36a) 

hvj  =  hvi  +  [(1  -  7)  /i^a^  +  jh'^aj:]  ,  (17.36b) 

where  /?  and  7  are  two  parameters  that  will  be  selected  later  to  optimize  the  perfor- 
mance of  the  scheme. 

Instead  of  being  satisfied  at  each  instant  in  time,  the  equations  of  motion, 
eqs.  (17.26),  are  satisfied  at  discrete  instants  only.  The  discrete  statement  of  dynamic 
equilibrium  is  stated  as 

MJi^a  +  hQhv  +  h'^Kq  =  h'^l{i),  (17.37) 

where  the  displacement,  velocity,  and  acceleration  stages  are  defined  as 
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q  =  apq    +aFq^,  (17.38a) 

hv_  =  aphy_r -\- aphii^,  (17.38b) 

h?a  =  djifh^aj:  +  ttMh^a^,  (17.38c) 

i  =  ctptf  +  apti-  (17.38d) 

Coefficients  ajv/  and  ap  are  two  additional  quantities  that  characterize  the 
generalized-a  family  of  integration  schemes.  Coefficients  /3,  7,  aM,  and  ap  will 
be  selected  to  optimize  the  accuracy  and  stability  characteristics  of  the  algorithm. 
The  following  simplifying  notation  was  adopted,  ap  =  1  —  ap  and  Am  =  1  —  C(m- 
For  the  generalized-a  scheme  [136],  the  four  coefficients  are  expressed  in  terms 
of  the  spectral  radius  at  infinity,  denoted  poo-  At  first,  um  and  ap  are  chosen  as 

^Poo  ~  i  Poo  ,,_  o^^ 

"M  =  —r,      ap  =  — -,  (17.39) 

Poo  +  1  Poo  +  1 

with  Poo  G  [0,1].  The  two  remaining  coefficients  are  then  computed  as 

7=2""^  +  °^^'      13  =  -{l-aM  +  ap)'^.  (17.40) 

The  HHT-a  scheme  [135]  is  a  subset  of  the  generalized-a  scheme  for  which  the  first 
two  coefficients  are  selected  as  aM  =  0  and  ap  =  —a,  with  a  G  [—0.3, 0].  The  two 
remaining  coefficients  are  then  computed  using  eq.  (17.40) 

To  facilitate  the  solution  process,  the  solution  at  the  end  of  the  time  step  given  by 
eqs.  (17.36)  is  recast  as 

ya,+     Aq,    (17.41a) 
h\i  +  JAq,   (17.41b) 

h^ai  +  -Aq.    (17.41c) 

P 

Introducing  these  expressions  into  eq.  (17.37)  then  leads  to 

Aq  =  h^fd) 


1f  = 

li 

+  hVi 

+ 

/l2 

+  I3h'^{af- 

-aj  = 

li 

+  hVi 

hvj  = 

hv,^ 

+ 

h^Oii 

+  jh'^{aj  - 

-«.)  = 

hv^ 

h     Qr     = 

h\. 

+    h\af- 

-«J  = 

aM  ,,  ,   lap         ,    -    ,2  1^ 

P  P 


Mh^a^  -  hQ  [aph'^a^  +  hv^]  -  h^K 


ap    2  „ 

—  h  a^  +  aphv^  +  q^ 


(17.42) 


This  linear  set  of  algebraic  equations  is  solved  for  the  increments  in  the  general- 
ized coordinates,  Aq.  Equations  (17.41)  then  yield  the  generalized  displacements, 
velocities,  and  accelerations  at  the  end  of  the  time  step. 

Example  1 7. 7.  Single  degree  of  freedom  problem 

Consider  a  simple,  single  degree  of  freedom  spring,  mass,  dashpot  system.  For  this 
system,  it  is  now  easily  shown  that 
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^^+l^hg+aph%  =  m 


—  +2——Cti  +  aFH 


mQ, 


where  /i  =  uih  =  27r /i/T  and  (  is  the  damping  of  the  system,  expressed  as  a  fraction 
of  the  critical  damping  rate. 

Equation  (17.42)  is  now  restated  as 


QAq 


—  J  —  h  Gi  —  2Qn  [aph  a-i  +  hvi)  —  n       h  a-i  +  aphvi  +  qi 

m  ^  '  \    2 


Finally,  the  displacements,  velocities,  and  accelerations  at  the  end  of  the  time  step 
are  now  expressed  in  terms  of  their  counterparts  at  the  beginning  of  the  time  step 
with  the  help  of  eqs.  (17.41)  as 


(17.43) 


In  the  absence  of  external  excitation,  the  first  term  on  the  right-hand  side  van- 
ishes, and  matrix  A,  called  the  amplification  matrix,  then  relates  the  displacements, 
velocities,  and  accelerations  of  the  system  at  the  beginning  of  the  time  step  to  the  cor- 
responding quantities  at  the  end  of  the  time  step.  The  amplification  matrix  is  defined 

as 


A  =  A-^-  A2A3  IQ,  where 


4i 


'l  1  1/2' 
0  1    1 
00    1 


A2=\ilf^\.  Az  = 


2C,\x  +  p?aF 
l  +  2CnaF+tJ-'^aF/2^ 


The  largest  eigenvalue  of  the  amplification  matrix  is  called  its  spectral  radius. 
Figure  17.19  shows  this  spectral  radius  as  a  function  of  h/T  for  C  =  0  and  several 
values  of  Poo-  The  corresponding  results  for  the  HHT  scheme  are  shown  in  fig.  17.20, 
when  C  =  0  and  coefficient  a  takes  different  values.  For  this  single  degree  of  freedom 
linear  oscillator,  the  generalized-a  scheme  can  be  viewed  as  a  low-pass  filter.  For 
small  time  step  sizes,  h/T  <C  1,  the  integrator  yields  accurate  predictions.  For  large 
time  step  sizes,  h/T  >  1,  the  response  of  the  system  is  dramatically  attenuated, 
and  for  poc  =  0,  asymptotic  annihilation  is  achieved,  i.e.,  the  numerical  prediction 
of  the  system's  response  vanishes  after  a  single  time  step.  Example  16.3  shows  the 
implications  of  the  choice  of  poc  on  the  performance  of  the  generalized-a  scheme. 


17.4.2  Nonlinear  structural  dynamics  problems 

Nonlinear  structural  dynamics  problems  were  investigated  in  section  17.3.4,  with 
equations  of  motion  cast  in  the  form  of  eq.  (17.27).  The  linearization  process 
described  in  this  section  leads  to  the  linearized  equations  of  motion  given  by 
eq.  (17.30).  Since  the  generalized-a  scheme  was  introduced  for  linear  structural  dy- 
namics problems,  it  seems  logical  to  extend  its  application  to  nonlinear  structural 
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Fig.      17.19.      Spectral     radius      of     the  Fig.    17.20.    Spectral   radius   of  the   HHT 

generalized-a     scheme     versus     h/T    for  scheme  versus  h/T  for  a  —  0:  solid  line; 

Poo    =    1:  solid  line;  poo    =   0.5:  dashed-  a  =  -0.1:  dashed-dotted  line;  a  =  -0.2: 

dotted  line;  poo  =  0.2:  dashed  line;  poo  =  0:  dashed  line;  a  =  -0.3:  dotted  line, 
dotted  line. 


dynamics  problems  by  applying  the  scheme  to  the  linearized  equations  of  motion. 
The  scaled,  linearized  equations  are  recast  here  as 


h^gAq  +  hQhAv  +  Mh^a  =  -  {Mh  a  +  h^T 


(17.44) 


where  q,  v,  and  a  are  the  stages  defined  in  eqs.  (17.38),  and  the  following  notations 
were  defined  for  the  mass,  gyroscopic  and  stiffness  matrices. 


M  =  K%^)^    £  =  gig,  y,i),    ^  =  K%  V,  a,  t) , 

respectively,  and  the  dynamic  load  vector, 

Increments  in  the  stages  are  readily  obtained  from  eq.  (17.38)  as 
Aq  =  [iaph  Aut  =         Aq  =      apAq, 


hAv  =  japh  Aat 
h  Aa  =  ctMh  Auf  - 


Vi- 


/Sap 


Aq 


lap 


Aq, 


(17.45) 

(17.46) 

(17.47a) 
(17.47b) 

(17.47c) 


where  the  second  set  of  equalities  were  obtained  from  eq.  (17.41).  Introducing  these 
results  into  eq.  (17.44)  and  multiplying  by  /3  leads  to 

I&mM  +  japhg  +  P&ph^^  Aq  =  -P  {Mh^a  +  h^£)  .  (17.48) 

These  linearized  equations  are  solved  sequentially  as  part  of  an  iterative  procedure 
up  to  convergence.  Increments  in  the  displacement,  velocity,  and  acceleration  stages 
are  then  obtained  from  eq.  (17.47). 
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17.4.3  Multibody  dynamics  problems  with  Iiolonomic  constraints 

Multibody  dynamics  problems  with  holonomic  constraints  were  investigated  in  sec- 
tion 17.3.5,  with  equations  of  motion  cast  in  the  form  of  eqs.  (17.31).  The  lineariza- 
tion process  described  in  that  section  leads  to  the  linearized  equations  of  motion 
given  by  eqs.  (17.32).  Since  the  generalized-a  scheme  was  introduced  for  linear 
structural  dynamics  problems,  it  seems  logical  to  extend  its  application  to  multibody 
dynamics  problems  with  holonomic  constraints  by  applying  the  scheme  to  the  lin- 
earized equations  of  motion.  The  scaled,  linearized  equations  are  recast  here  as 

{h^K,  +  s^)Aq  +  hQhAv  +  Mh^^a  +  sg^Ai  (17.49a) 

s^'^Aq  =  -sC,  (17.49b) 

where  the  stiffness,  gyroscopic,  and  mass  matrices  were  defined  in  eq.  (17.45),  the 
dynamic  load  vector  by  eq.  (17.46),  and 

I  =  A  (17.50) 

are  the  Lagrange  multiplier  stages.  Additionally,  the  following  notations  were  intro- 
duced 

g  =  Riq,i),    ^^  =  K\q,li),    K^=E^%i).  (I7.5i) 

Introducing  the  increments  in  the   stages   as   defined  in   eqs.   (17.47)  into 
eqs.  (17.49)  yields  the  following  discrete  equations 


Am-M  +  jcxFhQ_  +  l3ap{h?K  +  sK  )  j3apsB 
apslC^  0 


Aq 
Afi 


-sC 


(17.52) 


These  linearized  equations  are  solved  sequentially  as  part  of  an  iterative  procedure 
up  to  convergence. 

17.4.4  Multibody  dynamics  problems  with  nonholonomic  constraints 

Multibody  dynamics  problems  with  nonholonomic  constraints  were  investigated  in 
section  17.3.6,  with  equations  of  motion  cast  in  the  form  of  eqs.  (17.33).  The  lin- 
earization process  described  in  that  section  leads  to  the  linearized  equations  of  mo- 
tion given  by  eqs.  (17.35).  The  scaled,  linearized  equations  are  recast  here  as 

(/i^^  +  s^)Aq  +  hQhAv  +  Mp-'^^a  +  s^Al  (17.53a) 

=  -{Mh'^a  +  h'^T  +  sg^i), 
shlC^Aq  +  sBhAv  =  -{sBhv  +  shb).  (17.53b) 
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where  the  stiffness,  gyroscopic,  and  mass  matrices  were  defined  in  eq.  (17.45),  the 
dynamic  load  vector  by  eq.  (17.46),  the  constraint  related  matrices  by  eq.  (17.51), 
£  =  /i  are  the  Lagrange  multiplier  stages,  and  the  following  notation  was  used  b  = 
b{q,  {),  and  ^'^  =  Kf{q,  v,  i). 

Introducing  the  increments  in  the   stages   as  defined  in  eqs.   (17.47)  into 
eqs.  (17.53)  yields  the  following  discrete  equations 


AmM  +  laphg  +  ^apih^K  +  s^)  Papsg^ 


Aq 
Afi 


j3apshlC    +  japsB  0 

-l3{sBhv  +  shb) 


(17.54) 


These  linearized  equations  are  solved  sequentially  as  part  of  an  iterative  procedure 
up  to  convergence. 


17.5  Energy  preserving  and  decaying  schemes 


The  equations  of  motion  resulting  from  finite  element  based  modeling  of  nonlinearly 
elastic  multibody  systems  present  distinguishing  features:  they  are  stiff,  nonlinear, 
differential-algebraic  equations.  The  stiffness  of  the  system  stems  from  the  presence 
of  high  frequencies  in  the  elastic  members,  but  also  from  the  infinite  frequencies 
associated  with  the  kinematic  constraints. 

The  main  focus  of  this  section  is  the  derivation  of  algorithms  presenting  high 
frequency  numerical  dissipation  and  for  which  unconditional  stability  can  be  proven 
in  the  nonlinear  case.  An  energy  decay  argument  will  be  used  to  establish  stabil- 
ity [202]. 

The  Newmark  algorithm  [201]  is  widely  used  in  structural  dynamics.  In  partic- 
ular, the  average  acceleration  scheme,  also  known  as  the  trapezoidal  rule,  is  an  un- 
conditionally stable,  second-order  accurate  scheme  when  applied  to  linear  problems. 
The  classical  stability  analysis  of  this  scheme  is  readily  found  in  textbooks  [197]  and 
shows  that  the  spectral  radius  of  the  amplification  matrix  equals  unity  at  all  frequen- 
cies. An  alternative  way  of  proving  stability  is  based  on  an  energy  argument.  Indeed, 
it  is  easily  shown  that  the  average  acceleration  scheme  exactly  preserves  the  total 
energy  of  the  system  [202]. 

Finite  element  discretizations  of  complex  structures  involve  numerous  degrees 
of  freedom.  Consequently,  high  frequency  modes  are  present  in  the  models  and  high 
frequency  numerical  dissipation  is  a  desirable,  if  not  indispensable  feature  for  robust 
time  integration  schemes.  Numerical  dissipation  cannot  be  introduced  in  the  New- 
mark  method  without  degrading  its  accuracy.  The  HHT  and  generalized-a  schemes 
presented  in  section  17.4  remedy  this  situation  by  achieving  high  frequency  dissipa- 
tion while  minimizing  unwanted  low  frequency  dissipation.  Both  methods  have  been 
successfully  used  for  both  linear  and  nonlinear  problems,  although  unconditional 
stability  is  proved  for  linear  systems  only. 
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Simo  and  his  coworkers  presented  energy  preserving  schemes  for  rigid  body  dy- 
namics [203],  elastodynamics  [204],  beams  [206],  and  plates  and  shells  [208].  These 
schemes  were  presented  as  second-order  accurate,  finite  difference  schemes  based 
on  a  mid-point  approximation.  Finite  rotations  were  parameterized  with  the  rotation 
vector,  then  using  Cayley's  algebraic  form  of  finite  rotations.  The  unconditional  sta- 
bility of  these  schemes  stems  from  a  proof  of  preservation  of  the  total  energy  of  the 
system.  It  is  important  to  understand  that  while  the  exact  solution  of  the  equations 
of  motion  implies  the  exact  preservation  of  the  total  mechanical  energy,  a  numerical, 
i.e.,  an  inherently  approximate  solution  of  the  problem  does  not,  in  general,  guaran- 
tee the  preservation  of  energy  at  the  discrete  level.  When  using  energy  preserving 
schemes,  the  computed,  approximate  solution  exactly  satisfies  the  energy  preserva- 
tion condition. 

An  energy  preserving  scheme  for  nonlinear  elastic  multibody  systems  was  pro- 
posed by  Bauchau  [210].  In  this  scheme,  the  discretization  of  the  equations  of  motion 
implies  the  conservation  of  the  total  energy  for  the  elastic  components  of  the  system, 
and  that  of  the  forces  of  constraint  associated  with  the  kinematic  constraints  im- 
plies the  vanishing  of  work  they  perform.  The  combination  of  these  two  features  of 
the  discretization  guarantees  the  unconditional  stability  of  the  numerical  integration 
process  for  nonlinearly  elastic  multibody  systems. 

When  rotationless  formulations  of  dynamics  are  used,  see  example  1 1.3,  the  gov- 
erning equations  of  motion  for  rigid  bodies,  beams,  and  plates  and  shells  involve 
algebraic  nonlinearities  only,  of  the  second  degree  at  most.  It  is  remarkable,  that 
for  these  problems,  the  mid-point  time  integration  scheme  naturally  leads  to  discrete 
equations  that  satisfy  energy  and  momentum  conservation  conditions.  Betsch  and  his 
coworkers  used  this  approach  to  develop  energy  preserving  schemes  for  rigid  body 
dynamics  [205],  beams  [207],  and  plates  and  shells  [209]. 

Although  energy  preserving  schemes  perform  well  for  simple  problems,  their 
lack  of  high  frequency  numerical  dissipation  can  cause  problems  [210].  First,  the 
time  histories  of  internal  forces  and  velocities  often  present  considerable  high  fre- 
quency content  of  a  purely  numerical  origin.  Second,  these  high  frequency  oscilla- 
tions can  hinder  the  convergence  process  for  the  solution  of  the  nonlinear  equations 
of  motion.  The  selection  of  a  smaller  time  step  size  does  not  necessarily  help  the 
convergence  process,  because  smaller  time  step  sizes  allow  even  higher  frequency 
oscillations  to  be  present  in  the  response.  Finally,  it  seems  that  the  presence  of  high 
frequency  oscillations  also  renders  strict  energy  preservation  difficult  to  obtain.  This 
could  prove  to  be  a  real  limitation  of  energy  preserving  schemes  when  applied  to 
more  and  more  complex  problems,  for  which  the  use  of  integration  schemes  present- 
ing high  frequency  numerical  dissipation  become  desirable,  if  not  indispensable. 

It  appears  that  the  development  of  "energy  decaying  schemes,"  i.e.,  schemes 
eliminating  the  energy  associated  with  vibratory  motions  at  high  frequency,  is  de- 
sirable. This  is  particularly  important  when  dealing  with  problems  presenting  a  com- 
plex dynamic  response  such  as  nonlinearly  elastic  multibody  problems. 

The  key  to  the  development  of  an  energy  decaying  scheme  is  the  derivation  of  an 
energy  decay  inequality  [202]  rather  that  the  discrete  energy  conservation  law  which 
is  central  to  energy  preserving  schemes.  A  methodology  that  can  systematically  lead 
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to  an  energy  decay  inequality  is  the  time  discontinuous  Galerkin  method  [341,  342, 
343]  which  was  initially  developed  for  hyperbolic  equations. 

Hughes  and  Hulbert  [344,  345]  have  investigated  the  use  of  the  time  discontinu- 
ous Galerkin  methodology  for  linear  elastodynamics.  They  point  out  that  "classical 
elastodynamics  can  be  converted  to  first-order  symmetric  hyperbolic  form,  which  has 
proved  useful  in  theoretical  studies.  Finite  element  methods  for  first-order  symmet- 
ric hyperbolic  system  are  thus  immediately  applicable.  However,  there  seems  to  be 
several  disadvantages:  in  symmetric  hyperbolic  form  the  state  vector  consists  of  dis- 
placements, velocities,  and  stresses  which  is  computationally  uneconomical;  and  the 
generalization  to  nonlinear  elastodynamics  seems  possible  only  in  special  circum- 
stances." Indeed,  writing  the  nonlinear  equations  of  motion  of  geometrically  exact 
beams  in  this  symmetric  hyperbolic  form  does  not  appear  to  be  possible. 

In  this  section,  an  alternative  route  is  taken.  Practical  time  integration  schemes 
that  do  not  rely  on  the  symmetric  hyperbolic  form  of  the  equations  of  motion  are  de- 
veloped. These  schemes  are  of  a  finite  difference  nature,  and  imply  an  energy  balance 
condition  that  is  obtained  by  a  direct  computation  of  the  work  done  by  the  discretized 
inertial  and  elastic  forces  over  a  time  step.  The  mean  value  theorem  guarantees  the 
existence  of  discretizations  leading  to  these  energy  preservation,  or  energy  decay 
statements,  leading  to  a  rigorous  proof  of  unconditional  stability  for  the  scheme. 

Energy  decaying  schemes  were  presented  by  Bauchau  and  his  co-workers  for 
beams  [346],  elastodynamics  [347],  and  multibody  systems  [217,  218,  211],  and 
plates  and  shells  [348,  213].  These  schemes  originate  from  Galerkin  and  time  discon- 
tinuous Galerkin  approximations  of  the  equations  of  motion  written  in  the  symmetric 
hyperbolic  form.  Finite  rotations  were  parameterized  using  the  conformal  rotation 
parameters. 

Bottasso  and  Borri  proposed  both  energy  preserving  and  decaying  schemes  for 
beams  [212,  349]  and  multibody  systems  [214,  215].  Their  schemes  were  cast  within 
the  framework  of  finite  elements  in  time  at  first,  then  as  2-stage  FSAL  Runge-Kutta 
methods.  The  rotation  vector  was  used  to  represent  finite  rotations.  Some  of  the  pro- 
posed schemes  also  imply  the  conservation  of  momenta,  or  are  geometrically  invari- 
ant [350,  214,  215,  219].  These  additional  features  are  easily  obtained  by  recasting 
the  field  equations  infixed  pole  form  [269],  see  example  8.9. 

17.5.1  The  symmetric  hyperbolic  form 

Consider  a  dynamical  system  described  by  a  kinetic  energy  K  =  K{q,q),  and  a 
strain  energy  V  =  V{q),  where  q  are  the  system's  generalized  coordinates. 

Classical  forms  of  the  equations  of  motion 

The  Lagrangian  of  the  system  is  defined  as  L{q,q)  =  K  —  V,  and  the  equations  of 
motion  of  the  system  in  Lagrangian  form  are  then 


i  (^.) 


L  „  =  0.  (17.55) 
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Notation  (•)  g  is  used  here  to  indicate  a  derivative  with  respect  to  q.  Hamihon's 
formulation  is  obtained  with  the  help  of  Legendre's  transformation  [87].  First,  the 
momenta  are  defined  as  p(q,  q)  =  Lq,  and  these  relationships  can  be  inverted 
to  yield  q  =  q(q,p).  The  Hamiltonian  of  the  system  is  now  defined  H{q,p)  = 
p^q{q,  p)  —  L{q,  p).  The  equations  of  motion  of  the  system  in  Hamiltonian  form  are 
then 

q  =     H^p,  (17.56a) 

p  =  -H^g.  (17.56b) 

The  symmetric  hyperbolic  form 

The  symmetric  hyperbolic  form  stems  from  a  second  Legendre  transformation.  The 
following  variables  are  defined  first  f{q,p)  =  H,q  and  v{q,p)  =  Hp.  These  rela- 
tions can  be  inverted  to  yield  q  =  q(f,  v)  and  p  =  p{f,  v).  A  new  function  is  now 
defined 

Gil, ^)  =  fliL ^)  +  ^^P(L ^)  -  H{f_, «),  (17.57) 

implying  q  =  Gj  and  p  =  G,^.  It  can  be  readily  shown  that  the  Hessians  of  H  and 
G  are  the  inverse  of  each  other.  Hence,  if  i7  is  a  positive-definite  function,  so  is  G. 
Hamilton's  equations,  eqs.  (17.56),  can  be  expressed  in  terms  of  the  new  variables, 
/  and  V,  to  find  the  symmetric  hyperbolic  form  of  the  equations  of  motion  Gjf  f  + 

Gjv  il—v  =  0  and  G,vf  f  +  G^^y  w  +  /  =  Q.  To  simplify  the  notation,  an  implicit 
form  of  the  equations  is  preferred 

g{l,V.)-v=^,  (17.58a) 

P{Lv)  +  f_  =  Q.  (17.58b) 

The  Galerkin  approximation 

In  the  Galerkin  approximation,  the  equations  of  motion  are  enforced  in  a  weak,  in- 
tegral manner.  Fig.  17.21  shows  a  time  interval  from  ti  to  tf,  and  an  approximate 
solution  over  that  interval.  Subscripts  (•)j  and  (•)/  will  be  used  to  indicate  the  value 
of  a  quantity  at  times  t,  and  tj,  respectively.  The  Galerkin  approximation  of  the 
equations  of  motion  in  implicit  symmetric  hyperbolic  form  (17.58)  writes 

/  '  {^^  UL ^)-v\+  wE  [p(/, v)  +  f])dt  =  0,  (17.59) 

where  uii  and  w_2  are  arbitrary  test  functions.  Integration  by  parts  yields 

/       [-ilSg  -  W2P  -  w{v  +  w^f]  dt  +  w{jq^  +  mifPj:  -  wJig.  -  W2ip.  =  0. 

This  approximation  of  the  equations  of  motion  enjoys  remarkable  properties.  Indeed, 

selecting  the  test  functions  as  w^^  =  /  and  W2=ll  yields  J^  •'  [— /   Gj  —  v^G^y  — 
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/  v  +  yj'f]dt  +  fq+  vTp ,  —  / .  q.  —  vjp,  =  0.  The  time  integral  clearly  has  a 
closed  form  solution,  leading  to  Gi  —  Gj  +  f  ,q,-\-  iSp ,  - 
function  G  is  expressed  in  terms  of  the  Hamiltonian,  H,  with  the  help  of  eq.  (17.57) 
to  find 


-fjq.-vfp,  =  0.  Finally, 


Hf  =  H^ 


(17.60) 


In  summary,  the  Galerkin  approximation,  eq.  (17.59),  of  the  equations  of  motion 
written  in  symmetric  hyperbolic  form  implies  a  discrete  Hamiltonian  preservation 
statement  (17.60).  If  the  Hamiltonian  is  a  positive-definite  function,  this  statement 
implies  the  unconditional  stability  of  integration  schemes  based  on  eq.  (17.59). 


t  t, 


t, 


time 

► 


Fig.  17.21.  The  time  continuous  Galerkin  ap- 
proximation. 


Fig.  17.22.  The  time  discontinuous  Galerkin 
approximation. 


The  time  discontinuous  Galerkin  approximation 

In  the  time  discontinuous  Galerkin  approximation,  the  solution  is  allowed  to  present 
discontinuities  in  the  displacement  and  velocity  fields  at  discrete  times.  Figure  17.22 
shows  a  time  interval  from  i,  to  tf  and  the  approximate  solution  over  that  interval.  At 
the  initial  instant,  the  solution  presents  a  jump.  Subscripts  (•);  will  be  used  to  denote 
the  value  of  a  discontinuous  quantity  to  the  left  side  of  the  jump,  whereas  a  subscript 
{.)j  indicates  the  value  of  that  quantity  to  the  right  side  of  the  jump.  The  equations  of 
motion  and  initial  conditions  are  enforced  in  a  weak,  integral  manner.  The  time  dis- 
continuous Galerkin  approximation  of  the  equations  of  motion  in  implicit  symmetric 
hyperbolic  form  (17.58)  writes 


{wl  [?(/,  v)-v]+  wl  [p(/,  v)  +  f])dt  +  wl  (q)  +  wl  (p)  =  0,  (17.61) 


where  notation  (•)  indicates  the  jump  in  a  quantity  at  the  initial  time,  i.e.,  (q) 


Ij  -  li  a°d  (P) 


p.  -p.. 

-3         -' 


This  approximation  of  the  equations  of  motion  also  enjoys  remarkable  properties. 
Indeed,  integrating  by  parts  and  selecting  the  test  functions  as  Wj^  =  /  and  w_2  =  v_ 


■vG,v-fv  +  v^f]dt+r 


yields /,/ [-/Gj      ^„,„      ^  ^  .  ^  ^>-^  .  ^^2./ 

The  time  integral  clearly  has  a  closed  form  solution,  leading  to  Gj 


Qt  +MifPf-  iJgi-TiP. 


Gf 


0. 

+ 
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2lfPf  —  f  q  —  iSp-  =  0-  Finally,  we  express  G  in  terms  of  the  Hamiltonian  H  with 
the  help  of  eq.  (17.57)  to  find 

Hf  -  Hj  +  lj{q)  +  vj{p)  =  0.  (17.62) 

Because  the  Hamiltonian  is  a  continuous  function  of  q  and  p,  the  mean  value 
theorem  implies 

Hj  =  m  +  fAg)  +VJ{P)  -  I  \{q)^H,,{q)  +  {qfH,p{p)  + 

^  '^^~  ~~  (17.63) 

{pfH,pg{q)  +  {pfH,pp{p)\     =Hi  +  flq)  +  vj{p)  -  c\ 

where  the  last  equality  holds  if  the  Hamiltonian  is  a  positive-definite  function.  Com- 
bining eqs.  (17.62)  and  (17.63)  then  yields 

Hf  =Hi-  c^  ^  Hf  <  H,.  (17.64) 

In  summary,  the  time  discontinuous  Galerkin  approximation  (17.61)  of  the  equa- 
tions of  motion  written  in  symmetric  hyperbolic  form  implies  a  Hamiltonian  decay 
inequality,  eq.  (17.64),  if  the  Hamiltonian  is  a  positive-definite  quantity.  This  in- 
equality implies  the  unconditional  stability  of  time  integration  schemes  based  on 
eq.  (17.61). 

Example  17.8.  Linear  spring-mass  system 

To  illustrate  the  procedures  described  in  the  previous  sections,  a  very  simple  example 
will  be  treated  here.  Consider  a  linear  spring-mass  system  with  a  kinetic  energy  K  = 
1/2  m  v?,  a  strain  energy  V  =  1/2  kv?,  and  subjected  to  an  external  force  F°'{t). 
In  this  simple  case,  f  =  k  u  and  v  =  p/m,  and  the  symmetric  hyperbolic  form  of 
the  equations  of  motion  becomes:  p  +  ku  =  F"-;  u  —  p/m  =  0.  The  Galerkin 
approximation  (17.59)  for  this  problem  writes 

/      iwi[u- —]+W2[p  +  ku- F'']\dt  =  Q. 

Using  a  linear  in  time  approximation  for  the  displacement  and  momentum,  and  a 
constant  in  time  approximation  for  the  test  functions,  the  following  discrete  equations 
are  obtained 

F^  +  F^  =  F"  (17  65) 

where  subscript  (•)„  denotes  a  quantity  at  the  mid-point  tm,  see  fig.  17.21.  The 
discretized  inertial  forces  are  F^^^  =  m{uf  —  Ui)/At,  and  the  following  velocity- 
displacement  and  force-displacement  relationships  are  used 

Uf   -   U,  iif   +  iij  E  rUf+Uj 

At      ~        2       '      ^™-''       2       '  ^  ' 

where  At  indicates  the  time  step  size.  Finally,  the  discretized  applied  forces  are 
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1     '■' 


F^  =  -J  ^F-(r)dT,  (17.67) 

where  r  is  a  non-dimensional  time  variable  such  that  t  =  —1  or  +1  at  times  ti  and 
tf,  respectively.  The  properties  of  this  integration  scheme  can  be  investigated  using 
the  classical  techniques  for  the  analysis  of  linear  schemes.  The  spectral  radius  of  the 
amplification  matrix  is  always  equal  to  unity,  implying  unconditional  stability.  This 
scheme  is  identical  to  the  Newmark  scheme  [201]  with  7  =  1/2  and  (3  =  1/4.  It 
can  be  readily  shown  that  the  discrete  equations  of  motion  (17.65)  imply  a  discrete 
energy  preservation  statement  Ef  =  Ei,  where  E  =  K  +  V  isthe  total  mechanical 
energy,  as  expected  from  the  theoretical  developments  presented  above. 

The  same  problem  can  be  treated  with  the  time  discontinuous  Galerkin  approxi- 
mation, eq.  (17.61),  which  writes 


I      iwi[u-—]+W2\p  +  ku-F"^]\dt  +  wij  {u)  +  W2j  {p) 


0.       (17.68) 


Using  a  linear  in  time  approximation  for  the  displacement,  momentum,  and  test  func- 
tions, the  following  discrete  equations  are  obtained 

FL+F^  =  F^,     and     Fl-[F^-f,]l^  =  FZ.  (17.69) 

Subscript  {■)g  denotes  a  quantity  at  the  midpoint  between  times  tj  and  tf,  and  {■)h 
denotes  a  quantity  at  the  midpoint  between  times  ti  and  tj,  see  fig.  17.22.  The  dis- 
cretized  inertial  forces  are  F^  =  ra{uf  —  Ui)/At  and  F^  =  m{uj  —  Ui)/At,  and 
the  following  velocity-displacement  and  force-displacement  relationships  are  used 


Uf  —  Ui       Uf  +  Uj        „  Uj  —  Ui  iif 


il^     F^  =  k'^l±^.       (17.70) 


At  2  At  2  3  2 

Finally,  the  discretized  applied  forces  are 

K  =  IJ    P"dT,      and     Fli  =  -^J    F^  rdr.  (17.71) 

It  can  be  readily  shown  that  the  discrete  equations  of  motion  (17.69)  imply  a  dis- 
crete energy  decay  inequality  Ef  <  Ei.  This  is  a  direct  consequence  of  (17.64),  since 
the  Hamiltonian  is  equal  to  the  total  energy  of  the  system  for  this  simple  problem. 

This  can  be  confirmed  by  a  conventional  analysis  of  the  scheme  based  on 
the  characteristics  of  the  amplification  matrix.  The  period  elongation  is  AT jT  = 
uj'^At'^/270  +  0(uj'^At'^),  while  the  algorithmic  damping  is  C  =  uj^At^/72  + 
0{uj^At^),  where  a;^  =  k/m.  Hence,  the  scheme  is  third-order  accurate.  The  spec- 
tral radius,  shown  in  fig.  17.23  as  function  of  At/T  =  ujAt/{2Tr),  is  compared 
with  that  of  the  generalized-a  scheme  for  three  different  values  of  spectral  radius  at 
infinity,  poo  =  0.9,  0.5,  and  0.  Asymptotic  annihilation  is  obtained  with  the  time  dis- 
continuous Galerkin  scheme.  The  scheme  is  unconditionally  stable  since  the  spectral 
radius  is  always  smaller  than  unity. 
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Fig.  17.23.  Comparison  of  spectral  radii  of  various  time  integration  schemes.  Solid  line: 
time  discontinuous  Galerkin  scheme.  Dotted,  dash-doted,  and  dash-double  dotted  lines: 
generalized-a  scheme  with  poo  =  0.9,  0.5,  and  0,  respectively. 


17.5.2  Discussion 

Both  Galerkin  (17.59)  and  time  discontinuous  Galerkin  (17.61)  approximations  ap- 
plied to  the  equations  of  motion  written  in  the  symmetric  hyperbolic  form  (17.58) 
have  been  shown  to  provide  a  systematic  way  of  deriving  unconditionally  stable  time 
integration  schemes,  provided  the  Hamiltonian  is  a  positive-definite  function.  The 
energy  decay  inequality  associated  with  the  time  discontinuous  Galerkin  approxima- 
tion implies  the  presence  of  numerical  dissipation  in  the  resulting  time  integration 
schemes,  whereas  such  dissipation  is  ruled  out  by  the  strict  energy  preservation  asso- 
ciated with  the  Galerkin  approximation.  Since  the  presence  of  numerical  dissipation 
is  highly  desirable,  the  time  discontinuous  Galerkin  approach  appears  to  be  the  most 
promising  method. 

However,  both  of  these  approaches  present  a  major  drawback:  it  is  not  always 
possible  to  recast  the  equations  of  motion  of  general  systems  into  the  symmetric  hy- 
perbolic form.  In  particular,  it  does  not  seem  possible  to  cast  the  governing  equations 
of  constrained  multibody  systems  in  the  symmetric  hyperbolic  form.  Furthermore, 
the  time  discontinuous  Galerkin  approach  require  two  level  of  unknowns  (at  tj  and 
tf).  In  elastodynamics,  three  fields  are  required  for  the  symmetric  hyperbolic  form: 
displacements,  stresses  and  momenta.  Hence,  the  final  discrete  equations  will  involve 
6N  unknowns,  resulting  in  unacceptably  high  computational  cost  [344]. 


17.5.3  Practical  time  integration  schemes 

In  this  section,  time  integration  schemes  applicable  to  nonlinear  elastic  multibody 
systems  will  be  developed,  without  resorting  to  the  symmetric  hyperbolic  form  of 
the  equations  of  motion.  The  investigation  will  focus  on  dynamical  system  defined 
by  a  kinetic  energy,  K  =  1/2  v^M_v,  and  a  strain  energy,  V  =  1/2  e^C_e.  The 
mass  matrix  M_  and  stiffness  matrix  C_  are  symmetric  and  positive-definite;  the  ve- 
locities and  strains  are  given  as  v  =  T{q)q,  and  e  =  e{q),  respectively.  Velocities 
are  assumed  to  be  linear  functions  of  the  generalized  velocities,  resulting  in  a  kinetic 
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energy  that  is  a  quadratic  form  of  the  same  quantities.  Under  these  conditions  the 
total  mechanical  energy  of  the  system  is  preserved  [87]. 

The  equations  of  motion  of  such  systems  simply  write  _F  +F  =  _F"(i),  where 
F_"'(t)  are  the  time  dependent  external  forces.  The  inertial  and  elastic  forces,  F_^  and 
F*^,  respectively,  are 

F'  =  ^^{Z^p)-vIp,  (17.72) 

£""  =  £%  (17.73) 

where  p  =  M_y_,  f  =  C_e  and  notation  (•)_g  indicates  a  derivative  with  respect  to  q. 

The  energy  preservation  statement  can  be  obtained  by  evaluating  the  work  done 
by  the  inertial,  elastic,  and  applied  forces.  The  work  done  by  the  inertial  forces  is 
computed  first  W^  =  J^^  if" F    dt  =  Kf  —  Ki.  Next,  the  work  done  by  the  elastic 

forces  is  evaluated  W^  =  J^  ^  q^ E.    dt  =  Vf  —  Vi.  Finally,  the  work  done  by  the 

applied  forces  is  W^  =  J^ '  q^ E^  di.  Hence,  the  equations  of  motion  imply  the 
following  work  balance  equation 

Kf-K^  +  Vf-V^  =  W,      ^Ef-Ei  =  W,  (17.74) 

where  the  total  mechanical  energy  E  =  K  +  V  An  the  absence  of  externally  applied 
forces  W^  =  0  and  the  total  energy  is  preserved. 

The  goal  is  to  obtain  discretized  equations  of  motion  that  will  imply  an  exact 
energy  preservation  condition  (17.74),  or  an  energy  decay  inequality.  At  first,  dis- 
cretizations of  the  inertial  and  elastic  forces  will  proposed,  then  energy  preserving 
and  energy  decaying  schemes  will  be  derived. 

Discretization  of  inertial  and  elastic  forces 

Consider  a  time  interval  ti  tj,  and  an  approximate  solution  over  this  interval,  as 
shown  in  fig.  17.21.  The  following  discretizations  of  the  inertial  (17.72)  and  elas- 
tic (17.73)  forces  are  proposed: 

T ,v .  —  T .  p.        ,      -.      p^  +  p. 
-™  At  \-^l)m       2       '  ^     ^^ 

where  the  quantities  {y_   ),„,  (e  „)m  and  /     are  as  yet  undetermined.  The  work  done 

by  the  discretized  inertial  forces  is  W^  =  (if  —  Q  )E.rn'  ^^'^  regrouping  the  term 
yields: 


■,T        „T 


zj-f... 


At 
The  following  condition  is  now  imposed 


P-f 


T^  +  f  («^ 

=1         2 


« ,     .     (17.77) 
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At 


z,-f(-J 


At 


T.  +  — 
=«        2 


~\  ~\       (17.78) 
At 


These  relationships  define  both  {y_  )„  and  w,^.  Note  that  the  existence  of  (u  )„ 
satisfying  eq.  (17.78)  is  guaranteed  by  the  mean  value  theorem  which  states  that 
V.f  =  111  +  (v.  a)m{(l(  —  9  )■  The  work  done  by  the  discretized  inertial  forces  now 


Next,  the  work  done  by  the  discretized  elastic  forces  is  evaluated  W^  =  (q^ 


becomes  W^  =  (wT  —  yJ)M_v„ 

Q^)  (s  q)mf    ■  The  following  condition  is  now  imposed 

ej-S,=  [e^^Jq^-qJ.  ill. 19) 


Here  again,  the  existence  of  (e    )„,  satisfying  this  condition  is  guaranteed  by  the 
mean  value  theorem.  The  work  done  by  the  discretized  elastic  forces  now  becomes 

-T 


W^^  =  (eT-£f)t 


Energy  preserving  scheme 

The  discretized  equations  of  motion  for  the  energy  preserving  scheme  mimic  those 
obtained  in  example  17.8  for  the  Galerkin  approximation  of  the  linear  spring-mass 
problem  (17.65) 

£™+£™=£™,  (17.80) 

where  F„  and  F„  are  now  given  by  (17.75)  and  (17.76),  respectively;  and  F^^  = 
1/2  /_-^  F°'{t)  dr,  as  in  eq.  (17.67).  The  work  done  by  these  discretized  forces  can 
be  evaluated,  as  was  done  earlier.  With  the  help  of  conditions  (17.78)  and  (17.79), 
equations  of  motion  (17.80)  imply  a  work  balance  statement  (uT  —  wf  )M  w,^  + 
(eT  —  ef )/  =  W^.  The  following  algorithmic  velocity-displacement  and  force- 
strain  relationship  are  now  selected,  see  eq.  (17.66), 

Vrn=— -,        f       =C^ -.  (17.81) 

The  work  balance  equation  then  becomes  Kf  —  Ki  +  Vf  —  Vi  =  W"",  and  finally, 
the  discrete  energy  preservation  statement  is  obtained,  Ef  —  Ei  =  W"". 

In  summary,  discretization  (17.80)  implies  the  discrete  energy  preservation  state- 
ment provided  that  relationships  (17.78)  and  (17.79)  are  satisfied,  and  that  the  algo- 
rithmic velocity-displacement  and  force- strain  relationships  (17.81)  are  used. 


Energy  Decaying  Scheme 

The  discretized  equations  of  motion  for  the  energy  decaying  scheme  mimic  those 
obtained  in  example  17.8  for  the  time  discontinuous  Galerkin  approximation  of  a 
linear  spring-mass  system  (17.69) 
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Fl,+F^  =  F'^g,     and     £^  -  ^  [pf  -  («,) ^  /J  =  ^  (17.82) 

where  F^,  and  _F^  are  given  by  (17.75)  using  subscripts  (•)/,  (•)j  and  {■)j,  {■)i, 

respectively;  F_     is  given  by  eq.  (17.76)  using  subscripts  (•)/,  (•)j;  and  £"    = 

1/2  X!i  Z"  rfT"  and  £^  =  1/2  /^^  F"  rdr,  as  in  eq.  17.71. 

The  worlc  done  by  the  discretized  inertial  forces  is  W^   =   [qK  —  q^)F_ln  + 

— J       — * 

5{q)'^F_i^.  With  the  help  of  condition  (17.78)  this  becomes 

W^  =  vLMiUf  -  Vi)  +  3vlM{v).  (17.83) 

The  work  done  by  the  discretized  elastic  forces  is  W^  =  [q^  —  q^)F  —  (g)  "^  [£„  — 
feo)/!/  ]■  With  the  help  of  condition  (17.79)  this  becomes  W^^  =  {eJ-eJ)Cf  + 
(e)^  C_f ..  The  following  velocity-displacement  and  force-strain  relationship  are 
now  selected,  see  eq.  (17.70), 

^™  =  =^y^,      3t;,  =  -=^^,      f_^=g^L_=L,  (17.84) 

The  work  balance  equation  now  writes 

Ef  -  Ej  +  wJM  {v)  +  f.g  (e)  =  W\  (17.85) 

which  mirrors  eq.  (17.62).  Since  the  total  mechanical  energy  is  a  positive-definite 
function  of  the  velocities  and  strains,  the  mean  value  theorem  implies 

+  kfE'^^{v)  +  (efE'^^ie)]  =Ei  +  vJk  {h)  +  f:g  (e)  -  c^ 

which  is  equivalent  to  eq.  (17.63).  Combining  eqs.  (17.85)  and  (17.86)  yields  Ef  = 
Ei  —  c^  +  W"-  and  finally,  the  energy  decay  statement  Ef  <  Ei  +  W°- . 

In  summary,  discretization  (17.82)  implies  the  energy  decay  statement  provided 
that  relationships  (17.78)  and  (17.79)  are  satisfied,  and  that  the  algorithmic  velocity- 
displacement  and  force-strain  relationships  (17.84)  are  used. 

Example  17.9.  Nonlinear  spring-mass  system 

Consider  a  nonlinear  spring  mass  oscillator  defined  by  kinetic  energy  K  =  1/2  mil?, 
strain  energy  V  =  1/2  fce^,  and  strain  e  =  v? .  For  this  example  m  =  A;  =  1.  It 
is  clear  that  condition  (17.79)  implies  (e,„)m  =  Uf  +  Ui  in  this  case,  and  /„  = 
k(sf+ei)/2. 

For  the  trapezoidal  rule  scheme,  the  discretized  equation  of  motion  is  {muf  — 
miii) / At+2  k[{uf+Ui)/2]'^  =  0.  Although  this  scheme  is  unconditionally  stable  for 
linear  system,  there  is  no  guarantee  of  stability  when  applied  to  nonlinear  systems. 
Figure  17.24  shows  the  response  of  the  system  for  initial  conditions  uq  =  1  and  uq  = 
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Fig.  17.24.  Displacement  response  for  tlie  Fig.  17.25.  Energy  response  for  the  trape- 

trapezoidal  rule  (Initial  conditions:  uq    —  zoidal  rule.  Solid  line:  kinetic  energy;  dashed 

1  and  iio    =    0).  Solid  line:  displacement;  line:  strain  energy;  dashed-dotted  line:  total 

dashed  line:  velocity.  mechanical  energy. 
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Fig.  17.26.  System  response  for  the  trape- 
zoidal rule  (Initial  conditions:  uq  =  2  and 
■uo  =  0).  Solid  line:  displacement;  dashed 
line:  velocity. 


Fig.  17.27.  Energy  response  for  the  trape- 
zoidal rule.  Solid  line:  kinetic  energy;  dashed 
line:  strain  energy;  dashed-dotted  line:  total 
mechanical  energy. 


0.  The  total  mechanical  energy  rapidly  increases  as  shown  by  fig.  17.25,  although  not 
monotonously.  For  initial  conditions  uq  =  2  and  uq  =  0,  the  corresponding  results 
are  shown  in  figs.  17.26  and  \1 .21,  which  now  show  a  rapid  decrease  in  the  total 
mechanical  energy,  although  here  again,  not  monotonously. 

For  the  energy  preserving  scheme,  the  discretized  equation  of  motion  is  [muf  — 
mui)/At  +  {e^u)mfm  =  0.  Figure  17.28  shows  the  response  of  the  system  for  initial 
conditions  uq  =  1  and  uq  =  0.  The  total  mechanical  energy  of  the  system,  shown  in 
fig.  17.29,  is  preserved  exactly,  as  expected  from  the  energy  preservation  condition 
that  characterizes  this  scheme. 

Finally,  for  the  energy  decaying  scheme,  the  discretized  equations  of  motion  are 
{muf-mUi)/At+{e^u)gfg  =  Qa.nd{muj-'mui)  /  At-[{e  ^u)gSg-{£  ,u)hkej]/'i  = 
0.  Figure  17.30  shows  the  response  of  the  system  for  initial  conditions  uq  =  1  and 
Wo  =  0.  The  total  mechanical  energy  of  the  system,  shown  in  fig.  17.31,  decays 
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Fig.  17.28.  System  response  for  the  energy 
preserving  scheme  (Initial  conditions:  uq  — 
1  and  iiQ  =  0).  Solid  line:  displacement; 
dashed  line:  velocity. 


Fig.  17.29.  Energy  response  for  the  energy 
preserving  scheme.  Solid  line:  kinetic  en- 
ergy; dashed  line:  strain  energy;  dashed- 
dotted  line:  total  mechanical  energy. 
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Fig.  17.30.  System  response  for  the  energy 
decaying  scheme  (Initial  conditions:  uo  ~ 
1  and  iiQ  =  0).  Solid  line:  displacement; 
dashed  line:  velocity. 


Fig.  17.31.  Energy  response  for  the  energy 
decaying  scheme.  Solid  line:  kinetic  energy; 
dashed  line:  strain  energy;  dashed-dotted 
line:  total  mechanical  energy. 


monotonously,  as  expected  from  the  energy  decay  inequality  that  characterize  this 
scheme. 


17.5.4  Enforcement  of  the  constraints 

Consider  a  multibody  system  subjected  to  holonomic  constraints  C_{q)  =  0.  If  the  La- 
grange multiplier  method  is  used  to  enforce  these  constraints,  a  constraint  potential 
y  =  A  C  is  added  to  the  strain  energy  of  the  system,  where  A  are  the  Lagrange  mul- 
tipliers. The  corresponding  forces  of  constraint  are  Ff  =  B^X,  where  _B  is  the  con- 
straint matrix.  The  work  done  by  these  forces  is  W^  =  J^'  q  £!^  di  =  J^  ^  A   C_  dt. 

Since  C  must  vanish  at  all  times,  C  =  0,  and  W^  =  0,  i.e.,  the  work  done  by  the 
forces  of  constraint  vanishes  exactly. 
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Energy  preserving  scheme 

Lagrange's  multiplier  approach  will  be  used  to  enforce  the  constraint.  The  discretized 
forces  of  constraint  are  selected  in  the  following  manner 

£™=fe)     A„,  (17.87) 

where  Lagrange's  multipliers,  A,„,  are  additional  unknowns  of  the  problem  and  the 
mean  value  theorem,  Cf  —  C,^  =  {C_  „)m  {<lf  —  q),  defines  quantity  (C  „)„,.  The  work 
done  by  these  forces  of  constraint  then  becomes  W^  =  (Cy  —  CJ  A,^.  The  additional 
equations  required  to  solve  the  problem  are  obtained  by  enforcing  the  exact  vanishing 
for  the  work  done  by  the  discretized  forces  of  constraint.  Since  A,^  7^  0,  this  implies 
Cj:  —  C,i  =  0.  To  avoid  the  drift  phenomenon,  it  is  preferable  to  enforce  the  condition 
C  f  =  0  at  each  time  step. 

In  summary,  the  discretization  of  the  forces  of  constraint,  eq.  (17.87)  together 
with  the  definition  of  {C_g)m  and  the  discrete  constraint  Cf  =  0  imply  the  exact 
vanishing  of  the  work  done  by  the  discretized  forces  of  constraint. 

Energy  decaying  sclieme 

The  Lagrange  multiplier  method  for  the  energy  decaying  scheme  is  obtained  in  a 
similar  manner.  The  discretized  forces  of  constraint  are  selected  as  follows 


F-l 


fe),A.     n  =  -l[Fl-{c:^;)^xl  (17.8 


The  work  done  by  these  forces  become  W^  =  {Ct  —  Cj)X„  +  (C,  —  Cj)A„,  and 
vanishes  only  if  Cj  —  C,  =0  and  C,  —C^  =  0.  Here  again,  it  is  preferable  to  enforce 
the  constraints  as  C_r  =  C  =  0,  to  avoid  the  drift  phenomenon.  In  summary,  the 
discretization  of  the  forces  of  constraint  (17.88)  together  with  the  discrete  constraints 
Cf  =  Cj  =  0  imply  the  exact  vanishing  of  the  work  done  by  the  discretized  forces 
of  constraint. 

Example  17.10.  The  pendulum  problem 

Consider  a  pendulum  problem  defined  by  kinetic  energy  K  =  1/2  mq^q,  poten- 
tial energy  V  =  —m  gq2,  and  constraintC  =  {q^q  —  P)/2  =  0,  where  t  is  the  length 

of  the  pendulum.  The  generalized  coordinates  of  the  problem,  g^  =  {  91 ,  92  }  ,  cor- 
respond to  the  horizonal  and  vertical  displacements  of  the  bob,  respectively.  For  this 
example,  in  =  1  kg,  £  =  0.5  m,  vq  =  1.695  m/s,  and  g  =  9.81  m/s^. 

It  is  clear  that  {C^q)m  =  q    ,  where  q      =  (q    +  <7,.)/2.  The  governing  equa- 


tions for  the  trapezoidal  rule  and  energy  preserving  schemes  are  {mq    —  mq  )/At  - 

^—ra—ra 


Xrn  =  mg.  For  the  trapezoidal  rule  the  constraint  condition  is  Cm  =  {q    q 

T 


£'^)/2  =  0,  whereas  for  the  energy  preserving  it  is  Cf  =  {q^qr  —  P')l2  =  0 
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Finally,  the  governing  equations  for  the  energy  decaying  scheme  are  {mq 


mq.)/At  +  q^Xg 

two  constraint  conditions  Cf  =  0  and  Cj 


mg  and  (mq . 


■/ 


■  mq  )/At  —  (q  \g  —  q  Xj)/3  =  0,  subjected  to 
./  =  u  and  Cj  =  {q^q.  -  £^)/2  =  0. 
Figures  17.32,  17.33  and  17.34  show  the  time  history  of  the  pendulum  displace- 
ments, velocities,  and  Lagrange  multiplier,  respectively,  for  the  trapezoidal  rule.  Al- 
though the  displacement  history  is  accurately  predicted,  the  velocities  and  Lagrange 
multipliers  present  violent  oscillations  of  a  purely  numerical  origin.  The  sharp  rise  in 
total  energy  shown  in  fig.  17.35  clearly  indicates  the  unstable  nature  of  this  scheme. 


Fig.  17.32.  Response  for  the  trapezoidal  rule.       Fig.  17.33.  Response  for  the  trapezoidal  rule. 
Solid  line:  gi;  dashed  line:  52-  Solid  line:  51;  dashed  line:  92- 


Fig.  17.34.  Response  for  the  trapezoidal  rule. 
Solid  line:  Lagrange  multiplier. 


Fig.  17.35.  Energy  response  for  the  trape- 
zoidal rule.  Solid  line:  kinetic  energy;  dashed 
line:  strain  energy;  dashed-dotted  line:  total 
mechanical  energy. 


Figures  17.36  to  17.39  show  the  corresponding  results  for  the  energy  preserving 
and  decaying  schemes  which  are  in  very  close  agreement.  All  predicted  histories  are 
smooth.  The  total  energy  is  exactly  preserved  for  the  energy  preserving  scheme,  and 
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for  the  energy  decaying  scheme,  the  amount  of  dissipated  energy  is  very  small  for 
this  simple  problem. 


Fig.  17.36.  Response  for  the  energy  preserv- 
ing and  decaying  schemes.  Solid  line:  qi; 
dashed  line:  92- 


Fig.  17.37.  Response  for  the  energy  preserv- 
ing and  decaying  schemes.  Solid  line:  qi; 
dashed  line:  52. 


Fig.  17.38.  Response  for  the  energy  preserv- 
ing and  decaying  schemes.  Solid  line:  La- 
grange multiplier. 


Fig.  17.39.  Energy  response  for  the  energy 
preserving  and  decaying  schemes.  Solid  line: 
kinetic  energy;  dashed  line:  strain  energy; 
dashed-dotted  line:  total  mechanical  energy. 


17.6  Implementation  of  cable  elements 

The  formulation  of  the  governing  equations  for  cables  is  presented  in  section  16.2. 
Due  to  the  high  level  of  nonlinearity  of  these  equations,  analytical  solutions  can- 
not be  obtained  for  all  but  the  simplest  problems.  This  section  develops  the  imple- 
mentation of  the  cable  governing  equations  within  the  finite  element  framework. 
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Sections  17.6.1  and  17.6.2  detail  the  definition  and  linearization  of  the  inertial  and 
elastic  forces,  respectively.  It  is  sometimes  necessary  to  include  dissipative  forces 
in  the  formulation,  as  explained  in  section  17.6.3.  The  last  section  presents  the  dis- 
cretization of  all  forces,  leading  to  the  discretized  force  array  and  associated  mass, 
gyroscopic,  and  stiffness  matrices. 

17.6.1  Inertial  forces 

The  inertial  forces  acting  on  the  cable  are  obtained  from  the  governing  equations, 
eqs.  (16.42), 

T}  =  mu.  (17.89) 

Linearization  of  inertial  forces 

Since  the  expression  for  the  inertial  forces  is  already  linear,  the  increment  of  inertial 
forces  is  simply 

AT^  =  M^u,  (17.90) 

where  Ai  is  the  mass  matrix  associated  with  the  inertial  forces,  defined  as 

^  =  ml,  (17.91) 

17.6.2  Elastic  forces 

The  elastic  forces  acting  on  the  cable  are  also  obtained  from  eqs.  (16.42), 

j;C  =  F*G^,  (17.92) 

where  G_i  =  gi  +  vf,  and  the  axial  elastic  force,  F*,  is  related  to  the  axial  strain 
through  the  constitutive  law,  eq.  (16.38). 

Linearization  of  elastic  forces 

Since  the  expression  for  the  elastic  forces  is  nonlinear,  the  computational  process  will 
require  a  linearization.  At  first,  the  increment  in  strain  is  evaluated  to  find  Aju  = 
Gi  Au'.  Next,  the  increment  in  the  elastic  force  is  computed 

AF*  =  SG^Au',  (17.93) 

where  S  is  the  axial  stiffness  of  the  cable. 

Taking  variations  of  eq.  (17.92)  yields  the  following  expression  for  increments 
in  the  elastic  forces 

AT'^'  =  gAu',  (17.94) 

where  the  stiffness  matrix,  S_,  is  defined  as 

S  =  F*l+SG^Gj.  (17.95) 
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17.6.3  Dissipative  forces 

The  cable  model  discussed  in  the  previous  section  is  a  purely  conservative  model, 
because  the  elastic  forces  are  proportional  the  strain  measures.  It  is  often  desirable 
to  also  introduce  dissipative  forces  in  the  cable  model.  By  an  analogy  to  eq.  (16.38), 
the  dissipative  force  will  be  written  as 

Fd=nSjn-  (17.96) 

where  /i  is  the  damping  coefficient  of  units  1/s,  and  ju  the  time  rate  of  change  of  the 
strain.  Because  the  dissipative  mechanisms  in  the  cable  are  not  well  understood,  it 
is  postulated  that  the  damping  coefficient  is  proportional  to  the  stiffness  coefficient. 
The  time  rate  of  change  of  the  sectional  strain  is  readily  obtained  from  eq.  (16.32) 
as  7ii  =  Gi  vf .  The  dissipative  forces,  ^  ,  associated  with  the  cable  element  then 
become 

L^^=FdG^.  (17.97) 

Linearization  of  dissipative  forces 

Because  the  expression  for  the  dissipative  forces  is  nonlinear,  linearization  is  re- 
quired here  again.  At  first,  the  increment  in  the  time  rate  of  change  of  the  strain  is 
evaluated  to  find 

Z\7n  =  G^Av!  +  u'^ziu'.  (17.98) 

Next,  the  increment  in  the  dissipative  forces  is  computed 

AFd  =  ^iS  {u''^Au'  +  G^Au')  .  (17.99) 

Taking  variations  of  eq.  (17.97)  yields  the  following  expression  for  increments  in  the 
dissipative  forces 

AT"^^  =  §fAy/  +  §fAu,  (17.100) 

where  the  dissipative  matrices,  S_  and  £_  ,  are  defined  as  5  =  Fd£  +  ^.SGiik  and 
£^  =  ^iSG^G^,  respectively. 

17.6.4  Gravity  forces  for  cables 

Gravity  forces  will  be  applied  on  cable  due  to  their  mass  distribution.  The  potential 
of  the  gravity  forces  is  written  as  F  =  —■mg'^{x+u),  where  g  is  the  gravity  vector.  A 
variation  of  this  potential  is  SV  =  —mg^Su.  The  gravity  forces  acting  on  a  material 
point  of  cable  then  becomes 

E^  =  mg.  (17.101) 
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17.6.5  Finite  element  formulation  of  cables 

With  the  notation  defined  in  eqs.  (17.89),  (17.92),  (17.97),  and  (17.101),  the  equa- 
tions of  motion  of  cable,  eqs.  (16.42),  can  be  recast  in  the  following  form 

where  £°^'  are  the  external  forces  applied  to  the  cable.  A  weighted  residual  formu- 
lation will  be  used  here  to  enforce  these  dynamic  equilibrium  equations 


{'  ^\t}-(^T^  ^T^^^ 


-pG  _  jc-cxt 


dai=0,  (17.102) 


where  I  is  the  length  of  the  cable  element  and  N_{ai)  a  matrix  storing  the  selected 
test  functions,  see  eq.  (17.6).  An  integration  by  parts  is  performed  on  the  second  term 
of  this  equation,  leading  to 


t  \nJt!  +  ^'^  (z^  +  Z'^^)  ]  da,  =  /'  ^^(Z«  +  E 


■'^"'Mai. 


Because  this  set  of  algebraic  equations  is  nonlinear,  a  linearization  process  is 
required  to  solve  it.  Equations  (17.90),  (17.93),  and  (17.100)  are  introduced  to  find 

I    \^^  (j;^  +  ^Au)  +  ^'^  (Z^  +  gAy!  +  T^""  +  gAy!  +  g^Ail)  ]   Aa, 

=  /    ^^(Z'^+Z'"*)dai. 
Jo 

Next,  the  displacement,  velocity,  and  acceleration  fields  of  the  element  are  ex- 
pressed in  terms  of  their  nodal  values  using  the  assumed  shape  functions  to  find 
u{ai)  =  N,{ai)u,  u{ai)  =  N_{ai)u,  andii(Q;i)  =  N_{ai)u,  where  u,  u,  and  u  are 
the  nodal  displacements,  velocities,  and  accelerations,  respectively.  With  the  help  of 
these  interpolations,  the  weak  statement  of  dynamic  equilibrium,  eq.  (17.102),  be- 
comes 

K^'ii  +  gAii  +  gAu  =  P  +  f''''*  -  P. 

The  mass,  gyroscopic,  and  stiffness  matrices  of  the  cable  element  are 

M=  /    K^MK<iai,  (17.103a) 

Jo 
fi 
g=        N!^£fN!dai,  (17.103b) 

Jo 

K=   f  E!^  (s+§f)E!  dai,  (17.103c) 

respectively,  and  the  internal,  gravity,  and  externally  applied  loads  are 
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(17.104a) 


N]^^i  +  N!T{^c^yic^^  ^^^ 


P^ 


respectively. 


N^Z^  dai,      F 


N^Z'^^'dai, 


(17.104b) 


17.7  Finite  element  implementation  of  beam  elements 

The  formulation  of  the  governing  equations  for  beams  is  presented  in  section  16.3. 
This  section  develops  the  implementation  of  the  beam  governing  equations  within 
the  finite  element  framework.  Because  the  expressions  for  the  various  forces  present 
in  the  beam  are  far  more  complex  and  nonlinear  than  those  characterizing  cables, 
the  linearization  process  is  more  arduous,  although  the  final  discretized  equations 
are  formally  identical.  Inertial,  elastic  and  dissipative  forces  and  their  linearizations 
are  presented  in  sections  17.7.1,  17.7.2,  and  17.7.3,  respectively.  The  last  section 
presents  the  discretization  of  all  forces,  leading  to  the  discretized  force  array  and 
associated  mass,  gyroscopic,  and  stiffness  matrices. 


17.7.1  Inertial  forces 

The  inertial  forces  actin  in  the  beam  are  obtained  from  the  governing  equations  of 
motion,  eqs.  (16.63), 


r  =v  + 


2  2' 

uO 


2, 


(17.105) 


where  V_  is  the  momentum  array  resolved  in  the  inertial  system,  defined  by 
eq.  (16.61).  In  view  of  eq.  (16.60),  this  momentum  array  can  be  expressed  as 


where  the  sectional  mass  matrix  resolved  in  the  inertial  system  is 


M  =  {nn)M:{nnS 


ml_  mrj^ 
mrj     g 


(17.106) 


(17.107) 


The  location  of  the  sectional  center  of  mass  and  its  moment  of  inertia  tensor,  both 
resolved  in  the  inertial  frame,  are  defined  as.  rj  =  (RR^)ri* ,  g  =  {RR^)g*  {RR„)^ , 
respectively. 

Expanding  eq.  (17.106)  now  leads  to 


r 


(  mu  +  mrj   a; 
1    nvqu  +  p  w 


(17.108) 
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The  time  derivatives  of  the  location  of  the  sectional  mass  center  and  its  moment  of 
inertia  tensor  are  mfi  =  ujinrj,  and  g  =  u!g+  qZj^ ,  respectively.  The  time  derivative 
of  this  momentum  array,  eq.  (17.106),  then  becomes 


imrju  +  u   ujmr]  +  U!guj_+  goj_\ 


(17.109) 


Finally,  the  inertial  forces,  eq.  (17.105),  can  be  written  in  a  compact  form  as 


J^' 


mu  +  (a;  +  Lou))rarj  \ 
mrju  +  gQ_  +  ujgui  I 


(17.110) 


The  inertial  forces  are  expressed  in  terms  of  physical  quantities,  the  angular  ve- 
locity and  acceleration.  In  practical  implementations  of  the  finite  element  method, 
nodal  rotations  must  parameterized  using  any  of  the  techniques  described  in  chap- 
ter 13.  When  using  the  vectorial  parameterization  of  rotation,  the  angular  velocity 
and  acceleration  vectors  are  expressed  as  a;  =  H^p,  eq.  (13.54),  and  w  =  H^p  +  Hp, 
respectively,  where  p  is  rotation  parameter  vector  and  H_{p)  the  tangent  tensor, 
eq.  (13.55).  Of  course,  the  interpolation  the  rotation  field  must  be  performed  care- 
fully, according  to  the  algorithm  presented  in  section  17.2. 


Linearization  of  inertial  forces 

The  expression  for  the  inertial  forces  given  above  is  nonlinear,  and  the  solution  pro- 
cess will  require  linearization  of  these  forces.  First,  it  will  be  necessary  to  compute 
increments  of  the  sectional  mass  center  location  and  of  the  sectional  moment  of  in- 
ertia tensor,  which  are  found  to  be  niArj  =  mri^Aip  and  {Ag)b  =  (gb  —  gl))Atp, 
respectively,  where  b  is  an  arbitrary  vector.  Linearization  of  the  inertial  forces  then 
yields 

'  Au^ 


^E--K{il\.a{Z\-M^^._ 


(17.111) 


where  K,  G,  and  M  are  the  stiffness,  gyroscopic,  and  mass  matrices  associated  with 
the  inertial  forces,  respectively.  Simple  algebra  yields 


K 


G 


M 


0  (ciJ  +  ujuj)mri^ 

0  umrj  +  {guj  —  guf)  +uj{gu}  —  guj) 


0  Lomr]    -\-  ijjmrj^ 
0        ujg  —gui 

ml_  mrj^ 

mrj     g 

(17.112a) 
(17.112b) 
(17.112c) 


Here  again,  these  matrices  are  expressed  in  terms  of  physical  quantities,  the  an- 
gular velocity  and  acceleration.  Increments  of  these  quantities  are  now  related  to 
increments  in  the  rotation  parameters  using  the  chain  rule  for  derivatives 
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(17.113) 


Aiji  =  -^Ap  +  -^Ap  =  (H-  LoH)Ap  +  H_Ap, 
op    -      op    -       —       —     -     —   - 


where  p  is  the  rotation  parameter  vector  and  eq.  (4.84),  recast  as  dui/dp  =  H_  —  ujH_, 
was  used. 

Next,  increments  in  the  angular  acceleration  vector  are  evaluated  by  taking  a  time 
derivative  of  the  above  equation 


Aui=(H-djk-  uH)Ap  +  {2H  -  II)H)Ap  +  HAp. 


(17.114) 


Introducing  these  results  into  eq.  (17.111)  yields  the  following  expression  for 
increments  in  the  inertial  forces 


AZ!  =K.'Aq  +  g^Aq  +  MAq, 


(17.115) 


where  JC  ,  Q_  ,  and  M_  are  the  stiffness,  gyroscopic,  and  mass  matrices  associ- 
ated with  the  inertial  forces,  respectively.  The  incremental  arrays  of  displacement, 
velocity,  and  acceleration  arrays  are  defined  as  Aq^  =  \^Au^  ,Ap^},  Aq  = 
\^Au^ ,  Ap^},  and  Aq^  =  {ziw^,  Ap^},  respectively. 

In  summary,  the  inertial  forces  can  be  written  in  the  following  form 


J-^ 


mu  +  a 
mrju  +  7 


and  the  stiffness,  gyroscopic,  and  mass  matrices  are 


Q' 


M 


Q      rmfK  -  2M  -  3^ 
0  £»  TJ  +  e  ^  +  {umrj  —  j)H^ 

g  2m^K  -  2/3S 
g     "igK  +  gK 

ml_  mrf"H 
mrj     0  H 


(17.116) 

(17.117a) 
(17.117b) 
(17.117c) 


The  following  notations  were  introduced  to  simply  the  writing  of  the  above  expres- 


sions a 


(w  -|-  ujuj)mri,  P  =  Lomrj,  ^  =  QUj_-\-  ugu,  and  s  =  ug  +  (tug) 


pw. 


17.7.2  Elastic  forces 

The  elastic  forces  acting  in  the  beam  element  are  obtained  from  eqs.  (16.63)  and  will 
be  treated  in  two  separate  components,  denoted  £    and  £    ,  defined  as 


zr  =f 


^LandJ-^ 


g  g 

(u'o  +  uY  0 


/ 


0 

{u'o  +  u'fN 


(17.118) 


respectively.  The  components  of  the  beam's  sectional  force  and  moment  vectors  re- 
solved in  the  inertial  basis  are  denoted  N_  and  M,  respectively. 
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The  sectional  strains  and  curvatures  defined  in  eq.  (16.45)  are  recast  in  the  fol- 
lowing compact  notation 

where  k  =  axial(i?'_R  )  are  the  components  of  the  sectional  curvature  vector  re- 
solved in  the  inertial  basis  and  k^  the  components  of  the  corresponding  curvature 
vector  in  the  beam's  reference  configuration.  The  corresponding  strain  components 
resolved  in  the  material  basis  are 

(RR  VE,  -ix   1 

The  elastic  forces  in  the  beam  are  then  f  =  Ce,  where  C  =  {TZTZ  )C* (TZTZ  )^ 
is  the  sectional  stiffness  matrix  resolved  in  the  inertial  basis,  and  the  corresponding 
stiffness  matrix  resolved  in  the  material  basis,  C*,  is  defined  by  eq.  (16.47). 

The  elastic  forces  are  expressed  in  terms  of  physical  quantities,  the  sectional 
strain  and  curvatures.  In  practical  implementations  of  the  finite  element  method, 
nodal  rotations  must  parameterized  using  any  of  the  techniques  described  in  chap- 
ter 13.  When  using  the  vectorial  parameterization  of  rotation,  the  curvature  vector 
will  be  expressed  as  fc  =  H_p',  eq.  (13.54),  where  p  is  rotation  parameter  vector  and 
i/_(p)  the  tangent  tensor,  eq.  (13.55). 

Linearization  of  elastic  forces 

The  expressions  for  the  elastic  forces  given  above  are  nonlinear,  and  the  finite  el- 
ement process  will  require  a  linearization  of  these  forces.  First,  increments  in  the 
curvature  vector  are  computed  using  the  chain  rule  for  partial  derivatives 

Ak  =  -^Ap  +  T^Ap'  =  (IT  -  kH)Ap  +  HAp',  (17.121) 

dp    -      dp'    —        —        —     —     —    - 

where  p  is  the  rotation  parameter  vector  and  eq.  (4.84),  recast  as  dk/dp  =  H_'  —  kH_, 
was  used. 

Increments  in  the  strain  components,  eq.  (17.119),  are  now  easily  evaluated  to 
find  _.__ 

Ae=[  ^-  +  (MJ*i^  1 

\kAiI  +  ^Ap_ -  (fc  +  Rk>)^Ap]  ' 

This  leads  to  the  following  expression  for  increments  in  the  elastic  forces 

Af-j  ^K'^P  1    ,  r  /  (""  +  u')KAp  +  Ay! 
^-      \  M^K^pj  ^  =  1      KA^  +  gAp 

Taking  variations  of  eq.  (17. 1 1 8)  yields  the  following  expression  for  increments 
in  the  elastic  forces 
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AT^  =  gA<l  +  QjAq,     AT^  =  -RA^  +  QAq.  (17. 122) 

The  incremental  arrays  of  displacement  and  displacement  rates  are  defined  as  Aq^  = 
[Au^ ,  Ap^],  and  Z\g'^  =  {/iw'^,  ^p'^},  respectively. 

In  summary,  the  elastic  forces  can  be  written  in  the  following  form 


T^ 


:Ce,     t'^=TT^, 


and  the  stiffness  matrices  are 


(17.123) 


i  =  £ 

II 
oil 

0  N^H 

+  g 

0  {u'a  +  u')H 
0         l£ 

(17.124a) 

2  = 

Q  Q 

^0 

+  TS,     Q  =  ro. 

(17.124b) 

The  following  notation  was  introduced 

r  = 

0          0" 

K  +  S'f  Q 

(17.125) 

17.7.3  Dissipative  forces 

The  beam  model  discussed  in  the  previous  section  is  a  purely  conservative  model, 
because  the  elastic  force  are  proportional  the  strain  measures.  It  is  often  desirable  to 
also  introduce  dissipative  forces  in  the  beam  model.  By  analogy  to  eq.  (16.47),  the 
dissipative  forces  in  the  material  frame,  /  *,  will  be  written  as 


f* 


A*C*e* 


(17.126) 


where  ^  is  the  damping  coefficient  of  units  1/s,  and  e*  the  time  rate  of  change  of  the 
strains  measured  in  the  material  frame.  Since  the  dissipative  mechanisms  in  the  beam 
are  not  well  understood,  it  is  postulated  that  the  damping  matrix  is  proportional  to 
the  stiffness  matrix.  The  time  rate  of  change  of  the  sectional  strains  in  the  material 
frame  are  readily  obtained  from  eq.  (17.120)  as 


The  dissipative  forces  in  the  inertial  frame  now  become 


(17.127) 


(17.128) 


where /''^  =  {Nf'^,M^'^],  and  N_^  =  {gR^)K^*  and  M''  =  {RR^)M'^*  are 
the  are  the  sectional  dissipative  force  and  moment  vector  components  in  the  inertial 
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frame,  respectively,  C_  =  {TZTZ  )C_*  (TZTZ)'^  is  the  sectional  stiffness  matrix  resolved 
in  the  inertial  basis,  and  e  is  defined  as 


u  +  EiuA 
^       J 


(17.129) 


The  dissipative  forces  will  be  treated  in  two  separate  components,  denoted  £' 


■dC 


and  J"' 


■dD 


dC         (d 


ja^   =  / 


d  r '    £ 


■dD 


=  = 

El  0 


ElK^ 


(17.130) 


Linearization  of  dissipative  forces 

Because  the  expression  for  the  dissipative  forces  is  nonlinear,  the  solution  process 
will  require  a  linearization.  Increments  in  the  strain  array  are  evaluated  to  find 

Next,  increments  in  the  dissipative  forces  are  computed 


Af 


M 


K^p] 


u'HAp 


fiCAe.       (17.132) 


Taking  variations  of  eq.  (17.130)  yields  the  following  expression  for  increments 
in  the  dissipative  forces 


?d  A    I 


d  A-J 


AT^"-  =  s^A(i  +  o^Aq  +  g;^Aq  +  rAii 


^jdD  ^  ^^^  ^  Qd^^  ^  ^d^^  ^  y^Aq'. 


(17.133a) 
_     _  _     _     _  _  (17.133b) 

In  summary,  the  dissipative  forces  can  be  written  in  the  following  form 

^dc  ^  ^£^^     ^dD  ^  ^^dc^  (17.134) 

where  the  gyroscopic  and  stiffness  matrices  are 


Sf  =  fiC 


0    {H-ZjH) 


^d 


-^C 


fiC 


LEiQ^ 
0    H' 


r  =  fic 


Q  K  -  5S' 

(17.135) 
0  0" 


OH 


(17.136) 


and 


pa 


'  2  2' 


■  TS^,    Qf  =  ro'^,    xf  =  rg'^,    Y  =  y£_^.    (17.137) 


Matrix  T  is  defined  in  eq.  (17.125). 
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17.7.4  Gravity  forces  for  beams 

For  many  applications,  the  gravity  forces  associated  with  the  beam's  distributed 
mass  must  be  taken  into  account.  The  potential  of  these  gravity  forces  is  V^  = 
iT^g^ilLo  +  u  +  f]),  where  vector  t]  defines  the  location  of  the  sectional  mass  cen- 
ter, see  eq.  (16.56). 

A  variation  of  this  potential  is  easily  found  to  be  SV  =  g^  (mSu  +  mrj^Sxl))  and 
the  gravity  forces  acting  on  the  cross-section  are  readily  found  as 

^«  =  |"l^|.  (17.138) 

17.7.5  Finite  element  formulation  of  beams 

With  the  notation  defined  in  eqs.  (17.105)  and  (17.118),  the  equations  of  motion  of 
curved  beams,  eqs.  (16.63),  can  be  recast  in  the  following  compact  form,  £  —Tj'  -I- 
jD  ^  j-G  _|_  j-cxt^  where  T^"^^  are  the  external  forces  applied  to  the  beam. 

A  weighted  residual  formulation  will  be  used  here  to  enforce  these  dynamic  equi- 
librium conditions 


jCi  j^jD  _jG  _  ^cxtN  ^^^  ^  Q^ 


where  i  is  the  length  of  the  beam  element  and  TV  a  matrix  storing  the  selected  test 
functions,  see  eq.  (17.6).  An  integration  by  parts  is  performed  on  the  second  term  of 
this  equation,  leading  to 


/    {N^L^  +  El'^L^  +  K^E")  dai  =  /  ^^(Z^  +  Z' 
Jo  Jo 


■°"'Mxi. 


Since  this  set  of  algebraic  equations  is  nonlinear,  a  linearization  process  is  required 
to  solve  it.  Equations  (17.1 15)  and  (17.122)  are  introduced  to  find 


/' 

Jo 


[K^  (z!  +  £Mg  -h  g^Av  +  MAa  +  £°  +  EAq^  +  gAq 

+  N!^  {E^  +  gAq^  +  QAq)]   dai  =   /    K^ {Z!^  +  Z""*)  da 

Jo 


Next,  the  elemental  displacement,  velocity,  and  acceleration  fields  are  expressed 
in  terms  of  their  nodal  values  using  the  assumed  shape  functions,  q{xi)  =  Nq, 
q'{xi)  =  N^q,  v{xi)  =  N_v,  a{xi)  =  N_a,  where  q,  v,  and  a  are  the  nodal  val- 
ues of  the  displacements,  velocities,  and  accelerations,  respectively.  With  the  help  of 
these  interpolations  of  elemental  fields,  the  weak  statement  of  dynamic  equilibrium 
becomes 

KAa  +  QAv+KAq  =  F    +  f""^  -  F.  (17.139) 

The  mass,  gyroscopic,  and  stiffness  matrices  of  the  beam  element  are 


696  17  Finite  element  tools 


M=   /    iV'A^iVdai,  (17.140a) 

Jo 

g=        K^g'Kdai,  (17.140b) 

Jo         — 

&=  I   iK^iKf +  Q)K  +  K^'RN! +M!^§,N! +  N!^2^  dai,  (i7.i40c) 

respectively,  whereas  the  elemental  forces,  gravity  loads,  and  externally  applied 
loads  are 

t=        {K^Z'  +K^Z° +N!'^Z^)  dai,  (17.141a) 

Jo 


tT-tG  j„,,  fp''^^  _     /      ArTx-oxt 


Pf^  =   I    K'H^dai,      F"=l    N^Z^'^'dai,  (17.141b) 

'o  Jo 


respectively. 
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18.1  The  singular  value  decomposition 

The  singular  value  decomposition  theorem  [82]  states  that  an  arbitrary,  nxm  matrix 
A(n  >  rn),  of  rank  r,  r  <  m  can  be  decomposed  into  the  following  matrix  product 


A 


'■(nxm) 


u 


(nxn) 


^(rx  r)  ^rx{m—r)) 

^{n—r)xr)  ^{n—r)x{m  —  r)) 


V 


'■{mxm) ' 


(18.1) 


where  n  >  m,r  <  ■m,U_  and  y_  are  orthogonal  matrices,  and  S_  =  diag(cri)  a  unique 
diagonal  matrix  with  real,  non-negative  elements.  The  other  matrices  in  eq.  (18.1)  are 
zero  matrices  with  the  corresponding  size  indicated  by  their  subscript.  The  elements 
of  S_  are  arranged  in  descending  order  as 


CTl   >  0'2  >  0-3  >   .  .  .  >  (Tr  >  O-p+l 


0, 


(18.2) 


where  the  ai  are  called  the  singular  values  of  A,  and,  again,  r  =  rank(^);  if  A  has 
full  rank,  r  =  m.  Matrices  U_  and  V  can  be  partitioned  as 


U 


(nxn) 


K{nxr)  =(nx(n-r))J    '   ^^^(mxm) 


[^. 


V  , 

(mxr)  ^2  {mx{m—r))     ' 

(18.3) 


respectively,  and  hence,  eq.  (18.1)  can  be  recast  as 


^(nX'/Ti) 


r 

)  ^(rix  (ri— r)) 


^(rxr) 


0,     , 

=(r  X  {m—r)) 


^{{n—r)xr)  ^{n—r)x{m  —  r)) 


^1  (rxm 
_^2  {{m  —  r)xm)_ 


(18.4) 

where  the  size  of  the  matrices  IJ_,  F,  V^  and  VT  are  indicated  by  their  subscript. 
Thus,  eq.  (18.4)  can  be  simplified  to  be 


d  =  KMKi 


(18.5) 


i.e.,  tj_  and  X    are  the  left  and  right  singular  vectors  of  A,  respectively.  The  orthog- 
onality of  IJ_  implies  the  following  relationships. 
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g^+L^=L  (18.6a) 

Ufg  =  L  (18.6b) 

^^  =  I,  (18.6c) 

and  finally 

^L  =  0,     L^g  =  0.  (18.7) 

Transposing  eq.  (18.5)  and  post  multiplying  by  F  leads  to 

A^L  =  0,  (18.8) 

where  property  (18.7)  was  used;  clearly,  /^  forms  the  null  space  of  A   . 
When  matrix  A  has  full  rank,  i.e.  r  =  m,  eq.  (18.1)  reduces  to 


U 


V^,  (18.9) 


i.e.  the  partition  of  V  is  itself,  and  eq.  (18.9)  simplifies  to 


A  =  USV^  (18.10) 


18.2  The  Moore-Penrose  generalized  inverse 

The  Moore-Penrose  seneralized  inverse  of  matrix  A,         ,  with  n  >  m  is  the  unique 
matrix,  denoted  A^ ,  that  features  the  following  properties 

A^A  =  A,  (18.11) 

^+^^+=^+,  (18.12) 

{A^)  =  {AA^f,  (18.13) 

(A'^A)  =  {A'^Af-  (18.14) 


The  Moore-Penrose  inverse  is  most  elegantly  computed  using  the  singular  value 
omposition.  If  A  is  o 
Penrose  inverse  is  then 


decomposition.  If  A  is  of  full  rank,  eq.  (18.10)  implies  A  =  HHY.  >  and  its  Moore 


4+=Z^"^£^.  (18.15) 

It  is  readily  verified  that  this  expression  satisfies  the  four  conditions  for  a  Moore- 
Penrose  inverse,  eqs.  (18.11)  to  (18.14).  It  is  also  possible  to  express  the  Moore- 
Penrose  inverse  without  resorting  to  the  singular  value  decomposition;  indeed,  it  is 
readily  verified  that 

4+ =  [4^4]  "^4^,  (18.16) 

verifies,  once  again,  the  four  conditions  (18.1 1)  to  (18.14). 
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18.2.1  Problems 

Problem  18.1.  Properties  of  Moore-Penrose  inverse 

Verify  that  the  Moore-Penrose  inverse  given  by  eq.  (18.15)  satisfies  the  four  condi- 
tions (18.11)  to  (18.14). 

Problem  18.2.  Properties  of  Moore-Penrose  inverse 

Verify  that  the  Moore-Penrose  inverse  given  by  eq.  (18.16)  satisfies  the  four  condi- 
tions (18.11)  to  (18.14). 

Problem  18.3.  Properties  of  Moore-Penrose  inverse 

Consider  matrix  A  =  B  C  ,m>n,  where  rank(^)  —  rank(C)  —  n 

and  rank(_B)  —  m.  Is  the  following  statement  true:  A^  —  C_'^B^^2 

Problem  18.4.  Properties  of  Moore-Penrose  inverse 

Consider  matrix  A  =  B  C  ,  m  >  n,  where  rank(^)  —  rank(B)  — 

rank(0  =  r.  Is  the  following  statement  true:  A+  =  C^{CC^)-^{R^ByB^^ 


18.3  Gauss-Legendre  quadrature 

When  applying  energy  methods,  the  computation  of  the  stiffness  matrix  and  load  ar- 
ray involves  integrations  of  the  product  of  the  shape  functions  by  the  stiffness  proper- 
ties of  the  structure.  As  the  number  of  assumed  shape  functions  increases,  it  becomes 
increasingly  cumbersome  to  perform  all  these  integrations  in  closed  form,  specially 
when  the  expression  for  the  shape  functions  becomes  complex. 

To  circumvent  this  problem,  numerical  integration  can  be  used.  A  very  power- 
ful tool  for  numerical  integration  is  the  Gauss-Legendre  quadrature  scheme.  In  its 
simplest  form  [5],  this  scheme  approximately  evaluates  an  integral  by  the  following 
sum 

/       /(s)ds«^u;,/(s,),  (18.17) 

where  Si,  i  =  1,2,...  Nq  are  the  Gauss-Legendre  quadrature  points,  and  Wi  the 
associated  weights.  The  Gauss-Legendre  quadrature  points  are  often  called  sampling 
points,  because  the  integral  is  evaluated  by  sampling  the  value  of  the  integrand  at 
these  points.  Table  18.1  lists  the  Gauss-Legendre  quadrature  points  and  associated 
weights  for  Nq  =  2,  3,  and  4.  The  fundamental  property  of  the  Nq  point  Gauss- 
Legendre  quadrature  scheme  is  that  it  exactly  integrates  a  polynomial  of  degree 
2Ng  -  1. 

To  illustrate  the  application  of  the  Gauss-Legendre  quadrature  scheme,  consider 
the  following  integral 

/■+1 
I  =  [x'^-  5x^  +  3x^  +  5x]  dx  =  2.4. 

At  first,  the  2-point  quadrature  formula  is  used  to  find 
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Table  18.1.  Gauss  points  and  associated  weights  for  No  =  2,  3,  and  4. 


Ng 

Si 

Wi 

Ng 

Si 

Wi 

2 

±yi73 

1 

4 

±^(3  -  2y675)/7 

(18  + V30)/36 

3 

0 

8/9 

±^(3  +  2V675)/7 

(18  -  V30)/36 

±vW5 

5/9 

3/2 


3/2 


1  /I 

3-  -5     - 
3  V3 


4-a 


1/2- 


1/2- 


20 

—  =  2.22. 
9 


This  2-point  formula  exactly  integrates  a  polynomial  of  degree  2x2—1  =  3;  hence, 
an  approximate  answer  is  expected  for  this  integral  involving  a  polynomial  of  degree 
four.  The  approximate  answer  only  incurs  a  7.4%  error.  Next,  the  3-point  quadrature 
formula  is  used,  leading  to 


9 


I  -a 


3/2 


4-KI 


1/2' 


5(^v\3?+5rr^'' 


^  =  2.4. 
25 


This  3-point  formula  exactly  integrates  a  polynomial  of  degree  3x2  —  1  =  5;  hence, 
the  exact  solution  is  recovered. 

Next,  consider  the  following  integral  involving  transcendental  function 


/ 


1 


da;  =  [lnx]l  =ln5  =  1.609. 


To  recast  the  problem  in  the  standard  form,  a  change  of  variable,  x  =  2s  +  3,  is 
first  performed.  The  Jacobian  of  the  coordinate  transformation  is  readily  evaluated, 
da;/ds  =  2.  The  2-point  quadrature  formula  then  yields  a  first  approximation  of  the 
integral 


+1 


1 


dx 


1    2s +  3  ds 


ds; 


1 


+ 


1 


-2^1/3  +  3       2v/l/3  +  3 


36 
23 


1.565, 


which  only  involves  a  2.75%  error.  To  improve  the  approximation,  the  3-point 
quadrature  formula  is  used,  leading  to 


9 


8 
-  + 


-2^3/5  +  3       3       2^3/5  +  3 


476 
297 


1.603. 
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The  error  is  now  reduced  to  about  0.42%.  Higher  order  Gauss-Legendre  quadrature 
scheme  can  be  derived  that  involve  an  increasing  number  of  sampling  points  and 
associated  weights.  This  data  have  been  tabulated,  see  Abramowitz  and  Stegun  [35 1], 
or  can  be  readily  calculated  [5]. 

For  integration  over  a  rectangular  domain,  the  basic  Gauss-Legendre  quadrature 
scheme  of  eq.  (18.17)  is  generalized  as 

^+1     ^+1  Ng  Ma 

/        /       /(s,t)dsdt«^^«;,Wj/(s„i,),  (18.18) 

J-i   J -I  ,-^i  j^i 

where  the  sampling  points,  s ,  and  tj ,  and  associated  weights,  Wi  and  Wj ,  respectively, 
are  those  listed  in  table  18.1. 
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absolute,  58 

Coriolis,  168 
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Acceleration  level  constraint,  364,  427,  438, 

442,  445,  446 
Acceleration  projection  method,  442 
Active  column  solver,  486,  657 
Addition  theorem,  135-136 
Admissible 

momentum  field,  581 

stress  field,  581 
Algebraic  variable,  498 
Amplification  matrix,  667 
Angular  acceleration  vector,  137 
Angular  distortion,  582,  592 
Angular  momentum,  75,  97,  202,  312 
Angular  velocity  vector,  129-133 
Augmented  Lagrangian  formulation,  477, 

499 
Augmented  Lagrangian  term,  493 
Axial  vector,  23 

Base  vector,  589 

3D  space,  50 

derivatives,  44,  52 

of  a  surface,  41 
Baumgatte's  method,  474-476 
Bi-quaternion,  546 


algebra,  546-547 
Bilateral  contact,  87 
Bound  vector,  13 
Boundary  conditions 

displacement,  582 

force,  581 

geometric,  582 

natural,  581 
Bushing  element,  570 

Calculus  of  variations,  284 

Cam-follower  pair,  179 

Candidate  contact  point,  368 

Canonical  basis,  118 

Cartesian  basis,  6 

Cartesian  coordinates,  3 1 

Cartesian  rotation  vector,  531,  537-538 

Cauchy-Green  deformation  tensor,  593 

Cayley's 

formula,  514 

motion  parameters,  544-545 

rotation  parameters,  513-514 
Cayley-Gibbs-Rodrigues 

motion  parameters,  563-564 

rotation  parameters,  532,  538-539 
Center  of  mass,  95 
Central  force,  66 
Change  of 

basis,  116,  193,  194 

frame,  155,  193,  194 
Characteristic  equation,  24 
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strain  field,  582 

velocity  field,  582 

virtual  strain  field,  585 

virtual  velocity  field,  585 
Component  mode  synthesis,  484^85 
Components  of  a  vector,  6 
Composition  of  rotations,  124-127,  518, 

523,  530 
Configuration  constraint,  362 
Configuration  space,  258 
Conformal  rotation  vector,  539 
Conservative  force,  62-65 
Constrained  problem,  359 
Constraint 

acceleration  level,  364,  427,  438,  442, 
445,  446 

configuration,  362 

holonomic,  362-364,  392-394,  427 

kinematic,  362 

matrix,  357,  363,  426 

nonholonomic,  364-365,  402,  403,  427 

rheonomic,  363,  392,  402 

scleronomic,  362,  363,  392,  402 

velocity  level,  364,  427,  428,  446 

violation,  432,  441,  444,  446 
Continuous  friction  law,  89 
Contravariant  component,  13 
Convected 

basis,  588 

frame,  599 
Coordinates 

Cartesian,  31 

curvilinear,  32 

cylindrical,  54 

orthogonal  curvilinear,  53 

path,  39 

spherical,  55 

surface,  49,  369 
Coriolis  acceleration,  168 
Coulomb's  friction  law,  88 
Covariant  component,  13 
Cross  product,  7 
Curvature 

geodesic,  42 

normal,  42 

tensor,  143-145 

vector,  143 
Curve 

binormal  vector,  33 


curvature,  33,  143 

Frenet's  triad,  33 

intrinsic  parameterization,  32 

natural  parameterization,  32 

normal  vector,  33 

osculating  plane,  33 

planar,  34 

radius  of  curvature,  33 

radius  of  twist,  33 

tangent  vector,  32 

twist,  33,  143 
Curve  sliding  joint,  419 
Curvilinear  coordinates,  32 
Cylindrical  coordinates,  54 
Cylindrical  joint,  415 

D'Alembert's  principle,  295-303,  385 
Dashpot 

constant,  70 

rectilinear,  70 

torsional,  70 
Deformation  gradient  tensor,  592 
Deformed  configuration,  589 
Degree  of  freedom,  259,  284,  362 
Determinant  of  tensor,  22 
Determination  of 

Euler  angles,  110 

Euler  parameters,  518 

the  rotation  parameter  vector,  529 
Differential 

displacement  vector,  263 

motion  vector,  196 

position  vector,  263 

rotation  vector,  148 

work,  61 
Differential-algebraic  equation,  358,  395, 

427 
Direction  cosine  matrix,  107,  108 
Director,  157,  632 
Displacement 

boundary  conditions,  582 

infinitesimal,  282 

interpolation  matrix,  647 

virtual,  282 
Displacement  interpolation  matrix,  641 
Dissipative  force,  70 
Dot  product,  5,  6 

Drift  phenomenon,  432,  441,  444,  446,  463, 
473 
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Dynamic  equilibrium,  295,  323 

Eigenpair,  24 
Eigenvalue,  23 
Eigenvector,  23 
Elastic  material,  586 
Elastodynamics,  579-583 

constitutive  laws,  583 

dynamic  equilibrium  equations,  581 

strain-displacement  relationships,  582 

velocity-displacement  relationships,  582 
Energetically  conjugate,  198 
Energy 

kinetic,  62,  204 

strain,  64,  68,  69 
Energy  closure  equation,  71 
Equilibrium 

dynamic,  295 

static,  59,  295 
Euler 

motion  parameters,  547-551 

Parameters,  516-519 
Euler  angle,  109,  111,  112,  125,  136-141 

attitude,  112,  139 

bank,  112,  139 

heading,  112,  139 

nutation,  109,  111,  138,  139 

precession,  109,  HI,  138,  139 

spin,  109,  111,  138,  139 
Euler's 

equations,  213,  227 

first  law,  98,  287 

second  law,  99,  287 

theorem  on  rotations,  112 
Euler-Lagrange  equation,  257 
Euler-Rodrigues 

motion  parameters,  563 

rotation  parameters,  532,  538 
Exponential  map  of  rotation,  531,  537-538 
Extended  vectorial  parameterization, 

533-537 
External  force,  94,  279,  285,  287 
Externally  applied  force,  58,  61 

Finite  element  method,  639 

First-order  tensor,  117 

Flexible  joint,  570,  601-613 

Floating  frame  of  reference,  482^84,  569 

Force 


central,  66 

conservative,  62-65 

dissipative,  70 

external,  94,  279,  285,  287 

externally  applied,  58,  61 

impressed,  61,  94 

impulse  of,  75,  100 

inertial,  295 

internal,  94,  279,  285,  287 

natural,  279 

non-conservative,  65,  70 

normal  contact,  86,  87 

tangential  contact,  86,  87 

vector,  13 

viscous,  70 
Force  boundary  conditions,  581 
Frame 

inertial,  57 
Free  vector,  3 
Frenet's  triad,  143,  148 
Friction  coefficient 

kinetic,  88 

static,  88 

viscous,  89 

Gauss'  formula,  46 
Gauss'  principle,  457 
Gauss-Codazzi  conditions,  145,  146 
Gauss-Legendre  quadrature,  699-701 

points,  699 

weights,  699 
Gaussian,  457 
Generalized 

constraint  force,  393,  403 

coordinate,  258 

coordinates,  287,  308 

force,  268,  287 

inertial  force,  323 

momentum,  308,  323 

speed,  428 

velocities,  260 
Generating  function,  526,  531 
Geometric  boundary  conditions,  582 
Geometric  nonlinearity,  661 
Geometric  notation,  29 
Geometrically  exact  beam  theory,  617 
Gravitational  constant,  61 
Green  deformation  tensor,  593 
Green-Lagrange  strain  tensor,  593 


724 


Index 


Green-Saint  Venant  strain  tensor,  593 
Gyroscopic  moments,  227 

Hamilton's  principle,  305-320,  392-394, 

402,  403,  586-588 
Holonomic 

constraint,  362-364,  392-394,  427 

system,  362 
Hooke's  law,  583 

Identity  tensor,  23 
Impressed  force,  61,  94 
Impulse  of  a  force,  75,  100 
Independent  quasi-acceleration,  460 
Independent  quasi-velocity,  428 
Index  notation,  29 
Index- 1  formulation,  438 
Inertial 

acceleration,  58 

force,  295 

frame,  14,  57 

velocity,  58 
Infeasible  direction,  277,  373 
Infinitesimal 

displacements,  282 

rotation  vector,  526 
Initial  boundary  value  problem,  306 
Integrability  conditions,  364 
Internal  force,  94,  279,  285,  287 
Intrinsic 

displacement  of  a  rigid  body,  163 

equations  of  motion,  314,  334 
Invariant 

of  a  tensor,  24 

parameterization,  511 

Jacobian,  50 

Jacobian  matrix  of  the  constraints,  357,  363 

Joint 

curve  sliding,  419 

cylindrical,  415 

planar,  416 

prismatic,  414 

revolute,  412 

screw,  416 

sliding,  421 

spherical,  417 

universal,  418 

Kinematic 


characteristic,  428 

constraint,  362 

constraints,  259 

parameter,  428 
Kinematically 

admissible  direction,  277,  373 

admissible  displacement  field,  582 

admissible  virtual  displacements,  263, 
277,  374 

inadmissible  direction,  277,  373 
Kinetic 

energy,  62,  204 

energy  density  function,  586 

rotational  energy,  204 

translational  energy,  204 
Kronecker's  symbol,  6 

Lagrange's 

equations  of  the  first  kind,  426 

formulation,  322-334,  394,  403,  426 

multiplier,  359 

multiplier  method,  358-361,  385 
Lagrangian,  307,  587 

representation,  589 

strain  tensor,  593 
Levi-Civita  symbol,  8 
Linear  momentum,  74,  97,  312 
Linear  parameterization,  531 
Lower  pair  joint,  405-418 

constraints,  408^12 

kinematics,  406-408 

Maggi's  formulation,  428^35 
Mass  matrix,  311,426 
Material 

basis,  588 

compliance  matrix,  583 

coordinates,  589 

elastic,  586 

frame,  599 

line,  589 

stiffness  matrix,  583 
Material  nonlinearity,  661 
Matrix  notation,  29 
Metric  of  a  space,  450 
Metric  tensor,  591 
Mixed  product,  10 
Modal 

analysis,  572 
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expansion,  572 
Momentum 

angular,  75,  97,  202,  312 

linear,  74,  97,  312 
Moore-Penrose  generalized  inverse,  698 
Motion  parameters 

Cayley's,  544-545 

Cayley-Gibbs-Rodrigues,  563-564 

Euler,  547-551 

Euler-Rodrigues,  563 

vector,  544,  545,  555 

Wiener-Milenkovic,  564 
Motion  tensor,  187-192 
Mozzi-Chasles' 

axis,  163,  189 

theorem,  163 

Natural  boundary  conditions,  581 

Natural  force,  279 

Newton's 

first  law,  58 

second  law,  59 

third  law,  59 
NewtonRaphson  method,  658 
Non-conservative  force,  65,  70 
Non-invariant  parameterization,  511 
Non-vectorial  parameterization,  511 
Nonholonomic 

constraint,  364-365,  402,  403,  427 

quantity,  268 

vector,  130 
Normal  contact  force,  86,  87 
Notation 

geometric,  29 

index,  29 

matrix,  29 
Null  space,  429 

formulation,  442 

Ordinary  differential  equation,  395 
Oriented  line  segment,  3 
Orthogonal 

complement,  429 

curvilinear  coordinates,  53 

parameterization,  51 

projection,  448 

vectors,  5 
Orthonormal  basis,  6 
Out-of-balance  force  array,  658 


Parallel  axis  theorem,  205-206 
Parameterization 

invariant,  511 

non-invariant,  511 

non-vectorial,  511 

vectorial,  511 
Particle,  57 

path,  57 

speed,  39,  58 
Path  coordinates,  39 
Penalty  method,  381 
Permutation  symbol,  8 
Pfaffian  form,  364 
Physical  strain  component,  592 
Pitch  of  a  screw,  163 
Pivot  equation,  213,  228 
Pivoting,  499,  500 
Plucker  coordinates,  15,  187 
Planar 

joint,  416 

motion,  227-237 

rotation,  108 
Positive-definite  tensor,  23,  24 
Potential 

definition,  63 

function,  63,  66,  269 

of  a  conservative  force,  63,  269 

of  gravity  force,  67 

of  the  body  forces,  587 

of  the  constraint  forces,  393 

of  the  surface  tractions,  587 
Principal  axes  of  inertia,  207 
Principle  of 

angular  impulse  and  momentum,  76,  101 

conservation  of  energy,  66 

D'Alembert's,  295-303,  385 

Gauss,  458 

Hamilton,  305-320,  392-394,  402,  403, 
586-588 

least  action,  308 

linear  impulse  and  momentum,  75,  101 

minimum  total  potential  energy,  588 

virtual  work,  271-287,  371-382,  583-585 

virtual  work  for  a  particle,  272 

virtual  work  for  a  particle  system,  284 

work  and  energy,  62,  100,  214,  215 
Prismatic  joint,  414 
Product 

cross, 7 
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dot,  5,  6 

mixed,  10 

scalar,  5,  6 

tensor,  9 

vector,  7 
Product  of  inertia,  206 
Projection,  5 
Projection  tensor,  12 
Projector 

image,  448,  450 

kernel,  448,  450 

null  space,  448,  450 

Quaternion,  514 
algebra,  514-516 
operators,  514 
orthogonal,  516 
scalar  part,  514 
unit,  516 
vector  part,  514 

Radius  of  twist,  46 
Rayleigh  damping,  660 
Reaction  force,  580 
Reciprocal  vector,  13 
Rectilinear 

dashpot,  70 

spring,  68 
Reference 

configuration,  589 

frame,  14 
Reflection  tensor,  13,  27 
Relative 

acceleration,  168 

elongation,  592 

velocity,  167 
Relative  elongation,  582 
Rescaling  operation,  534-537 
Revolute  joint,  412 
Rheonomic  constraint,  363,  392,  402 
Right-hand  basis,  8 
Rodrigues'  rotation  formula,  1 14 
Rotation  parameters 

Cayley's,  513-514 

Cayley-Gibbs-Rodrigues,  532,  538-539 

Euler-Rodrigues,  532,  538 

linear,  531 

vector,  512,  524 

Wiener-Milenkovic,  532,  539-541 


Rotation  tensor,  114 

properties,  115 
Rotational  kinetic  energy,  204 
Rotationless  formulation,  261 

Scalar  product,  5,  6 
Scaling 

equations  of  motion,  490-504 

factor,  493 
Scleronomic  constraint,  297,  362,  363,  392, 

402 
Screw 

axis,  165 

joint,  416 

motion,  163,  165 
Second-order  tensor,  22 
Semi  positive-definite  tensor,  23 
Shape  function,  640 
Similarity  transformation,  25 
Skew-symmetric  part  of  tensor,  22 
Skew-symmetric  tensor,  22 
Skyline  solver,  499 
Sliding  joint,  421 
Spectral  radius,  667 
Spherical 

coordinates,  55 

joint,  417 
Spring 

rectilinear,  68 

stiffness  constant,  68 

stretch,  68 

torsional,  69 

un-stretched  length,  68 
Stability  analysis,  336-344 
Staggered  stabilization  technique,  476 
State  space,  260 
Static  equilibrium,  59,  295 
Stationary  point 

of  a  definite  integral,  255 

of  a  function,  254 
Strain 

direct,  582 

energy,  69 

shear,  582 
Strain  energy 

density  function,  586 

for  spring,  68 

function,  68 
Stress 
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direct,  581 

shear,  581 
Surface 

base  vectors,  41 

coordinates,  49,  369 

dilatation,  595 

equilibrium  equations,  581 

first  metric  tensor,  41 

Gaussian  curvature,  44 

line  of  curvature,  44,  629 

mean  curvature,  44 

principal  curvature,  44 

principal  radii  of  curvature,  44,  63 1 

radius  of  twist,  45 

second  metric  tensor,  42 

traction,  580 
Symbol 

Rronecker's,  6 

Levi-Civita,  8 

permutation,  8 
Symmetric  part  of  tensor,  22 
Symmetric  tensor,  22 
System  of  particles,  286 

Tangent  operator,  134,  138 
Tangential  contact  force,  86,  87 
Tensor 

Cauchy-Green  deformation,  593 

characteristic  equation,  24 

curvature,  143-145 

deformation  gradient,  592 

determinant,  22 

first-order,  117 

Green  deformation,  593 

Green-Lagrange  strain,  593 

Green-Saint  Venant  strain,  593 

identity,  23 

invariant,  24 

Lagrangian  strain,  593 

metric,  591 

of  mass  moments  of  inertia,  203 

operation,  119 

positive-definite,  23,  24 

product,  9 

projection,  12 

reflection,  13,  27 

rotation,  114 

second-order,  22 

semi  positive-definite,  23 


slcew-symmetric,  22 

skew-symmetric  part,  22 

symmetric,  22 

symmetric  part,  22 

trace,  22 
Time  integration  schemes,  664—685 
Torsional 

dashpot,  70 

spring,  69 
Total  kinetic  energy,  586 
Total  mechanical  energy,  65 
Total  strain  energy,  586 
Trace  of  tensor,  22 
Translational  kinetic  energy,  204 

Unconstrained  problem,  359 

Unilateral  contact,  87 

Unit  vector,  4 

Universal  constant  of  gravitation,  60 

Universal  joint,  418 

Variation  of 

the  position  vector,  263 
Vector 

angular  acceleration,  137 

angular  velocity,  129-133 

axial,  23 

bound,  13 

component,  6 

curvature,  143 

differential  rotation,  148 

force,  13 

free,  3 

nonholonomic,  130 

norm,  4 

null,  4 

orthogonal,  5 

product,  7 

reciprocal,  13 

unit,  4 
Vectorial  parameterization,  511 

of  motion,  554-564 

of  rotation,  524-537 
Velocity 

absolute,  58 

inertial,  58 

relative,  167 
Velocity  level  constraint,  364,  427,  428,  446 
Virtual 
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displacements,  272,  282  Viscous  friction  law,  89 

rotation  vector,  264  Volumetric  strain,  596 

Virtual  displacement 

dependent  forces,  282  Warping,  619,  629 

rigid  bodies,  283  Weingarten's  formula,  46 

vector,  263  Wiener-Milenkovic 

Virtual  work,  268  motion  parameters,  564 

external,  285  rotation  parameters,  532,  539-541 

internal,  285  Work 

Viscous  force,  70  differential,  61 


